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Abstract We consider a stationary Stokes problem with a piecewise constant vis-
cosity coefficient. For the variational formulation of this problem we prove a well-
posedness result in which the constants are uniform with respect to the jump in the
viscosity coefficient. We apply a standard discretization with a pair of LBB stable
finite element spaces. The main result of the paper is an infsup result for the discrete
problem that is uniform with respect to the jump in the viscosity coefficient. From
this we derive a robust estimate for the discretization error. We prove that the mass
matrix with respect to some suitable scalar product yields a robust preconditioner
for the Schur complement. Results of numerical experiments are presented that
illustrate this robustness property.

Mathematics Subject Classifications: 65N 15 - 65N22 - 65N30 - 65F10

1 Introduction

In this paper we treat the following Stokes problem on a bounded connected Lip-
schitz domain €2 in d-dimensional Euclidean space (d = 2, 3): Find a velocity u
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and a pressure p such that

—div(v(x)Vu) + Vp =f inQy, (1)
divu=0 inQ, k=12 )

[u] =0, [o(w,p)n] =g onT 3)
u=0 ond<, 4)

with a piecewise constant viscosity:

1 in
1):[8>Oin522. ©)
The subdomains €2, £2; are assumed to be Lipschitz domains such that 21 NQ; =
and Q = Q] U Q. By I we denote the interface between the subdomains: I' =
€21 N 92. Other notations are standard: o (u, p) = —p I + v Vu; n is a unit
normal vector to I'; [a]|r = (alg, — ala,)|r.

An important motivation for considering this type of Stokes equations comes
from two-phase incompressible flows. Often such problems are modeled by Navier-
Stokes equations with discontinuous density and viscosity coefficients. The effect
of interface tension can be taken into account by using a special localized force
term at the interface. The latter approach is known as the continuum surface force
(CSF) model, cf. [5]. A well-known technique for capturing the unknown interface
is based on the level set method, cf. [26,20, 14] and the references therein. If in such
a setting one has highly viscous flows then the Stokes equations with discontinuous
viscosity are a reasonable model problem. We note that from a modeling point of
view it would be better to take the full velocity tensor D(u) := %(Vu + (Vvw)T)
instead of Vu in (1). To make the presentation more transparent we decided to
present the analysis for the case with Vu. The analysis can be extended to the case
with the full velocity tensor. We comment on this in Section 6.

For pure diffusion problems (Poisson equation) with a discontinuous diffusion
coefficient one can find analyses of discretization methods [1,2,6,15,22], error
estimators [21,4] and iterative solvers [8,9,23,28] in the literature. For the Stokes
problem with discontinuous viscosity, however, we did not find any theoretical
analysis focusing on v-dependence of results. This paper presents an analysis of a
finite element method and of a solver for the discretized Stokes interface problem
together with some results for the weak formulation of (1)—(4).

We introduce a variational formulation of the equations (1)—(4). We use the
notation V := HO1 (Q)¢ for the velocity space. For the pressure space some fac-
torization of L2(L2) is used. It appears that for this problem it is convenient to
use:

Mzz{peLz(Q)l/v_lp(x)dx=0]. (6)
Q

The variational problem reads as follows: given f € V' find {u, p} € V x M such
that

(vVu, Vv) — (divv, p) = (f,v) for ve V, )
(diva,g) =0 for ge M.
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Here and in the remainder the L? scalar product and associated norm are denoted
by (-, ), || - II, respectively. The functional f in (7) takes into account body forces f
as well as interface forces g from the strong formulation (1)—(4). The bilinear form
(vV-, V.) defines a scalar product on V. We use the norm induced by this scalar
product:

lufly := (vWu, Vu)?  for ueV. ®)

On M, apart from the L? scalar product we will also use a weighted L? scalar
product:

(P, DM :=/ viipgdx=0"'p,q) for pgeM, 9)
Q

1
and ||plly = (p, p);;- In the analysis we use the v-dependent norm (|| . II% +

1

| - ||%,1) 2 on the product space V x M. In Section 2 we prove a continuity and an
infsup result that are uniform with respect to the parameter ¢. Using standard argu-
ments this then yields uniform well-posedness of the continuous Stokes problem.

In Section 3 we consider the discrete variational problem in a pair of finite
element spaces (M), C M, V;, C V) that are assumed to be LBB stable. As a main
result of this paper we present a discrete infsup result that is uniform with respect to
the parameters 4 (mesh size) and e. This result is used to derive a (sharp) uniform
bound for the discretization error.

In Section 4 we prove that the mass-matrix with respect to the scalar product
(9) in the pressure subspace Mj, is spectrally equivalent to the Schur complement
uniform in the parameters h and ¢. In combination with known results on block-
preconditioning and on multigrid this then implies optimality results for certain
iterative methods. For the Uzawa method and a preconditioned MINRES method
we present results of numerical experiments in Section 5. In Section 6 we comment
on closely related Stokes interface problems. We consider the case with the full
velocity tensor D(u) instead of Vu in (1) and the problem where instead of M we
use the more standard space L%(Q) for the pressure.

