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ABSTRACT

This dissertation studies a geometrically unfitted finite element method (FEM), known as trace
FEM, for the numerical solution of the Navier—Stokes problem posed on a closed smooth material
surface. The key result proved is an inf-sup stability of the discrete formulation based on standard
Taylor—-Hood bulk elements, with the stability constant uniformly bounded w.r.t. the mesh param-
eter and position of the surface in the bulk mesh. Optimal order convergence rates follow from this
new stability result and interpolation properties of the trace FEM.

An augmented Lagrangian preconditioner which is robust w.r.t. wvariation of the Reynolds
number is proposed, along with an efficient recycling strategy of the velocity matrix factorization.
FEigenvalue bounds for the preconditioned Schur complement are derived.

Properties of the proposed method are illustrated with numerical examples which include sim-
ulation of Kelvin—Helmholtz instability at different Reynolds numbers on a sphere and torus, as

well as tangential flow induced by inextensible radial deformations of a surface.
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1 INTRODUCTION

Traditionally, 2D flows have been considered as a mathematical idealization of real-life 3D phenom-
ena. However, recently we saw a growing interest in understanding and solving fluid systems posed
on 2D surfaces (or, more generally, on Riemannian manifolds). See, e.g., (Nitschke, Voigt, and Wen-
sch 2012; Jankuhn, Olshanskii, and Reusken 2018; Olshanskii, Quaini, Reusken, and Yushutin 2018;
Fries 2018; Reuther and Voigt 2018; Nitschke, Reuther, and Voigt 2019; Olshanskii and Yushutin
2019; Gross, Trask, Kuberry, and Atzberger 2020; Bonito, Demlow, and Licht 2020; Jankuhn,
Olshanskii, Reusken, and Zhiliakov 2020; Lederer, Lehrenfeld, and Schéber]l 2020; Brandner and
Reusken 2020; Olshanskii, Reusken, and Zhiliakov 2021; Jankuhn, Olshanskii, Reusken, and Zhil-
iakov 2020; Brandner, Reusken, and Schwering 2021; Olshanskii, Reusken, and Zhiliakov 2022).

Fluid partial differential equations (PDEs) posed on manifolds arise in continuum-based mod-
els of thin material layers exhibiting lateral viscosity, such as lipid bilayers and plasma mem-
branes (Gurtin and Murdoch 1975; Arroyo and DeSimone 2009; Rangamani, Agrawal, Mandadapu,
Oster, and Steigmann 2013; Torres-Sanchez, Millan, and Arroyo 2019; Zhiliakov, Wang, Quaini,
Olshanskii, and Majd 2021; Wang, Palzhanov, Quaini, Olshanskii, and Majd 2022). Beyond biolog-
ical sciences, fluid equations on surfaces appear in the literature on modeling of foams, emulsions,
and liquid crystal (Scriven 1960; Slattery, Sagis, and Oh 2007; Fuller and Vermant 2012; Brenner
2013; Rahimi, DeSimone, and Arroyo 2013; Nitschke, Reuther, and Voigt 2019).

In this dissertation, we study a geometrically unfitted finite element method (FEM) for the
simulation of incompressible flows on surfaces. Our approach builds on earlier work on an unfitted
FEM for elliptic PDEs posed on surfaces (Olshanskii, Reusken, and Grande 2009a) called trace
FEM. In this method, restrictions (or traces) of standard surface-independent finite element spaces
defined in a 3D bulk domain are employed. Unlike some other geometrically unfitted methods
for surface PDEs, the trace FEM allows for sharp surface representation. This method is suitable
for approximating scalar quantities or vector fields on a surface, for which a parametrization or
triangulation is not required, i.e., the surface can be defined implicitly.

Main advantages of the proposed method are that it



1. works well for PDEs posed on evolving surfaces (because no remeshing is required), including
cases with strong deformations and topological changes (Lehrenfeld, Olshanskii, and Xu 2018),

and

2. can be naturally extended to treat surface—bulk problems due to the presence of the back-

ground mesh in which the surface is embedded. See, e.g., (Olshanskii, Quaini, and Sun 2022).
Trace FEM has been extended to handle

1. the Stokes problem posed on a stationary surface for the trace P1—P; finite elements in (Ol-
shanskii, Quaini, Reusken, and Yushutin 2018) and for the Taylor-Hood finite elements in
(Olshanskii, Reusken, and Zhiliakov 2021; Jankuhn, Olshanskii, Reusken, and Zhiliakov
2020),

2. the Navier—Stokes problem posed on a stationary surface in (Olshanskii and Yushutin 2019;

Olshanskii and Zhiliakov 2020), and recently to

3. the Navier—Stokes problem posed on an evolving surface with known geometrical evolution

in (Olshanskii, Reusken, and Zhiliakov 2022).

In this dissertation, we mainly concentrate on the cases (1) and (2). To demonstrate flexibility of
the proposed method, we include numerical simulations for the case (3).

The rest of the dissertation is organized as follows.

Chapter 2. We start by collecting necessary notations and results from differential geometry,
tangential differential calculus, and present a continuum-based model that describes flows of

inextensible material surfaces.

Chapter 3. Next we supplement the flow model with Boussinesq—Scriven constitutive law, giving
rise to a set of PDEs governing the evolution of a viscous material layer: evolving surface
Navier—Stokes equations. We discuss several simplifications of the model including the case
of known radial motions, leading to the tangential Navier—Stokes equations. These equations

are obtained employing tangential projection of the fluid system. We conclude the chapter



by showing the well-posedness of the (linearized) tangential Navier—Stokes problem posed on

a stationary surface.

Chapter 4. We introduce the trace FEM to discretize the (linearized) tangential Navier—Stokes
problem posed on a stationary surface. We (i) establish the inf-sup stability property for the
case of Taylor—Hood trace finite element pair (which leads to well-posedness of the discrete

method) and (ii) conclude the chapter by proving the error estimates for the trace FEM.

Chapter 5. We develop a fast and reliable solver for the discretized problem. We discuss properties
of the resulting linear algebraic system, introduce a grad-div stabilization and an augmented
Lagrangian preconditioner, and prove eigenvalue bounds for the preconditioned problem. We
introduce a simple and efficient strategy to reuse factorizations of positive definite matri-
ces that leads to a solver that is robust w.r.t. the mesh parameter and Reynolds number

variations.

Chapter 6. We conclude by presenting a set of numerical experiments that confirm the theoretical
results of the dissertation: simulations confirming the discrete inf-sup stability, tests for
expected convergence rates for smooth solutions, Kelvin—Helmholtz instability simulations
on a sphere and torus, robustness checks of the proposed algebraic solver w.r.t. the mesh
parameter and Reynolds number variations, an energy dissipation study with a comparison

to an R?-case, and tangential flow on a radially deforming inextensible sphere.

The author’s contributions are listed in the beginning of the bibliography section. To cite this

dissertation, please use the following BIBTRX file:

@phdthesis{zhiliakov2022phd,
author = "Zhiliakov, Alexander",
title = "Trace finite element method for material surface flows",
school = "University of Houston",
year = "2022",
month = "May",
url = "https://u.pcloud.link/publink/show?code
=XZOwHFVZ1EUibCONw9 jJPXS80JX7pJU3£fViT7T"



https://u.pcloud.link/publink/show?code=XZbdHFVZqbUbwQ05IDkkdcx6NlN0QbViKety
https://u.pcloud.link/publink/show?code=XZ0wHFVZ1EUibC0Nw9jJPXS80JX7pJU3fVi7
https://u.pcloud.link/publink/show?code=XZ0wHFVZ1EUibC0Nw9jJPXS80JX7pJU3fVi7
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2 PRELIMINARIES

2.1 Embedded Surfaces in R4+

We recall some basic background material of differential geometry following (Ciarlet 2013; Priiss
and Simonett 2016). Let d € N. Latin indexes i,7j,k etc. range over {1,2,...,d + 1}, Greek
indexes a, 3, p etc. range over {1,2,...,d}, and Einstein summation is assumed for repeated

indexes, e.g.,
d+1

aibi = Z aibi.
i=1
Intuitively, I' € R is a d-dimensional hypersurface if locally it looks like R%. To elaborate on
what “looks like” means, we first need to define neighborhoods (open subsets) of I': A subset v C T

is a neighborhood of I if there exists a neighborhood O of R4*! such that
vy=INO. (2.1)

A map f: ' — R? is called continuous if the preimage f~1(0) = {x € I : f(x) € O} of any
neighborhood O is a neighborhood of T'; we write f € C(T"). Further, the map f € C(T) is called a
homeomorphism if f~! € C (]Rd>, i.e., if both the map and its inverse are continuous. Two sets
are called homeomorphic if there exists a homeomorphism between them.

We call a set I' € R4 a d-dimensional hypersurface if for any x € I' there exists a neigh-

borhood v of T', see (2.1), containing x, which is homeomorphic to R¢. Such homeomorphism

xRy, x(0) =x (2.2)

L.y & R? s called a local

is called a local parametrization of I' around x, and its inverse x~
chart. Since any neighborhood = of R¢ is homeomorphic to R%, one may equivalently use Z as

the parametrization domain in the definition (2.2). Euclidean coordinates & = (&1,---,&4) € R?



of x = x(§) are referred to as convective coordinates. Further we use the notation

for partial derivatives w.r.t. convective coordinates &, of a function defined on RZ.

If x € C*(RY,5) for all x € ', we say that the hypersurface is of class C* (or C*-smooth for
short), I' € C*. Smoothness of a surface map f : I' — R is defined via superposition of f with the
parametrization (2.2), i.e., we write f € C*(I') := C*(I', R) if, for any x € I and the corresponding
parametrization x, we have

fx = fox e CHRY).

Similar definitions hold for vector- and tensor-valued functions.
Let T = X, and define a metric tensor 7,5 = 7, - 7. If the latter is positive definite for

all x € I" and the corresponding parametrizations
(Tag) > 0, (2.3)
the hypersurface is called regular. The regularity condition (2.3) guarantees that the Jacobian
(7-17 T d)

of x is injective, i.e., it has a full rank (equals to d), or, equivalently, that its columns 7, are

linearly independent. Let I' be a regular hypersurface. A d-dimensional subspace

T\ T == span {7y, -- , 74} C R (2.4)

T,I ~R%

is called a tangent space of I' at x. In particular, 7%I' = T} ()[' is the tangent space of I' at x.



For two vectors o = 0“7, and w = w7, from T, I' we have
ow= aaw'gﬂw,

and hence (7,3) induces a metric on T I' due to (2.3).
Let Tgpp i= {x € R4 : ||x|| = 1}. A regular hypersurface T is called orientable if there exists

a continuous vector field n € C(I', I'gpp) such that
n, L T,T, T,T @ {n,} =R (2.5)
If the regular hypersurface I' is compact, i.e.,
sup [[x —y[|<oco and T =T
x,yel’

holds, then T is orientable. For brevity, we use the term surface for a regular, C%-smooth, and

compact hypersurface.

We set
T4l = Ny
so that span {71, -+, 7411} = R¥TL. We introduce a contravariant basis {7!,---,79"!} through
Ti T =6

d+1

Thus, we have 791 = 7,1 = n, and (7%) = (Tij)_l. An in-plane projector P, of I at x is

defined via

Py, =Tq®T =707 — 71307 =1-n, @n,, so

P=I-n®n, P'=n®n, (2.6)

where (I;;) is the identity tensor. Note that P? = P = P”, ic., P is an orthogonal projector.

Employing (2.6) we use the decomposition of a vector field v : I' — R%*! into tangential and normal



components:

v=vr+vy, with
(2.7)
vr =P, VN2:PJ'V:(V'II)H:’UN1’1,

so that vip-n=0and Pvy = 0.
A surface gradient of f € C'(I') and a surface covariant derivative of v ¢ C(I',R%*!)

are defined as

(va)X = fx,a"'a7 (2.8)

(Vrv), = (75" Vxa) o re, (2.9)
respectively. Note that Vi f(x) € Tk is an in-plane vector and Vpv(x) € TxI'® TI is an in-plane
tensor.

Remark 2.1. Vr does not depend on the choice of parametrization x.

A shape operator H (also known as the Weingarten map) is defined as
H, =V, =713- ny o7’ @ T = (T8 T3,0) ™o (2.10)
—_——
Npa =

Differentiating 75 - 73 = 0 w.r.t. §{, we get

Mo =T T30 = —T3" Tha, (2.11)

and hence H = H” since Tha = X80 = X,ap- Pigenvalues r, of H are called principal curva-
tures, and

,{/::trH:_T3'(T171+"‘+Td’d):K1+“’+K/d

is a (doubled) mean curvature. Note that k411 = 0 since rank H < d. For d =2, K = K1 kg is a

Gauss curvature.



