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Abstract We consider an abstract parameter dependent saddle-point prob-
lem and present a general framework for analyzing robust Schur complement
preconditioners. The abstract analysis is applied to a generalized Stokes prob-
lem, which yields robustness of the Cahouet-Chabard preconditioner. Moti-
vated by models for two-phase incompressible flows we consider a generalized
Stokes interface problem. Application of the general theory results in a new
Schur complement preconditioner for this class of problems. The robustness
of this preconditioner with respect to several parameters is treated. Results
of numerical experiments are given that illustrate robustness properties of the
preconditioner.
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1 Introduction

Let H; C H» and M be Hilbert spaces such that the identity / : H| — H> is
a dense embedding. Let there be given continuous symmetric elliptic bilinear
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160 M. A. Olshanskii et al.

formsa : Hy x Hi — R, c: Hy x Hy — R and a continuous bilinear form
b : Hy x M — R that satisfies a standard infsup condition. Operators corre-
sponding to these bilinear forms are denoted by A : Hy — Hj, C: Hy — H)
and B : M — H, respectively. In this paper we consider the following saddle-
point system: Find (i, p) € H; x M such that

Au+tCu+Bp=f
Bu—0 (1.1)

with f € H{ and a parameter t > 0. Similar abstract saddle point problems
are thoroughly analyzed in the literature, e.g. [6,11]. Important examples that
fit in this general setting are the stationary Stokes equation (then v = 0) and
the so-called generalized Stokes problem, which results from an implicit time
integration applied to a nonstationary Stokes equation (then t is proportional
to the inverse of the time step). Another (less standard) example, which moti-
vated the research that led to the results presented in this paper, is the following
generalized Stokes interface problem. Assume bounded Lipschitz subdomains
Q and € of Q@ c R? such that @ = Q; U Qy, 1 N 2, = #. The boundary
between the subdomains is denoted by I' = 921 N d2,. Consider a problem of
the following form: Find u and p such that

—div(v(x)Du) + tp(xX)u+ Vp =f in Q,
divu=0 inQ,, k=12.

(1.2)
[u] =0,[c(w,p)n] =g onT,
u=0 ondQ.
In this formulation we use standard notations: o (u,p) = —p I + 2v Du is the

stress tensor, Du = %(Vu + (Vvu)T) the rate of deformation tensor, n is a unit
normal vector to I, [a]|r = (alg, — alg,)|r. We assume piecewise constant vis-
cosity (v > 01in Q) and density (ox > 0 in €%). An important motivation for
considering this type of generalized Stokes interface equations comes from two-
phase incompressible flows. Often such two-phase problems can be modeled
by time-dependent Navier-Stokes equations with discontinuous density and
viscosity coefficients, [4,9,12,21,22]. A localized force g on I" can be used to
describe the effect of surface tension. If in such a setting one has highly viscous
flows then the nonstationary Stokes equations are a reasonable model prob-
lem. After implicit time integration one obtains a problem of the form (1.2). A
variational formulation of this problem results in a saddle point problem of the
form (1.1).

A Galerkin discretization appoach applied to (1.1) results in a finite dimen-
sional saddle point problem. In the examples mentioned above one applies
iterative methods for solving the matrix—vector representation of such discrete
problems, cf. [1] for a recent overview. Most of these iterative solvers use block
preconditioners [8,10,14,19,23]. For such methods a good preconditioner of
the Schur complement is crucial for the efficiency of the iterative solver. There
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Uniform preconditioners to generalized Stokes interface equations 161

is an extensive literature on this issue of preconditioning the Schur comple-
ment. We mention results that are related to those presented in this paper. For
the generalized Stokes problem one is interested in a preconditioner that is
robust with respect to variation in both A (mesh size parameter) and t. Such
a preconditioner was introduced by Cahouet and Chabard in [8]. A proof of
robustness of this preconditioner (w.r.t. T and /) in a finite element setting is
given in [5]. An analysis of robustness (w.r.t. t) of this method in a continuous
setting can be found in [13]. In a recent paper [15] an analysis is presented
which shows how the construction of this Cahouet—Chabard preconditioner is
related to certain mapping properties of the gradient operator. This results in
a unifying framework in which robust preconditioning of both the continuous
and the discrete Schur complement can be analyzed. In [16] it is noted that an
important assumption about the regularity of the stationary Stokes problem is
implicitly used in the proof of Lemma 1 in [15] and not stated explicitly.

We do not know any literature in which Schur complement preconditioners
for the generalized Stokes interface problem (1.2) are treated. A preconditioner
for the stationary Stokes interface problem, i.e., T = 0 in (1.2), that is robust
with respect to the size of the jump in v across the interface is introduced and
analyzed in [17,18].

The two main topics of this paper are the following. Firstly, we extend the
analysis that is presented in [15] for the generalized Stokes problem to the
general abstract saddle point problem (1.1), resulting in an abstract framework
for analyzing the Schur complement § = B'(A + tC)"'B : M — M’. In this
framework we obtain a natural preconditioner S for this Schur complement.
We show that a spectral inequality S < § that is uniform with respect to 7 is easy
to derive. For a uniform spectral inequality S < S, however, we need a certain
boundedness property for the orthogonal projection P : H| — B(M) C H]
(Assumption 1). We apply the abstract theory to the continuous and to the
discrete generalized Stokes problem. The preconditioner S then coincides with
the Cahouet—Chabard preconditioner. To prove the robustness with respect to
7 we have to verify the boundedness property, which turns out to be a regularity
property for the stationary Stokes problem that is very closely related to the
“hidden” assumptlon in Lemma 1 in [15] (cf. [16]). The preconditioner S = S, is
of the form S; =1+ r(Bh ¢, 1Bh) , where [, is the identity on the pressure
finite element space M}, and By, Cj, are discrete analogons of the operators
B, Cin (1.1). We show that if M;, ¢ H' () holds, the operator S‘;l is uniformly
spectrally equivalent to the simpler operator S’;l = I + tN; !, with N;l a
solution operator of a discrete Neumann problem in the space Mj,.

Secondly, we introduce and analyze a Schur complement preconditioner for
the generalized Stokes interface problem (1.2). This preconditioner is new and
is obtained by applying the general abstract analysis to the variational formu-
lation of the generalized Stokes interface problem. In this interface problem it
is interesting (for two-phase flows with large differences in viscosity and den-
sity of the two phases) to have a preconditioner that is robust not only with
respect to variation in T but also with respect to the jumps in v and p across
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the interface. From our general analysis applied to the continuous generalized
Stokes interface problem it follows that a spectral inequality S < S holds uni-
formly with respect to t and the jumps in v, p. For the spectral inequality § < §
we can only show uniformity with respect to r. An equality S < S that is uniform
w.r.t. the jumps in v and p, too, would hold if we could verify the boundedness
assumption formulated in the abstract theory. It turns out, however, that this
requires certain regularity results for the stationary Stokes interface problem
that are not known in the literature. This issue of the dependence of the con-
stant in the spectral inequality § < ¢S on the jumps in v and p is an open
problem.

The preconditioner for the continuous generalized Stokes interface problem
has an obvious discrete analogon. For a standard finite element discretiza-
tion (P,—P; Hood-Taylor) we present results of numerical experiments that
illustrate robustness properties of this preconditioner for the discrete Schur
complement.

The remainder of the paper is organized as follows. In Sect. 2 we present a
general analysis for the abstract problem (1.1). We introduce a precondition-
er S for the Schur complement S and derive spectral inequalities S < § < .
A crucial assumption to obtain the lower spectral inequality uniformly in 7 is
introduced in Sect. 2.5. In Sect. 3 we apply the general theory to the continuous
generalized Stokes problem and we show that this crucial assumption corre-
sponds to a regularity assumption for the stationary Stokes equations. In Sect. 4
we consider a finite element discretization of the generalized Stokes problem
with an LBB stable pair of spaces and show how the general theory can be used
to prove robustness of the Cahouet—Chabard preconditioner. In Sect. 5 we
apply the abstract analysis to the continuous generalized Stokes interface prob-
lem (1.2) and derive a robust preconditioner for the Schur complement. This
preconditioner has an obvious discrete analogon. In Sect. 6 results of numerical
experiments are presented that illustrate certain robustness properties of this
discrete Schur complement preconditioner.