2 The continuous problem

In this section we analyze the variational problem (7). By definition we have ellip-
ticity and continuitg of the bilinear form (vV-, V-) in the space (V, | - |lv) :
(vVu, Vu) = |lufly. Continuity of the bilinear form (div-, -) is shown in the
following lemma.

Lemma 1 The inequality
Idivu, p)| < Vdlullvlpllu
holds forallu e V, p e M.

Proof Thisresultimmediately follows from the Cauchy inequality and the estimate
lv2divul < vd|ully foru € V. o
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We now derive a uniform (w.r.t. v) infsup property corresponding to the problem
(7). It generalizes the well-known Necas inequality:

(divu, p) 2
c@@lpl =IVpll-1:==sup———— Vpel(Q): (p,1)=0, (10)
wev VU]l

with ¢(€2) > 0. We will need an equivalent form of (10): for any p € L?(2) such
that (p, 1) = O their exists u € V such that

Ipl* = (divu, p) and c(@)[Vu] < |p. (1)

We introduce the piecewise constant function

(12)

_ 12117 on Q
—&|S0|~! on Q5.

and the one-dimensional subspace My := span{p} of M. The proof of theorem 1
relies on the (-, -) ps-orthogonal decomposition M = My @ Md-. For p € M we use
the notation

p=po+py. Po€ Mo, py €My (13)

One easily verifies that

M()Lz[peMl pdx:/ pa’x:O}
Q1 Qo

Theorem 1 There exists a constant C > 0 independent of v such that

(divu, p)

———— > Clipllm forall pe M
wev  lullv

Proof Fix an arbitrary p € M. We first consider the component pé from the
decomposition p = pg + py- in (13). Since py o, € L*(2%) and (py, Do, =0
fork = 1, 2, we can apply the Necas inequality in the form (11) in each subdomain.
Thus there exists a function u; € HO1 (214 such that the following relations hold
with a constant ¢(£2;) > 0:

Ipg I, = divuy, pp)g, and c(Q)[Vuille, < lIpglle;. (14)

Similarly, using a scaling argument, it follows that there exists u, € Ho1 (€2)4 such
that

_1 . 1 _1
le™2 pill, = [divu, pPlay, (@)l Vuallg, < e~ pgllas,  (15)

with ¢(€22) > 0. Extending u; and u; by zero on the whole domain 2 and taking
a sum of (14) and (15) we get

Ipy I3 = (diva, pg) and cillifly < llpylly, @:=u+uw  (16)

with ¢; = min{c(21), c(22)}.
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For the component pg we define jg := v~ pg. Note that (pg, 1) = (po, 1)y =0
and thus we can use the Necas inequality in 2. Hence there exists u € H(} Q)4
such that

Ioll> = (diva, po) and c()|IVa] < [|poll. (17)
Due to the definition of M we obtain

Ipoll3 = Cle, Dllpoll> and (divi, po) = C (e, 2)(divi, po)

with C(e, Q) = % Note that

(18)

C(e, Q) > c() max{l, e}, ¢(R) := min [@ , |Q_2|]
B 2] (€2

From this and (17) we deduce
Ipolly; = (divii, po) and c3max{l, Ve}| Vil < [l pollu. (19)
with ¢3 = ¢(2) E(Q)% a constant independent of v. We also have:

(ivii, po) =0, [v2divial < Vdlily.

lally < max{1, Ve}|Val < c5'llpollm-

Using this and the results in (16) and (19) we get for arbitrary o > 0

(div (@i + ), p) = allpg I3 + I pollyy + (div, pit)

v

allpy 3, + Ipoll3; — e 'Vl pollmllpg llm

- I o b + = )= ap.

Thus if we take u = oot + @ we get

A%

2 . 2 2015 112 =2 2
Iplly < 2(divu, p) and |ully <2 (egllilly + l1lly) < clpliy.
with a constant ¢ independent of v. O

It follows that we have ellipticity of the bilinear form (vV-, V-), continuity of
the bilinear forms (vV-, V) and (div -, -), and the infsup property in the norms
Il - llv and || - || ar with constants that are independent of v. Thus we have uniform
(w.r.t. v) well-posedness of the continuous variational Stokes problem (7) in these
norms. Using standard arguments (cf. [17,10]) it can be shown that the problem
(7) has a unique solution and that the a priori estimate

1
(lll5 + Ipli3,) > < cliflly (20)

holds with a constant ¢ independent of f and of v.
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Remark 1 We comment on the dependence of the dual norm ||f||y’ in (20) on the
viscosity parameter v. For this we need the Poincare type inequality

HV%VH < Cpl|lvlly, forall veV. (2D

The optimal constant Cp in (21) is uniformly bounded w.r.t. v if one of the following
conditions is satisfied:

meas(02x N9R) >0 for k =1,2, (22)
meas(92; N9R) >0 and ¢ < C. (23)

