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AN ADAPTIVE SURFACE FINITE ELEMENT METHOD BASED ON
VOLUME MESHES*
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Abstract. In this paper we define an adaptive version of a recently introduced finite element
method for numerical treatment of elliptic PDEs defined on surfaces. The method makes use of a
(standard) outer volume mesh to discretize an equation on a two-dimensional surface embedded in
R3. Extension of the equation from the surface is avoided, but the number of degrees of freedom
(d.o.f.) is optimal in the sense that it is comparable to methods in which the surface is meshed
directly. In previous work it was proved that the method exhibits optimal order of convergence for
an elliptic surface PDE if the volume mesh is uniformly refined. In this paper we extend the method
and develop an a posteriori error analysis which admits adaptively refined meshes. The reliability
of a residual type a posteriori error estimator is proved and both reliability and efficiency of the
estimator are studied numerically in a series of experiments. A simple adaptive refinement strategy
based on the error estimator is numerically demonstrated to provide optimal convergence rate in the
H' norm for solutions with point singularities.
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1. Introduction.

1.1. Background. Partial differential equations (PDEs) posed on surfaces arise
in mathematical models for many natural phenomena: diffusion along grain bound-
aries, lipid interactions in biomembranes, and transport of surfactants on multiphase
flow interfaces, to mention a few. Recently there has been significant interest in de-
veloping and analyzing numerical methods for the solution of PDEs on surfaces. We
briefly mention some important developments related to the approach studied in this
paper.

The paper of Dziuk [12] contains the first analysis of a finite element method
(FEM) for the Laplace-Beltrami equation on a stationary surface. In that method
the surface I is approximated by a regular family {I',} of consistent triangulations. It
is assumed that all vertices in the triangulations lie on I". The finite element space then
consists of scalar functions that are continuous on I'y, and linear on each triangle in
the triangulation I'j,. If the surface evolves, then its triangulations and finite element
spaces have to be rebuilt. The method has recently been extended from linear to
higher order finite elements in [9]. An adaptive finite element version of the method
(AFEM) based on linear finite elements and suitable a posteriori error estimators is
treated in [8]. In [13] the approach from [12] has been extended to parabolic equations
on a stationary surface, and in [15] the method is combined with Lagrangian surface
tracking and is generalized to equations on evolving surfaces.
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In order to avoid remeshing and make full use of the implicit definition of the
surface as the zero of a level set function, it was first proposed in [5] to extend the
PDE from the surface to a set of positive Lebesgue measure in R?. The resulting PDE
is then solved in one dimension higher but can be solved on a mesh that is unaligned
to the surface, leading to an Eulerian technique. In that paper, finite difference
approximations on rectangular grids independent of a static surface are considered.
The approach was further developed in [1, 17] for finite difference approximations
including moving surfaces. An FEM based on extension of the surface equation was
proposed and developed in [6]. A related finite element approach was studied in [7]
and [14].

Another new Eulerian technique for the numerical solution of an elliptic equation
posed on a hypersurface in R® was introduced in the recent paper [22]. The main idea
of the method, defined formally in the next section, is to use finite element spaces
that are induced by the volume triangulations (tetrahedral decompositions) of a bulk
domain in order to discretize the PDE on the embedded surface. However, in contrast
to the Eulerian method from [5] this method does not use an extension of the surface
PDE. It is instead based on a restriction (trace) of the outer finite element spaces to
the discrete surface. This leads to discrete problems for which the number of degrees
of freedom (d.o.f.) conforms with the two-dimensional nature of the surface problem,
similar to the Lagrangian approach from [12]. At the same time, the method is es-
sentially Eulerian as a surface is not tracked by a mesh and may be defined implicitly
as the zero of a level set function. If the surface evolves, one must recompute the
surface mass and stiffness matrices, using the same data structures each time. This
feature is attractive from the implementation point of view. Algebraic properties of
the method were studied in [23].

In [22] it was proved that this surface FEM has optimal order of convergence
in the H* and L? norms for elliptic surface PDEs if the volume mesh is uniformly
refined. In the present paper, we study the method for the case of locally refined
meshes. Our main theoretical result is a residual-type a posteriori upper bound for
the finite element error in the H' norm. We note that the analytical technique in
this paper is largely different from that of [22]. As explained in section 2.6, the latter
appears problematic to extend to the case of locally refined meshes. Our analysis
is also more delicate than standard proofs for the Euclidean case or the previously
studied case of surface FEM with regular surface triangulations (cf. [8]). The main
analytical challenge here is the fact that the surface mesh inherited from the bulk
mesh is highly irregular, so tools from approximation theory, inverse estimates, etc.,
may for the most part only be applied on the bulk mesh.

1.2. Summary of results. For clarity, in this work we consider the Laplace—
Beltrami equation

(1.1) —Aru = fonl.

Here T is a closed C? surface embedded in R*, and [ f ds = 0 = [, uds are enforced
in order to guarantee existence and uniqueness of solutions to u, respectively. Also,
Ar = Vr-Vr, where Vr is the tangential gradient on I'. Our results can be extended
to more general elliptic surface equations in a standard way. In this case, generic
constants from the corresponding estimates would depend on constants from the el-
lipticity and continuity conditions for the bilinear form of the elliptic problem at hand.

Next we briefly describe our error estimators. An element 7" of the surface mesh
is the (arbitrary) intersection of a plane with a tetrahedron S. (Precise definitions
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are given below.) It is natural to question whether the area |T'| of the surface element
or the corresponding quantity h3 (with hr = diam(S)) derived from the parent
tetrahedron should be used in order to measure mesh size, since in contrast to the
case of regular meshes it sometimes occurs that |T'| < h%. We accordingly define a
family of residual-type error indicators,

n(T) = C, (|T|1/21/ph§“’||fh T Aryunllnm
(1.2)

— 1
£ Y g 1/PhT/”|uvrhuhﬂ|L2<e>), p e 2,00,
eCOT

Here uy, is the finite element solution defined with respect to an approximation f, to f,
and e denotes an edge of the element 7. When p = 2, this reduces to the expression
12(T) = Colhr||fa + Aryunllyry + hi! 2| [Vr,un]ll aor)) in which the diameter
of the outer tetrahedron is used to measure the mesh size. At the other extreme
p = oo, we have instead the expression 1o (T) = Coo(|T|"?||fr + Ar,un| 1,1y +
Secor lelV2IVr, unlllra(e)) in which the properties of the surface element 7' are
used in a sharp fashion to measure local mesh size. For p € [2,00), we show reliability
up to geometric terms of the a posteriori estimators obtained by suitably summing
these local contributions over the mesh. In our theory the constant C), blows up as
p — oo and the limit case p = oo is thus excluded. A major conclusion of this work
is that while taking p > 2 seems to allow for sharper accounting of the variations of
the surface mesh properties, the performance of the coarsest indicators 7, is just as
good as that of the finer indicators 7,, p > 2 when employed in an adaptive mesh
refinement algorithm. More generally, as in the previous works [22] and [23], the
properties of the bulk mesh are seen to govern properties of the surface AFEM.