Now we take a closer look at (2.9). Let v := v,,. Product rule yields

Vo= (VZ"Ti) = Z/i’a’Ti + VZ-Tia = ui,oﬂ'i + v, T+ 1/37'3a. (2.12)
’a 9 b b
We proceed by expressing Tfa in terms of contravariant basis vectors {Tl, ‘.- ,Td+1}. We start
with 73, = 734 = (T30 - TA) T+ (73,0 - 73) 73, Since ||73(€)|| =1 for any £ € R by construction,
we have
0=(T37T3)a =2T30" T3,
and, hence, T3, is an in-plane vector,
(2.11)
T30 = (T30 T,\)T)‘ = moﬂ"\- (2.13)
Next we find contravariant coordinates of 74, = (TfLa'T)\)T)‘—F(T;“a-Tg)Tg'. Differentiating 7# - 7y = d§
and 7" - 73 = 0 w.r.t. £, we get
T A= T Tra=—7T"(Tra" ™1 = —Tra T =T,
(2.13)
Tho Ty ==l e = (1T ) e = —T 0 = -k,
and thus
Th = T8 e, (2.14)
Substituting (2.13) and (2.14) into (2.12) and rearranging we get
Va= (V>\a0¢ - Fl)tayﬂ + nAaV?)) T)\ + (V3,Oé - 7757/“) T3
(2.15)

= (VMQ + M Vg) ™+ (1/3‘0[ — 7751@) 3.

Substituting this back in (2.8) yields

(VFV)X = VB‘QT’B QT+ VgngaTB ® T,



and thus

Vrv=Vrvyr +uvyvH (2.16)

provided that vy is differentiable.

The symmetric part of the surface covariant derivative is given by

E(v) =5 (Vrv+ Viv), (2.17)

N

If v. = u is a velocity field of a material surface, see Section 2.3, E(u) has the meaning of the
surface rate-of-strain tensor (Gurtin and Murdoch 1975; Brandner, Reusken, and Schwering
2021). Similar to (2.16) we have

E(v) =E(vy)+uvwH
provided that vy is differentiable.
A surface divergence of v € C'(I',R*!) is defined as
(divr v), = tr (Vrv), = tr ((7'5 “Vya) e Ta) = Vy,a - Ta-

For a tensor-valued map T € C1(T, R(#Dx(4+1)) the surface divergence is

(divp T), == Tj o 7% (2.18)

2.2 Tangential Differential Calculus on Surfaces

Concerning the implementation of numerical methods for PDEs posed on manifolds, there are two
difficulties related to the evaluation of the surface differential operators introduced in the previous

section:

1. the choice of parametrization x (which in practice may not be available, or its quality may

depend on the computational mesh), and

2. the fact that the induced basis vectors 7; (or %) of 75" depend on the convective coor-

10



dinates &. This implies that the computation of derivatives of a vector quantity v = v;7°

requires to differentiate not only its components, but also the basis vectors:

_ s ) {
Vo = (1/27- ) N F ViaT,

)

see (2.15).

This motivates us to rewrite the differential operators employing tangential differential calcu-
lus (Delfour and Zolésio 2011). This approach uses the fixed standard basis vectors {eq, - ,€q41}
of the embedding space R S T' and avoids explicit surface parametrization by using the intrinsic
tangential derivatives.

Let Q € R™! be a domain containing the surface, I' C 2, and consider a map f¢ € C'(Q). We

define f € CY(I') to be the restriction of f¢ to I, i.e.,
f=rlp (2.19)
Then the application of the chain rule in (2.8) yields
(VEf)y = (0 X) 0 7 = (S )y, (T - 00) 7% = (0:1) Py i = Py (V).

or

Vif=PVfe (2.20)

on I'. In particular, if f* = f¢ extends f constantly along the surface normal, we have
Vit =PVfr+0,[fn=PVf'=Vrf (2.21)

on I'. Note that the in-plane projector P depends on the normal vector field n, see (2.6), and if the
surface is given implicitly, e.g., as a level contour of some function, then evaluation of (2.20) does

not require parametrization.

11



Similarly, for the covariant derivative (2.9) we get

Vrv=PVv‘P

on I' (Brandner, Reusken, and Schwering 2021). Note that

(2.21

Vv =e; @ Vo' = ) e, ® Vru; = (Vr’ul, o ,vad+1)T,

VVnP = (P (val, cee ,VF’UdJr]_) )T = an’

and thus

Vrv=PVVv"

on I'. For the surface divergence (2.18) we have

diVF T = diVF (TT ez‘) €,

(2.22)

i.e., the ith component (e; - divp T) of divp T is the surface divergence of the ith row (TT ei) of T.

Consider a tubular neighborhood

O, (T):={x+dn(x):x €T, 2|d| < e} c R

of the surface I' of width € > 0. We have the following result (Barrett, Garcke, and Niirnberg 2020):

If the surface is compact and C*-smooth, k > 2, then the closest point projection

pP(x) = argmingp [|x — y| = x — dist(x) V dist(x)

is well-defined for e sufficiently small, and

dist € C* (O, (), peC* 1 (O (),I).

12
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Here dist is a signed-distance function on T, i.e.,

dist |, = 0,
dist(x) = — ||x — p(x)|| < 0 inside the volume bounded by I' and

dist(x) = + ||x — p(x)|| > 0 outside.
We have

dist?(x) = ||[x — p(x)||* = dist?(x) ||V dist(x)]|*, or

IV dist|| =1
in O, (I') \ I'. Continuity of dist yields ||V dist|| =1 in O, (T'), so
nop = (Vdist)op
if one fixes the normal vector n to point outside the volume bounded by I'. Moreover,
(Vdist) o p = V dist
in O, (I') (Delfour and Zolésio 2011, Chapter 7, Theorem 8.4 (i)), and hence

Pop = I-Vdist®V dist,
Vp = Pop — dist V2 dist,
V2 dist = V (V dist) = V((Vdist) o p) = ((V?dist) op) Vp
- ((v2 dist) o p) (P op — dist V2 dist) :

(V2dist) op = (V2 dist P) o p

13



in O, (I'). Since the Hessian matrix is symmetric,
V2 dist = PV dist P
on I', and

Hop=(PV(nop)P)op= (PVQdistP)op: (VQdist)op7 or

H = V? dist
on I'. Note that nop = Vdist but Ho p # V2 dist.

Assume that f € CY(T) is given. Akin to (2.19), the projection map (2.23) allows to get a bulk

function fop € C! (O, (T)) that extends f off of the surface. We have

V(fop)=V(fopop)=(Vp)' V(fop)op

- (P o p — dist V2 dist) V(fop)op, (2.24)

V(fop)op=(PV(fop))op 2 Vrfop, (2.25)

in O, (T'). Note that
O (fop)op=(V(fop) n)op=(Vrf-n)op=0,

i.e., p extends f constantly along n. In the literature such an extension is referred to as canonical.
Akin to (2.21) and (2.22), further we will use the superscript " := eop for the canonical extension.

Substituting (2.25) back into (2.24) yields
Vit(x) = (I — dist(x) V2 dist(x)) Vi f(x — dist V dist(x))

for x € O(I'). It is interesting to note that one may recover the full gradient evaluated off the
surface of the canonically extended surface function using the surface gradient and information

about I', i.e., the distance function and its derivatives.

14



2.3 Modeling of Material Surface Flows

Intuitively, a surface is material if it evolves as a material set (Gurtin, Fried, and Anand 2010), i.e.,
it consists of the same set of material particles at any given time. The surface does not penetrate
itself as it flows, adjacent particles stay adjacent, and there exists a velocity field associated with
the surface flow (giving rise to a material derivative).

Let I := [0,7T] be the time interval, 0 < T' < oo, and consider a family of surfaces {I';} e We

call " : t — I'; a material surface if

1. there exists a (sufficiently smooth) map W : Ty x I — R such that U(-,¢) : Ty — I'; is a

diffeomorphism between surfaces I'g and T'; for ¢ € I, with ¥(-,0) = identity, and
2. some initial density distribution pg : I'g — R is specified, pg > 0.

The physical interpretation of the definition above is the following. Consider a thin material
body embedded in 3-dimensional space that consists of material particles, e.g., a liposome that
consists of lipid molecules. We represent the body by the surface I'g: each xp € I'y corresponds
to an initial location of one material particle. The map ¥ gives a Lagrangian description of the
surface flow: a particle initially located at xp moves along a trajectory ¥(xp,-), i.e., its position
at time ¢ is given by U(xp,t) € T'y. The curve ¥(xp,-) : I — R4 is called an orbit of xp,
and ¥(-,t) : Iy — I'; is a flow map of I';.

Fix t € I and let U; = ¥(-,t). Note that U;(Ty) = I';, and for another particle initially
occupying xpr # xp we have Wy(xp/) # Wy(xp) since the flow map is diffeomorphic. In other
words, there exists a unique inverse flow map ¥, L.p, = o

U, N (Wy(xp)) = xp €T,
(2.26)

T (U, (%) =x €Ty

Civen a spatial coordinate x € T, the pullback map W, ! recovers the initial location ¥; ! (x) € Ty

of a material particle occupying x at ¢t. See Figure 1 for an example.

15



Material velocity U : Ty x I — R¥*! describing particles motion is defined as
U(xp,t) = 0¥ (xp).

Using (2.26) we can define its spatial counterpart

u(x,t) = U(¥; ! (x), 1) = 9 0:(¥7 ' (%)),
(2.27)
U(Xp,t) = u(\I/t(Xp),t) = at\I/t(Xp).

We emphasize that the domain I'; of u(-,¢) varies in time, while U(-,¢) is defined on the reference

domain I'y. The spatial velocity u takes values on the graph I'; of I' defined as

Ty =Ty x {t} c R (2.28)
tel
The graph is a (d 4 1)-dimensional regular hypersurface embedded in R4*2, 9T'; = Ty UT'7.

Akin to the notations introduced in Section 2.1, n(+,¢) denotes the unit normal vector field on I',
n:I'; — R4 In what follows we will use the same notation for the orthogonal projector P(-,1),
second fundamental form H(-,¢), principal curvatures kq(-,t) etc. defined on I'y. We will use
subscript e; for the analogous quantities on I'j.

The velocity field u = ur + unn, see decomposition (2.7), gives a FEulerian description of
the flow, i.e., it gives the velocity of a material particle occupying x € I'; at t. As is typical in
hydrodynamics, equations governing fluid motion are formulated for the spatial fluid velocity u (see
Chapter 3). This leads to an alternative way of the material surface description. Namely, given
an initial surface I'g and a spatial velocity field u, one recovers the low map ¥ via solving ODEs

associated with every material point xp € I'y:

dt\IJt(Xp) = U(\I’t(Xp),t), t> 0,
(2.29)

\I/()(Xp) = Xp.

Let F € C'(I'gxI) be a Lagrangian description of some material particles property, e.g., density,
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Ft—i—At

Iy

X
Figure 1: Illustration for the evolution of a material curve (1-dimensional surface) ¢ +— I'y.

« Since x € I'y, there exists a material particle associated with the position xp = ¥; (x) € I'g.
However, the pullback map V¥, jAt (x) is undefined since x & I';; a4, i.€., N0 particle occupies x
at t + At even for h < 1.

o We have y € Ty NIy, o, and both pullbacks ¥, (y) and \I/;rlAt(y) are defined. They may or
may not correspond to the same material particle.

temperature, pressure, etc. A material (time) derivative of the property F is its temporal rate-
of-change O, F'.
We would like to get Eulerian description of the material derivative. Akin to (2.27), we can

define a spatial map f : 'y — R corresponding to F' via

fxt) = F(¥y (%), 1),

F(xp,t) = f(¥e(xp),1),
and its material derivative f :I't = Ras

f(x,t) = O F (U7 (%), 1), (2.30)

O F(xp,t) = f(Vi(x),1).

Given location and time (x,t) € Ty, f gives the temporal rate-of-change of F' for the material
particle that occupies x € I'y at ¢.

Consider an arbitrary smooth extension f¢ of f off of I'y, i.e.,

feé(x,t) = f(x,t) for (x,t) € Ty.
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We have F(xp,t) = f¢(¥:(xp),t), and application of chain rule yields

atF(Xp, t) == 8tfe(\l’t(XP), t) + er(\lft(Xp), t) . at\lft(Xp)
= 0 f°(Ye(xp),t) + Vf(U(xp),t) - u(¥Ye(xp),t), or

F=0+Vfu=0,/°+(u-V)fe (2.31)
Similarly, for a vector-valued map v € C1(T';) we have
V=0 + (Vv )u=0v°+ (u-V)ve
In particular, Eulerian surface acceleration is given by
u=0u+ (u-V)u‘.

Remark 2.2 (Partial time derivative). Note that we cannot replace 0y f¢ with 0, f: if x € I'y, there

is no guarantee it stays in I';; o; even for h < 1, see Figure 1. Thus f(x,t+ At) in

o f(x,t) At = f(x,t+ At) — f(x,t) + o(At)

is undefined.
Corollary 2.1 (Spatial representation of material derivatives). The following statements are true:

1. It is clear from the definition (2.30) that the material derivative is an intrinsic quantity, i.e.,

it does not depend on the off surface extension choice in (2.31).