2 General analysis

Consider Hilbert spaces H; and M. In Sect. 2.1 we describe a parameter depen-
dent saddle point problem in the pair of spaces H; x M. We are interested in
a uniform (w.r.t. variation in the parameter) preconditioner for the selfadjoint
and positive definite Schur complement operator S : M — M’. In Sect. 2.2 we
collect some results that will be used in our analysis. In Sect. 2.3 a Schur com-
plement preconditioner S is introduced. In Sects. 2.4 and 2.5 we prove uniform
spectral inequalities S < S and § < S, respectively.

Apart from H; we will also use a Hilbert space H, such that H; C H» and the
identity I : Hy — H> is a continuous dense embedding. We use (-, -) 7 to denote
a scalar product in a Hilbert space H and (-, -) g x g7 for the duality pairing. The
subscripts are omitted when these are obvious from the context.
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Uniform preconditioners to generalized Stokes interface equations 163

2.1 A parameter dependent saddle point problem and its Schur complement

In this section we introduce a parameter dependent saddle point problem.
Assume bilinear forms a : H; x Hf - R, ¢: H) x H) — Rand b : Hy x M.
Related to these bilinear forms we make the following assumptions. a(-,-) and
c(-,-) are symmetric and the following ellipticity, continuity and infsup condi-
tions hold with strictly positive constants y,, yp, ¥c:

Valullfy, < aGuu), a,v) < Tallullm, |vlm, forall u,veH;, (21)

velulfy, < cu), c@,v) < Tellullmllvim, forall u,veH,, (22)

b(v,p)
vollpllv < sup ,
V€H1 ”v”H]

bw.p) < Tplvlim, lplly forall ve Hy, peM.
(2.3)

For the analysis given below it is convenient to introduce corresponding linear
mappings

A:Hy — H{, (Au,v)=a(u,v) forall u,ve Hy,
C:Hy— H), (Cu,v)=c(u,v) forall u,ve H,
B:M — H|, (Bp,v)=>b(v,p) forall peM,veH,.

The assumptions on the bilinear forms imply that

Valulm, < |Aully; < Uallullm,  forall w e Hy, (24)
vellulm, < ICullpy < Tellullp,  forall u e Hy, (25)
volplv < 1Bplly; < Tolpln  forall p e M. (2.6)

Note that the operator A : Hy — Hj isselfadjoint: (Au, v>”i <H, = (Av, M)Hi < Hy -
The operator C: Hy — H,, is selfadjoint, too.

Consider the following general saddle point problem: Given t > 0 and
f € H}, find (u,p) € H; x M such that

a(u,v) + tc(u,v) + b(v,p) + b(u,q) = (f,v) forallve Hi,gqe M. (2.7)
The problem (2.7) can be rewritten in operator formulation: Find (u,p) €
H; x M such that

Au+tCu+ Bp =f,

Bu=0. (2.8)

Standard analyses of saddle point problems (e.g., [6]) yield that this problem
has a unique solution. The Schur complement

S:=B'(A+10)"'B
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of the system is a selfadjoint positive definite operator S : M — M’. It defines
a scalar product (and corresponding norm) on M:

1 Bp,v
Iplls = (Sp.p)d = sup — 2 (2.9)
veH; (A +tCO)v,v)2

Example 1 For the (nonstationary) Stokes system on a bounded connected
Lipschitz domain  c R? we take the spaces

Hy:=H}(Q), Hy:=L*Q), M=L5<Q)
with scalar products
w,V)H, = VW, V)2, W,V)m, = WV)2, @.@m = P,q)p2-
The bilinear forms are
a(m,v) == (Vu,Vv);2, cm,v):=Wv);2, b(v,p):=—(p,divv);2
and the problem is as follows: Find (u,p) € Hy x M such that

a(,v) + tc(u,v) + b(v,p) = (f,v) forall ve Hy,

bu.g)=0  forall ge M. (2.10)

Recall the infsup inequality (Necas inequality):

(divv,p);2
BB - lpl, forall pe M

ver; IVVIlL,
with y, > 0. Using this one easily verifies that the conditions in (2.1)-(2.3) are
satisfied with y, =Ty = y. = . =T =1, yp > 0 the constant from the infsup
inequality.

2.2 Preliminaries

In this section we derive some properties of the saddle point problem (2.8) that
will be used in the analysis of the Schur complement preconditioner. We use the
concept of sums and intersections of vector spaces (cf. [3]). The idea of applying
this concept in the analysis of Schur complement preconditioners is introduced
in [15].

Let X, Y be compatible normed spaces, i.e., both X and Y are subspaces of
some larger topological vector space Z. Then we can form their sum X + Y and
intersection X N Y. The sum X + Y consists of all z € Z such that z = x+y
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Uniform preconditioners to generalized Stokes interface equations 165

withx € X,y € Y. The spaces X NY and X + Y are normed vector spaces with
norms

Iellxey = (el +1813)? (e XnY),

I2lxsy = inf (Il + I¥I3)} (xe X, ye ).
If X and Y are complete then both XNY and X 4 Y are complete (Lemma 2.3.1

in [3]). A few properties that we will need further on are given in the following
lemma. The space of bounded linear mappings X — Y is denoted by £(X, Y).

Lemma 2.1 Let X1, X5 and Y1, Y7 be pairs of compatible normed vector spaces
and let T be a linear mapping on X1 + X5 such that T € L(X1, Y1) N L(X2, Y?).
Then T : X1 + X, — Y| + Y, is bounded and

1
ITlx, 43— vi4v, < (IT1% v, + 1T 1o v,) (2.11)

holds. If X1 and X, are Hilbert spaces such that X1 N X3 is dense in both X1 and
Xo, then (X1 N X3)' = X| + X, holds and

Igllxinxay = lgllx;yx; forall g € (X1NXa). (2.12)

Proof Proofs are given in [3]. Since these results are fundamental for our
further considerations, we present an elementary proof to make the paper self-
contained.

Consider x € X7 + X2 and an arbitrary decomposition x = x; + x2, X1 € X1,
xy € Xp. For Tx = Tx1 + Txp we have

1 1
T x = inf 2 4 232 < (1Tx1 113 + | Tx1%.)2
ITxly vy = inf (1l +10203,) < (1700, +1701,)
<UTI Ly + 1Ty )21 l% + x2l3)2
= X|—>Y, XY 1ix, 21l x,) -

Since the decomposition x = x1 + x7 is arbitrary we obtain

1
IT xllyi+v, < AIT1%, Sy, + 1T, v,) 2 1], 4,
Thus (2.11) is proved.
To prove the second part of the lemma consider arbitrary g € X] + X} and

take x € X1 N X,. For an arbitrary decomposition g = g1 + g» with g; € X7,
g2 € Xj we have (g,x)x,nxyy < (xinxy) = (81:X)x;xx; T (82, %) x;xx, and thus

1 1
(8- ) cxinxay sy | = (g1l + lgallfe) 2 (il + Ix1%,) 2.
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This yields

. 2 2 1
X / < inf + )2 ]|x
{8, X) (x1nX2) x (X1 nX) | —g:g1+g2(”gl||xi ||82||X2) Il x; nx,

= lIgllx;+x; ¥l x; nx, -
Therefore (X1 N X2)' D X{ + X5 and ligllx,nxey < 18lx;4.x5-
Now take g € (X1 N X»)". Since X7 N X, with scalar product (-,-)x, +

(-,-)x, i1s a Hilbert space, there exists an element G € X; N X; such that
(& X) (xnXx2) x (XX, = (G, 0)x; + (G, x)x, and

1
Iglxnxay = 1Glxnx, = (IGI%, + 1GI%,) -

Fori=1,2define g : x — (G,x)y, for all x € X;. Then g; € X, ||&illx; = IGl|x;
and (g,X)(x,nxo) x(xinxy = (81, X)xxx; + (82:X)x;xx,- Because Xi N X is
dense in X7 and in X3, both g and & are uniquely defined by their values at
x € X1 N X>. Hence we get g = g1 + &2 € X] + X, and

1

. 2 2 \2

’ /= Hlf , + / 2
I8lx;x5 = _inf  (Ig1ll; + 821l%;)

1 1
< (18115, + 18211%,)* = (1GI%, +1GI%,)* = Iglaanxay

which completes the proof. O

In the remainder we assume 7 > 0, unless stated otherwise. By tH, we
denote the space H, with the scaled scalar product (., -),. Using the previous
lemma we obtain the following equivalence result for the Schur complement
norm in (2.9).