Local efficiency results in which elementwise error indicators are bounded up to
higher order terms by the finite element error are important because they give theo-
retical justification for using such indicators to selectively refine mesh elements. We
study the question of efficiency by a combination of computation and theory. In sec-
tion 4.2 we provide a partial efficiency result (one that considers only the “volumetric”
portion hr| fn + Ar, unl| 1,1y of the residual indicators) for the indicator 7 that is
slightly weaker than typical results for Euclidean domains. This estimate rests on a
simple but fundamental observation that helps to explain why the properties of the
outer mesh are inherited by the surface mesh: Even though a given surface triangle
T may be irregular (anisotropic) or have diameter much smaller than that of the
bulk tetrahedron from which it is inherited, there is always a surface element in a
small patch surrounding 7" which is shape regular and “full size” (i.e., it has diameter
equivalent to hr).

The irregularity of the mesh prevents us from using standard tools to prove a
corresponding result for the “jump” portion of the residual indicators, so we instead
study their efficiency computationally. We found that when using the local error indi-
cators resulting from the a posteriori estimate for adaptive mesh refinement, our local
indicators indeed satisfy a local efficiency property very similar to the corresponding
Euclidean property. Our numerical examples for a Laplace—Beltrami equation having
solutions with point singularities also confirm the reliability of the error indicators for
any 2 < p < co. In addition, employing a simple refinement strategy provides optimal
order convergence in the H' norm, and the choice of p in (1.2) has essentially no effect
on the observed error decrease even with respect to constants. The latter observation
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reinforces our assertion that properties of the bulk mesh govern the properties of the
surface AFEM.

The remainder of the paper is organized as follows. Section 2 collects necessary
preliminaries and assumptions. The surface FEM is defined here. In section 3 we
define the local error indicator and prove the corresponding error bound (the relia-
bility of the indicator). In section 4 we provide some brief theoretical comments on
local efficiency properties of our error indicators. Numerical examples illustrating the
efficiency of the entire approach are presented in section 5. Some closing remarks are
given in section 6.

2. Preliminaries. In this section we make necessary assumptions on the prop-
erties of the surface I' and its approximation and also introduce volume and surface
finite element spaces and the FEM for (1.1). Furthermore we discuss the assumptions
on triangulations required for our analysis. Finally, we recall some useful results from
the theory of Sobolev spaces.

2.1. Geometry. We assume that I is a closed C? surface embedded in R3. This
implies the existence of a C? distance function d : U — R such that I' = {x € U :
d(z) = 0}. Here U is a tubular neighborhood about I' of width ¢; more precisely
U = {z € R3: dist(x,T') < 6}, where § is bounded by the reciprocal of the maximum
over I of the moduli of all principal curvatures. We assume that d is negative inside
of " and positive outside. Thus for x € U, dist(z,T") = |d(x)].

Under these conditions, there is an orthogonal projection p : U — I' given by
p(z) = x — d(x)v(x), where v(z) = Vd(x) is the unit outward normal for x € T
Otherwise it defines the normal direction to I': p(z) lieson I', and x —p(x) = d(x)v(x)
is orthogonal to the tangent plane to I' at p(x). Finally, let H = D?d = Vv be the
Weingarten map. More details of the present formalism can be found in [8, section 2.1].

2.2. Finite element mesh and spaces. The key feature of this paper is that
the finite element discretization of (1.1) is defined relative to an “outer” triangulation,
that is, a volume mesh. Let 7 be a shape regular simplicial decomposition of a (three-
dimensional) neighborhood of I'; we assume for notational simplicity that 7 extends
to R3. We define the set of all tetrahedra intersecting the smooth surface I',

7}: U gv

SET,SNI#£0

and require that 7p C U. We additionally require that the mesh 7T resolves I' and U
in a manner which is made more precise below. Also, denote by V}, the continuous
piecewise linear functions on 7. Let I, : HY(R3) — V}, be the Scott-Zhang interpola-
tion operator, and given S € T, let wg be the patch of tetrahedral elements touching
S. We furthermore denote by wy the patch of elements touching wg and by w¢ the
patch of elements touching wf.

We now summarize standard properties of I, which we will need in our arguments.
In the lemma below and further on in the paper, we shall write a < b when a < Cb for
a constant C' depending possibly on the shape regularity of 7~ and geometric properties
of I", but not on the local mesh size of 7.

LEMMA 2.1. Assume that u € H3/?(U). Then given S € T,

3/2
(2.1) lu — Tyl yesy S B2 Nl s (o)

and

1/2
(2.2) lu = Inull g sy S Pl o2 s
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Above we have denoted by H?/? the standard fractional-order Sobolev norm. We
give a precise definition below. The above approximation results are entirely standard
except for the presence of a fractional-order Sobolev space. In the case of fractional-
order Sobolev spaces one gets (2.1) and (2.2) from Theorem 5.1 of [?] (cf. section 6
and Remark 7.3 of [11]).

For computational purposes one needs a discrete approximation I'j, of the smooth
surface I'. A distinct feature of the present approach is that no additional triangulation
or meshing are required for building I',. To this end, let dj, : C(U) — Vj, be the
piecewise linear Lagrange interpolant of the distance function d on the volume mesh
Tr. The computational surface I'y, is defined to be the 0-level set of the approximate
distance function dj. Note that I'j, is a closed VVolo surface composed of a set of
polygonal faces F. Each face T € F is the intersection of a plane with a tetrahedron
S € T and thus may be either a triangle or a quadrilateral. If 7" is a quadrilateral,
then T is divided into two triangles, so without loss of generality we may assume
that T is a triangle. Given T' € F, let St be the tetrahedron containing 7', and let
hr = diam(S7). Further, we define the set of all tetrahedra intersecting the discrete
surface I'j,:

™= J 5
SeT:SNI'L#0

Note that Tr, C Tr since SNT}, # 0 implies that dj, and thus d changes sign on S.
However, in general 7r, # Tr, since d may change sign on S without dj, doing so.

Remark 1. More generally, I';, may be a polygonal approximation to I' consistent
with the volume triangulation 7 (cf. [22]). Moreover, in some applications I may not
be known at all, and I'j, may, for example, be taken to be the 0O-level of a discrete
function solving a discrete level set equation on a volume mesh.

2.3. Surface FEM. The key surface finite element space is Vhr, the space of
functions obtained by restricting functions in V} to I',. Then the surface FEM intro-
duced in [22] reads as follows: Find the finite element solution u;, € V;I" satisfying

(2.3) Vphuthhvh dsy, = fh’l}h dsy, Yoy, € Vhr.
Ty T'n

Here f}, is an approximation to f defined on I'y, and we require the side conditions
fl“h up ds, = fl“h frndsp = 0 in order to ensure existence and uniqueness of solutions
to (2.3). Note that although the method (2.3) employs the outer (volume) finite
element space Vj, (through its trace V}I' on I'y), only nodal values of functions in V},
corresponding to nodes lying adjacent to I';, contributed to VhF. Thus, the size of
the resulting linear algebraic system essentially corresponds to the two-dimensional
nature of the original problem (1.1).

Two facts complicate the analysis of the FEM in (2.3). First, even though T
is shape regular, the surface triangulation F may contain triangles with arbitrarily
small angles. Second, it is possible that diam(7") < hp even if T is shape regular.
Because of these facts, we always seek to apply approximation results on the volume
mesh 7 and not on the surface mesh F.

The following result for the error of the method (2.3) is known [22]. Assume for
a moment that the volume mesh is quasi-uniform and maxge7 diam(S) < h. Let
u € H*T) be the weak solution of (1.1) and uj € V;I' the solution of (2.3) with
fn = f¢ —cy, where ¢y is such that fl“h fnds = 0; then it holds that

(2.4) [’ = unllL2r,y + RV, (€ = un)llL2@,) < ch? [ flle2m,
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where the constant ¢ is independent of f and h and u° is the extension of u from I’
as defined in the next paragraph. Thus for a quasi-uniform volume mesh the error
estimate for the surface FEM resembles the standard result for the usual Courant finite
elements. In the present paper we are not assuming the quasi-uniformity property
and allow the volume meshes to be locally refined.