The fact that the condition (22) is sufficient for uniform boundedness of C p follows
from lemma 1 and (the proof of) lemma 7 in [22]. The fact that the condition (23) is
sufficient for uniform boundedness of Cp is proved with the following argument.
Due to (23) u vanishes on a part of d€2; with nonzero measure, hence

lulle, <clVulg,. (24)
holds. Therefore
lulrll = [lulag, | < clIVullg,. (25)
In the subdomain 2, we have
ellullg, < ce (IVullg, + llulse,II*) = ce (IVullg, + lulrl?).  (26)

Inequalities (24), (25), and (26) give the inequality (21) with a constant C inde-
pendent of ¢ and hence independent of v.

Assume now that f € L?(€2)? and that one of conditions (22),(23) holds. Then
the Cauchy inequality and (21) immediately yield the a-priori estimate

(lul} +1p13,)* < cCplv2t

|, (27)

with ¢C p independent of f and of v.

3 Finite element discretization

In this section we consider the discretization of the variational Stokes problem
using a family of pairs of conforming finite element spaces. For this we assume a
family of triangulations {7} in the sense of [11,12]. An important assumption for
our analysis is that each triangulation 7}, is conforming w.r.t. the two subdomains
Q1, Q2 in the following sense:

3TV T u{T|TeTh(">}=§,-, i=1,2 (28)

This assumption is easily fulfilled if 2] and €2, are polyhedral subdomains.
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Remark 2 In computational fluid dynamics for two-phase flow problems it is
(more) realistic to assume that I' = 9 N 92, is smooth. Then the assump-
tion (28) in general does not hold. However, in such applications it is common
practice to approximate I" by a polyhedral discrete interface I'j,. In such a setting
the assumption (28) may still make sense. As far as we know no rigorous analysis
is available which for the (Navier)-Stokes equations shows the effect of approxi-
mating the smooth interface I" by a piecewise smooth interface I'j,. A theoretical
analysis of this effect for a Poisson interface problem can be found in [15]. The
results in [15], however, are not robust with respect to the jump in the diffusion
coefficient.

We assume a pair of finite element spaces V;, C V and Q; C L%(Q) ={pe
L*(Q) | (p, 1) = 0} that is LBB stable with a constant ,é independent of :

(div vu, qn) S A=0 (29)
AT .

inf
an€Qn v,ev, 1VVrlllignl

Note that due to the different normalization in the space M (namely (p, 1)) = 0)
we in general have O, ¢ M. To maintain conformity we use the space

My ={pp=pn+al| p,e Qn «ack suchthat (p;, )y =0}.

Note that M C M and that functions in M}, and in Q), only differ by a constant.
For the analysis in this section it is convenient (but not necessary) to introduce
the bilinear forma : (Vx M) x (Vx M) - R

a(u, p;v,q) := (vVu, Vv) — (divv, p) + (divu, g) (30)
and formulate the discrete problem as follows: find {uy,, ps} € V;, x M}, such that
a(up, pn; Vi, qn) = (£, vp) forall {vp,gn} € Vi x My . (31

In this section we will analyze continuity (theorem 3) and discrete stability (the-
orem 4) of the bilinear form a(-, -). The estimates are uniform with respect to the
mesh size parameter z and the diffusion coefficient v. As a corollary we then obtain
a uniform discretization error bound.

In the proof of the discrete infsup condition below we will use a decomposi-
tion which is similar, but not identical to the one from the previous section. Let
pr € M), be the M-orthogonal projection of p on Mj,

(p— pngn)m =0 forall g, € My,

and define the one-dimensional subspace My , := span(py) of M. This induces
an (-, -) pr-orthogonal decomposition of M (and also of My): M = My, & M()Lh’
and for p € M we use the notation

p=pon+pin  Pon € Mon, Py € My, (32)

We will need the following elementary result
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Lemma 2 For all p, = po.n + péjh € My, we have
1 _ _
(pgae1), =0 for k=1.2.
. o

Proof First note that by definition (pd-h, ﬁh)M = 0. Using (poL n ﬁh)M =

(pdjh, ﬁ)M we then get

|91 | (1), - |szl | (re 1), (33)

Since péh € M we have (pé-h, I)M = 0 and thus

1L “1( L
, 1) ( , 1) =0. 34
(Po,h a +e& "\ Pon o (34)
Combination of (33) and (34) proves the lemma. ]
In the analysis below we use the quantity

. lp —_phIIM — inf Ilp —_cthIM (35)

Il pllae aneMy || plim

which measures the error made by approximating p in the finite element pressure
space. We will need that this quantity tends to zero (with a rate independent of v)
if i tends to zero. This issue is discussed in the following remark.