2. Extending f(-,t) canonically, i.e., with constant values along normal vectors n(-,¢) of I',
fe = fm, yields
f=0,f"+Vrf ur. (2.32)

3. T =Ty =T, then 9, f(x,1) is well-defined for any smooth f and x € I', and (2.32) simplifies
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further to

f=0,f+Vrf-ur. (2.33)

Let ¢ C I'; be an arbitrary material subsurface and f € C(T';). The following transport
relation (also known as a Leibniz rule for material surfaces) holds (Cermelli, Fried, and Gurtin
2005):

de [ fetyds= [ Fe0)+ fC0) dive, a0 ds, (2.34)
Ve "

For the area and mass of v C Iy,

area. (t) ::/ 1ds, mass,(t) ::/ p(-,t)ds,
Y "

we further impose two conditions:

1. Inextensibility, i.e., d;area,(t) = 0. The latter can be rewritten invoking the Leibniz

rule (2.34) as

/ divp, u(-,t)ds =0
Ve

for t € I. Since ¢ can be taken arbitrary, the above is equivalent to divp, u(x,t) = 0

for (x,t) € I';. We write

divtu=0 on I} (2.35)

2. Mass conservation, i.e., d;mass,(t) = 0. Similar arguments along with inextensibility
condition (2.35) yield

p=0 only. (2.36)

In this dissertation we assume constant initial density distribution, pyp = const. Mass con-
servation (2.36) implies p(-,t) = po for t € I. For the case of non-constant density distribution
treatment we refer to (Palzhanov, Zhiliakov, Quaini, and Olshanskii 2021; Olshanskii, Palzhanov,
and Quaini 2021).

Next we make a couple of remarks about evolution of I'.
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Theorem 2.1 (Surface speed). Assume that two different velocity fields u # u’ give rise to the

same material surface I'. Then uy = /.

Proof. Fix (s,z) € I'y and let ¥ and ¥’ be flows associated with u and u’, respectively, see (2.29).
We have
Iy =Ty (Ty) = ¥ (Tp),

and thus there exist xp,xpr € I'g such that

z = U(xp) = W (xpr). (2.37)

and let 7, span the tangent space of I'; at z,

T,I's = span{Ti,T2}.

Then for the corresponding tangent space of I'y at (z, s) we have (Priiss and Simonett 2016, Section

5.2)

T(z,s)FI = Span {(Tla 0)7 (T2a 0)7 th(S)}

= span {(Tla 0)7 (TQ, 0)7 (3t\I’S(XP)7 1)} (2'38)
= span {(71,0), (72,0),dry’(s)}
= Span{(Tlﬂo)v(7270)7(675\1}/5()(13’)71)}7 (239)
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From (2.38) we have that (9;¥s(xp),1) € T(,,T'1, and expanding it in the basis (2.39) yields

(0;¥s(xp), 1) = ca(Ta,0) + c3(0 Vi (xp/), 1)
= Cqo (TQ,O) + (875‘1/;()(13/), 1),

hVs(xp) = caTa + OV, (xp), (2.40)
where ¢, € R are two basis coefficients. Using (2.29) and (2.37) we get

WVs(xp) =u(Ys(xp),s) = u(z,s), (2.41)
O, (xpr) = w (W, (xp1), 5) = 1l (2, 8),

u(z,8) = caTo + U (z,5). (2.42)
Contracting (2.42) with n(z,s) L 7, yields
un(z,8) = ulN(Za s).

Noting that (s,z) € T'; is arbitrary completes the proof. O

Corollary 2.2 (Surface speed). We have the following observations:

1. The surface speed uy of the material surface I' is intrinsic, i.e.,
un(x,t) = 0,0 (U, 1(x)) - n(x,t) (2.43)

is independent of the flow map ¥ that realizes a given I';.

2. Tt is clear from (2.38) and (2.41) that

(nv—uN)
1+ ud

i.e., ny is a unit normal vector field on I';. If n is continuous on I'7, then the graph I'; is

n; = 1L TTy,

orientable.
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3. If uy = 0, then the graph normal vector n; = (n, 0) is perpendicular to t-axis, and I'y = I'g x I

becomes a cylinder. In this case geometry of I' stays unchanged, I'y = I'y, and the flow is

purely tangential. Conversely, I'y = I'g implies uy = 0. If uy # 0, material surface I' : £ — T

is called evolving. If uy = 0, we call I', = I'g stationary and use notation I" for I'y, t € 1.

4. Note that uy = 0 does not imply ¥; = identity since u = ur does not necessarily vanish.

5. Any stationary surface is material. To see this, take W; = identity.

Further we assume the existence of a global level set function ¢ € C%(Q x I), Q C R, such

that

Ty =¢ 1({0},t) = {x€Q:(x,t) =0}, [[Vo(-,1)|] >0, tel.

We assume that ¢ < 0 inside the volume bounded by I' and ¢ > 0 outside, so n = V¢ / ||V¢| is

an outward unit normal vector on I'. The choice of the level set is not unique; one example is a

signed-distance function ¢ = dist, see Section 2.2.

Note that ¢(¥¢(x,),t) =0, and thus

0=¢=0¢+Vé-u

Given initial surface I'g, i.e., ¢(-,0) = ¢g, and material velocity u, one can recover I'y = ¢~ ({0}, )

via solving

thb + ng -u=0.
The second term in (2.44) can be rewritten as

—u. P —u. _
V¢-u—41HV¢HHV¢H—U n Vo] = un [V,

(2.44)

so the geometric evolution of T' is independent of the tangential velocity ur: if ¢ satisfies (2.44),

then it also satisfies

O +un ||Vl =0.

(2.45)

and vice-versa, i.e., up can be chosen arbitrary. This means that the flow map ¥ that solves (2.29)
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and the flow map ¥” that solves

407 (xp) = un (7 (xp),t), (2.46)

Vo (xp) =xp
define the same material surface I'y = U (Ty) = U} (Ty).

Remark 2.3 (ALE). One may employ equivalence of (2.29) and (2.46) to track the material
interface I'y: by adding an appropriate tangential correction urp, one may expect to get a better
discrete approximation of I'; w.r.t., e.g., quality of computational mesh. This is a basis for a so-
called arbitrary Lagrangian-FEulearian approach (ALE), see, e.g., (Morigi 2010; Mikula, Remesikov4,
Sarkoci, and Sevcovic 2014; Zhiliakov, Svyatskiy, Olshanskii, Kikinzon, and Shashkov 2019) and
references therein.

In this dissertation we use the Eulerian approach for the interface tracking based on the level

set equation (2.45) first introduced in (Osher and Sethian 1988).

In agreement with Corollary 2.2, one readily sees from (2.45) that I" is stationary if and only

if uy =0, and uy = —0:¢/ ||V¢|| is independent of a particular choice of the level set function.
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3 MATHEMATICAL MODELS

3.1 Navier—Stokes Problem on Evolving Surfaces

Equipping material surface inextensibility condition (2.35) and mass conservation (2.36) (in the
form p = const > 0) with conservation of linear momentum leads to the evolving surface Navier—
Stokes problem, see (Jankuhn, Olshanskii, and Reusken 2018): Find the level set ¢ : Q@ x I — R,

surface velocity u : I'; — R3, and surface pressure p : I'; — R satisfying

pa—2pdivr E(u) + Vrp — prn =f, (3.1a)
divru=0 on Iysg:=¢ *({0},t>0), (3.1Db)
o+ un||Ve|| =0 inQ, (3.1¢)

subject to given initial conditions ¢y and ug:

¢(-,0) =¢o in Q, (3.2a)

u(-,0) =ug on Iy := ¢y ({0}). (3.2b)

Here f : T'; — R? is a given acting area external force term, constant ;> 0 is a given dynamic viscos-
ity coefficient arising from Boussinesq—Scriven constitutive law in the momentum equation (3.1a).
We refer to (Brandner, Reusken, and Schwering 2021) for an overview and alternative forms of the
system (3.1), (3.2).

We note that the geometric operators / quantities n, P, k etc. above are computable in terms
of ¢, and (3.1) forms the system of five equations (three scalar equations in the vector momentum

equation (3.1a), inextensibility condition (3.1b), and the level set equation (3.1¢)) for five unknowns:

u= (ux,uwuz)a p, and ¢.
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3.1.1 Prescribed Geometric Evolution of the Surface

Further we assume that the geometrical evolution of the surface is known, i.e., ¢ is prescribed and
hence uy and all the geometric quantities are known. Applying P to the momentum equation (3.1a)

leads to the following system for ur and p:

p (Pur +uy Hur) — 2uP divr E(ur) + Vrp = br,

divpur =g on I'i>o,

subject to the velocity initial condition
ur(-,0) =P (-,00ug on I'. (3.4)

The operator P e in the momentum equation can be interpreted as covariant material derivative.

The right-hand sides of (3.3) are known in terms of geometric quantities and uy:
g = —unk, by =fr +2uPdivp(uy H) + ngu%V.

We call (3.3), (3.4) evolving surface tangential Navier—Stokes problem.

3.2 Navier—Stokes and Oseen Problems on Stationary Surfaces

Assuming that the surface is in geometric equilibrium,

I'=It=Iy & uy=0,
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we can rewrite the inertia term in the momentum equation of (3.3) as

Pur+uyHur =Pur

(2.33) =P (Oyur + (Vrur) ur)
0:P=0 = 0 (P uT) +P (VFUT) ur
Vrur CTI'® 1T = oyur + (VFUT) uy = ur

on I Thus the system (3.3) reduces to the surface tangential Navier—Stokes problem:

Find (up,p) such that

p (Opar + (Vrur)ur) — 2p P divp E(uy) + Virp = fp,

din ur = 0 on F,

subject to the velocity initial condition (3.4).

For the purpose of analysis, it is convenient to introduce one more supplementary model.
Letting p = 1, applying a finite difference-based discretization to d;ur, and linearizing inertia
term (Vrur) ur in (3.5) for each time step, one ends up with an Oseen-type problem: Find (ur, p)
such that

auy + (VFUT) w — 2v P divp E(uT) + Vrp =fp, ( )
3.6

din ur = 0 on I

The constant o > 0 is inversely proportional to a time step size, the r.h.s. f1 collects contributions
from the area forces and from the previous step velocities of the discretized time derivative, and w
is some known (e.g., extrapolated from divergence-free velocities from the previous time steps) flow

field such that the inertia term is skew-symmetric:

(Vrur)w,vr)q = — ((Vrvr) w,ur), . (3.7)

Here (-,-)y = [p (,-)ds is the L?-scalar product on I', and |]||3 = (-,-)o- We elaborate on the
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discretization of the time derivative and linearization of the inertia term in Section 4.1.
If w # 0, we call (3.6) surface tangential Oseen problem. As is typical in the anal-
ysis of Navier—Stokes equations, we presented (3.6) in dimensionless form with Reynolds num-

ber Re oc v~ > 0 such that

Wl = Wl ooy = 1. (3.8)

Further we refer to v as the viscosity coefficient.
If w = 0, we call (3.6) surface tangential Stokes problem. The Stokes problem is an

approximation of the Oseen problem for the case of slow (viscous) flows, v > ||w|| .

3.2.1 Weak Formulation

Consider the surface Sobolev space H! (I') equipped with the scalar product and the induced norm
2
(u,v)1 = (u,v)g + (Vru, Vo), [[[I7 = €)1 -

We refer to (Aubin 1982, Chapter 2) for the detailed discussion of the concept of Sobolev spaces

on manifolds. The vector space

}dJrl = {uiei U € Hl (F)}

H' () = [H' ()

is defined componentwise.
Corollary 3.1. We have u € H! (') if and only if
2 2 2 2 2
Julf =l + Va3 = [ ful®+ Vo[ ds < o, (39)
i.e., (3.9) defines a norm on H! (T"). Here
|A[l:= sup [|Ax]|
lIx[I=1

is the spectral (i.e., induced by the Euclidean dot product) norm of A € RA+1D)x(d+1)
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Proof. Note that
(2.22

vun = ) (VFUL e ,VFUd-i-l)T )

IVu"[ly = [[(Vrur, -+, Veuard)llo
and hence (3.9) includes only tangential gradients of each component. Thus we have
IVruilly < [(Veuy, -+, Vouar)llg < [[Veull + - 4 [[Veuatalo

due to the estimate

[Aeif <[[Al < [[Aer]|+- -+ [|[Aea (3.10)
for any matrix A € R(d+1)x(d+1), O

Let Vr = {v € H (') : uy = 0} be a subspace of tangential vector fields. In the context of a
discretization method developed in the next chapter, it is convenient to allow the velocity space to

have a non-vanishing normal component. Hence we introduce

H' (I)c V= {vr+oyn:vr € Vy, vy € L*(T)} ~ V7 &L*(T), and (3.11)

2 2 2 2 2
IVIlv = vzl + llowllg = IV viEllo + [1vIg (3.12)

forveV.
The space (3.11) is a suitable test and trial space for velocity fields. Since the surface is closed
(and thus no boundary conditions are prescribed), the pressure field is defined up to a hydrostatic

mode. For the test and trial space of pressure fields we take

LA(T) = {q e I2(T) : /qus - o} ~ L2(T) \ R.
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Consider the continuous bilinear forms

a(u,v) = / aur - vy +2vE(ur) : E(vy) + (Vrur) w - v+ Tuy oy ds, (3.13a)
r

br(v,q) = — /1“ gdivr vy ds (3.13b)

for u,v € V, ¢ € L*(T'), with some penalty parameter 7 > 0 for the normal component of the

velocity field. The double-contraction in (3.13a) is defined via
A:B:==(AB):=tr(AB")
for two square matrices A and B € R(@+D*(@+1)  For the induced spectral norm (3.10) we have
AP =A:A.