2.4. Correspondence between I' and T'y. In this section we briefly record
notation and facts that will allow us to easily transfer quantities between the surfaces
I’ and I',. We refer to [8] for more details regarding both the definitions we make here
and practical computation of various geometric quantities. First, we will routinely
use lifts and extensions of functions. Given ¢ € H*(I'), we denote by ¢ € H'(U) its
extension from I' along normals, i.e., the function defined by ¥¢(z) = ¥ (p(x)); ¥° is
constant in the direction normal to I'. Given v, € H*(I'y), € T'j,, and p(x) € T, we
let 9% (p(z)) = 1n(x) be the lift of 1, to T

Given z € I', let P =1 — v(z) ® v(z) be the projection onto the tangent plane
to I' at x. Note that v, and thus P, is constant in U in the direction normal to T'.
Similarly, given x € Ty, we let Pp(x) =1 — v (2) ® v, (x) be the projection onto the
tangent plane to I'y, at x; here vy, is the outward-pointing normal to I',.

Let ds and ds, denote surface measure on I' and 'y, respectively. We then
define pp to be the ratio of these measures or, more precisely, for z € I'j, we have
pin(x) dsp(z) = ds(p(x)). Then [Lv(z)ds= [ v*(2)un(x)dss, and [ vp(z)ds, =
Jr vf;(x)#(r) ds. We also define the transfer operator Ay for the Dirichlet form

by An(z) = A} (p(2)) = 775 P @) — dH) ()] [Py (2)][(I — dH)(2)][P(x)]. Then

th Vphthphwh dSh = fF AéVpUﬁVp’g/)ﬁ ds.

2.5. A mesh restriction. We first introduce further notation. A tetrahedron
S € T in the outer (also called bulk or volume) triangulation may or may not cor-
respond to a flat surface element T' € F. Given S € T, we let Ts = SNT be the
curved “element” intersecting S. Recall that for the discrete surface element T' € F
the corresponding volume element is denoted by Sr. We shall denote by T' the in-
tersection of Sy with I', that is, T'= Ts,. Note carefully that T's may be nonempty
even if S does not contain any flat surface element lying in F and that given T' € F
it is generally true that p(T) # T.

In our proofs below we will apply approximation results for curved surface ele-
ments T, that is, error estimates for the difference between functions on 7" and the
restriction of polynomials defined on St to T'. In contrast, the natural residual equa-
tions for our surface FEM involve comparing polynomials on flat elements T with
the extension ¢ of ¢ € H'(I'). We shall have to account for this difference in our
estimates, which becomes somewhat technical because as noted above there is not an
a priori guarantee that p(T") C St. In order to control the number of volume elements
that p(T') can touch, we make the following assumption.

Assumption 1. For a discrete surface element T' € F, let Qr = {y:y =tz + (1 —
t)p(x) for some 0 < ¢t <1, x € T}. That is, Qr is the set of all points that lie on a
line segment connecting some point = € 7" and its image p(z) € I'. We assume that

(2.5) Qr Cws,.

We will also need the following similar assumption.
Assumption 2. Let P be the plane containing a given surface element 7" € F.
Then

(2.6) plwsy NP) C wy,..
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Assumptions 1 and 2 are always satisfied if I" is sufficiently resolved by the outer
triangulation. To verify this assertion for Assumption 1, note that Qp consists of
points lying a distance no more than c¢;h3 from T for some ¢; > 0, since for z € T
we have |d(z)| = |d(z) — dn(z)| < c1h% by standard properties of the Lagrange
interpolant. On the other hand, shape regularity of 7 implies local quasi-uniformity
of 7, which in turn implies that the patch wg, contains all points lying a distance at
most Cohp from T for some Cy > 0. Here Cs depends on shape regularity properties
of the outer triangulation. Thus Assumption 1 is satisfied when clhT < Cohr, ie.,
when hp < C2 . Note that C2 depends on geometric properties of I', properties of the
Lagrange 1nterp01ant and the shape regularity of 7. We do not attempt to bound = &>
though it should in principle be possible to do. One could also check this assumption
in practice if desired without too great of difficulty. A similar argument holds for
Assumption 2 after noting that by standard properties of the Lagrange interpolant
|d(x)| < é1h2 for x € PN wg,.

We now state an elementary lemma which gives a bound for the difference between
the restriction of finite element functions ), € Vj, to T'y, (that is, ¢p|r,) and their
extensions from I' to I';, (that is, ¥ |r,). Note that below we bound the pointwise
quantity | (x) — 5, (x)| defined on the surface I'y, by an Lo term over the volume

patch wg,.. _
LEMMA 2.2. Let ¢, € Vi and T € F. Then for x € T,
(2.7) [on (@) — 05 (@) S haf IV Lo, -

Proof. Let T € F. Let also g(t) = ¢Yn(tz + (1 — t)p(x)), 0 < t < 1, so that
9(0) = Yp(p(x)) and g(1) = ¥y (z). Noting that for x ¢ T v(x) = %(p(m’) — ) and

d
thus ¢'(t) = Vi (te + (1 — t)p(z)) - (z — p(z)) = —d(x)Vin(tz + (1 — t)p(z)) - v(z),
we have for any z € T

1
(@) — B5(@)] = [on () — on ()] = [9(0) — g(1)] = \ [ a0 dt\

1
_ ‘d(a:) /0 Vin(te + (1 — H)p(a) - v(z) dt‘
S |d(@) I VYnll Lo (r)-

Using Assumption 1 and recalling that |d(z)| < Ch% for z € T, noting that hy ~ hy
for 7" C wg, by shape regularity of 7, and employing an inverse estimate, we proceed:

(2:8) [Yn(x) — ¥5,(@)] < ChE| Vel msp) < Chg I VORI La(s,y Vo €T O

2.6. Sobolev spaces, extensions, and imbeddings. In [22] a priori error esti-
mates for the surface FEM defined above were proved assuming quasi-uniform volume
meshes. An important tool in this analysis was the use of the canonical extension u® of
the solution to elliptic PDE from smooth surface, i.e., the extension which is constant
in the normal direction. One major technical difficulty with extending the techniques
of [22] for the case of a posteriori estimates is that local approximation estimates
from [22] (see, e.g., (3.26) on p. 3343) involve on the right-hand side a norm of a
function over the normal projection onto the smooth surface I' of a volume element
intersecting I'. If the outer tetrahedrons are quasi-uniform, then there is finite over-
lap of such projections over all tetrahedron intersecting the surface, so these local
norms on the right-hand of an inequality sum up to a global norm. However, if one
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allows the tetrahedrons to be refined adaptively to a point or a line on the smooth
surface, then it is impossible to show a uniform bound on the number of the outer
tetrahedrons whose projections onto I' have nonempty overlap. Therefore “generic”
constants on the right-hand side may depend on the refinement level. Since we want
our a posteriori estimates to remain useful in the adaptive case, we take an approach
different from [22]. The new approach relies on an extension operator from H!(T') to
H3/2(R3).