Remark 3 We always have pj, < 1. Furthermore, i, = 0if M}, contains piecewise
constant finite elements. We now consider the case where M}, consists of continu-
ous functions which are piecewise polynomial on the triangulation 7. Let I, be
the subdomain of elements from 7;, which have at least one vertex lying on the
interface I'. We assume || < c¢rh with a constant ¢y independent of /. Let 1 (p)
be the continuous piecewise linear function which has value p|gq, at all vertices in
Q) \T, value p|g, atall vertices in 2, \ T and 7 (p) = O on T. Note that I (p) # p
only in I';,. A simple computation yields

1513, = 12117 4+ & 12!

15— 1P =/F v — 1(p)?dx < IThl(1117% + e 1221 72).
h

Thus we obtain

. . .
% %(m T 122 R he. (36)

Note that I(p) does not necessarily satisfy the orthogonality condition
(I(p), Dy = 0. Therefore we introduce the continuous piecewise linear func-

tion gj := 1(p) — al with o = W ie., (qgn, Dy = 0 and thus g, € M.
Note that
|(L(p) — P, Dul - I11(p) — pllm

1113, B RN

la| =



Analysis of a Stokes interface problem 137

We then finally get

e —anly _ P = IP)lm  lellitiy

el T Py 121 m

L2 = 1(P)llm
2l

1

1 1
<2¢2 (17! + 191717 A2

and thus we conclude that pj; < ch% holds with a constant ¢ independent of v.
For the analysis of the discrete infsup property we need the following result:

Lemma 3 For every po, € Moy there exists po € Mo such that

lpo,n — pollm = mallpollm (37)
Ipoulie =+/1 = 12 1 pollas- (38)

Proof For pon € Mo we have po = app with a € R. We set pp = ap.
Since py, is the M-orthogonal projection of p on My j, pon is the M-orthogonal
projection of po on My ;. This choice of po implies (37) by definition of pj. The
result in (38) follows from

2 2 2 200 112 2
Ipollyy = llpo.n — pollas + lpo.nliane = myllpoliy + I1Po.n s
O

We need an additional assumption on Vj,. Consider p = v~!p with p defined
in (12). p has zero mean: (p, 1) = 0. We assume that V, is such that there is a
constant B, > 0 independent of / such that

(div vy, p)

> Belpll - (39)
v,EV) ”Vvh ” ‘

Remark 4 Assumption (39) is rather weak. We briefly discuss two cases in which
this assumption is satisfied. Let &o be the mesh size parameter corresponding
to the coarsest triangulation. Then (39) trivially holds for Vj, with a constant

,éc = 36 (ho). If the family of spaces {V, },<p, is nested then (39) with ;éc = 3C(h0)
holds for any Vj,. The second case is when Qj, contains piecewise constant ele-
ments. Then (39) immediately follows from (29).

We now prove a discrete infsup stability result, which is a main result of this paper:

Theorem 2 There exist constants C1 > 0, C2 > 0 independent of v and h such
that

if up <Cyp then (40)
(divuy, pp)

> Callpnlim forall pn € Mj. (41)
wev, v
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Proof The proof is based on similar arguments as used in the proof of theorem 1.
All the constants that appear in the proof are independent of v and of 4.
Take an arbitrary pj, € Mh We first consider the component pé‘h from the

decomposition p, = po .+ Po ;, in(32). From lemma 2 it follows that pO Do =
0fork = 1, 2 and thus we can use the LBB property (29) in each subdomain. Hence
there exists a functionu; € V;, withu; = 0 on €2 such that the following relations
hold with a constant ¢y > 0O:

Ipgllg, = Wivur, pge, and ol Vuille, < I1pglle;- (42)

Similarly, using a scaling argument, it follows that there exists uy € V withup =0
on 21 such that

B T 1 1 L
le™2pyull, = (divug, py e, and c2lle2Vuslle, < lle"2py,lle, (43)
with a constant ¢; > 0. Taking a sum of (42) and (43) we get for 6, := u; + uy:
Ipopllis = (divi, pgy) and & ll8nllv < [ pg,llar (44)

with ¢ := min{ ¢y, ¢; }. We now consider the component pg 5. Take pg € M as in
lemma 3. Then we have

lpo. = pollar = wallpollaes  Iponliar = /1= w llpollas- (45)

For pg := v~!pg we get (po, 1) = (po, 1)y = 0. From assumption (39) it follows
that there exists u;, € Vj, such that

1Foll> = (divi, po) and B | Vil < |l poll.
Using the same arguments as in the proof of theorem 1 one can show that
lpollyy = (diviy, po) and llasllv < c5" llpolla (46)

withez = B E(R) > and ¢(£2) the constant from (18). Also note that (div u, pg) =0.
Using this and the results in (44), (46) we obtain for arbitrary o > 0:

(div (i + 1p), pn) = a(diviy, po+ (pos — Po) + P p)
+(diva. po + (po.n — o) + Pon)
= o || py I3 + @ (divin, pos — po)