Theorem 2.2 Forallp € M we have
min{ya, ve P13 < IBPIZy 1y < max{Ta, T} (2.13)

Proof For p € M we have

(Bp,v)
I Bpll(H,neHyy = sup (2.14)

-
vety ([[vll%, + TllvI,)?
Due to the properties of A and C and the definition of || - ||s we get

min{ya, ve}IPIS < 1Bk, ners,y < max{Ta, Telllplls  forall p e M.
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Now we apply the result in (2.12) to the case X1 = Hy, X2 = tH>. Note that
Hi N tHy = Hj (this should be understood as equality of sets) and that the
intersection is dense in T H,. Hence, we get

IBP Il ynvety = 1BPN gt o111

and thus the result is proved. O

Remark 1 For the nonstationary Stokes problem described in example 1 we
obtain

Sp.p)r2 = IVpliggor, -1y, forallp e Li(Q).
We introduce a subspace W of M:

(Bp,v)
sup
ver, IVIlH,

W:IpeM

<oo]={peM|BpeHé}. (2.15)

(Recall that Hy is dense in H,). We define the following functional on W:

(Bp,v)
Ipllw = sup ——2221 (2.16)
vel, (Cv,v)?2

The lemma below summarizes several useful properties of W.

Lemma 2.3 The following holds:

The identity 1 : W — M is a continuous embedding. (2.17)
B(W) is a closed subspace of H,. (2.18)
| - lw defines a norm and (W, || - |\w) is a Hilbert space. (2.19)
If dim(H3) < oo then W = M (as sets) holds. (2.20)

Proof Note that for all p € W we have

-1 _1
Pe 21Bpllay < lplw < ve *11Bpli;, (221)

1
Iplive < v, 'IBpll < cliBpliy, < cTEliplw (2.22)

with ¢ independent of p.

Hence, || - ||w indeed defines a norm on W and I : W — M is a contin-
uous embedding. Let (Bp,),>1 be a Cauchy-sequence in B(W) = B(M) N H}
w.r.t. || - llgy. Since H is complete there exists a w € H; such that
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limy,— oo | Bpn — w|| H, = 0. We have assumed that H; is continuously embedded

in M, therefore convergence in H) implies convergence in H; and thus
limy,— o0 ||1Bpn — w||H; = 0. Due to (2.6) B(M) is a closed subspace of H{ and

thus w € B(M) holds. We conclude that w € B(M) N H’, = B(W) and thus B(W)
is a closed subspace of Hj,.

Let (pn)n>1 be a Cauchy-sequence in (W, | - [lw). From (2.21) it follows that
(Bpn)n>1 1s a Cauchy-sequence in (B(W), || - || Hé)- This space is closed and thus
there exists p € W such thatlim,—, » || B(p — pn) ||H§ = 0. Using (2.21) we obtain
lim,— [P — pullw = 0 and thus (W, | - |lw) is a Banach space. It remains to
define a scalar product on W that induces || - ||w. For this we need the adjoint
of B: W — H}. Recall that B' : H; — M’ is the adjoint of B: M — Hj,i.e.,
(B'v,p)mrxm = (Bp,v) HxH, - To distinguish from this adjoint we use the nota-

tion B, for the adjoint of B : W — Hj. Hence, (B,v,p)wxw = (Bp,v)HéX[j,2
for allv € H,, p € W. Using this we define S : W — W’ by

S, :=B,C'B (2.23)
and we get

Ipl3y = (Sop,pywrxw forall p e W. (2.24)

Thus the scalar product on W that corresponds to || - ||w is given by (p,q)w =

(S2p, @ wrsw-

From dim(H3;) < oo and the assumption that the embedding H| — Hj is
dense it follows that Hy = H; (with possibly different norms) and that g € H;
iff g € H). Using that Bp € H] for all p € M we conclude that W = M holds.

]

In our analysis we will need the orthogonal projection on B(M) in H;. This
projection, which is well-defined since B(M) is a closed subspace of H7, is
denoted by P. The following lemma gives another characterization of this pro-
jection P.

Lemma24 Letl;: H — H{ be the Riesz isomorphism, i.e., (Iju,v) = (u,v) g,
forallu,v € Hy. For f € Hj let (u,p) € H; x M be the unique solution of

Lu+Bp=f,
B'u=0.

Define the solution operator Sy : H — M by f — p. Then P = B Sy holds.
Proof For arbitrary f € H| we have BSf = Bp € B(M) and for any g € M:

(f — Bp, By = (I - Bp), Bq) i, x; = (. BQ) i1, sy = (B, @)t = 0
and thus the result holds. O
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2.3 Schur complement preconditioner

We introduce the norm
. 2 1y 2 \3
1PN gt = q‘Sva (lp = qlly, + 7~ llgliy) > (2.25)

From the analysis below (Sects. 2.4 and 2.5) it follows that (under a certain

assumption) this norm is uniformly (w.r.t. t) equivalent to ||p|ls = (Sp, p)%, It
is not obvious how to use [|p|l,, -1y to construct a feasible preconditioner for
the Schur complement S. In this section we address this issue.

Let Iy : M — M’ be the Rieszisomorphism. Because theidentity 7 : W — M
is a continuous embedding we have Iy (W) Cc W’. The mapping Iy : W — W’
is denoted by Iy (note that in general this is not the Riesz-isomorphism in W).

Theorem 2.5 Define Si M — M’ by S =1y — Iy + t=18) "y with S,
defined in (2.23). Then S is selfadjoint and positive definite and

P13y, -1y = (Sp.p) forall p e M. (2.26)

Proof By assumption the operator C~! : H), — Hj} is selfadjoint, therefore Sis
selfadjoint as well.

With the help of elementary variational analysis we see that the infimum on
the right handside in (2.25) is attained for g € W that satisfies

G-—p. M+t G, Ew=0 forallé e W.

This can be reformulated in operator notation, using the definition of the W-
scalar product:

U@ —p)+ 77183, www =0 forall &€ e W. (2.27)
Note that Iyyp € M’ C W’ holds. The solution § € W of (2.27) is given by
(Iw + 7' = Iup
and thus ¢ = (Iw + s~ Mmp- A straightforward computation yields
P13y 1y = P = @5+ 7115 = (0 — @.p)m = In(p — P, p)-

Substituting § = (Iw + 1~ '52) "' Iyp, we obtain (2.26). From (2.26) it follows
that S is positive definite. O

In the setting of preconditioning one is interested in the inverse of the pre-
conditioner. By a straightforward computation one can check that the inverse
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S~1: M’ — M of S is given by

St=r+85" (2.28)

2.4 Uniform spectral bound § < §

The proof of a spectral bound S < ¢S with a constant ¢ independent of  is very
simple.

F%"rrc

Theorem 2.6 Define I'y = min{yg,yc}

For all p € M we have

(Sp.p) < T's(Sp,p).

Proof From Theorem 2.2 we get

1
S < ————|Bpl?, .-
(Sp.p) < - 1BP W5y 1 o-1m2,

From (2.5), (2.6) and the definition of | - ||w we have

1
I1Bllpm—ny = Tp, I1Bllwony < rs

and thus from (2.11) we obtain

2 1
||BP||1-11+T—1Hé <@y +T)2Iplpe—1w-
Hence, using theorem 2.5, we obtain

1BPUZy oty = Th + T Sp,p)- 0

2.5 Uniform spectral bound S < §

The derivation of a spectral inequality S < &S with a constant ¢ > 0 indepen-
dent of T turns out to be more delicate than the bound S < ¢S that is shown
in Theorem 2.6. We present an analysis which requires an assumption on the
orthogonal projection P : H] — B(M) (cf. Sect. 2.2).