Next we recall fractional-order Sobolev spaces. Given a subdomain € of R", and
1 < p < oo, we let W;(Q) be the standard Sobolev space having L, index p and
smoothness index s when s is a nonnegative integer. In the general case, let s = 540,
where 5 is an integer and 0 < 8 < 1. We then define the seminorm

Du(x) — D*u(y)|”
2.9 ulP oo = E // | dx d
(29) | |W” “» QxQ |z —y|rtor Y

|a|=5

and the norm

P P p
(2.10) el = (Ilalfys oy + ulfyso) s

cf. [18, Definition 1.3.2.1]. We will use the above definitions with p = 2 only, and
accordingly set H*(Q2) = W5 (Q).

We now state the following important lemma.

LEMMA 2.3. Let T’ be a C? surface as above. Then given ¢ € HY(T'), there exists

¢ € H3/2(R3) such that
(2.11) 1l a5z esy S Illenerys  Wle = 4.

Proof. Take zz to be the harmonic extension of ¢ from I" to R3. The desired result
is stated in [20, p. 198]. 0

Below 1 will generally be fixed, and we shall denote by ¢ both an H' function
on I' and its bounded H3/? extension to R3.

Remark 2. The a posteriori error analysis below could be substantially simplified
if we could prove the uniform boundedness over a whole family of surfaces {I',} of
the corresponding H3/? extension operators. In particular, let 75 be an initial volume
mesh, and let 'y be the corresponding discrete surface approximation. Also let T be
the set of all shape regular meshes that can be derived by systematic refinement (e.g.,
newest-vertex bisection) of 7p, and let I'r be the corresponding family of discrete
approximations of I'. It is reasonable to conjecture that 't is a uniform family of
approximations to I' in the Lipschitz norm (though we do not prove this), and the
bounded extension result (2.11) only requires that I" be Lipschitz. Thus we conjecture
that the constant in (2.11) is in fact uniformly bounded over I'r. If this conjecture is
true, one can (i) avoid entirely two flattening arguments that we employ below and
also thereby avoid the assumptions (2.5) and (2.6) above on the resolution of T' by the
mesh 7, and (ii) avoid using larger patches of elements; cf. the definition of wy and
w4 in section 2.2. However, proving (2.11) uniformly over I'r would involve proving
several nontrivial results from harmonic analysis also with uniform constants, and we
do not pursue such a uniform bound.

Next we state Sobolev imbedding and trace results. We first state an imbedding
result that will allow us to trace the dependence of imbedding constants on an in-
tegrability index p. This result is fairly standard for n = 2 and can be derived, for
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example, from [16, p. 158]. For fractional-order spaces (n = 1), the result can be
found in [21].
LEMMA 2.4. Let 2 < p < 00, and assume that u € HS/Q(R"), n=1,2. Then

(2.12) ull L, @y S VPl o2 @)

We next state trace results; the lemma below contains special cases of [2, Theo-
rem 7.58].
LEMMA 2.5. Let s >0 and 1 < k <n. Then if u € H*+("=F/2(R"),

(2.13) ull e ey S Nullgasen-r/2n)-

Finally we state extension results. The result below is found, for example, in The-
orem 1.4.3.1 of [18]. (Note that the unit simplex has uniformly Lipschitz boundary.)

LEMMA 2.6. Let K be the unit simplex in R™, n = 2,3. Then there exists an

extension operator E : H*(K) — H*(R™) such that

(2.14) |Bolls ey S W0liroiye 5= 1,2, v e HY(K).

3. A posteriori error estimate.

3.1. Error indicators. The basic philosophy of the error analysis of the surface
FEM studied here is to employ approximation properties on the outer triangulation.
From this standpoint, it appears natural to consider an error indicator

(3.1) 12(T) = he fr + Ar,unl| oy + b N[ Ve, unlll Loor)

and corresponding error estimator (3 ;. z72(7)?)'/? for the energy norm. As we
show below, this estimator reliably estimates the energy error up to geometric terms,
and numerical tests also indicate that it possesses a certain local efficiency property.
Since the discrete surface I';, may intersect the outer triangulation in an arbitrary
way, a surface element edge length |e| and area |T'| are sometimes much smaller than
hr and h2., respectively. We seek to take this fact into account in our estimator in
the sharpest fashion possible. Given p € [2, o0, we thus define the error estimator

et (|T|1/21/Ph?/”|fh T Aryunll o

(3.2)
S |e|1/2l/ph;/ﬂuvrhuhﬂm(e)).
eCOT

Taking p = 2, we see that 72 in (3.1) and (3.2) coincide up to a constant factor. At
the same time, it would be desirable to consider the other extreme case of p = co.
However, proving reliability of the resulting error estimator

1/2
(3.3) (Z T||| fr + AFhuh||2L2(T) + Z |€|||[[thuh]]||2L2(e)>

TeF eCOT

using our techniques below would require that certain limit cases of Sobolev embed-
dings hold. They do not, as, for example, (2.12) demonstrates. Stated differently, in
our arguments C,, blows up as p — co. Thus although numerical experiments suggest
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that p = oo remains a reasonable choice, we are unable to prove that the estimator
in (3.3) is reliable, so in the analysis below we always assume p € [2,00).

Remark 3. An even finer estimator can be derived by noting that p may be
chosen differently on each element 7" and on each edge e and that from (2.12) we have
Cp = \/p- Let T € F have edges each of which is denoted by e, and let pr, p. € [2, 00],
where again p. may be different for each edge of T'. Letting p be the vector consisting
of pr and the p., we then define the elementwise error indicator

05(T) = /Br TV > VPP BT\ iy 4 Ary unl| o)

3.4 . 7"
(3.4) + 3 Urelel 2 hY e 1V, undl o)
eCOT

Seeking values of pr and p, which minimize 7;(T) yields pr = max{2,21In(h%/|T|)}
and p. = max{2,21In(hr/le|)}.

In order to keep notation manageable we will prove up to geometric terms the
reliability of the H' error estimator (3,77 (T))2, where p has a fixed value in
[2,00) and C), = /p. It will be clear from our proofs, however, that p may be chosen
independently on each element 7" and face e. We do not treat the more complicated
case (3.4) separately or otherwise consider it further.

3.2. Statement of results. We now state our main theoretical result giving
reliability up to geometric terms of estimators derived from our error indicators.

THEOREM 3.1. Suppose that T' is a closed, compact C? surface embedded in
R3 as in section 2.1 and that all assumptions concerning the finite element mesh in
sections 2.4 and 2.5 are satisfied. Let w and up, be the solutions to (1.1) and (2.3),
respectively. Then for p € [2,00)

1/2
sy VP )l < O (Z np(T)2>

TeF
+ BV, unllpoy) + Collv/inf = fr//Brllor,)-

Here Cy depends on the shape regularity of the outer mesh T and the geometric prop-
erties of T', By, = \/in [P — Ap][I—dH] I — (1, @v)/(vh-v)], and Cs is the Poincaré
constant for T, i.e., |||,y < Col| V|| Lyry when [ ds = 0.

We now briefly compare our results with those in [8], where a posteriori esti-
mates for FEM based on shape-regular surface triangulations were proved. First, the
constants corresponding to C in [8] are locally defined, and their dependence on geo-
metric properties of I' is computed explicitly. While C; here depends on roughly the
same quantities as the corresponding constants in [8], its dependence on geometry is
much more complicated (depending, for example, on the constant hidden in the H 3/2
extension inequality (2.11)), and we do not attempt to trace it.