+llpoll3; + (divia, (pos — po) + Poy)-

We assume that ,ui < % From (45) we then get

2 2 2
Il Po.nliae = lpollys < 211 po.nllyy
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. 1. .
and using |[v2divvy| < Jd ||vu|lv for v;, € V), we obtain

(div (ol + W), pn) = o || pg I3 + Ilpo.slly — aNdllilviipos — pollm
—alullv (1lpos = pollur + 19341
> o |l pgalliy + lpoaliy — av/2d ¢ nllpgllae Il poall v

—e5'V2d1poullv (V2Zallposlur + 1pglur)
= oyl + (1= 265V ) Npoly

—2d (& + ¢5) Npon Pl

We take u), < 43&. Then 1 — 2¢3 NZ] wn > % holds and we obtain, using the

Cauchy inequality,

o 1 1) 1
(div (@il + ), pa) = (a —2d (0™ iy + ") ) I poallhe + 3P0l

We now take

1 1 Al 1)
un < —, a0:=—+2d(c +c3 )
o 4

and then for uy, := apuy + 0, we obtain

. 1
ivuy, pp) = 7 A

A

2 205 112 = 12 2
lurlly <2 (eglinlly + laly) < Clipaly

with a constant C independent of /& and v.
—min{ L e 1 :

Hence for C| = mln{ NARWAKT } we have the desired result. O

Note that for & sufficiently small (independent of v) the condition p;, < Cj in
(40) is fulfilled, cf. remark 3.

We now use standard arguments to derive continuity and stability results for the
bilinear form a(-, -). For completeness we also present the proofs. We introduce
the product norm

I, pll = (lully + Ipl%,)? {u,pteVxM

From (vVu, Vu) = ||u||%, and the result in lemma | we immediately obtain the
following continuity result:

Theorem 3 There exists a constant C independent of v such that

a(u, p;v,q) < Cllju, plil v, glll
forall {u, p}, {v,q} € Vx M.
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A discrete infsup result is presented in the next theorem:

Theorem 4 Assume that the condition (40) is satisfied. There exists a constant
¢ > 0 independent of h and of v such that

a\uy, s Vh,
sup LW PRV oY g pa) € Vi x My

{Vi,qn}eVpx My, ”lvh’ ‘Ih|||

Proof Take {uy, pn} € Vi, x My,. From the infsup result in theorem 2 it follows
that there exists z, € V, such that ||z, ||y = || pnlly and —(div zy, pp) > c||ph||%,,
with ¢ > 0. Now take vj, := uy, + ¢z, g5, := pj. We then get

a(u 7p s Z 70 sl p .

We multiply the second inequality by ¢ and add it to the first one. This gives

1 c?
a(uy, pr; wy + ez, pr) = =gl + 3||ph||%w > ¢y g, pulll*,  (47)

with ¢ = % min{ 1, ¢? }. Now note

Vs palll® < 2 (Il + A llzally) + lpalidy
=20lup |} + 22+ 1) Ipall3; <2 (c* + 1) lllws, palll>. (48)

Combination of (47) and (48) completes the proof. ]

As for the continuous problem we get as a direct corollary that the discrete
problem (31) has a unique solution {uy, p;} and the inequality

—1
Mg, palll < ¢ Iflly,
h

holds, with the constant ¢ from theorem 4. Moreover, if f € LZ(Q)d , then using the
Cauchy inequality and the Poincare inequality (21) we obtain the a-priori estimate:

llwn, palll < ¢ Cplv2E]. (49)

We refer to remark 1 for a discussion of the dependence of the Poincare “constant”
on v.

Using the continuity result in theorem 3 and the infsup result in theorem 4 we
can prove a discretization error bound using standard arguments.

Theorem 5 Let {u, p} be the solution of the continuous problem (7) and {uy,, pi}
be the solution of the discrete problem (31). Assume that the condition (40) is sat-
isfied. There exists a constant C independent of h and of v such that the following
holds:

lla —wy, p— pplll < C min min |[[Ju— vy, p—gplll. (50)
VheVy qneMp
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Proof For arbitrary v, € V,, g, € My, definee :=u—vy, e, =u, — vy, g :=
P —qn, &h = prn — qi- The Galerkin orthogonality property yields

a(ep, gn; Zn, rp) = a(e, g; zy, rp) forall {z,,rp} € Vi x My, .

Using this in combination with the continuity and infsup results we obtain, for
suitable {zy,, rp} € Vi x My:

_1a(en, g Zn, 1) _qal(e, g zy, ry)
llen, gnlll < c =
Nz, 74l 1z, x|
-1
<c Clle, glll.

Now combine this with the triangle inequality |[ju — up, p — prlll < lllen, gnlll +
llle, glIl- O

Based on the result in theorem 5 and using approximation properties of the
finite element spaces one can derive further bounds for the discretization error. For
such an analysis one needs regularity results for the continuous Stokes interface
problem. As far as we know, this regularity issue is largely unsolved.