Let A\; € sp(A) and r = rank (A). The Cauchy—-Schwarz inequality

NI

LAt 10, <r2 (O 44+ 02)

implies
(A= (A < (A A =i A2 = A,
(3.14)
dive vrllg = [[tr Vovelly < Vd [ Veve |,
and hence
br(v,q) = —/ qtrVrvpds
r
Cauchy Schwarz < [|q|, [Itr Vrvrl, (3.15)
(3.14) < Vd|lglly Vrvrl,
for any V xL? (T'). We further estimate
IVevlE = [IPvids < [ PR Vv 2 ds = Vv
r r (3.16)

IVrvilg < [IVv*[l

29



for any v € H!(I"), since P is an orthogonal projector, ||P(x)|| = 1 for any x € I'. Hence the

form by is continuous on V x L? (T'):

br(v,q) < \/?inHo Vrvrl,
316) < Vd|qllo Vv, (3.17)

312) < Vdllally Ivlly -

Due to linearity of the trace operator and tr A = tr AT we can alternatively write

br(v,q) = —/thrE(vT)ds.

Note that in the definition (3.13b) of bp(v,-) only tangential component of v is used, i.e.,
br(v,-) = br(vr,-)

for any v € V. This property motivates the notation by instead of b. If ¢ € H'(I'), then integration
by parts yields
br(v,q) = / vr - Vpgds = / v - Vrqds. (3.18)
r r

Using (3.8), estimating
1 T
1By = 5 |Vev+ Vv,

<5 (I9evly + V2] (319)
= [Vrvlg,  veH'D),

and applying similar arguments as in (3.15), (3.17) yields
a(u,v) < Cllully [Ivly

for allu, ve V.

The weak formulation of the surface tangential Oseen problem (3.6) reads: Find (u,p) € V x L(T")
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such that

a(u,v) +br(v,p) = (fr,v)g, (3.20)

bT(u7 Q) =0

holds for all (v,q) € V xL?(T'). Equivalently, one may consider only test functions ¢ € L3(T) since
LA(T) \ L§(T) ~ R,

and

br(v,const) = / v - Vrconst =0
r

holds due to (3.18) for any v € V.
The following surface Korn inequality and Ladyzhenskaya—Babuska—Brezzi condition (also known
as the inf-sup condition) were derived in (Jankuhn, Olshanskii, and Reusken 2018, Lemma 4.2 and

equation (4.8)): Assuming I is C2-smooth and compact, there exist cx > 0 and ¢y > 0 such that

vrllo + [E(v)llg = cx [[vrll, (3.21)

for any vy € Vr, and

Vv
sup —————— > ¢ |lqlly (3.22)
vrevy  lvrlh

for any q € LE(T).

Corollary 3.2. The norm (3.12) is equivalent to
2 2
Vv [[Vevellg + (vl

The result follows from the estimates (3.16), (3.19), and the Korn inequality (3.21).
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From the Korn inequality (3.21) we have

e Ivrllf < (lvrlly + 1B(vo)ly)’
<2 (|lvrll} + IIE)IF)
min{v, 3} [vrll} < minf2v,a} [vrl§ +min{2v, o} [E(vo)]
< alvrlg +2v [E(vr)5 (3.23)
min{v, 5} [vrlf + 7 funlf < allvrl +2v [Bv) G + 7 ons
(3.7) = a(v,v),

min {T, min {I/, 3} c%(} vz < a(v,v)

for any v € V, i.e., the linear form a is coercive on V. Since Vo C V and ||vr|; = ||vrly

for vy € Vp, (3.22) implies
b
sup T(Va Q)
vev Ivlv

> collqllo (LBB)

for any ¢ € L3(T).
The inf-sup property (LBB) of the form by, the coercivity (3.23) of the form a, and the continuity
of these forms imply well-posedness of the weak formulation (3.20), see, e.g., (Girault and Raviart

2012). The unique solution of (3.20) is denoted by (u*, p*).

Corollary 3.3. The solution u* is tangential, i.e., u* = uy € V.
To see this, consider the weak problem (3.20) with V replaced with Vp and note that its

solution also solves (3.20).
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4 PROBLEM DISTRETIZATION

4.1 Time Discretization and Linearization

We start with the time discretization of (3.5). We split the time interval I into n; € N subintervals,
0=t"<tl<...<t™ =T,

and assume a constant time step At :== T /n;. We adopt the notation u® for the approximation of

the velocity solution ur(-,t*) at time t* = kAt, and similar for p* and f*. A semi-implicit time-

ukfl

stepping scheme for (3.5) reads: Given approximate solutions and u*~2 from two previous

steps, find u® with u* - n = 0 and p* such that
[u)f + (Vpuk) wk — 20 P divp E(u”) + Vrp® = fF,
(4.1)
divp =0 onl
for k=2,3,...,n.
For the numerical experiments in Sections 6.2 and 6.3 we employ the second order method with
ko 3uf — 4ubt 4 w2 k

[u]; = S AT , whi=2ur — w2 (4.2)

but this particular choice has little effect on the properties of the resulting linear systems analyzed
in Chapter 5. For k = 1 we utilize the initial condition (3.4), u® := ur(-,0), and the backward
Euler scheme

u, =———, w =u. (4.3)

We see that on each time step the linearized semi-discrete problem (4.1) is the surface tangential

k

Oseen problem (3.6) with uy = u”*, w := w¥, p := p¥ and

3 quF—1 — yk—2
=AY fpe=fhg —
amost AT T oA
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for (4.2). For (4.3) we have

uO

=At"Y fp=f! :
o , tr + Al
Thus the weak formulation corresponding to (4.1) resembles (3.20) with the parameters specified

above.

Remark 4.1 (Coercivity). The wind field w above is only divergence free in a weak sense, i.e., it
does not necessarily satisfy the condition (3.7) (and thus the form a is not necessarily coercive). In
practice, one may eliminate this issue by skew-symmetrizing the form a in (3.13a), i.e., by replacing
the term

(Vru)w,v),

with

((Vru)w,v)g = (Vrv) w,u)) .

DO | =

4.2 Trace Finite Element Method

We start by formulating the trace finite element method (Olshanskii, Reusken, and Grande 2009b)
for discretization of the linearized surface Navier—Stokes problem (3.20). For a more detailed intro-
duction of the trace FEM for elliptic and parabolic problems we refer to a review paper (Olshanskii
and Reusken 2017). The method uses a surface-independent ambient (bulk) mesh to discretize
a PDE posed on an immersed surface, and thus falls into a category of unfitted FEMs. In the
context of interface PDEs posed in the bulk domain, the method is sometimes referred to as cut
FEM; see, e.g., (Olshanskii, Quaini, and Sun 2021). Material in the current chapter extends the
work in (Olshanskii, Reusken, and Zhiliakov 2021).

Further we assume d = 2, i.e., I' ¢ R4 = R3. To formulate the method, consider a fixed poly-
hedral domain © C R? that strictly contains I' and a family of tetrahedral triangulations {0} h>0
of 2. The subset of tetrahedra that have a nonzero intersection with I' is collected in the set

denoted by T, C Qp, see Figure 2. Tetrahedra from 7, form an active computational mesh.
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Let hyp := diam(T"). We assume {7}, to be quasi-uniform, i.e.,

P

maxre7;, hr

. < Rr, 4.4
minreT;, hr T (4:4)

holds with a shape-regularity constant k7 > 0 independent of h. We set h := maxrc7;, hr, and for
numerical simulations in Chapter 6 we denote the typical mesh size of T; by h.

The domain formed by all tetrahedra in 7 is denoted by
Oy, == int (UTGET> c Q. (4.5)

On 7T, we use standard finite element spaces of continuous functions, which are polynomials of

degree k on each tetrahedron. These so-called bulk finite element spaces are denoted by V}f,
ViFi={veC(0y): v|, € Pp(T) for all T € Ty} (4.6)

Finite element spaces associated with velocity and pressure are chosen to be the Taylor-Hood

spaces defined on the bulk mesh 7y, i.e.,
3
Vi= [V, Qn =V L3(D), (4.7)

with £ > 1. In the trace FEM formulated below, traces of functions from Vj and @y, on I' are used

to discretize (3.20).

Remark 4.2 (Surface approximation). For the Py 1—P; Taylor-Hood finite element pair the op-
timal rate of convergence for velocity (in the L?-norm) is O(h**+2). A piecewise planar surface
approximation I';, ~ T leads to a geometric error of order O(h?) and a suboptimal discretization
error. To overcome this, for the trace FEM a general higher order technique, based on a parametric
mapping of the domain Oy, has been developed (Grande, Lehrenfeld, and Reusken 2018). This
approach can be directly applied to the Taylor-Hood spaces, see (Jankuhn, Olshanskii, Reusken,
and Zhiliakov 2020). To avoid further technical issues related to the analysis of the parametric

mapping, in this dissertation we do not study these isoparametric spaces. Instead we use assume
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Figure 2: Left: Unit sphere I'ypp (red) immersed into the bulk mesh €2, (light gray) and the active
computational mesh 7, (dark gray). Middle and right: Induced surface triangulations of T'spp, see
Remark 4.2.

that integrals over I' can be computed exactly and analyze the spaces (4.7).
For numerical experiments in Chapter 6 we use the following approach. We use a Lagrange
(nodal) Pp-interpolant of the level set ¢ defined on Qp, I ,1(@, to identify tetrahedrons cut by a

discrete surface

), = {xeR3: (I,{ogb) (x) =0},

and collect them to the set T: Since I} (D)4 cq, is linear, we have
TecQ,\T, < values of I}(¢) are of the same sign at vertices of 7. (4.8)

To approximate integrals over I', we iterate over T' € T}, and refine each tetrahedron m times, m € N,
getting a “virtual” mesh T},9-m. Then we build the nodal P;-interpolant of ¢ on each subtetrahedron
from Tj,5-m and, using the same approach as in (4.8), get a piecewise planar approximation I'-m
of I'. We take m sufficiently large to ensure that the contribution of the surface approximation
error is of lower order compared to the interpolation error. Note that with this approach one does
not need to build €,9-m, i.e., refine the whole bulk mesh. Figure 2 shows I’ /5 (left) and '}, /4
(right), where planar pieces of T'j, /2 and Iy /4 have the same color if they belong to the same

tetrahedron T € T},.

There are two important issues specifically related to discretization of the surface tangential
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problem (3.20):

1. Firstly, the numerical treatment of the tangentiality condition u-n =0 on I". Enforcing
the tangentiality condition uy - n = 0 on I' for polynomial functions u; € Vy, is inconvenient
and may lead to locking, i.e., only uj = 0 satisfies it. Following (Hansbo and Larson 2016;
Hansbo, Larson, and Larsson 2019; Jankuhn, Olshanskii, and Reusken 2018; Reuther and

Voigt 2018; Olshanskii, Quaini, Reusken, and Yushutin 2018) we included a penalty term
7 (un, UN)g (4.9)

in the weak formulation, see (3.13a), to enforce the tangential constraint weakly.

2. The second issue is related to possible small cuts of tetrahedra from 7, by the surface,
see Figure 2. For the standard choice of finite element basis functions this may lead to
poorly conditioned algebraic systems. The algebraic stability is recovered by adding certain

volumetric terms to the finite element formulation.

Hence, the bilinear forms that we use in the discretization method contain a penalty term (4.9)

and two terms related to algebraic stability. We introduce the following bilinear forms:

A(u,v) =a(u,v) + pu/ Opu - Oy v dx, (4.10a)
On

Sn(pa CI> = Pp /(9 Onp Onq dx, (410b)
h

with two stabilization parameters p, > 0 and p, > 0. The normal derivatives in the introduced
volumetric terms require n to be defined in the strip Oj. Such an extension may be naturally
obtained from the level set ¢, i.e., one may take

Vo

ng =-——, Nyl =N 4.11
¢ HVQZ)H ¢|I‘ ( )

If ¢ = dist, then one obtains the canonical extension of the normal vector, see Section 2.2; otherwise,

(4.11) defines quasi-normal directions in Oy \ I' (which is also admissible). In practice, the exact
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level set ¢ may be replaced with a sufficiently accurate approximation, e.g., with the kth order
nodal interpolant ¢, = If(¢), k € N.