This crucial assumption is as follows.

Assumption 1 Assume that P: H, — H’ and that there exist constants cp > 1,
dp > 0 such that

1PFI3, =< ¢ (If13, +d3Id =PI, ) forall f e H. (2.29)
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Lemma 2.7 If Assumption 1 holds, then we have

B(W) = P(H)). (2.30)

Proof Take p € W. Then Bp € H, C H) and with the solution operator S as
in Lemma 2.4 we get S{Bp = p. This yields PBp = BS{Bp = Bp and thus
Bp € P(H)), which proves B(W) C P(Hj). Take Pf € P(H}). Then Pf € H)
and Pf = BSf = Bp with p := §1f € M. Thus Pf € B(W),i.e., P(H}) C B(W).

Hence, the result (2.30) holds.

i
Below we use the Hilbert spaces (B(M), | - ”Hi) and (B(W), | - ||H§)-
Lemma 2.8 Let Assumption 1 hold. Then for all p € M we have
||BP||B(M)+1713(W) = CP||BP||Hi+rlH£ forall T > d%).
Proof We use the notation f := Bp. Note that
%
_ w2 —1y02
Pl ez = i (U =l =" wl) "
Take an arbitrary w € H). Using f € B(M) we get
If = wilfy = IP(f = w) + (P = Dwlg, = |IPf = Pwligy, + 1P = Dwl,
= |If = Pwllgy, + 11 = Pywilgy,.
From ||PW||25 = C%(HWllzé +dp||d — P)Wllzi) we get ||Wllzé = 0132||PW||2§ -
d%,”(l — P)yw|%,,. Hence we obtain, using t > d%, andcp > 1,
1
S 1
inf (IIf —wl2, + 7 Iwl3,)? = inf (If — Pwl?, + 1 2 1Pwl?,
weH) 1 2 weH) 1 2
1
+ A=) = Pywligy)?
1
> inf (IIf = Pwlz, + 7' I1Pwl},)?
weH, 1 2
1
>cp'inf (If — Pwll2, + 7 M IPw|3,)?
weH) 1 2
1
>cp'if (Al + I,
f=h+h
f1 € BIM), f € B(W)
-1
= cp IflBasy+e-1Bw)
i

and thus the result is proved.
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Remark 2 Consider the finite dimensional case dim(H;) < oo. We then have
Hy = Hp, H; = Hy and W = M (where "=" allows different norms in the
spaces). We can apply a symmetry argument involving an alternative to the
assumption 1. Let P : H), — B(W) be the orthogonal projection on B(W) in
Hé Assume that cp > 1, Zip > 0 are such that

IPFI3, < chf Iy, +dbld = P)fIZ,) forall f e H). (2.31)
Lemma 2.8 then yields, for all p € M:

1Bl pwy+r-1Bm) = CP”Bp”Hé‘l»'L'—IHi forall v > gi%)

which is equivalent to

IBPll paty o1 5wy < CPIBPl gy 4oy, forall T < dp”. (2.32)

This will be used in the analysis of the finite element discretization in Sect. 4.

2
Theorem 2.9 Let assumption 1 hold. Define y; := Z (yb2+yr)br)x/1;x{l“a,r‘c}' For all

p € M we have y
vs(Sp.p) < (Sp.p) forall © = dj. (2.33)
Proof From (2.5), (2.6) and the definition of || - || we also have

1
-1 -1 1 -3
1B~ lsomy—=m < v, » B llBowy-w < v *

and thus
_ _ 1.1
1B gl prtw < v >+ ve D218l Banysc1wy  forall g € B(M).

Hence,

Vbzl/c 2 2
1Py 1y < I1BPIl 1
yb2 + ye MW BM)+t—1B(W)

forall pe M

Using Lemma 2.8 we obtain

Vbz Ye

2 2 2
m”p”MH*lW < ||BP||Hi+rlH2 forall = > dp
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and combining this with Theorem 2.5 and Theorem 2.2 proves the inequality
in (2.33). ]

Remark 3 Consider the finite dimensional setting as in Remark 2 and assume
that besides Assumption 1 also (2.31) holds. Then (2.32) holds, and a slight
modification of the last step in the proof of Theorem 2.9 then yields, for all
peM: .

vs(8p.p) < (Sp.p) ¥Vt € (0.dp*1U [dp,00). (2.34)

The main result of the general analysis is the following.

Corollary 2.10 Suppose Assumption 1 holds. The following inequalities hold for
any p € M: _ ~
¥s(Sp.p) < (Sp.p) < Ts(Sp.p) forall T = dj. (2.35)

Proof Direct consequence of Theorems 2.6 and 2.9. O

Remark 4 Consider the finite dimensional case dim(H;) < oo. From remark 3
it follows that if the assumptions 1 and (2.31) hold, then the equivalence result

in (2.35) holds for all 7 € (0,d3%] U [d3, 00).

As a final result in this section we give a simple criterion that will be used in
the applications in the next sections to show that Assumption 1 holds.

Lemma 2.11 Let Sy : H] — M be the solution operator from Lemma 2.4.
Assume that there is a subspace W C M with norm || - i, such that both
Si:H) — Wand B: W — H’, are bounded, i.e.,

ISl < cilfllg, VF e Hs . 1Bpl < clplly YpeW,
then Assumption 1 is fulfilled with cp = cica, dp = 0.

Proof The proof immediately follows from P = B S; and

1Pl = 1B S1flly < c2lIS1flly < cactlfllyy,  forall f € Hj 0

3 Application to the continuous generalized Stokes problem

In this section we apply the above abstract analysis to the generalized Stokes
problem. The spaces and bilinear forms used in the variational problem are
as in example 1. It was noted that we have the properties (2.1)-(2.3), with
Va=T4a=y.=Tc=Tp =1, yp > 0 the constant from the infsup inequality.
For the operators A, B, B, C corresponding to the bilinear forms we use the
(usual) notation

A=—-A, B:=V, B = —div, C=:1

@ Springer



174 M. A. Olshanskii et al.

We now consider Assumption 1. We use the criterion given in Lemma 2.11. Note
that —A is the Riesz isomorphism H(l)(Q) — H(l)(Q)/ =:H!. Thus for f ¢ H!
the solution p = Sif, with §; from lemma 2.4, satisfies the weak formulation of
the stationary Stokes problem:

—Au+ Vp ={,
diva =0, 3.1)
ujzo =0.

In the following lemma it is shown that H?-regularity of the Stokes problem
implies that Assumption 1 holds.

Lemma 3.1 Assume that the domain Q is such that the Stokes problem (3.1) is
H?-regular, i.e., there is a constant cg such that for any f € L?(Q) the solution
(u, p) is an element osz(Q)d x HY(Q) and satisfies

lallz2) + VPl 2 < crlifllz2. (32)

Then Assumption 1 is satisfied with cp = cr and dp = 0. Furthermore, we have
W = H'(Q) N L§() and |pllw = |Vpll 2.

Proof We apply Lemma 2.11 with W = HY(Q) N L%(Q) and norm ||p||%7v =
(Vp,Vp)2. Due to the regularity assumption we have [Siflly = [IVpll 2

IA

cr||fll;2. Furthermore, for p € W we have ||Bp||Hé = [IVplir2 = liplly- Thus
the assumptions in Lemma 2.11 hold with ¢; = cg, ¢ = 1. It follows that
Assumption 1 is fulfilled.

Definition (2.15) of W takes the form W := {p € L} | Vp e L?}. Thus
W =H\(Q)nN L%(Q) =W. Finally by the definition of the W-norm we have for
peWw:

(BP»V> (VP’V)LZ
sup ———

Ipllw = sup ——— =

g = Vpli2. O
veHy (Cv,v)2  ver2  IIVIlZ2

Now consider the Schur complement of the generalized Stokes problem:
S = —div(rl — A"V (3.3)

We identify L%(Q) with its dual. Then S : L(z)(Q) — L%(Q) and (-, Yyrxm =
(” ‘)LZ .