4 Preconditioner for the Schur complement

In this section we analyze convergence properties of iterative solvers for the dis-
cretized problem. For this we first introduce the matrix-vector formulation of the
discrete problem.

In practice the discrete space M, for the pressure is constructed by taking a standard
finite element space, which we denote by M ;“ (for example, continuous piecewise
linear functions), and then adding an orthogonality condition:

My ={pne M| (pp, )y =0}

Note that dim(Mj;) = dim(M;") — 1. Let n := dim(V;), m := dim(M;’). We
assume standard (nodal) bases in V, and M }T and corresponding isomorphisms

Jv : R" =V, , JM:]Rm—>M;.
Let the stiffness matrices A € R"*", B € R"™*" and the mass matrix 1\7[], e Rmxm
be given by

(AX,y) = (WVJyx, VJyy) forall x,y e R",
(Bx,y) = (div Jyx, Jyyy) forall x e R, y e R", (51)
(Myx,y) = (Jyx, Juy)y forall x,y € R™ .
Here (-, -) denotes the standard Euclidean scalar product. We emphasize that the

matrix M, is the mass matrix with respect to the (weighted L?) scalar product
(-, )m and thus may differ very much from the usual mass matrix with respect
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to the L2 scalar product (-, -). After finite element discretization we have a linear

system of the form
A BT f
(%)0)-6) 5

with f such that (f, y) = (f, Jyy) forally € R". The Schur complement is denoted
by S := BA~!'B7. Note that both S and the matrix in (52) are singular and have

a one-dimensional kernel. Define the constant vector e := J ];,]1 =(,..., l)T S
R™. Then we have ker(S) = span{e}. Note that

(Imy, D =0 & (Iny, Jue)y =0 < (M,y,e) =0
& (y,Mye) = 0. (53)
Hence, with
Mye)t :={y e R" | (y,M,e) =0} (54)

we have M, = {Jyy |y € (Mve)J-} and we get the following matrix-vector
representation of the discrete problem (31):

Find x € R", y € (M,e)" such that (52) holds (55)

In preconditioned MINRES or (inexact) Uzawa type of iterative solvers for solving
this problem one needs preconditioners Q4 of A and Qg of S. It is known that if
for Q4 we take a symmetric multigrid V-cycle then we have (cf. [8,9,28])

(1 —04)Qa <A <Quq,

with a constant 04 < 1 independent of /& and of v.

Below we show that the mass matrix M,, is an appropriate preconditioner for S.
From lemma 1 and theorem 2 we obtain

(divup, pp)
Collpulln = sup =22 < aipylly for e My (56)
wev, v

with Cy > 0 independent of & and of v, provided the condition p; < Cj in (40) is
fulfilled. From the definition of the Schur complement it follows that for arbitrary
y € R™ we have

(divuy, JMy)2

(Sy.y) = sup (57)

u, eV, ” uy ”%/
As a direct consequence of (57) and (56) we get:
Theorem 6 Assume that py, < Cy in (40) holds. For all y € (I\A/[ve)l we have
C3(Myy,y) < (Sy,y) <d (Myy, y)

with constant Cy from (56).
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This theorem shows that the matrix I\A/IJIS has a uniformly bounded spectral con-
dition number on the subspace (I\A/I,,e)l.

One further relevant issue is how to compute of 1\7117 ly efficiently. The next
lemma shows that either the matrix M, can be replaced by a cheap diagonal precon-

ditioner or a good approximation of M;ly can be obtained efficiently by applying
a preconditioned CG method with a diagonal matrix as preconditioner.

Lemma 4 Define the diagonal matrix M, by (Mv)ii = Z?’ZI(I\A/I,,),- i (diagonal
lumping). Then for all y € R™ we have

C3(Myy. y) < (Myy, y) < C4(Myy, y)
with constants C3 > 0 and Cy4 independent of v and h.

Proof Toshow the resultitis sufficient to estimate the eigenvalues of M, )~ ! M,, |

with the local mass matrices M, |, and MV |- on each element t of triangulation.
On every element v is constant and thus we can use the result from [27], which
yields v and % - independent bounds on each element. O

A further elementary observation is
M,e = M,e. (58)

We briefly discuss two known iterative methods for solving the linear system in
(52). For these methods we will present numerical results in Section 5.

A basic method for saddle point problems is the Uzawa method. Applying a
block Gaussian elimination step to the system (52) yields the equivalent system

(6%5) ()= (5h)

This system can be solved by block backward substitution, which yields the Uzawa
method:

1. Solve Az="* (59)
2. Solve Sy=Bz, ye Mye)* (60)
3. Solve Ax =z —Bly (61)

For the systems in steps 1. and 3. we apply a standard multigrid solver. For the
system Sy = Bz we apply a preconditioned CG method (PCG). In each matrix-
vector multiplication with S we solve the linear system with A using the multigrid
method. For the iterands y', y?, . . ., that are computed using the PCG method with
preconditioner denoted by M and with startvector y°, we have

yF—ye span{M_ISeO, ce (M_IS)keo}, et i=y—y’.