The trace FEM for the surface tangential Oseen problem (3.20) reads as follows: Find (up, pp) € Vi, XQp

such that
A(U]—“ Vh) + bT(vhvph) = <fT7 Vh>0 9
(4.12)
br(ap, qn) — sn(Ph,qn) =0
holds for all (v, qn) € Vi x@Qp,. Since Vh|F C H' ('), we have
a(u,v) = / au-v+2v(E(u) —uyH): (E(v) —uvyH) +
T
(Vru—uyH)w - v+ Tuyvy ds, (4.13)

o0 = [ v Trads

for (u,v,q) € V2 xQp, 7 = a + 7, due to (2.16) and integration by parts (3.18). Note that (4.13)
avoids differentiation

VFVT = VF (P V)

of projected quantities, and hence is more attractive for the implementation of (4.12). We also note
that in the context of the trace FEM the off surface extensions of the test and trial functions are
readily available, and thus the surface differential operators in (4.13) can be naturally computed
employing (4.11) and the results from Section 2.2. For example, for the surface rate-of-strain

tensor (2.17) we have

1
E (P uh) = 3 Py (Vuh + VTuh> Py — (uy, - n¢) H,, with

V24 (4.14)
P,=I-ny®ny,, H, =P, —— Py,
o] ® ¢ o] ¢ HV(bH é
where the bulk gradient Vuy, is well-defined for uy € Vy,.
Further we write
xSy (4.15)

to state that the inequality z < Cy holds for quantities  and y with a constant C' = C(I") > 0
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independent of the mesh parameter i and the position of I' in the background mesh €2}, and similar
for z 2 y. We write x ~ y iff both z < y and x 2 y hold.

We allow the following ranges of parameters:
T~h"% pp~h, h<p,ShL (4.16)

Note that 7 ~ 7 4+ «, so one may equivalently use 7 = 7 in the implementation (4.13) of the

discretization method. We comment on the choice of the bounds in (4.16):

1. The finite element (discrete) stability analysis in the Section 4.3 together with the error
analysis in Section 4.4 require p, < h~!. For the sake of algebraic stability, i.e., optimal
conditioning of the resulting system of algebraic equations, see (Grande, Lehrenfeld, and

Reusken 2018, Section 6), we require p, = h.

2. The discrete stability analysis requires p, 2 h and the error analysis requires p, < h, which
leads to p, ~ h. It is interesting to note that p, 2 h is required not only for algebraic stability

but also for the optimal performance of the discretization method.
3. The discrete stability and error analysis yield 1 <7 < h™2. We choose 7 ~ h™2,

The volumetric term in the definition of A is the so called volume normal derivative stabilization
first introduced in (Burman, Hansbo, Larson, and Massing 2016; Grande and Reusken 2016) in the
context of trace FEM for the scalar Laplace-Beltrami problem on a surface. The term vanishes for
the solution of (3.20) since one can always assume an extension (u})“ZS of u} that is constant in the

(quasi-)normal direction (4.11), i.e.,

(V(wp)?)ns =0 (4.17)

in Op,. Similar argument holds for the form s, and p*. Thanks to (4.17), V, ]F C 'V, and Qh|r -
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L? (T), the method (4.12) is consistent, i.e.,

A(u?a Vh) + bT(Vhap*) = a(u}, Vh) =+ bT(thp*) = <fT7 Vh>0 s (4 18)

bT(u;v q]'L) - Sn(p*a Qh) = bT(u}) Qh) =0

holds for all (v, qrn) € Vi xQp,.

4.3 Stability Analysis

For the discrete surface problem (4.12) the situation is similar to the planar one (i.e., posed in
a domain of R?) in the following sense: While the coercivity of the finite element velocity form
follows immediately from the analogous property of the original formulation, the inf-sup stability
of the bp-form for a given pair of finite element spaces is a delicate question. Here we address it for
the case of Po—P; trace elements (4.7). Higher-order finite element pairs are analyzed in (Jankuhn,
Olshanskii, Reusken, and Zhiliakov 2020).

It is natural to study the stability of (4.12) using the following problem-dependent norms on V,
and Qp:

VI = A, v), Nl = lall§ + sn(g q)- (4.19)

Functionals in (4.19) indeed define norms on Vj, and @), thanks to the included volumetric terms,
i.e., they define the norms not only on the trace spaces, but also on the spaces of bulk finite element

functions in Op. In particular, for 7 2 1

_1 _1
h=2 [[Vll20,) S VI and 72 lgll 20, < llalla (4.20)

hold for any v € V}, and ¢ € Qp,, see (Grande, Lehrenfeld, and Reusken 2018, Lemma 7.4).
We immediately see that the forms by and s, are continuous and the form A is both coercive
and continuous with corresponding constants independent of h and the position of I' in Q. Thus

the finite element formulation (4.12) is well-posed in the product norm

(12 +1112)
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if the following discrete inf-sup condition

br(v, L
lall, < sup TS0 L g o (LBB)
3 vl

holds for any ¢ € @Qp. See, e.g., (Ern and Guermond 2013) or (Guzmén and Olshanskii 2018,
Section 5) for the case of s, # 0. Proving that (LBB},) is satisfied for trace Po—P; elements (4.7)

is the main topic of the current section.

Remark 4.3 (Condition (LBBy) is a finite element counterpart of (LBB)). Let us take a closer
look at condition (LBBy). For the norm on the left-hand side the inequality ||q||, > |lql|, trivially
holds. Thanks to (3.23), for the norm in the denominator we have the estimate ||v|| 4 2 ||v||y for

all v € V. Therefore, (LBBy,) yields

bT(Vv Q) 3
lallp S sup ——7— + i

(g,9),
vev, IVlly

1
for any ¢ € Q. The latter bound resembles (LBB) for finite element spaces up to the term s3 (g, q),

which depends on the normal derivative of ¢ over the tetrahedra cut by I'.

Remark 4.4 (s, vs. common “pressure-stabilization”). In the finite elements analysis of the
standard planar Stokes problem, it is common to add pressure stabilization in mixed FEMs that
do not satisfy the LBB condition, such as equal-order elements, see, e.g., (John 2016). Such a
stabilization also results in an additional bilinear (pp, gp)-form in the finite element formulation.
There is, however, an essential difference between such standard stabilizations of equal-order (or
other LBB-unstable) finite element pairs and the volumetric normal pressure stabilization added
in (4.12).

For manifolds, such a standard pressure stabilization would mean the penalization of the tan-
gential variation of py, while s, defined in (4.10b) imposes a constraint on the normal behavior

of p. For example, for the surface case the classical Brezzi-Pitkéranta stabilization (Brezzi and
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Pitkéranta 1984) is given by p, [r Vrp - Vrgds with p, = O(h?), or in the volumetric form by

Stang(pa q) = Pp /(9 va : VI‘C]dX (421)
h

with p, as in (4.16). Combining (4.21) with the normal volume stabilization one obtains a full

pressure gradient stabilization

st1(D, @) = Stang(D, @) + (P, @) = py /O Vp - Vgdx. (4.22)
h

This full pressure gradient stabilization has been used and analyzed in (Olshanskii, Quaini, Reusken,
and Yushutin 2018) with P;—P; trace finite elements for the surface Stokes problem. Numerical
experiments in Section 6.1.1 show that the stability analysis presented below is sharp in the following

sense: From the computed optimal constants ¢y in (LBB},),

2

b1 (v, q
colllal + su(a, ) < sup 220
v IVIG

+ S*(Qa Q)v qc Qh’ (423)
we conclude that

1. for Po—P; trace FEM the discretization (4.12) is unstable for x = 0 (no stabilization, sy := 0),

but becomes stable with only the normal volume stabilization s,, while

2. for P1—P; trace FEM the discretization (4.12) is unstable for both sy and s,, and the full-

gradient stabilization sg, makes it stable.

4.3.1 Equivalent Formulations of Discrete Inf-sup Stability

We outline the structure of our analysis for proving the inf-sup stability condition. We present two

equivalent formulations of (LBB,):

1. First formulation essentially follows from the so-called “Verfiirth’s trick,” which is well-known

in the stability analysis of mixed finite element pairs (Verfiirth 1984).

2. Based on this, another equivalent formulation is derived that uses the notion of regular ele-
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ments, which is known in the literature on trace FEM (Burman, Hansbo, and Larson 2015;

Demlow and Olshanskii 2012).

The derivation of the latter equivalent formulation is based on a key new result, “neighborhood
estimate,” which essentially states that for finite element functions the L?-norm on any element T €
75 can be controlled by the L?-norm on a neighboring regular element and the L?-norm of the
normal derivative (i.e., normal to the surface) in a small neighborhood. This result may be useful
also in other analyses of trace FEMs. The results concerning equivalent formulations of the inf-sup
stability condition and the neighborhood estimate are valid for trace finite element pairs (4.7) for
all k£ > 1. The formulation of the inf-sup stability condition in terms of regular elements is tailor-
made for our setting, and in Section 4.3.2 we show that it is satisfied for k =1, i.e., for the Po—P;
trace pair (4.7).

Let

Ip=T'NT (4.24)

be the intersection of the surface with a tetrahedron T € T;. We make use of the following local

trace inequality (Hansbo and Hansbo 2002; Reusken 2015; Guzméan and Olshanskii 2018):
hr [0l Za gy S 0072y + B2 1ol oy (4.25)

for all T € Tj, and v € H*(T) and. We further need the following broken seminorm on Qp,:

lalin = > hrlIValzeer - (4.26)
TET,

1
For p, ~ h we have |q|; ), = s (¢, ¢) due to (4.4).

Lemma 4.1 (Verfiirth’s trick for trace FEM). The inf-sup stability condition (LBB},) is equivalent

to

bT v,q 1
laly,, < sup v.9) + 51 (q,q) (LBBy )
vEV), HVHA

for any ¢ € Qp,.
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Proof. From a finite element inverse inequality and (4.20) we get

1
2 _1
(> prliVallzamy ) S 072 llallzo,) S llall
TeTh

for all ¢ € Qp. Hence, (LBBy,) implies (LBB; 1).
We now show that (LBB; ;) implies (LBBj). Take ¢ € Qp. Thanks to the inf-sup prop-

erty (LBB), there exists vy € Vi such that

2
br(vr,q) = llallo, — lvrll < llallo- (4.27)

We consider v € H*(O,(T)), a normal extension of vz off the surface to a neighborhood O,(T') of

width € = O(h) such that Oy C O(I'). For this normal extension one has

1
IVl g0, = P2 Ivelly (4.28)

see (Olshanskii, Reusken, and Grande 2009b).

A set of neighboring tetrahedra of T € T, is defined as
wp(T) ={T" €Ty : T'NT # B}. (4.29)

Note that wp,(T) # O since T' € wy(T). With a slight abuse of notation, we use wp(T) to also
denote a domain formed by neighboring tetrahedra of T, i.e., int (UT/Ewh(T)W).
We take v = I,(vl) € V},, where I, : H(O(T')) — V}, is the Clément interpolation operator.

By standard arguments based on stability and approximation properties of I, (v7), see (Reusken
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2015), one gets

2 2
IvIFa = [Zn (vl

S IR VRIT + =2 (V) - mllg + A~ [(VIn(vVE) 0l o,

_ n — n 2
vr-n= 0, (425) 5 Z th HI}L(VT)H?{l(T) + h 2 ||(Ih(VT) - VT) . nHO
TeTh
125) <3 W VB iy 2D AR (V) — VIR a ) +
TeT TeT
W2 37 b WV = Vil ey
TeTh

-1 2 -1 2
S D h IVEn ey S BTHIVEIG 04
=

2
28 Sl

Hence due to (4.27) we obtain

vlla < llallo - (4.30)

Using (4.25) and approximation properties of I;(v7:) one gets

vr = In(vi)llg S P llvrlly (4.31)

and

br(v,q) = br(vr,q) — br(vr — In(vr), q)

2
> llgllo = ve = In(vip)llo [ Vrallg

. 2
(4.31) > |lallo = chllvrlly [[Vrally
1
2
2 2
= llgllg — chllvrll, | > Iqulle<rT)>
TEeTh,

1
2
1
(4.25) > |lqllg — ch? [lvrll, (Z ”V‘JH%Q(T))

TeT

2
(4.27) > |lallo — cllallo g Lh-
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This and (4.30) yield

bT(V7q)
lallo = claly , < sup : (4.32)
’ veEV) ||VHA

and from (4.32) and (LBB; ;) we have

bT v,q 1
lally < sup ZYD L2 q )

vEV), HVHA
for ¢ € Qp,, which implies (LBB},). O

Corollary 4.1 (Full gradient stabilization sgy). For p, 2 h we have

1 bT V,q z
(lall? + s, @))? < sup TVD 42 g ) (4.33)

vEV), HVHA

for any q € Qp. To see this, we square (4.32) add sgn(q, q) to both sides:

b3 (v, q)
lallg + ssn(a, q) < sup =22 +]qf; ), + sean(q. @)
vevy [lvl4
b2 (v, q _
hr <h < sup al 3 ) + (hppl + 1) srann (¢ q)
VEV) ||V||A
b2 (v, q
pp 2 h S su r(v,4) + stut(q, ),

vevi vl
which yields (4.33).