The last two terms in (3.5) control the error induced by discretizing I' and are
essentially the same as the corresponding terms encountered in [8]. ||BnVr, un||r,r,)
is of higher order (O(h?) in an a priori sense), and the operator By, explicitly and
locally measures dependence on geometry. The term || /i f¢ — fn/\/in || Lo (r,) mea-
sures the deviation of f;, from f¢ in an appropriate sense; in particular we see that
taking f, = upf¢ eliminates this term. Note also that |1 — uy| < k2, so that taking
frn = f€ also results in this term being of higher order. It should also be noted that
the fact that the geometric terms are of higher order in hp is not affected by the
lack of regularity of the surface mesh, since the order of the corresponding geometric
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properties is determined by the error d — dj in the Lagrange interpolant of d on the
outer mesh. Because of the nearly complete correspondence of these terms with the
similar terms in [8], we do not study them in any further detail below.

3.3. Residual equation. Consider the surface finite element error e, = u®—wuy,
on I'p. In our analysis we prove an a posteriori bound for the lift of e, on I, i.e.,

ef; =u— uf; on I'. Recalling that

(36) IVechlm = sw [ Veelviods,
Vedllyry =1 JT
fr P =0
we let ¢ € HY(I') with ||Vro||1,) =1, [p ¢ ds = 0, and then find as in (3.3.5) of [§]
that for any ¢, € V;I' it holds that

/ Vrel Vi ds = / (Fn + Aryun) (F — ¥n) dsy
T I'y

(3.7) - % > /ST[[VFhuhﬂ(we — ¢p) dr

TeF

- / P~ ALJVrul Vi ds + / (Fopin — fau* dsi.
r 'y

In the above, let e be an edge shared by elements 77 and 75 which have normals 714
and 7ig, respectively. Then [Vr, un] = Vr, up|m, - i1 — Vr, un|r, - iz is the jump in
the normal derivative across e.

We now fix p with 2 < p < oo and let ¢ be the conjugate index satisfying
%4—% = 1. Since it should not cause confusion we also denote by 1 the H3/? extension
of ¥ to R? given by Lemma 2.3. Further, we take ¢, = I;¢ in (3.7). Using Holder’s
inequality (|| fr+Ar, unllz,cry S IT1V27VP)| fotAr, unl| o ory, and [V, un]llz, ) S
le[/2= 14|V, un] || Lae))s We compute

[ G s~ nsyase— 5 3 [ Vnulwr - no)ar

TeF
=D

TeF

Ilfn + Aup|lL, )1V = I,

+ Z |[[thuh]HLq(6)|we_jhw||Lp(e)]

eCOT

A

(3.8)
S np(T)p~/? (h;’”’we — Lnllp, ey + Y hp Pl — Ihwan(e))

TeF eCOT

1/2
S (Z 7717(T)2> <P1 > [h:;4/p|¢e — LYll7 oy

TeF TeF
1/2
2 e
+ 3 by —Ih¢|i,,<e>]> :
eCOT

The volume term |[[¢¢ — I9||1, 7y and the edge terms [|¢)® — Iy9| L, () on the right-
hand side of (3.8) are treated separately below.
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3.4. Bounding the volume term. We first bound the term p_lh;4/p||¢@ —
Ihw”%p(T)' Using (2.7) and noting that |T| < Ch2., we compute

hp P 0¢ = T,

SR P (6 = (In)° ||y + 1 (Tnth) = Tntbll o, ()
(3.9) SR P (10 = ()| ooy + [T1YPI (Tn ) = Tt 1o ()
SR P08 = (In)°ll oy + 1 (I0)® = Tl ooy

SR P e — (In)° ||y ) + b IV )| Lo, -

Here (Ij%)¢ denotes the extension of the trace of Ip® on I', that is, (I[¥)¢ =

([In¥]Ir)¢. In order to bound the term h;z/pre— (In )¢\ L, (1), We write p = ¢ — 1)
and use (2.5) in order to find that

(3.10) 19 = (In) My = 10 pry S olleyern <Y ol -

SewsT

Next we define a reference mapping which flattens Ts for a given element S € T.
Fixing S € T and letting K be the reference unit simplex in R? as above, let ¢ : K —
S be an affine mapping with | V|| < hr and |[(Ve) 1| < hy'. Such a mapping exists
because of the shape regularity of the outer triangulation. We next recall that because
I' is a C? surface, there exists a C? chart ® with uniformly bounded derivatives and
for which ®~! has uniformly bounded derivatives, which maps an O(1)-neighborhood
N of Tg in R? to R3 and which has the property that I' N N lies in a plane. It
is not difficult to extend ® to all of R? so that the resulting extension has bounded
derivatives, has a bounded inverse, and flattens an O(1)-neighborhood of T's. We then
define a corresponding flattening map for the reference space by ® = ¢~'o do p. Itis
easy to check that then ® and ®~! are also uniformly bounded in C? and ®(¢~*(T%s))
is flat.

Define p on K by p = po. Let also u be a cutoff function which is 1 on a
neighborhood of K and 0 outside of a fixed ball about K and which is uniformly
bounded in C2. Given S € T and recalling the definition of the extension operator £
from Lemma 2.6 and preceding, we then compute

—2/ N
hrp pHPHLP(TS) S ||P||Lp(¢—1(:Fs))

= 1Pl 2, (o127
< |Bpo st

(3.11)

”Lp(@(@*l(fs)))
SIu(Epo @ YL, @)-
Here P is a plane in R? containing the flattened surface element (¢~ (Ts)). Next we

apply (2.12) with p as above and n = 2 and then apply (2.13) with £ = 2, n = 3, and
s =1 (so that s + (n — k)/2 = 3/2). Using the smoothness of ® and 7, and recalling
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from Lemma 2.6 that E is a bounded extension operator, we thus compute that

l4(Epo @ YL, @ S VRIER @ )| m e
SVPIEpo @ me)
(3.12) SVPIED© @7 sz rsy
S VPIED msrzmsy
S VPPN s (-

Noglg\that Vl/m\b iSA constant on the reference element K, we find that 121l grs/2 (R) =
[ — IthHl(f() + |¢|H3/2(1?)' Applying a scaling argument and then employing (2.1)
and (2.2) yields
1Bll 02y S b2l = Inll pacs) + b PV (0 = 1) | Lacs)
(3.13) + 191 3 /2(og)
S ¥l mar2ws)-

Carrying out a similar argument for each S € wg, and collecting the resulting
bounds (3.13), (3.12), and (3.11) into (3.10) yields

(3.14) B P16 = (1) L, cry S VBl o, -

Noting from (2.2) and the fact that hr < 1 that hy!* ||V (In1)| Ly (ws,) < IV Lo, )
we finally insert this inequality and (3.14) into (3.9) in order to obtain

— —2 e
(3.15) PR PG — ey S [l e, ).

Exploiting finite overlap of the patches wy, and using (2.11), we finally obtain

1,4 e
(3.16) ST P = Dnl13 oy S IRy S 19030y
TeF

SIVeyllE, e = 1.

The last inequality in (3.16) holds thanks to the condition [.1ds = 0.

3.5. Bounding the edge terms. We now bound the edge terms in (3.8),
p g Py — Ih’@/JH%p(e). Assume that e is an edge of the element T € F. We
begin by again applying Hélder’s inequality and (2.7) to compute

he P IE = Tl e S b P I — ()N ) + I1IR)E = Tt s o)
_ e e 1
(3.17) SR Pl — (In) 2y e) + RV ) | agos,y)
S b P16 = () e ye) + [l a9/ sy

Observe next that while ®(o~1(T))) is flat (a subset of a plane), it is not necessarily
true that ®(p~!(p(e))) is a line segment. We must thus apply a somewhat different
flattening argument than above. Let P now be the plane containing the (flat) element
T containing the edge e. Although the element T itself may have diameter < hr, the
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shape regularity of 7 guarantees that there is a shape regular triangle V' lying in P
but not necessarily in F such that diam (V') is equivalent to hr and T C V C wg,..
Equation (2.6) of Assumption 2 and the latter inclusion also imply that p(V) C wy,_.