And thus (y* —y°, Me) = 0 fork > 1, i.e., y* —y? € (Me)* for k > 1. If for the
preconditioner we take M € {M,,, M, } then it follows, using (58), that

y* e Mye)t for k> 1, if y¥ e M,e)t. (62)
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This means that for both preconditioners the iterands remain in the subspace
(Mye)*, if the starting vector y is in this subspace. Since the solution y is also
sought in this subspace (cf. 60)) this implies that the errors e := y — y* remain
in this subspace if y* € (M,e)". Hence, only the spectral condition number of the
preconditioned matrix on this subspace is relevant. The results in theorem 6 and
lemma 4 yield that both MV_ IS and 1\_/I; 'S have optimal (i.e., independent of & and
v) spectral condition numbers on this subspace.

In practice the Uzawa method is not very attractive because one has to solve
the A-systems accurately. In this paper we consider the Uzawa method to illus-
trate the robustness of the multigrid solver and of the preconditioners for the Schur
complement (cf. Section 5). In practical applications variants of the Uzawa method
that are much more efficient are used (cf., for example, [3,7,16,25,29]). Here we
consider a preconditioned MINRES method. For this we consider a symmetric
positive definite preconditioner

5 Qa O . A BT
K_(O QS) for K._(B 0).

Define thenorm ||w|| z := (Kw, w) > forw € R"+" Givena starting vector w” with
corresponding error e* := w* — wY, then in the preconditioned MINRES method
one computes the vector wk € w® + span{K~'Ke, ..., (K~'K)*e"} which min-
imizes the preconditioned residual K~ TK(w* — w) Iz over this subspace. For an
efficient implementation of this method we refer to the literature.

If we take Qg € {Mv, M, }, then again we have that the approximations (and
errors) of the pressure remain in the subspace (M, e)L if the starting approximation
y? is in this subspace. From the literature (cf. [24,25]) it is known that the conver-
gence of the preconditioned MINRES method is fast if we have good precondition-
ers Q4 of A and Qg of S (on the subspace (I\A/[Ue)J-). In the numerical experiments
in Section 5 we take a standard multigrid method for Q4 and Qs = M,,.

5 Numerical experiments

In this section we present results of a few numerical experiments to illustrate the
behaviour of the Uzawa and preconditioned MINRES method applied to the Stokes
interface problem. We consider a problem as in (1)—(4) with

1 3
_ 3 _
Q= (0, 1), Qg_(0,§> .

For the discretization we start with a uniform tetrahedral grid with h = % and we
apply regular refinements to this starting triangulation. The resulting triangulations
satisfy the conformity condition (28). For the finite element discretization we used
the LBB stable pair of Hood-Taylor P, — Pj, i.e. continuous piecewise quadratics
for the velocity and continuous piecewise linears for the pressure. We performed
computations for the cases 7 = 1/16, h = 1/32 and with varying ¢ € (0, 1]. Note
that for 4 = 1/32 we have approximately 7.5-10° velocity unknowns and 3.3-10*
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pressure unknowns (n ~ 7.510%, m ~ 3.3-104). We consider the linear system as
in (52) with solution (x, y) = 0. We take a fixed arbitrary starting vector (x9, yo),
with yo € (MU)J-.

To test the robustness of the Schur complement preconditioning and of the multi-
grid solver we first consider the Uzawa method (59)—(61). The linear systems of
the form Ax = r that occur in the steps 1,2 and 3 are all solved using a standard
multigrid V-cycle with one pre- and one post-smoothing iteration with a symmetric
Gauss-Seidel method. The starting vector is x and the iteration is stopped when

for the result after k iterations, x, the scaled residual satisfies
D—l A k _

ID” (AX" =Dl _15-10 1 . diag(a). 63)
ID~1(AxO — 1)

Here || - || denotes the standard Euclidean norm. The system with the Schur comple-
ment in (60) is solved using a PCG method with preconditioner M,. The systems
ny = w are solved approximately using a PCG method with preconditioner M,
and starting vector y” and accuracy

||M—'<nyk —w
IMy ' (Myy? — w) ||~

<1079, (64)
The PCG method for the Schur complement system Sy = ¢ has starting vector y°
and is stopped when

IM; ' (sy* —ol _
MG (Sy? -C)H

107, (65)

In table 1 we present results for different /2 and ¢ values. Here #-MG denotes
the average number of multigrid iterations needed to satisfy (63), #-PCG-M the
average number of PCG iterations needed to satisfy (64) and #-PCG-S the average
number of PCG iterations needed to satisfy (65).