If the stationary Stokes problem is H2-regular our abstract theory can be
applied, with dp = 0 in assumption 1, and we have a uniform equivalence result
given in Corollary 2.10. This yields the following main result of this section.

Theorem 3.2 Assume that the domain Q@ C R? is such that the Stokes problem
(3.1) is H?-regular. Denote by —AX,] : L%(Q) - HY(Q)n L%(Q) the solution
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operator of the following Neumann pressure problem: Given f € L2 0(2) find
p € HY(Q) N L3(Q) such that

Vo,V 2 = (f,@) 2, Y q e HY(Q) N LK.

Define Sl=7- tA;,l. Then S~!: L%(Q) — L%(Q) is selfadjoint and positive
definite, and for all p € Lé(Q) and all t > 0 the following holds:

vs(Sp,p) 2 < (Sp,p) 2 < Ts(Sp,p) 2.

with ys = Iy=2

v
R+’
Proof We apply Corollary2.10. In the setting here we have W = H(l) (SZ)DL(ZJ(SZ),
M = L3(Q) = M'. The mapping S : M — M is defined by, cf. (2.28), S~! =
I} +18;' =1+1S;" with S, = B,C™'B.For f € M we have w = S, 'f e W
itf

(ByCT Bw. qywxw = (F.q)2 Vg e W

(Bq,C BW L2><L2 (f q)Lz Vq eW
e (VC],ILZ Yw)age = (@92 VqeW
4 (VW’ vq)Lz = (fs Q)LZ Vq eW

and thus S5 Lis equal to the Neumann solution operator —A;,l .Hence §~' =1+

LAYy L= 71— ‘L'A;,l. The values for the spectral bounds follow from
Corollary 2.10 and from y, =T’y =y, =T =T} =1, and cp = cR. O

4 Application to finite element discretization of the generalized Stokes
problem

In this section we apply the abstract analysis of Sect. 2 to a finite element
discretization of the generalized Stokes problem (2.10).

Let Vj, x M;, € H}(Q2) x L3(S) be a pair of conforming finite element spaces.
We assume the LBB stability condition:

(div vy, pp)p2

> vplpullL, forall p, € My,
VhEVh ”Vvh”LZ

with a constant y, > 0 independent of A. We also assume a global inverse
inequality and an approximation property:

IVVall 2 < ciny A HIvall2 Y v € Vi
inf IV@=villz2+ inf Ip—qullz2 < Ch(lullgz + 1Pl

VhEVph
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for allu € H2(Q)4 N H(l)(Q), p € H(Q). In the setting of the general analysis
we take the spaces

Hl = (Vh,(V',V')LZ), H2 = (th("')Lz)’ M: (Mh’("')LZ)'

In this finite dimensional case we have W = M as sets (note, however, that in
general || - l[w # | - lla). The bilinear forms are the same as in Sect. 3. The
operators corresponding to these bilinear forms are denoted by Ay, Cp, Bj.
As in the continuous case we identify My with its dual M;. Thus we have

(o dmrsem = S )wrxw = ()2 and

Ap:V, — V;l, (Apuay, vy) = a(uy, vy) for all wy, vy, € Vy,
Ch: V=V, (Cpup,vy) =c(uy,vy)  forall uy, vy, € Vy,
By : My — V), (Bppp, Vi) =b(vp,py)  forall p, € My, v € Vp,
B;l 'V, —> My, (B;lvh,ph)Lz = b(vy,pp) forall p, € My, v, € V.

The discrete generalized Stokes problem is as follows: given f, € V) find
(uy,pn) € Vi x My, such that

Apuy + 1Chpuy + Bypy = fp,

;o 4.1)
huh = O.

The corresponding Schur complement is given by S, = B} (A;, + tCp) "By,

M;, — My, Application of the general analysis yields the following main result

of this section.

Theorem 4.1 Assume that Q@ C R? is such that the continuous stationary Stokes
problem (3.1) is H?-regular. With I, the identity operator on M, define S‘;l =
In+t(B), C;lBh)_l. Then the following inequalities hold for any p, € My, with
¢4 > 0 independent of v and h:

caSupnpi) 2 < (Shpnspi) 2 < 2(Shpn,pn)p2-

Proof The properties (2.1)—(2.3) hold with y, =Ty = y. =T =T, = 1, and
yp > 0 the constant from the LBB condition.

We now treat Assumption 1. Let Py, : Hi — Bp(Mp) be the orthogonal
projection on By (Mp) in Hi. From Lemma 2.4 we have P, = B;S1;, where
(for £, € H}) Sy xf, = py, is the solution operator corresponding to the discrete
stationary Stokes problem

Apuy, + Bppp =1,

4.2
B}luh =0. (42)
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The functional f, can be extended to f € L%(Q)’ with (f,vn) = (fn,vp) for
all vy, € Vy and [[f]l;2qy = ||fh||H§ (recall, Hy = (Vp, | - ll;2)). Consider the
continuous stationary Stokes problem with right hand side f:

Au+ Bp =f,
S (43)
B'u=0.
Comparison of (4.2) and (4.3) yields
a(u—wy,vy) +b(vy,p—pp) =0 forall v, € V.

Using the H?-regularity, the inverse inequality and the approximation property
of the finite element spaces we obtain

bV, pn)
I Prfnll iy, = 1BaS1fnll iy = 1Bronlly = sup —————
VhEVh ||Vh||L2
b(Vh,p) a(u —uy, vi)
< —_— su _—
vievy IWVallzz vev,  Ivallp2
Vvl 2
<IVplp2 + IIV@—up)|;2 sup ———

vLeVy ”V/’ZHL2
-1
< nlly + c IV (@ —wp)ll 2k

< Ml gy + el 2y < c il s

Hence, Assumption 1 holds with dp = 0 and a constant cp independent of 4.
Application of Corollary 2.10 proves the result. O

Both in the analysis of the continuous generalized Stokes problem (The-
orem 3.2) and of its finite element discretization (Theorem 4.1) we need a
H?-regularity assumption. We now show, that for a certain range of t values a
regularity assumption can be avoided.

Theorem 4.2 Let S‘;l =1+ r(B}lC}TlBh)_l be as in Theorem 4.1. There exist
positive constants c1, ¢2, independent of h and t, such for all py, € M), the follow-
ing holds:

VsSuPnpn) 2 < (Supnspi)r2 < UsSupnspn)i2 forall t € [0,¢1]1U [c2h™2, 00),

with ys = Iy =2

b
20p3+1)°

Proof We use the result given in Remark 4. The properties (2.1)-(2.3) hold
withy, =Ty = y. =T =T, = 1, and y} the constant from the LBB condition.
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Let Py, : Hi — Bj,(M},) be the orthogonal projection on By (M},) in Hi. Using
the inverse inequality we get, for f;, € H:

(( = Pi)fn, vi)3,
| PafillZy, < 2084013, + 21 = Pfall3, =2164l13, +2 sup T
2 2 2 2 v,eV) ”vh”LZ
B ((I = Py, va)3,
< 20613, +2chh2 sup pa—
2 VhEVh ”Vvh”LZ
= 2(fa 13, + i 1T = Pl )-

Thus Assumption 1 holds with cp = V2 and dp = cipyh L.
Let Py, : H), — Bj(Mp,) be the orthogonal projection on By, (M) in H),. Using
the Friedrichs inequality, ||vxll;2 < cF|[VVy| 2, we obtain, for f;, € H}:

1Pl < 20817, + 200 = Pfaliz, < 2(I8ull7, + 1A — Pifallzy).