The normal projection p : V' — T has uniformly bounded gradient on V with
(Vp)~! uniformly bounded on any tangent plane of p(V), i.e., p is a smooth diffeo-
morphism on V. Let now ¢ : V = V be a standard affine reference transformation,
where V is the reference triangle in R?. Because V is shape regular with diameter
hr, we have ||Ve|| < hp and ||Vt < hy'. Writing p = ¢ — [0 and p¢ = p° o ¢
as before, we then have

(3.18) he P10 — (L)l o) S 10% Lot e))-

We now use a trace inequality in order to bound the one-dimensional edge term
by a two-dimensional norm. Let p be a cutoff function which is 1 on V' and 0 outside
of a fixed ball containing V' and which is uniformly bounded in C?. We first apply
the extension operator described in Lemma 2.6 and then apply (2.12) with n = 1 and
p as above. Following that, we apply the trace inequality (2.13) with k =1, n = 2,
and s = 1/2 (so that s + (n — k)/2 = 1) and then finally the bound (2.14) for the

~

extension operator E. Letting L be the line containing ¢ ~!(e), we thus obtain

190 Ly o-10e) S NHEREI L 7
N \/ﬂ\#EPAGHHl/z(E)
(3.19) < VBINER m a2,
S VPIER | g2y
S VPP -
Combining (3.18) and (3.19) with a scaling argument yields

- -1 € € - € €
(3.20) P 2 P = (1) ey S P10 o) + 1 VR0° | Lagvr-
Recall next that from Assumption 2 it follows that p(V) C wy, . Using the

equivalence of norms on V' and p(V'), we thus have

(3.21) h%lllﬂellm(m + ||VJP’p€HL2(V) S Z h;lanLz(Ts) + ||VFPHL2(TS)'

!
SGwST

We next compute as in (3.11) (with p = 2 and taking into account the fact that
Vp is equivalent to h;'Vr,p), employ (2.13) with &k = 2, n = 3, and s = 1 (so
s+ (n—Fk)/2=3/2), and then recall (2.14) to obtain for S € wy,_

(3.22) V00l 7y S NEDO 2 s aems 7y S I1EF0 @7 gsraas)
S Hﬁ”H3/2(}?) S ||’Q/JHH3/2(MS).

The last inequality in (3.22) was shown in (3.13). Employing (3.11), (3.12), and (3.13)
also directly yields

(3.23) B ol ) S 10 o)

Inserting (3.23) and (3.22) into (3.21) and finally into (3.20) yields

— 71 e e
(3.24) PR Pt = (1) N0 S 1l )
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which when combined with (3.17) yields
(3.25) p P " = Il o) S Il vy,

Employing the finite overlap of the patches wg, finally yields

_ —2 e
(3.26) oot ZB hy Pl = Tnpl1? ey S 1032 may S 160130y
TeF eCOT

SIVeyll7, o = 1.

3.6. Completing the proof. Inserting (3.16) and (3.26) into (3.8), we obtain

/ (fn + Aun) (¥ — Int)) dSh—% > | [Vrunl(@® — Lig)dr
(3.27) v rer

1/2
S <Z np(T)2> :

TeF

We recall identity (2.2.19) from [8], Vrul = [I — dH] I — ’;”h—%”]Vpuh, so that
applying Hélder’s inequality and recalling that ||Vr| @) = 1 we obtain

(3.28) /F[P — A}]Vru, Vi ds < |[[P = ALIVrus || oy Vel oy

= HBhVFhuhHL2(Fh)'

Finally,

/F (fun = fu)¥ dsn < IVpnf® = fn//inl Lo VRS | Lo(r)

(3.29) = IVunfe = fu/ Vil o) 191 o
< Collvinf® = fu/N/inll Lo IV e oy
= CollVinf® = o/ Vil Laro)-

Inserting (3.27), (3.28), and (3.29) into (3.7) completes the proof of Theorem 3.1.

4. Comments on efficiency.

4.1. Standard efficiency results. We begin by quoting efficiency results (a
posteriori lower bounds) typical for residual-type error estimators for elliptic problems.
Assuming momentarily that u and uy, solve an elliptic problem and the corresponding
finite element equations, respectively, on a Euclidean domain, a standard result is

her | f + Aul| ooy 3 2 [V urdl L or)
4.1
(4.1) SV = u)lnanggery + > Rzl = frollnar)-

T Ewr
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Here weqge, is the patch of all elements sharing at least an edge with 7" and fr is
a suitable polynomial approximation to f on T, e.g., the average value of f over T
in the case of piecewise linear finite element spaces. hrl||f — fr| r,(r/) is the data
oscillation term and is of higher order so long as f is piecewise smooth on the mesh.
When considering only the volumetric residual, a slightly more local (elementwise)
result holds:

(4.2) hr | f + Aup| pyery S NV = un)llLyry + hrllf = frllL.m-

An analogue of (4.1) in which geometric terms also appear holds for surface finite
elements on shape regular surface meshes; cf. [8]. However, the standard proofs of
such estimates do not carry over to the irregular meshes considered here. On the other
hand, in our numerical experiments below the indicators (3.1) and (3.2) do satisfy an
efficiency property similar to (4.1). Below we give some theoretical explanation for
this experimental observation, although full efficiency results are so far missing.

4.2. Efficiency of the volume residual. In this section we provide a nonstan-
dard argument that the volume residual is generally bounded above by the error, up
to higher order terms of geometric and data oscillation type.

With slight modification of the argument in [8, equation (3.3.27)], we first obtain
the following proposition.

PROPOSITION 4.1. Assume that T € F is shape reqular with diameter equivalent
to hr. Then

hrll fn + Ar,unll oy S 1Ve(uw = wp)pamery) + 1BaVr, sl o)

+hr |l feun = frllLym) +hrllpnf — full Lo

Here fr is the average value of f°u, on T'. The last three terms || B, Vr, up|| 1, (1),
hrllf = frlcor), and hr|lpnf® — fullL,(r) are all generally of higher order, so (4.3)
is in effect very similar to the Euclidean result (4.1).

We now argue that even though we cannot expect (4.3) to hold for irregular
elements 7 in F having area < h%, we can instead obtain a patchwise efficiency
result, at least if f is sufficiently regular. Two facts work to our advantage in proving
this result. First, Ar, up, = 0 in the present case of piecewise linear FEMs and second,
there is always a shape regular element of size hp “close” to any element T € F. We
now formalize the latter statement.

PROPOSITION 4.2. Assume that T € F, and let o = wg, NT'n. Then there is
an element Ty C wp (Th € F) such that Ty is shape regular and diam(T1) 2 hp.

Proof. The shape regularity of the outer mesh 7 implies that the area of wr is
uniformly equivalent to hZ.. To prove this, note that shape regularity of 7 implies
that there is a constant ¢ such that for any point z € T, the (three-dimensional)
ball Bep,(x) C wg,. This guarantees that area(wr) = h%. On the other hand, the
number of elements in wg, is bounded by shape regularity, and the intersection of I'y,
with each element in wg, has area at most h7. This proves the upper bound.