These results clearly show the robustness of the multigrid solver for the velocity
systems, of the preconditioner M, for S and of the preconditioner M,, for M, with
respect to variation of 4 and of €. We now consider the effect of using the lumped
mass matrix M, instead of M, as a preconditioner for the Schur complement. In
the PCG method we use a stopping criterion as in (65). Note that in this PCG
method the preconditioner is now a diagonal matrix. In table 2 we present results
for different /2 and ¢ values. As expected, the lumped mass matrix M,, is a robust
preconditioner for the Schur complement S. In the final experiment we consider the
preconditioned MINRES method. For the preconditioner Q4 we take one iteration

Table 1 Uzawa method, preconditioner MU

h 1/16 1/32

e 1 10~2 1074 1076 1 1072 10~* 10~°
#MG 13 13 14 14 14 14 14 14
#-PCG-M 24 25 25 26 24 25 25 25

#-PCG-S 22 29 31 34 21 29 30 34
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Table 2 Uzawa method, preconditioner M,

h 1/16 1/32
P 1 1072 1074 1076 1 1072 10~ 107°
#-PCG-S 40 48 48 58 39 50 52 59

Table 3 MINRES with preconditioner M,

h 1/16 1/32
& 1 1072 1074 1076 1 1072 1074 107°
#PMINRES 62 68 98 157 50 58 85 116

of the multigrid method described above and we take the lumped mass matrix M,,
as preconditioner for the Schur complement. In table 3 we show the number of
iterations k (denoted by #-PMINRES), such that

~ k - 0
(K—lK(Xk) H <1076 HK‘IK(XO) H
y K y K

(recall that the right handside is 0). Note that for 27 = 1/32 one needs less iterations
than for o = 1/16.

6 Comments on closely related problems

‘We comment on extensions of the analysis to two other Stokes interface problems
that are very similar to problem (7).

Firstly, we consider the case with the full velocity tensor D(u) = %(Vu +
(Vu)T) instead of Vu in (1). The corresponding weak formulation is as follows
(cf. (7)): given f € V' find {u, p} € V x M such that

[ JovD@) : D(v)dx — (divv, p) = (f,v) for veV, 66)

(divu,q) =0 for g e M.
Note that
d
D) : D(V) = Z D(w); jD(v);,j = tr (D(w)D(v)).
ij=1

For u € V we introduce the notation ||u||%,D = [qvtr (D(u)?)dx. In the follow-
ing lemma we show that this functional defines a norm on V that is uniformly w.r.t.
v equivalent to || - ||v.

Lemma 5 Assume that (22) or (23) holds. Then there exists a constant ¢ > 0
independent of v such that

clivilv = livilvy, < llvilv forall v e V. (67)
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Proof First note that

d 2 d 2
1 ou; ou; ou;
r (W) =- > (42 <> ().
r( (V)) 4 < (8x~+8xi) - 4 (8x~
l,]=l J L]:] J
This yields
IvIIy, =/Qvtr (D(V)?)dx < (vVv, Vv) = |IVIIy

and thus the second inequality in (67) holds. To prove the first inequality in (67)
we use Korn’s inequality, cf. [13,18]. Let y be a part of 92 with nonzero measure,
then there exists a constant C such that

9V = V¥l g, = € [ 1w (D0)do

forallv e H'(Q)¢ with v}y = 0. Assume that (22) holds. Korn’s inequality holds
in each of the two subdomains and thus we get

IVVilg, < c,-/ tr (D(v)*)dx for i =1,2. (68)
Q;
Hence
VIR = 1VVIlg, + &l Vvig,

IA

max{Cj, Cg}/ vir (D(v)?) dx = max{Cy, C2}[IVIly,
Q

which yields the first inequality in (67). Now assume that (23) holds. We then have
the result in (68) for i = 1. Using a trace theorem we get

IVvlig, SCllvlrllz%(r) <c|Vvlig, se/ tr (D(v)?) dx

Q)

Using the assumption that ¢ is bounded we obtain

IVIy = [IVVIg, +ellVViig, < C / tr (D(v)?)dx < CIvlly,

Q)

and thus the first inequality in (67) holds. O

Thus our analysis also applies to the variational problem (66).

We note that the assumptions (22), (23) are not essential. The upper bound in
(67) holds without these assumptions, and thus the infsup properties in the norm
Il - llv,, too. A continuity result as lemma 1 with || - |lv,, instead of || - ||y can be

. . . . . Lo
proved without assuming (22), (23), using the inequality, ||v2 div v||? < 2||V||%,-D.
The second comment is related to the choice of the pressure space. Instead of
the pressure space M introduced in (6) one may want to use the standard space

Ly ={pel?@|(p,H=0}.
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and consider the variational formulation of the interface problem (1)—(4) in the
space V x L%(Q). It turns out that the analysis then requires different norms to
obtain optimal estimates. These optimal estimates are v-independent for the contin-
uous problem. For the corresponding Galerkin discrete problem, however, opposite
to the results in section 3 we now observe a v-dependence in the estimates. These
results are presented in [19]. The main ideas of the analysis in [19] are the same as
in the sections 2 and 3. However, some further technicalities, like a mesh-dependent
norm in the pressure space, are needed.
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