Thus (2.31) holds with cp = +/2, dp = cf. Using the result in Remark 4 we
2

obtain the equivalence result with spectral constants y; = I=2. O

b
20y +1)°

Remark 5 The equivalence result for the Schur complement operator S :
M;, — M}, has an obvious analogon if we use matrix representations. Assume
that we have chosen (nodal) bases in Vj, and M. The coefficient vectors of u,
and pj, in these bases are denoted by uy, pj, respectively. The Euclidean scalar
product in R” is denoted by (-, -)7. Let Qy, be the mass matrix in Mj,. The matrix
representations of Ay, Cy, By, are defined by

(Apuy,vp)2 = (Vuy, Vvy) 2 forall uy, v, € Vp,
(Chup, V)2 = (Wp,vp) 2 forall wy, v, € Vp,
(Bhﬁhvvhh = (diVVh,ph)Lz for all Ph € Mh, v, € Vh.

The discrete generalized Stokes problem has a matrix-vector formulation with
matrix

Ay +tC, By
B/ 0

and thus the Schur complement matrix is Sy, = BZ(A;, + 1Cy)"'By,. Using

_ b(Vi.pn)* (Bupn.Vi)3
(BZCh]BhPh,ph) ,= Sup ——>— = su R AACr
L yev, Vil wuere (CrViVi)2

(B]'C, 'Bypy.pr)> forall p, e My,

@ Springer



Uniform preconditioners to generalized Stokes interface equations 179

it follows that the Schur complement preconditioner Sy, given in Theorems 4.1
and 4.2 has the matrix representation S-1= Q;l + r(B,{C}I1 B, L.

The operator B;lC;]Bh in the definition of Sj, corresponds to a mixed
discretization of the saddle point formulation of a Neumann problem: Find
u e Hop(div),p € L%(Q) such that

u+Vp =0,
diva =g,
ll-ll|352 =0.

This mixed discretization is convenient when the discrete pressure is not contin-
uous, i.e. My, ¢ H'(Q). On the other hand, if M}, ¢ H'($2), then one may wish
to use a conforming finite element discretization of the Neumann problem and
thus obtain a discrete analogon of the preconditioner given for the continuous
case in Theorem 3.2. This is treated in Sect. 4.1.

4.1 Schur complement preconditioner for the case M, Cc H L)

Assume M), c HY(Q). Let N;l My, — My, N;lgh = py, be the solution
operator of the discrete Neumann problem in Mj,:

(Vor,Vap) 2 = (gn.qn)p2  forall g, € My.

Note that (Nypp,pn) = ||Vph||2L2 for all pj, € My,. We define S’h’N : My, — M by
o1 ._ -1 -1
Sh,N =1, +1IN, .

This preconditioner has been proposed in [8] and analyzed in [5]. The pre-
conditioner Sy v is uniformly (w.r.t. 4 and ) spectrally equivalent to S;, from

Theorem 4.1 iff Nj, is, uniformly in A, spectrally equivalent to B), C;lBh. Note
that, for all p;, € My,

_ (Pn>div vp)7
(B),C;, By pppn)2 = sup ————1=
v,eV), ”vh ||L2

< IVpul3> = Nupnopr) 12
Hence, S‘h,N is uniformly spectrally equivalent to Sy, iff

(ph, div Vh)L2

> ywllVppllz2 forall p, € My, (4.4)
v,eV), VAl L2

holds with y,, > 0, independent of A. This modified stability condition (also
called weak inf-sup condition) can be found at several places in the literature,
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e.g.,[2,7,24]. In[2] a proof of this result for P;isoP,—P; and for the Hood-Taylor
P,—P; pair is given for the two-dimensional case. The approach in [2] can prob-
ably be extended to the three-dimensional case. Because the weak inf-sup
condition in (4.4) is essential for the analysis in this paper we decided to include
an elementary proof for P,—P; Hood-Taylor finite elements in a d-dimensional
domain, with d = 2,3. We assume that the family of triangulations {7}, } is regular
but not necessarily quasi-uniform.

Lemma 4.3 For Q ¢ R% d = 2,3, let {T},} be a regular family of triangulations
consisting of d-simplices. Assume that every simplex has at least one vertex which
is not on 9K2. Then the Hood-Taylor P,—Pq pair of finite element spaces satisfies
(4.4).

Proof The Hood-Taylor P,—P; pair is denoted by (V,, My). Take g, € My,
qn # 0. The constants used below are independent of 7, € {7} and of gj.
The set of edges in 7}, is denoted by £. This set is partitioned in edges which
are in the interior of © and edges which are part of 9Q: £ = Eint U Eppg. For
every E € &, mg denotes the midpoint of the edge E. Every E € &y with
endpoints ay,a; € R7 is assigned a vector tg := a; — az. For E € &g we define
tg = 0. Since gy, is continuous piecewise linear the function x — tg - Vg (x) is
continuous across E, for E € &jni. We define

te = tely 'te (k=0 if E € Epna)s
Wg = (EE . th(mE))fE for Ee€é&.

A unique wy, € Vj, is defined by

0 if x; isavertexof T € 7y,
WE if x; =mpg for £Ee&.

wp(x;) = {

The set of edges of T € 7j, is denoted by E7. By using quadrature we see that
for any p € P> which is zero at the vertices of T we have

/ peydx = ——— > pimp).
E eEr

We obtain

—/qhdivwhdx=/th~whdx= Z(th)‘r/whdx
Q Q

TE'Z;, T
7]

TVamwr - > wi(mg) (4.5)

TeTy, EcET

— (te - Van (mE))Z-
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Using the fact that (Vgy,)r is constant and for each T at least two independent
nonzero vectors tz exist, one easily checks that

N 2 -
clIVgnll3 2 < 1T (te - Vanmp))” <EIVaul?, . > 0.
L2(T) L(T)
EEET

Combining this with (4.5) we get

- [ adivwids = C 3 IValg, = CIVaEe (@6)
TeT,

Let E; be the set of edges of the unit d-simplex. In the space {V € P, | Vis zero

N 1

at the vertices of 7'} the norms [|P], » e and (> 5. E; v(m E)z) 2 are equivalent.
Using this componentwise for the vector-function wy, := wj, o F, with F the
affine mapping such that F(T) = T, we get

2 ~ 2
IWalZ2 7, < CITHIWAIT, 7,
~ 2 2
< CIT| D IWpmp)ll; = CIT| D lIwel.
EEEf EEET

Summation over all simplices 7 yields

Iwal2s < € DTS Iweld =€ DO IT1 Y. (i - Van(me)?

TeTy, EcETr TeTy, EcEr (4 7)
< C D IVGnlFaipy = ClIVanll7,-

TeT),

From (4.6) and (4.7) we obtain
(qn,div (—wp)) 12
L~ > ClIvanl2
Whllz2

with a constant C > 0 independent of g; and of 7, € {7;,}. O

5 A Stokes interface problem

In this section we consider a generalized Stokes interface problem. Assume
bounded Lipschitz subdomains ©; and €, of € such that Q@ = Q; U Q»,
Q1 N Q2 = . The interface between the subdomains is denoted by I' = 921 N
9$2>. The problem we consider is as follows: Find u and p such that
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—div(v(x)Du) + tp(x)u+ Vp =f in Q, (5.1)

divu=0 inQ, k=1,2. (5.2)

[u] =0,[c(w,p)n] =g onT, (5:3)

u=0 onaQ. (5.4)

In this formulation we use standard notations: o (u,p) = —p I 4+ 2v Du is the

stress tensor, Du = %(Vu + (Vvu)7) the rate of deformation tensor, n is a unit
normal vector to I', [a]|r = (alg, — alg,)Ir.