Thus the trace FEM (4.12) with s,, replaced with sg, is well-posed w.r.t. the norm
2 2 3
2
(I + 1115 + sran )

for any Taylor-Hood pair (4.7), k > 1, as well as for the P1—P; finite element pair. However, due

to the consistency error

Sfull(p*a Q) ?é 07 q € th

cf. (4.18), such a method does not have an optimal order discretization error for Taylor-Hood finite

elements.
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We now derive another condition that is equivalent to (LBB; ;), in which the norm on the

left-hand side of (LBB; ;) is replaced with a weaker one: > reT;, is replaced with ZTeTregh’
7;egh C 771,

is a subset of “regular elements.” The following notion of regular elements appeared earlier in
the literature on trace FEM (Demlow and Olshanskii 2012; Burman, Hansbo, and Larson 2015).
We define the set of regular elements as those T' € 7T, for which the area of the intersection with
the surface is not less than cregh%, with some sufficiently small threshold parameter ¢ > 0

independent of h and how the surface cuts the bulk mesh :
Tregh = {T € Tp, : area (T'1) > croghh} (4.34)

The value of ¢ep Will be specified in the following Theorem 4.1 which shows that

1. the set Tregp is “dense” in 7T, the following sense: Every T' € T, has a regular element 7" in

the set of its neighboring tetrahedra (4.29), and

2. for any ¢ € @ the norm ||g|[ 2(py can essentially be controlled with |[¢||2(;) and normal

derivatives in a small volume neighborhood.

In addition to (4.26), it is convenient to introduce the following seminorm on Qy:

2 2
‘Q|1,regh = Z hr quHLQ(T) :
Teﬁegh

Theorem 4.1 (Neighborhood estimate). For each T' € Ty,
1. there exists T" € wp(T) N Treg h, and

2. a neighborhood estimate

lall 2y S Nallp2ry + br 0 Vall 2, o)) + B2 11Vl 22 (0 () (4.35)
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Figure 3: 2-dimensional illustration for the proof of Theorem 4.1: Local graph representation of "
over the tangent plane x¢ + T, I’

holds for any g € Q. A constant (embedded into the notation <, see (4.15)) in the inequal-

ity (4.35) depends only on the shape regularity property (4.4) of {7y and the (local)

Pz

smoothness of T.

Proof. Consider an arbitrary T" € Tp,. First we show that wp(T) N Tregn, # ©. Due to shape
regularity (4.4), the number of elements in wp(7") is uniformly bounded w.r.t. h by some con-
stant N7 = Ny(R7) € N, i.e.,

wn(T)] < N7

Furthermore, there exists a constant r = r7(Ry) € (0,1] such that
OTThT (X) NOy, C wh(T) (4.36)

for any x € T. Here O,(x) C R3 is the ball of radius r > 0 centered at x, and O, is defined in (4.5).
Fix some xg € I'r and let Ly := x¢ + Tx,I" be the tangent plane corresponding to the tangent

space of I" at x¢, see (2.4), with the normal vector ng L Tx,T,

Py :=1-—ng ® ny, Pé‘ = 1ngy & ng.
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Let Ty be the orthogonal projection of T on the plane Ly, i.e.,
To:={x—Py(x—x0):x€T}C L.
We have
| (x = Pg (x = x0) ) = x0| = [P0 (x = x0) | < [Poll Ix = xol| =[x = xo| < hir

for x € T, i.e., To C Oy, (x0). For hy sufficiently small the surface can be represented as a graph

over Ty, i.e., there exists a height function ¢ : Ty — R such that
{x+g(x)ng:x €T}
is a subset of I'. We set g(x) := x + g(x)ng and write I'g := g (Tp) C I'. We have

g00) =0, (4.37)

HQHLOO(TO) < CghQa

with a constant Cy that depends only on the local smoothness of I'. We assume that h7 is sufficiently
small such that

1
Cohr < 517 (4.38)

holds with r7 from (4.36). Consider a subset Ty C Tp defined as
Ty = O%TT’ZT (Xo) NTpo. (439)

Note that the projection Tj is either a triangle or a convex quadrilateral. From elementary ge-
ometry it follows that all interior angles of Tjy are bounded away from zero, and the lower bound

depends only on the shape regularity (4.4). This implies that area (Tp) ~ h%, and there exists a
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constant by = by (Ry) > 0 such that
area (O, (x0) N Tp) > by (rhy)?

holds for any r € (0, 1]. In particular, we have

1

area (To) > ZbTT%‘h%. (4.40)

We lift Tp to the surface,

lo=g (To) C Iy,

and estimate

g (x) — %ol =[x + g(x)n0 — x0]| < [x — x|l + |9(x)]

1
(4.39) < grrhr +19(x)]
1
(4.37) < grrhr + Gy hi
(4.38) <rrhr

for x € Ty. Thus we have 'y C Oyrhy (%0). Combining this with [y C Op, and (4.36) yields

A

loCcuw(T) = To= |J TonT.
T'€wn(T)

Noting that area (fo) > area (Zf’ 0) and using (4.40), we get
ler%—h% < area (f0> < Ny max area (fg N T’) < Ny max area(ToNT").
4 = = Tew(T) = e, (T)

This implies that there exists T" € wy,(T) with area (o NT") > ¢, h3,

1
Cp = ZN{—lrgrbT,
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and the set of local reqular elements

Wregh(T) = {T" € wy(T) : area (T' NTp) > cyh¥}
is not empty. Consider 7" € Wreg h(T'). We have

area (T'gv) = area (T' NT) > area (T' NTg) > ¢, h¥, (4.41)
Note that due to (4.4) we have

hy > min hx > R+ max hx > R7"hy
T_KeTh K Z TKETh K = v Ivpr,

area (I'pr) > ¢, R}Z h.
With ¢reg = ¢ R}2 in the definition (4.34) of Tregp we have T" € Tregp, OF
CUregh(jj) - 7;egh-

This and wregn, C wp(T) yields

Wregh C wh(T) N 7;egh 7é Q.

Next we show (4.35). Consider ¢ € Q. The surface I'g is the graph of a function g on Tj.

Hence, there is a subset S C Ty such that
T'NTy = g(9).
Using the surface area formula for the graph and (4.41) we get

cthT <area (I"NTy) = / /14 HVTOg||2ds < \/1 + max ||V;rog(~)||2 area (5).
S

Since the surface is tangent to Ty at xo, we have V7, g(x0) = 0. This and C?-smoothness of the
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surface imply ||V7, (o (7,) < hs and hence
Creghd < (14 ch?) area (S), area (S) > h.
For the perimeter of S we have
length (S) < length (9(T" NTy)) < hr.
Since T" N T is simply-connected, so is 7" N Ty and S, and there exists a disc Dg C S such that
radius(Dg) 2 hr. (4.42)
Let Cs be a corresponding cylinder,
Cs={x+ang:x € Dg, a € R}.

Due to Dg C Ty, (4.42), and the shape regularity (4.4) one can inscribe a ball By C Cg NT such
that radius(Br) 2 hp, see Figure 3. By a standard scaling and norm equivalence argument it

follows that

HQHL2(T) < HQHL?(BT)

holds. Using this we obtain

2 2 2 2

||Q||L2(T) S HQ||L2(BT) S ||Q||L2(CSmT) S HQHL?(Csmwh(T))
2 2

S hr HQHL2(T'mr0) + h2T [ng - quLZ(Csﬁwh(T))

S hr HQH%Q(FT/) + 17 o - VT2, () -

Combining this with Az llqll2r ) S llall2¢r (which follows from (4.25) and a finite element

inverse inequality) and |ng — n(y)|| < hp for all y € w,(T'), we have

lalZ2ery S gl 72y + 13 0 Vall 2o, 1y + 27 IVa T2 (0 () -
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which completes the proof. O

Remark 4.5 (On the neighboring estimate (4.35)). To see the improvement offered by (4.35) over
available results, it is instructive to compare (4.35) to a local Sobolev inequality, which is proved

by a different argument (Olshanskii, Reusken, and Grande 2009b, Lemma 3.1):

1ol 2y < 0l 2oy S 10lp2ery + A IVl 20, () (4.43)

for any v € H'(wp(T)). The latter result holds for v € H*(wy(T)), while in (4.35) we restrict
to g € Qp. In (4.43) the first order term w.r.t. hy contains the full gradient, whereas in (4.35) only

the normal derivative is involved.
The following corollary is needed in the proof of Lemma 4.2 below.

Corollary 4.2. For any T € T}, there exists T" € wp(T') N Tregn such that
IVall 2y S IVl 2y + I Vall 2, o)) + b [IVall 2w, o0 (4.44)
for ¢ € Q. Furthermore, for p, 2 h, and h sufficiently small we have
‘q’ih S ’q‘iregh + Sn(Q7 q)‘ (445)

for g € Q.

Proof. Take T' € Tp, and the corresponding 7" € wp(T') N Tregh as in Lemma 4.1. Take ¢ € Qp, and

define ¢ := [;» ¢dx / volume (T”). Using a local Poincaré inequality,

Hq - CO||L2(T’) S hT ||VQHL2(T’) )
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with a finite element inverse inequality and (4.35) we obtain

||VC]”L2(T) =[[V(g— CO)||L2(T)

< h? llg — CO||L2(T)

Shetlla- coll 2y + I Vall 2, () + b IVl 2, ()

SVl ey + 1= Vall o, () + b IVl 2, o) -

which is the desired estimate (4.44). Squaring and multiplying (4.44) by hp, summing over T' € Ty,

and using a finite overlap property we obtain

2 2 2
lal? 5 < C (101} segn + 0@ a) + h2[al} ), o

(=) gl ), < C (19 rogn + 5n(2.9)) -

with a constant C' independent of the mesh size parameter A and position of I' in the ambient

mesh €. For h < C~% we have 1 — Ch2 > 0, so

C
2 2
\Q|1,h < 1-0ne (\Q|1,regh + 3n(Q>Q))

Restricting h further, e.g, h < (2C’)*% < C*%, yields

2 2
al? 1 < 20 (1afF g + 50(0.9))

and thus the result (4.45) holds for h sufficiently small.

O
Lemma 4.2. For h sufficiently small, the condition (LBB; ;) is equivalent to
191, regn S sUD brlvog) s3(0,0) (LBB1, reg 1)
vevy, vl
for any ¢ € Qp,.
Proof. Clearly, (LBB; 1) implies (LBBj ;o). The reverse follows from (4.45). O
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I'r y

[ns
0 B, 1
Figure 4: 2-dimensional illustration for the proof of Theorem 4.2: Reference triangle T (yellow),
its base edge Fp, and the corresponding reduced triangle Tj (green).

4.3.2 Well-posedness of Discrete Problem

We are now ready to derive the main result of the stability analysis. We show that the inf-sup
stability condition (LBB; ;¢ 1) holds for the case of Po—P; trace finite elements (4.7). In the proof
we construct a velocity function from Vj,, which delivers control over pressure gradients for all

reqular tetrahedra.
Theorem 4.2 (Well-posedness of the discrete problem). Inf-sup stability condition (LBB}) is
satisfied for Po—P; trace finite element pair (4.7) with velocity penalty and stabilization parameters

T S h_27 Pu S h_17 IOP

~

> p,

and h sufficiently small.