Shape regularity of 7 also implies that the number of elements in F intersecting
wg, is uniformly bounded above, so at least one of these elements 7" must have area
2 h%. In addition, 7" must also be shape regular, since it has diameter < hy. d

We finally state and prove our efficiency result, then make some remarks concern-
ing its structure.
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LEMMA 4.3. Let fr 1 be the average value of fr over T'. With assumptions as
above,
(4.4)
hell fr + Ar,unl oy S IVe(u = )| L@

+ > [hrllanf® = frollpacn + brllpnf® = fall L]

T eor

+ [|BrVr, unll pocr) + max hE| oz — farl-
T ewr

Proof. Let T" € & be the shape regular element of size hr described in Propo-
sition 4.2. Recall that hr and hp: are equivalent by the shape regularity of 7. Then
noting that Ar, uy, = 0, applying Holder’s inequality while recalling that |T|'/? < hr,
applying an inverse inequality on the shape-regular element 7", and finally making
use of (4.3) yields

(4.5)
hr |l fo + Apun| Loy = hrll full oor)

< hrllfo = fozlloom + bl far
< hrllfo = farllaery + Wl far — foor| + B3l for |
S bl fn = furllLoey + P3| o — foe + holl fooe Lo
Shrllfa = farlliaery + h3lfar — frr

+ he |l fror = fullLacry + hollfa + Ar,unll iz, )
Shrllfa = farlliaery + Rl far — frr

+ bl frrr = full Loy + V0 (= )| Lo (o))

+IBaVr,unll Loy + bl fun — frol Lo
+hrllpnf = frllor-

Collecting terms and extending integrals over @ as necessary completes the proof of
(4.4). d

We now make a few comments about Lemma 4.3. First, the patch wr is not the
patch of elements consisting of all elements in F sharing an edge with T'. Rather, this
patch is based on the volume mesh. Letting wp be the set of elements in F sharing
a vertex with 7', it is clear that wp C wp, but equality does not generally hold.
However, in our numerical experiments below we check efficiency ratios for element
patches wr and consistently achieve a bounded ratio of elementwise error indicators
to the Lo norm of the error integrated over the corresponding patch wp. This may
indicate that our efficiency bounds could be tightened, but it also may indicate either
that @r and wr generally coincide in our examples or that the element 7" used in the
proof above always may be taken within wy for the meshes in our examples.

Second, we emphasize that Lemma 4.3 holds for the coarsest estimator 1, defined
above. Again, this is confirmed by our computational results, which indicate that
72 is efficient and reliable, although with upper and lower bounds that are slightly
farther apart than for the sharper estimators n,, p > 2.

Finally, we note that the term maxqzreg, ha|frn1 — fur| is not standard in ef-
ficiency bounds. However, it is easy to see that it is of higher order if f is suffi-
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ciently regular. For example, if f, € WL (&r), then maxyeca, ha|fnr — forl S
RV full Lo @)

5. Numerical tests. For the test problem we consider the Laplace—Beltrami
equation on the unit sphere,

—Aru=f onl,

with T' = {x € R? | ||x|]2 = 1} and the bulk domain Q = (-2, 2)3.
The solution and the source term in spherical coordinates are given by

(5.1) u=sin*fsing,  f= (A + N\ sin*0sing+ (1 — \2)sin* 2 sin ¢.

One also verifies
1 1 T
Vru =sin* 16 (5 sin 2p(Acos? @ — 1), sin® p(Acos? @ — 1) + 1, —5Asin20sin (b) .

In [8] and [3] the choice is A = 0.6. For A < 1 the solution u is singular at the north
and south poles of the sphere so that w € H*(T), but u ¢ H?(T).

Computational experiments were carried out using the software package DROPS
[10], and all visualizations were done with the help of the open-source package Par-
aview [24]. In Table 5.1 we compute the H' norms of the surface finite element error
for the uniform refinement of the outer triangulation. Here [ is the refinement level
as described in [22, p. 3355]. It holds that hy < v/327!. As expected, the optimal
convergence order of O(h) in H! is observed for A = 1, while for the smaller values of
A the convergence order is suboptimal and decreases as A — 0. Similar results were
observed for the convergence rates in L? norm (not shown), which also decreased
from optimal O(h?) for A = 1 to suboptimal O(h®), a € [1.36,1.5] for A\ = 0.4. Thus
adaptive mesh refinement is desirable.

In our adaptive code we implemented the residual estimator 175’11 = rerTo (T)2.

The additional geometric terms in (3.5) were ignored as their effects are known to
be higher order. Doing so had no apparent effect on convergence for this example
with simple geometry, though as demonstrated in [8], geometric error terms should
be included on surfaces with regions having high curvature. We consider p = 2,
p =10, and p = oo in (3.2) and always assume C), = 1. The assumption C), = 1 is not
warranted by our theory but rather was used to test whether our estimates might hold
for the limiting case p = co. We employed a “maximum” marking strategy in which all
volume tetrahedras St from Tr, with n,(T) > 3 maxgpcr n,(T) are marked for further
refinement. The refinement procedure in DROPS uses the algorithm from [19]. The
initial volume mesh in our computations was obtained by the uniform triangulation
of (—1,1)3; it consists of 48 tetrahedras with hg = v/3 resulting in 15 surface d.o.f.,
ie., dim(V}') = 15.

TABLE 5.1
Uniform refinement: the H' seminorms of the error, IV, (u®— “h)||L2(Fh): and convergence
order for various values of the exponent .

I #d.of A=04 A=0.6 A=0.8 A=1.0
2 100 | 1.21e-0 — | 6.85e-1 — | 4.13e-1 - | 3.31le-1 -
3 448 | 9.38e-1  0.367 | 4.46e-1 0.619 | 2.16e-1  0.935 | 1.55e-1  1.094
4 1864 | 7.24e-1  0.374 | 2.98e-1 0.582 | 1.2le-1 0.836 | 7.76e-2  0.998
5
6
7

7552 | 5.56e-1  0.381 | 1.99e-1  0.583 | 6.80e-2  0.831 | 3.85e-2 1.011
30412 | 4.26e-1  0.384 | 1.33e-1  0.581 | 3.87e-2  0.813 | 1.95e-2  0.981
121708 | 3.25e-1  0.390 | 8.86e-2  0.586 | 2.20e-2  0.815 | 9.72e-3  1.004
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F1G. 5.1. Decrease of the error and error indicators (left) and global efficiency npr/||Vr(u —
qu)HLQ(F) (right) for the adaptive algorithm with p =2, p =10, and p = co.
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FIG. 5.2. Decrease of the error in H' norm (left) and L? norm (right) for the adaptive algorithm
(p = 2) within 20 refinement steps for various values of .

5.1. Reliability and global efficiency. Results produced by the adaptive al-
gorithm with A = 0.6 and p = 2, p = 10, and p = oo are displayed in Figure 5.1. In
the left plot the error decrease is displayed, and in the right plot the ratio of the error
estimators 7, r to the resulting global error is displayed. Here we see that all three
estimators lead to optimal order error decrease, and in fact the error lines for the
AFEM based on the three estimators are essentially indistinguishable. Using larger p
does, however, lead to slightly more accurate estimation of the error, at least if C), is
taken to be 1.

Figure 5.2 shows the decrease of the error within 20 steps of the refinement algo-
rithm for various values of the exponent A. We notice that for more singular solutions,
more refinement steps are needed to get the error under a desired tolerance; however,
for all tested values the convergence rate stays optimal with respect to the number of
d.o.f. Although we have not studied in this paper estimates and indicators for the L?
norm of the error, we show in the right plot the convergence history for it and observe
that the rate appears optimal for the L2 norm as well.