We assume piecewise constant viscosity and density. A localized force term
g occurs, for example, in models that take surface tension effects into account,
cf. [12,22]. Suitable scaling can be used to ensure that viscosity and density are
equal to one in 2. Hence, we assume

1 in 1 1 in 1
V= . , p= . . (5.5)
v>0 1InQ p2>0 1inQ

The weak formulation leads to a saddle point problem as in (2.7), (2.8): find
wp e H})(Q) X L%(Q) such that

ay,(u,v) + 7¢, (W, v) + b(v,p) + b(w,q) = f(v) forall ve H{(Q), g € L§(Q),
(5.6)
with

a,(m,v) := / vir(DuDv)dx, c¢,(w,v):= (pu,v);2, b(v,p):=—(p,divv);2,
Q

(fiv):=Ev)2 +/g-vds.

r

In view of the general analysis it is natural to introduce the following Hilbert
spaces:

Hy = {H)(Q), with ||v||§,1 :=/vtr((Dv)2)dx ,
Q

. 1
Hy = {L2(@). with [V, = o7V 12

Due to Korn’s inequality || - || g, defines a norm on H(l)(Q). Related to this norm
we need a uniform (w.r.t. v) equivalence result that is proved in [17], Lemma 6.1.
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This result is as follows. Assume that one of the following conditions is satisfied:

meas(02, N3R) >0 for k=1,2, (5.7)
meas(02; N92) >0 and vy < C. (5.8)

Then there exists a constant ¢ > 0 independent of v such that

< ||v%Vv||Lz for all v e Hj. (5.9)

~ L
clvzVvlie < lIvlia,

Before we introduce the (pressure) space M we recall a result from [18] that we
need in the analysis below. Let p be the piecewise constant function

- [ 121171 on @,

p= —1€2]7! on Q. (5.10)

Since (p,1);2 = 0, we have p € L(Z)(Q). Consider the one-dimensional subspace
Py := span{p} of L%(Q) and an L?-orthogonal decomposition L%(Q) =Py @Pé.
Forp € L%(Q) we use the notation

p=po+py. poe€Po, pyePy. (5.11)
One easily checks that
Py ={pe Ly | (@, Di2g,=@.Dr2g, =0} (5.12)

Using this splitting we can define an appropriate norm on L%(Q):

|

The scalar product corresponding to || - || a7 is denoted by (-, -)p7. In [18], Lemma
1 and Theorem 1, the following results are proved. There exist constants C and
¢ > 0 independent of v such that

Nl

. _1
M= [L%(sn, with [Iplla = (Ipoll7. + v 2pg 117.)

Idivv,p)2] < ClvEVY 2llplly forall ve Hy, peM,  (5.13)

divv, .
“Zv—p)“ > ¢lply forall p e M. (5.14)
venl, V2V,

@ Springer



184 M. A. Olshanskii et al.

We identify L%(2) with its dual and then have

f
Hy = {H™", with || = sup ALy

ey V12,

. _1
Hy = {12, with Vil = 107212

D=

I

With these spaces H and M the properties (2.1)—(2.3) can be shown to hold.

Lemma 5.1 Assume that (5.7) or (5.8) is satisfied. The properties (2.1)—(2.3) hold
with y, =T, = y. =T = 1 and constants Ty, yp > 0 independent of v and p.

. 1
M = [L%(sz), with [pllar = (Ipoll. + IvZpg 113.)

Proof From a,(u,u) = ||u||%11 we get property (2.1) with y, = T'; = 1. Due to
co(u,u) = ||u||%,2 property (2.2) holds. Using (5.9) and (5.13), we get

. L S
(divv,p)r2 < CIv2Vli2liplle < CE VI, Iplim

and thus the upper bound in (2.3) with T', = C &, Using (5.9) and (5.14), we
obtain

(divv,p);2 (divv,p);2 .
— e = sup ——— = ¢l

very IVl vel; |v2Vvl|z,
and thus the lower bound in (2.3). Because p is not used in the definitions of
H; and M the constants I'y, and y}, are independent of p. O

The norm || - ||, is equivalent to the standard L?-norm. Hence, the space
W = {p € M | Bp € H}} is the same as the one for the generalized Stokes
problem in Sect. 3:

Bp,
W= H\@nL3(@), withnorm [plw = sup 2% = -4 vp)0. (5.15)

veH, ||V||H2

The Schur complement S, , : L%(Q) — L%(Q) corresponding to this Stokes
interface problem is characterized by

1 (p,divv);2
(Sv,pP’P)zz = Ssup L
veH (@) (a, (v, V) + T¢)(V, V)

(5.16)

=

We take the preconditioner from Theorem 2.5:

~ 1 . _ 1 1
(Sv.o0:P) 12 = IPIpgse-1w = Jnf, (Ip — gl + 77" p"2Vgl2,) 2. (5.17)
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This preconditioner can be characterized using a Neumann solution operator by
applying a similar approach as in Theorem 3.2. We can apply the general anal-
ysis of Sect. 2.4 to derive a uniform spectral bound S < S. This is summarized
in the following theorem.

Theorem 5.2 Assume that one of the conditions (5.7) or (5.8) is satisfied. Denote
by A’l : LZ(Q) — HY(Q)Nn LZ(Q) the solution operator of the following
Neumann interface problem: Given f € LZ(Q)ﬁndp e H'\(Q)NL2 0(S2) such that

(P IVP, V@) 2 = (f.q)2 VY qe H(Q) NLYQ).

I, : L3(Q) — L%(Q) is defined by (I,p.q) ;2> = (p,q)m forall p,q € L3(S2). Then

-1 _ -1 -1
Sv,p_ ) —rAp

holds and or all p € L%(Q)

(Sv,pp’p)Lz S C(Sv,ppap)LZa

with a constant c independent of T, v and p.

Proof For W as in (5.15) define S as in (5.17). Usmg the same arguments as in
the proof of Theorem 3.2 it can be shown that S~ = ;1 — TA; ! holds. The
spectral inequality S < ¢S follows from Theorem 2.6. The constant ¢ is uniform
not only in 7 but also w.r.t. v and p, due to the fact that I';,, ¢, ¥, and y. are
independent of v and p. O

Remark 6 We comment on a discrete version of the preconditioner S, , in a
pair of finite element spaces Vj, x M}, as considered in Sect. 4.1. In the operator
I, the scalar product (-,-)); and thus the orthogonal projection on the one-
dimensional subspace Py = span(p) is used. This projection is avoided in the
following operator 1,: L%(Q) — L%)(Q)

dp, @) = v 'p.g)p2 forallg € LE(S).
Note that va =Ipforallpe L2 ()N PL In general a poor behaviour of a
preconditioner on a one- d1mens1onal subspace is harmless if the preconditioner
is combined with a CG method. Therefore we base our discrete preconditioner

on the simpler operator I, instead of on I,,. Let I 1 My — My, [ hgh = pn be
such that:

' prean)i2 = (gn,qn) 2 forall gj € My,

Let N;}l My, — My, N;}lgh = pj, be the solution operator of the following
discrete Neumann problem:

(0" Vpu, Va2 = gn,qn)2  forall g, € My,
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We define Sv,p,h : My, — My, by

-1 ._ 3 -1
51 ok = I TN
This preconditioner is used in our numerical experiments. To evaluate S ;}) n8h

one has to solve a system with a pressure mass matrix, w.r.t. the scalar product
w19 12, and a discrete Neumann interface problem.

Note that in Theorem 5.2 we have a spectral inequality S, , < S’v,p that is
uniform with respect to both the parameter t and the jumps in the coefficients
v, p without using any regularity assumptions. To derive a spectral inequality
S'V,p < Sy, we need (at least in our analysis) regularity results for a stationary
Stokes interface problem of the form

—div(v(x)Du) + Vp =f in Q, (5.18)
divu=0 inQ k=1,2. (5.19)

[u] =0,[c(w,p)n] =g onT, (5.20)
u=0 onQ. (5.21)

Similarly to the Stokes case in Sect. 3, verifying Assumption 1 is based on
regularity properties of the solution of this problem. This important issue is
largely unsolved. The following result is found in the literature (see, [20]): If the
interface I' = 921 N 92, is sufficiently smooth and has no common points with
dQandf € L? then asolution u, p of (5.18)—(5.21) belongs to H2(Q)% x H (),
k = 1,2. However, in these results and in other analyses known in the literature
the dependence of constants in a priori estimates on v is not known. Due to this
we are not able to prove a result S, , < S, , that is uniform both with respect
to t and the jumps in v, p. Below we present an analysis where the spectral
inequality is uniform with respect to t only.