Proof. Below we prove the statement for (LBBj ;cpp,). Due to Lemmas 4.1 and 4.2 this im-
plies (LBBy,) for h sufficiently small.
Let &,(T') be a set of all edges of T' € Ty, |Ex(T)| = 6, and &), = UpeT, En(T) be a set of all

edges of Tp,. Similarly, we define &g, = Urets,, ,En(T) and Eregh(T') = Eregn N ER(T). Let tg be

egh

a (normalized) vector connecting the two endpoints of E € &, and ¢g € V;? be the quadratic nodal
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finite element basis function associated with the middle point of . For q € ()}, define v € V}, as

follows:

= Y hy )(te-Vax)te = Y hhop(x)(te ®tg) Va(x). (4.46)
Eegreg h Eegreg h

For T € T, we obtain

<V, VFq>L2(FT) = <V P Vq>L2(FT)

= > /hE¢E |PtE.vq12+(PltE-vq)(PtE-vq))ds
EEgregh(T)

>

> / hEé |PtE Vql|* - |PitE-vq12)ds

EeSreg n(T

> / Whon (1P ts- Vol — |- tp) - (n- Va)) ds

Eegreg h FT

> /hE<z>E (1Pts-Val* — |n- Val) ds

Eegregh

) / W65 Pt - Val’ ds — 363 [n - Vala,
Eegregh(

N | =

N | =

Cauchy—Schwarz >

N |

N |

¢E S 17 hE S hTa |£regh(T)| S 6

Y

Application of the local trace inequality (4.25) with v := n - Vq yields

hr ||ln - VC]H%?(FT) Sln- VCJH%?(T) +hi ||n - an?{l(T)
= (1+h3) - V|72 + 17 |V (0 V)||72()

F6027 V2Q‘T=0 < Hn vq”LQ(T +h quHL2

)

and thus

Vg 25 [ X HheplPte- Vads -
I'r E€&regn(T)

i (hr |- Va2 + B3 IV all3an ) - or (4.47)

(V,Vrq) 2,y + hr o - Vq”LZ(T)N/ > hhop[Pte-Vql*ds—chi HV(JH%%T)
TEGgrcgh(T)
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We now restrict to T' € Tregh = Eregn(T) = Ep(T') and estimate the first term in (4.47). Note
that [T'p| > creg h% holds. Let T be a reference tetrahedron, see Figure 4, and G : T — T be an

affine transformation mapping,
G(X)=AX+b, G(T)=T,

with some b € R? and A € R3*3 det A # 0. Define I'y := G~ '(I'7) and f := f o G for a func-

tion f: T — R. Then we have

/ |f]ds > coh% /N ]ﬂ ds, area (f\’}) > cq, (4.48)
Trp Tr

with constants ¢y = ¢o(R7) > 0 and ¢; = ¢1(R7) > 0 that depend only on the shape regularity

property (4.4). For the normal vector n on f\; we have

B ATnoG
- |ATnoG|

Using [[A]| = [VG[| < h and |Vn| peo(p,y < 1, we check that

I8l ) S5

Normals on faces F of T' are denoted by ng. For these normals we take orientation the same as
that of o1 on I'y. For 'y we choose a corresponding base face F}, as the one that fits best to ['; in

the following sense:

mlan —ng <m1an —n~”

b

for all faces F of T, see Figure 4. We take a fixed e > 0 sufficiently small such that ||Va| Lo (Fr) <e

holds, i.e., FT is sufficiently close to a plane. This and the minimization property imply that

for F #* F}, the angle between n and nz is uniformly bounded below from zero. To see this,

let y € I be such that




Then

i [ 2 5) ] -

2 H“ﬁ, —“ﬁH - Hﬁ(?) —nﬁbH —Ce (4.49)

21

for sufficiently small e.

For § > 0 sufficiently small we define a reduced tetrahedron
Ts = {x € T : dist(x,dT \ F) >} C T,
see Figure 4. Note that T5 depends on the base face Fy. Thanks to (4.49) we can estimate
area (1? N (f \ T50)> < 0.
Therefore, there exists dg > 0, sufficiently small, such that

area (FNT N T(go) > %cl

holds. Let E be an edge of the base face Fy = G (ﬁ'b) of T, E C F,, and ¢ the corresponding

nodal basis function defined above. We have

dr > c280 (4.50)
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in CIN’(;O, with a suitable generic constant ca > 0. Thus we obtain

> Coh% /N - §Z5E‘ ds
LTy, (4.51)
(4.50) > cpeadp h2T area, (FNT N Tgo)
2 CoC1 0250hT, 1.e.,
opds > h¥

I

Consider X, = argminy, [n(-) —ng,|| € I'r and the corresponding normal vector and projector
n, =n(x,), Py:=I-n,®n,.

We have ||P(x) — P,|| < h for x € T. Using this and (4.51) we can estimate the first term in (4.47)
as

J

> hhop|Ptg- Vgl ds 2 b Z/ ¢p Pty - Vq|*ds
T BEEN(T) ECF,

>n3 Y ’P tp - Vq|T / ¢p ds — cht |Vl 7z
ECFb

2
4 2 2
20> [Pate- Valy [ — chd [Valar,
ECF,
Due to construction of the base face Fj, and the choice of x, we have that |n, - npg,| is uniformly

bounded away from zero. This implies

2 2 2
> [Pete-Val,[ = Y [te- PVl 2 |P. V|,
ECF, ECF,

)
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and thus we get

/F S hon|Pte - Valtds 2 hr [Py Val2eir — ch [ Vall2a,

T EGE}L(T)
2 hr [P VQ||%2(T) —chi ||VCJH%2(T)
= hr |Vqll72y = hr 0 - Vgl 2oy — b7 [Vl 22
= hr (1~ chr) |Val g2y — hr In- V|l T2
1
hr < (20)71 = 1—chpr > % > ihT ||VQH%Q(T) - hT Hn . aniz(T)
Using this in (4.47) we obtain
(v, VFQ>L2(FT) +hr|n- VCIH%%T) 2 hr HV(]H%P(T) (4.52)

for T' € Treg and hyp sufficiently small. Summing (4.52) over T' € Trep yields

> (v Vrg) oy +hr 0 ValZagy 2 14l ean-

T€7;eg h

Now, using p, 2 h and noting that replacing ZTeTregh with } per, makes the Lh.s. of the above

inequality bigger and the r.h.s. smaller conclude that

br(v,q) + 5n(0,9) 2 14I7 reg (4.53)

holds for A sufficiently small.
We need the following elementary observation: For positive numbers x, y, z the inequality « +

y? > cz? implies

r+y(y+2)>min{c,1}2z(y + 2),
x
Y+ 2z

+y > min{c, 1} 2.
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Using this, the estimate (4.53) implies
bT(V7 q i
1 +S727«(Q7Q) Z |q,1,regh’ (454)
|q,1,regh + 8721 (Q7 Q)
. Not-

It remains to estimate |v||,. We consider term-by-term the contributions in |v|%

ing Vg peor) S hr! for E C T and (4.25) we get

2 2 2 2
2v|[E(vr)llo + allvily S [[E(v) —uy Hl[g + vl
2 2
S IEM) + vl

rec?
2 2
<S> VY2 gy + 1IVIZ20,
TeTs,
(4.55)
S Z h%“HVQH%%FT)
TeTs,
S > hrlIVallZa
TeTs,
= |q@,h‘

We also have for 7 < h™2 and p, < h~! the relations

2 2 2
Tlowllo < 7livilo =7 > IVllZ2 e,y

T€Th
2
STy hrlIVallzzey
TETn (4.56)
2
ST Y W IVallzem
TETh
2
Sla 1,k
and
2 2 2 2
Pu H(V")n”y(oh) < Pu Z va||L2(T) S Pu Z h HV‘JHL2(T) S ‘q,Lh- (4.57)
TeT, TeTy,

From (4.55)—(4.57) we conclude that ||v|| 4, < |ql|; ;, and using (4.45) we get
1
IVIl4 < 1al1 regn + 55 (25 9)-
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Combining this with (4.54) completes the proof. O

4.4 A Priori Error Estimates

We consider Po—P; trace finite element pair (4.7). Based on the stability result in Theorem 4.2
an error analysis can be derived with standard arguments combining stability, consistency and
interpolation results. See, e.g., (Brezzi and Fortin 2012) for general treatment of saddle-point
problems, and (Olshanskii, Quaini, Reusken, and Yushutin 2018) for more specific analysis of the
surface Stokes problem. We outline the arguments below and skip most of the details that can be
found elsewhere.

First, we introduce the following bilinear form:

A ((0,p), (v,q)) = A(u,v) + br(v,p) + br(u,q) — sn(p, q).

Then the discrete problem (4.12) has a compact representation: Find (up,pp) € Vj, X Q) such that

A ((uh7pp)7 (Vh7 Qh)) = <fT7Vh>0

holds for all (vp,qn) € Vi, xQp. This discrete problem has a unique solution, which is denoted

by (uj;,p};). Due to consistency (4.18), the solution (uf, p*) of (3.20) satisfies

A ((u},p*), (Vh7 Qh>) = <fT7 vh>0 s

and we obtain the Galerkin orthogonality relation:

A ((uf —u, p* = i), (Vh,qrn)) =0

holds for any (vp,qp) € Vi, XQp.
The inf-sup stability (LBBy,), coercivity of A, and the Galerkin orthogonality results yield

the usual bound for the discretization error in terms of an approximation error in the problem-
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dependent norms,

[uf —uplla + 11" —phll, S inf (a7 = vall4 + llp* = anlly) - (4.58)
(Vh,qn)EVH XQp

Employing standard interpolation estimates for Po and P; trace finite elements (Reusken 2015; Ol-
shanskii and Reusken 2017) and assuming the necessary smoothness of (u}., p*), we get an estimate

for the right-hand side of (4.58):

inf up — vl 4+ 0" — < B2 (|uls + 12*]1,) - 4.59
i (= vl 19 anll) £ (bl + 7)) (4.59

For the O(h?)-bound in (4.59) to hold, it is sufficient to assume the following bounds for the

parameters entering definitions of ||-|| , and |[|-||, norms:
T S h_2’ Pu 5 h’_la pp 5 h’

Combining these restrictions with those needed for stability and algebraic conditioning, we con-
clude that, for the parameters satisfying (4.16), equations (4.58) and (4.59) yield the optimal error

estimate in the problem-dependent norm

g —willa + 19" = phlly < 22 (g lls + [1p*ll2) - (4.60)

The definition of ||-|| , and ||-||;, norms and (4.60) together give

lwf = Pugly + [lp* = phllo < 22 (Iwflls + 19712,

lj; - nllg < A2 (lufls + [1p*,)

A duality argument can be applied, see (Olshanskii, Quaini, Reusken, and Yushutin 2018). It

results in the optimal error bound in the surface L?-norm for the velocity:

luf = Pujlly < A% (Jazlls + lp*1), -
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5 DESIGN OF ITERATIVE SOLVER

Augmented Lagrangian (AL) preconditioning is a potent technique that has been developed to solve
some highly non-symmetric algebraic systems having a saddle point structure (Benzi and Olshanskii
2006; Niet and Wubs 2007; Olshanskii and Benzi 2008; ur Rehman, Vuik, and Segal 2008; Benzi,
Olshanskii, and Wang 2011; He, Neytcheva, and Capizzano 2011; Bérm and Borne 2012; Heister
and Rapin 2013; He, Vuik, and Klaij 2018; Moulin, Jolivet, and Marquet 2019; Farrell and Gazca-
Orozco 2020). The need to treat such problems numerically emerges from the discretization of
systems of PDEs describing the motion of incompressible viscous fluid with dominating inertia
effects.

Adopting the terminology of fluid mechanics, the AL-approach augments the velocity subprob-
lem of the system using a suitably weighted incompressibility constraint. This leads to a well
conditioned pressure Schur complement matrix, but makes the velocity submatrix more difficult
to solve or to precondition. Already in the original work (Benzi and Olshanskii 2006) a special
multigrid method has been used to overcome the difficulty associated with preconditioning the
velocity block, and recently this technique was extended in (Farrell, Mitchell, and Wechsung 2019;
Farrell, Mitchell, Scott, and Wechsung 2021). Nevertheless, the specialized multilevel approach is
efficient only if a hierarchy of nested discretizations is available and only for certain finite element
velocity—pressure pairs.

In this Chapter we advocate a more general (but still efficient) way to handle the velocity sub-
problem in the AL-approach. The proposed method consists of computing a (possibly incomplete)
LU-factorization of the velocity block (or its subblocks) with further recycling of the factors over
several time steps. The factorization can be updated when the velocity field variations significantly
change the inertia term in the equations. A simpler strategy adopted here consists of updating
preconditioner when the number of outer iterations exceeds a threshold. We shall see that for
realistic unsteady 2D flows this results in a very efficient approach, which is robust with respect
to the Reynolds number and calls for only a small number of full factorizations over a long-time

simulation.
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Employing matrix factorizations in algebraic solvers for equations governing the flow of viscous
incompressible fluids is not a new theme. It is standard to factorize the discrete pressure Poisson
equation. More recently, studies were done regarding different strategies to perform incomplete
LU-factorization of the coupled systems for velocity and pressure (Segal, ur Rehman, and Vuik
2010; Dahl and Wille 1992; Konshin, Olshanskii, and Vassilevski 2015; Konshin, Olshanskii, and
Vassilevski 2017). We note that the latter cannot be done with the help of position-based incomplete
LU, since the pressure block in the matrix may be zero. The augmented Lagrangian approach
provides a framework to apply factorization only to the velocity matrix, while retaining the overall
excellent preconditioning properties. The velocity matrix results from the discretization of an
elliptic part of the system. Therefore, it is typically a positive definite matrix, and LU-factorization
is stable without any preprocessing.

Large scale 3D simulations lead to algebraic systems which are still too expensive to factorize
exactly and alternative ways of treating the velocity submatrix, e.g., based on geometric/algebraic
multigrid, domain decomposition methods, or incomplete factorization can be more feasible and
practical. The situation is different for 2D problems, where acceptable resolution is often achieved
using the number of degrees of freedom (d.o.f.) affordable by state-of-the-art direct solvers executed

on a desktop machine.

5.1 Grad-div Stabilization and Saddle Point System of Linear Al-
gebraic Equations

We proceed by designing an efficient linear solver for a linear system arising from the finite ele-
ment discretization (4.12) of the surface problem (3.6) from Section 4.2. We start by introducing a
stabilized version of the weak problem (4.12). Material in the current chapter extends the work (Ol-
shanskii and Zhiliakov 2020).