Figure 5.3 displays a cutaway view which includes both the adaptively refined
bulk and surface meshes. The meshes are shown for the ninth refinement level and
consists of 11,632 volume tetraheda; 3525 of them are intersected by I'j,, resulting in
dim(VhF) = 1172. Figure 5.4 displays the surface mesh near the north pole magnified
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Fia. 5.3. Cutaway visualization of the volume and surface meshes with refinement at the north
pole.

f | L

A4

Fic. 5.4. Visualization of the refinement near the north pole, zoomed in 20X .

20 times. This mesh clearly displays the irregularity typical of our algorithm; note the
presence both of highly anisotropic (long, thin) elements and of very small elements
sharing vertices with much large elements. Neither of these characteristics is present in
shape regular meshes, and they correspondingly make our analysis more challenging.
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max (12(T) /|| Vr, (u® —un)|| L, (wr))

T

0 5 10 15 20 25 30
Refinement level

(3]

F1G. 5.5. Local efficiency for p = 2.

5.2. Local efficiency. Our goal in this subsection is to test whether, and for
what values of p, the local efficiency result 7, (T") < [|Vr(u—u})|| 1, (wr) +h.0.t. holds,
where h.o.t. are higher order terms consisting of geometric and data oscillation terms
as in (4.4). We also illustrate the efficiency estimate (4.4) for the volume residual.

We first describe two local efficiency tests for p = 2. First we checked the ratio
hr|| f+Ar, unl o)/ Ve, (u€ —un)|| L, 7y for a heavily refined mesh (refinement level
n = 23). The maximum ratio over the mesh was about 400. Thus we conclude that
(4.3) does not hold for general elements. We then tested the ratio 72(T)/||Vr, (u® —
un)|| Lo(wr)- As can be observed in Figure 5.5, there is some increase in the maximum
ratio as the mesh is refined, but the increase appears to level off at a value of around
9. This experiment confirms the correctness of Lemma 4.3 and also strongly indicates
that even with the coarser scaling used in 72, the edge (jump) residual terms yield
an efficient as well as a reliable approximation to the true error, although sometimes
with constants that are not very close to 1.

Note that 7, is nonincreasing in p, which implies that if a given efficiency estimate
p(T) S |Vr, (u® = un) | Ly(we) + heo.t. does not hold for p = oo, then it will also not
hold for finite values of p in [2,00). Thus although p = oo is not included in our
reliability theory, as above it still provides an interesting computational test case for
purposes of comparison. We repeated both tests here that were carried out for the
case p = 2. First checking the ratio |T|"/2||f + Ar, un| o)/ IV, (u¢ — wn)l ra(m)
for a heavily refined mesh (mesh level n = 23) as above, we found a maximum ratio
of about 9. This indicates that the volume portion of the error indicator 1. is in
fact elementwise efficient in the sense of (4.3), though we do not have proof. In
addition, the maximum ratio over the mesh of element indicators to patchwise errors
Noo (T)/ IV, (u® = up) || Ly (wr) Was about 4.

These local efficiency experiments, along with the global efficiency experiments
in the preceding section, indicate that using the sharper scaling in the indicators 7,
p > 2, has only moderate advantages. The constants in the patchwise efficiency and
global reliability estimates appear to be a factor of about two times better when
using the most extreme scaling p = oo (which again is not allowed by our theory).
While this gain is of some importance with respect to the ability of estimators to give
reasonable error estimates, there appears to be essentially no gain at all in the ability
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Number of PCG iterations Number of PCG iterations
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Fic. 5.6. Growth in the number of CG iterations: Comparison between uniform and adaptive
refinement (p = 2) (left) and for adaptive refinement for varying singularity strengths (right).

of the resulting AFEM to reduce the error when using sharper error indicators. This
reinforces an important fact about the surface FEM defined in [22] and studied here:
it is the approximation properties of the outer bulk mesh that are inherited by the
surface FEM.

5.3. Efficiency of linear solvers. We finally briefly comment on the efficiency
of the linear solvers used in our computations. Consider the system of functions from
VI which are traces of outer nodal basis functions; only nodal functions with non-
zero traces contribute to the system. Clearly this system spans VI and, following
[22], we use it to decompose the surface solution up and to build finite element stiff-
ness matrices. The resulting stiffness matrix can be rank deficient, with an at most
two-dimensional kernel. However, since the finite element problem (2.3) is well-posed
(subject to zero mean conditions), the corresponding algebraic system is always con-
sistent. The discrete surface I'j, cuts the outer tetrahedra in an arbitrary way; hence
the support measure of the surface basis functions can vary from (almost) zero to
the full size O(h%). Thus diagonal scaling of resulting stiffness and mass matrices is
necessary even for a regular bulk mesh. A detailed study of matrix properties of the
surface finite element method that we use here is given in [23] for the case of regular
mesh refinement, i.e., quasi-uniform meshes. There an effective spectral condition
number of O(|In h|h=2) is proved for the diagonally scaled stiffness matrix in the case
of a one-dimensional surface embedded in R?. (Here h is the mesh diameter of a
quasi-uniform mesh.) Computational experiments confirm that this behavior carries
over to the case of two-dimensional surfaces studied here.

For the current case of adaptively refined meshes we do not study the condition
number directly, but instead use the number of conjugate gradient iterations as a
proxy since this is the most important quantity in practice in any case. Our code em-
ploys a preconditioned conjugate gradient algorithm with a symmetric Gauss—Seidel
preconditioner applied to diagonally scaled matrices. The iteration is stopped when
the relative decrease of the residual reaches 10~7. Note that the CG method applies
to consistent linear algebraic systems even with rank deficient symmetric nonnega-
tive definite matrices if the initial guess is from the appropriate subspace. (In our
experiments we use the zero initial guess.) In this case, the number of CG iterations
necessary to reach a given tolerance should scale as \/k, where « is the effective con-
dition number [4]. For uniform meshes, h=2 ~ d.o.f., where d.o.f. is the number of
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degrees of freedom in the surface mesh. Thus we expect that the number of CG itera-
tions should be proportional to v/d.o.f. if the behavior is consistent with the uniform
case. Experiments in Figure 5.6 show behavior consistent with this expectation. In
the first plot, it is seen that the number of iterations required for the adaptive case
grows slightly faster with respect to d.o.f. than in the case of uniform refinement, but
it still is consistent with an O(v/d.o.f.) scaling. In the second plot, we see that the
behavior of the linear solvers for adaptively refined meshes is robust when the singu-
larity strength is increased. Thus the behavior of the linear solvers is still standard
for the surface FEM studied here even under adaptive refinement.

6. Conclusions and outlook. The surface FEM studied in this paper enjoys
a posteriori error estimates largely resembling the ones for a standard FEM in a Eu-
clidean domain. Although our analysis of the method is nonstandard, the resulting
error indicator is simple, proved to be reliable, and shown numerically to be efficient.
A straightforward adaptive strategy based on the indicator leads to optimal conver-
gence rate in H' norm. Additional research is required to prove the numerically
observed reliability of the p = co indicator as well as the efficiency of the “jump” part
of the indicator for p > 2.

Acknowledgments. We would like to thank Joerg Grande for his help in cod-
ing with the DROPS package and Russell Brown for helpful discussions concerning
Lemma 2.3.
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