Theorem 5.3 Assume that one of the conditions (5.7) or (5.8) is satisfied and that
the domain Q C RY is such that the Stokes problem (3.1) is H-regular. Let S, 0
be the preconditioner from (5.17). There exists a constant ¢ > 0 independent of
T such that for all p € L2 5(€2)

C(Sv,ppa P2 < (Sv,pp, 12)8)
holds.

Proof Let S : L%(Q) — L%(Q) as in (3.3) be the Schur complement for the

generalized Stokes problem and Let S be the preconditioner from theorem 3.2.
For this preconditioner we have

1
Gp.p)?, = inf Ilp — qli?, + tHIVqll?,)2.
L qul(Q)mL () ( L LZ)
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Using (5.17) and the norm equivalences ||-||3 ~ |||l ;2 (on L%(Q)), I ,o_% Vellz ~
[V-1l;2 (on H ()N L%(Q)) it follows that there exists a constant ¢ independent
of 7 such that
(S’U,pp,p)Lz < c(S’p,p)Lz forall p e L%(Q). (5.22)
From Theorem 3.2 it follows that
Sp,p)j2 <c(Sp,p);2 forall pe L%(Q) (5.23)

holds with a constant ¢ independent of t. From

(p,divv);2

(Sp,p)p> = sup i
veHy(@) ([|VVII7, + TlvIl7,)?

’

the representation for S, , in (5.16) and the equivalences a,(-,-) ~ ||V - ||i2,
co () ~ [IVII3, (on H{(R)) it follows that
Sp,p)p2 <c(Svpp,p)y2 forall pe L%(Q). (5.24)

Combination of the results in (5.22), (5.23) and (5.24) completes the proof. O

6 Numerical experiments

We present results for a model generalized Stokes interface problem. Numer-
ical results for a stationary (r = 0) Stokes interface problem can be found in
[17].

We take Q = (0,1)° with subdomains Q, = (0, %)3, Qi = 2\ Q. The model
problem reads: Find (u,p) € H(l)(Q) X L%(Q) such that

a,(w,v) +tc,(u,v) + b(v,p) =0 forallve H(l)(Q)
b(m,q) =0 forallge L%(Q).

The bilinear forms b(-,-) and ¢,(-,-) are as in Sect. 5, a,(w,v) := (v Vu, Vv);2
with v and p piecewise constants as in (5.5).

For the discretization we start with a uniform tetrahedral grid with & = %
and apply regular (red) refinement to this triangulation. The resulting grids 7,
satisfy a conformity condition:

370 T UT I TeT) = i=1,2.

We use the LBB-stable P,—P; Hood-Taylor finite element pair, denoted by

V;, x My, and perform computations for & = %, %, 31—2 and various values of vy,
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p2 and t. For h = 3% we have approximately 7.5 - 10° velocity unknowns and

3.3 x 10* pressure unknowns.
The following matrices are introduced (notation as in remark 5):

(Apuy, Vi) = Wy, V)2 forall uy, vy, € Vy,
(Chuy, V)2 = (puy,vp) ;2 forall uwy, v, € Vy,

(B pn,Vi)2 = —(divvy,pp) 2 forall p, € My, vy € Vy,
(A} Brs@n2 = (0~ ' Vpu, Vap) 2 forall py,qy € My,
(QnPn@n)2 = (v 'pp.gn)p> forall py,q, € My.

The discrete model problem has the following matrix-vector formulation: Find
u, € R", p;, € R™, such that

(Ah + tCy, Bh) ﬁh) (fh)
BZ; 0 ( Dh 0)
0) =(0)

In the experiments we use fj, = 0 and a fixed starting vector (w,”,p,") # (0,0).
The Schur complement is

Sy =Bl (A +tCy) By,
The linear system of equations is solved with the Uzawa method:

(1) Solve (A, +1Cp)z =1,
(2) Solve S;p, = Bl'z. (6.1)
(3) Solve (A, 4+ tCpuy, =1, — Bypy.

In steps (1)—(3) the equations of the form (A, + rCp,)x = r are all solved with
a standard multigrid V-cycle with one pre- and one post-smoothing iteration
with a symmetric Gauss—Seidel method. The iteration is stopped as soon as the
relative scaled residual satisfies

ID~1((Ay + 7CHX® —1) |

<107'% D :=diag(A;, + tCp). (6.2)
ID-1((A +Cpa;" — 1)

Here || - || denotes the Euclidean norm. The system in step (2) is solved with a
preconditioned conjugate gradient method. The iteration is stopped as soon as
the relative preconditioned residual satisfies

—1,q, 7k _ RT5
S -B
||Q_5l ( hig) hTZ_)” <10-5. 63)
”QS (Shph - th)”
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The preconditioner Qg is derived from our theoretical analysis as explained in
remark 6. We compute ler as follows:

(a) solve Afa =r,
(b) solve Q;b =T, (6.4)

(c) compute ler :=rta+bh.

The linear systems in (a) and (b) are solved up to machine accuracy (using an
SSOR-preconditioned conjugate gradient method).

Of course, in practice the Uzawa method is not very attractive because one
has to solve the systems with Aj;, + tCj, accurately. In this paper we take the
Uzawa method to illustrate the robustness of the multigrid solver and of the
preconditioner Qg for the Schur complement. In practice one would use a block-
preconditioner combined with a MINRES method or an inexact version of the
Uzawa method, cf. [19]. The efficiency of such methods is mainly determined by
the efficiency of the preconditioners. The quality of the MG preconditioner (for
the Ay, 4+ 7Cy, systems) and of the Qg preconditioner for the Schur complement
is illustrated in the numerical experiments below.

In the first experiment (Table 1) we take h = 11—6, r=h"1and vary v = v,
and p» = pjo, (recall that vio, = pjo, = 1). We present the average iteration
numbers of the solvers in the Uzawa method (6.1). The first row (#MG) gives
the average number of V-cycle steps for solving the systems with Ay, + tCy,. In
the second row (#-PCG) we give the average iteration number of the precon-
ditioned conjugate gradient solver in step (2) of (6.1).

We repeat the experiment from Table 1 for the case v, = 10p;, but now with
h= % The results are given in Table 2.

Table 1 Iteration counts for

MG and PCG in Uzawa v =m led le2 1le0 le-2 le-4
mff};:’f‘f with i =1/16, #MG 13 13 13 13 13
r= #PCG 23 23 20 24 22
vy = %0 02, 02 led 1e2 1e0 le2 le-4
#MG 13 13 13 13 13
#PCG 22 22 21 22 22
vy = 10p2, p2 led le2 1e0 le-2 le-4
#MG 13 13 13 13 13
#PCG 23 24 23 22 23
Table 2 Iteration counts for
MG and PCG in Uzawa vy = 1002, p2 led le2 1e0 le—2 le—4
m‘f}z’_df with b =1/32, #MG 13 13 13 13 13
t= #PCG 24 24 23 21 22
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Table 3 Iteration counts for

MG and PCG in Uzawa p =107 1e2 1e0 le—2
method, with & = 1/16,
Y #-MG 12 13 13
V2 = 162 #PCG 20 20 20
P = 11—0, T le2 1e0 le=2
#-MG 12 13 13
#-PCG 23 24 24
Table 4 Iteration counts for
MG and PCG in Uzawa h 1/8 1/16 1/32
method, with vy =le-6, £=MG 14 14 14
py =le+d, T =10 #PCG 125 211 324

In Table 3 we present results for different r values, with & = %, vy = %pz.

In all these experiments we observe a clear robustness both of the MG and the
PCG method in large parameter ranges. We observe robustness of the PCG
method with respect to the jumps in v and p across the interface, too. Note,
however, that the analysis in Sect. 5 does not yield such a robustness result. We
observed in numerical experiments, that if we take very large jumps in opposite
directions in v and p (which is not likely to occur in realistic two-phase prob-
lems) then the Schur complement preconditioner turns out to become (much)
less efficient, whereas the muligrid method remains robust. Results of one such
an experiment are given in Table 4.

These results motivate a further theoretical analysis of the Schur complement
preconditioner with respect to jumps in the coefficients.
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