In order to increase the finite element solution accuracy and improve the performance of
the algebraic solver for the case of dominating convection, v < 1, we stabilize (3.20) by in-
cluding a grad-div type stabilization (Olshanskii and Reusken 2004). Choosing the test func-

tion ¢ := divr vy = tr E(vy) in the second equation of (3.20), adding it to the first one, and sub-

65



stituting discrete (4.7) spaces for test and trial spaces, we end up with a stabilized trace FEM:

Find (up,pr) € Vi, xQp, such that

A(up, vy) + v (tr E(uy), tr E(v4))g +b1r(Va, qn) = (£7, Vi) »
Ay(up,vy) = (5.1)

br(up, qn) — Sn(Phsqn) =0

holds for all (v, qn) € Vi, xQp,. Here we introduced an additional stabilization bilinear form,

v (trE(ug), trE(vp)), (5.2)

with a parameter v > (0. Since

(trE(uft), q) =0

holds for the true solution of (3.20) and any q € L?(T'), the term (5.2) vanishes if one substitutes uy,
with uZ.. Thus the stabilized method (5.1) is consistent.

Since A, (v,v) > A(v,v) for v € V},, A, is coercive. Note that

[trE(V)|lo = [[tr E(vr) + vn sl
(3.14) <V2|E (vr)llg + 18]l llunllo
rec®  SIE) o+ vl

S vIa

for v € Vy, and hence A, is continuous.

Corollary 5.1. For Po—P; trace finite elements (4.7) the grad-div stabilized problem (5.1) is well-
1
posed in (HHZ + HHZ) ?, and the error estimates from Section 4.4 hold. We note that the constants

in the stability and error estimates depend on parameters v, v, and « as studied in (Olshanskii and

Reusken 2004).

Let n, = dim V}, and n, := dim ;. We now turn to the matrix form of the discretized surface
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Oseen system and define the velocity, pressure stabilization, and divergence matrices as

A'L] = A'Y(’(pj?Il)z)’ 1 < ia j < Nu,
(C*)z] = s*(/‘/}jadji): 1 S Z.7 .7 S npa (53)

By =br(;, i), 1<i<mn, 1<j<n,,

where {1;}i—1,....n, and {9;}i=1,....n, are the velocity and pressure nodal basis functions spanning V,

and @y, respectively, and x € {0, n, full} is a choice of pressure stabilization:

1. absence of stabilization, i.e.,

50 :=0,
implying that Cg is a zero matrix,
2. the normal derivative stabilization s,, from (4.10b), and
3. the full-gradient stabilization sg,; from (4.22).

After arranging velocity degrees of freedom (d.o.f.) first and pressure d.o.f. next, we arrive at

the system
A BT\ [d f
=1 _1- (5.4)
B -C, P 0
|
A, =

with the (2x2)-block matrix A, € R(utmp)x(utm0) w6 vectors of unknowns @ € R™ and p € R

corresponding to the finite element functions uy, and py, in (4.12), respectively, i.e.,
Ty Np
w(x) =Y Wpi(x), pr(x) =Y Bivi(x), (5.5)
i=1 i=1
and the right-hand side vectors 0cR™ and f € R™

Fi Z:/fT-’I,[J,L-dS, 1 <1< n,.
r

The resulting system (5.4) of linear algebraic equations is non-symmetric and of saddle-point
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type with properties resembling those of the R%-Oseen system, a well-studied problem. See, e.g.,
(Benzi, Golub, and Liesen 2005; Elman, Silvester, and Wathen 2005). In particular, the problem
is increasingly hard to solve for v < 1. One way to avoid this increasing complexity of the linear
algebra system is to lag the entire inertia term in time, e.g., to replace the second term in (4.1)
with (Vrw”*)w*, ending up with a symmetric Stokes-type problem, same on each time step. How-
ever, numerical stability of such implicit-explicit scheme is known to impose a time step restriction
of the form

At < C(v)h,

where d = 2 for two-dimension flows, and C(v) decreasing for v — 0, see (Temam 2001).

This leads to a serious growth of computational costs for small h and v despite the ease of
linear algebra. In contrast, (4.1) is unconditionally stable with approximation analysis suggest-
ing At ~ h, see (Girault and Raviart 2012), and our strategy here is to alleviate computational

costs by employing a more sophisticated linear algebra solver re-enforced by a recycling algorithm.

5.2 Augmented Lagrangian Preconditioner

An important matrix related to the above system is the pressure Schur complement

S=BA!'BT+C,, (5.6)

which results after elimination of the velocity unknowns from the system. A preconditioner for S
is a necessary ingredient for most iterative solvers that exploit the block structure of A,. Follow-
ing a common practice (Elman, Silvester, and Wathen 2005) we consider the block-triangle right
preconditioner for A,:
A BT
P = e (5.7)
S

where A and S are preconditioners for A and S, respectively.
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5.2.1 Bounds for Eigenvalues of Preconditioned Schur Complement

We continue with the design of the Schur complement preconditioner S. Consider the surface

pressure mass matrix M, and the pressure Laplace-Beltrami matrix L, defined as

(M )ij = | Yjvids,
’ /F ’ (5.8)

(Lp)y; = /FVF%‘ ~Vryids, 1<4,5 <ny.

For the surface Stokes problem (o =0, w =0, v = 0, v = 1), the discrete inf-sup condition (LBB},)
implies that the matrix S is spectrally equivalent to the stabilized pressure mass matrix M, 4+ C,.
However, for w # 0, v = 0, and v — 0 the problem of building a suitable preconditioner for S
is known to be particular difficult. To circumvent it, the authors of (Benzi and Olshanskii 2006)
introduced an augmentation to the (1,1)-block of the system replacing A with A +~ BT M;l B.

Such augmentation is not algebraically consistent in our case due to presence of stabilization, i.e.,
C.#0 = Bi#0.

We note that C, # 0 is a typical situation for many unfitted inf-sup stable FEM discretizations
of the (Navier—)Stokes equations (both in volumes and on surfaces) as well as for stabilized el-
ements (Benzi and Wang 2011). Hence, we suggest to introduce an augmentation on the finite
element level, i.e., to add the grad-div term (5.2).

For the planar Oseen problem discretized with standard Po—P; elements one can show that the
Schur complement of the algebraically augmented matrix is spectrally equivalent to the pressure
mass matrix scaled by (v +v)~! for sufficiently large 7, see (Benzi and Olshanskii 2006). We show
that similar property holds for the trace finite elements when the algebraic augmentation is replaced
by the grad-div stabilization (5.2), i.e., the augmentation term is not of the form ~BT M, IB.

Since the grad-div stabilization does not deliver the algebraic structure of the augmented La-
grangian as in (Benzi and Olshanskii 2006; Benzi, Olshanskii, and Wang 2011), we cannot make use

of the Sherman—Morrison—Woodbury formula or similar representations of the pressure Schur com-
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plement of the augmented system. Therefore, we base our proof of the result below on a different

argument.

Theorem 5.1 (Bounds for eigenvalues of preconditioned Schur complement). Let

Sy = (v+7v)' M, +C,. (5.9)

Then the eigenvalues {A} of the generalized (i.e., preconditioned) Schur complement eigenvalue

problem

Sp=ASup (5.10)
satisfy

Al < Viy- (5.11)

Moreover, for x # 0 (i.e., stable discretization), & = 1, and v < 1 we have

YT <R, (5.12)
VTt 4y
with a constant embedded in <, see (4.15), independent of parameters v and 7.

1

1 INT
Proof. Since Sy = ST, > 0, there exists S3, = (Sﬁ) > 0 so that

_1 _1 _1 _1
els |5 (9] - 59}
_1 _1
2 3 = =
Sar S5y Pd (SP.q)
sacbns DIl L N o (5.13)
p,qe p,qe S]2\4p ‘S&q
- (SB,d
- _sup I L 1
B.4eR™ (Syr P, P)2 (S d,q)?

(Sp,d) = (B1,q) + (C. P, q)
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for any g € R™. Using (5.3) and (5.5), we rewrite the above in the finite element notation:

(SP.q) = br(un, qn) + s«(Ph,qn) (5.14)

Cauchy—Schwarz < Htr E(uh)HO thHO + S*(ph, qh).

From the definition of W we get

for any v € R™, or

br(vh,pn) = Ay(up, vi) = A(up, vi) + v (trE(ug), tr E(vy)), (5.15)

for any v;, € V. Application of Cauchy—Schwarz inequality to (5.15) with vy = uy, yields

0 < A(up, up) = b(up, p) — 7 ||tr E(uy)||2
< trE(un)ly pallo — 7 tr E(up)|3
= [t E(uw) |y (Ipally — 7 tr E(un)lly) ,

7 lltr ECan)lly < llpallo-
Using this we estimate (5.14) further as

1 1
(SB.a) < v "pnllo llanll + 52 (Prspr)sZ (an, an)

v+ _ 1 1
= W+ " nllo lanllo + 52 (Pns pr)s (an, an)

v+

IN

1 1
(0420 Il lanllo + 52 (rsn)s (anean))

[NIES

v+
Cauchy—Schwarz < v

(4™ ol saonepn))* (040 a3+ suanan))

I
w
S
T
<

N[
w
S
2
S

N

and combining it with (5.13) yields (5.11).
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Next we show the estimate (5.12) for the real parts of eigenvalues. We need the following result:

.. (SP,p)
inf = < R(N), 5.16
per™ (Sy B, D) W (510)
see (Bendixson 1902). Let * € {n, full} and define
IValls = valls + 2 IE® vi)[lg + 7 [[va - nl§ + pull0avali2(0,) -
ie, [l = |'ll4 with @« = v = 1 fixed. The inf-sup condition (LBB}) implies that there exists
1, € Vj, with ||I|| 5 = 1 such that
Iprllg < 03(lny n) + $+(Phs p1), (5.17)

with a constant embedded in < independent of parameters a, v and 7. We use (5.15) with v, =1,

to estimate the first term in (5.17):

br (1, pn) = Ay(up, 1n) = A(up, 1) + 7 (tr E(ug), tr E(1n)),

Cauchy-Schwarz, (3.8) < lapll 4 Mellg + Ve (P up)llo Nallg + v Itr E(ug)||o [[tr ER) ] -
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We estimate further

ally < Iall% =1,
ltr B[l = [tr E(P1,) + & (1 - n)f7
@1, rec®  SEPL)[§+ I - nlf
< [[BP 1) + I1l[3
< |l =1,
IV (Puy)§ < [Pl
21)  SIE®Pu)|§+ P uslff

v<la=1  Svot il ally < [llp = 1.

Thus we have

_1
br(lpn) S (1+v72) Junlly + v ller Blu)lg
_1
v<1 S v Jupll g+ e E(ug)llg
Cauchy—Schwarz <

0 (pn) S (v 4 7) ul, -

Substituting the above estimate in (5.17) gives

(M, B, B) = [Ipalls < (v +7) lunl%, + 5. (on, o)

vliays1 < (v ) (sl + sonpn)) - (5.18)

Employing (5.14) with q := p and (5.15) with skew-symmetry of the inertia term (3.7) we rewrite
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the right-hand side of (5.18) in matrix notation:
[unll?, + ss(pn,pn) = (SP,B) -
Thus we arrive at (M, B,B) < (v! +7) (SB,P), or

m<(V+7)_1Mpf>,f5> S (Sp.p)- (5.19)

Finally, noting that (C, p,p) < (SpP,p) and VZT17 < Z:iiz =1 we get

and adding it to (5.19) yields

Tty -1 S oo\ o qa
v+l <((7+V) M, +C,) p,p> S (SP,P),
Sym=
viv _ (SP.P)
Y+v' ™ (Sup,P)
Thus the estimate (5.12) on R(\) follows from (5.16). O

We see that for large enough ~ all eigenvalues are contained in a box in the right half-plane,
=

with the bounds independent of v. Motivated by estimates (5.11) and (5.12), we define the Schur

complement preconditioner through its inverse as follows:

S = (4 "M+ C) (a7 L4 C) (5.20)

-1 —1._
Sy = S, =

The second term is included to deal with the dominating reaction term in the Oseen problem (5.1),
a-1

ie, if @ > 1. This part of S = resembles the Cahouet—-Chabard preconditioner (Cahouet and

Chabard 1988). We apply several conjugate gradient iterations to compute the action of S]T/} and

Szl on a vector. Alternatively, these matrices can be also one-time factorized. Since the number
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of the pressure d.o.f. is much smaller than the velocity ones, n, < n,, either choice marginally
affects the total timings.

Note also that S;, has a one-dimensional kernel, i.e., the subspace of constant pressures, which
we easily handle by iterating in a proper subspace. Strictly speaking, Szl is the pseudo-inverse in

our case.

5.2.2 Recycling Strategy

Next we define the preconditioner A for the velocity block of P. The augmentation has the
downside of adding to the (1, 1)-block of A, the term (5.2) with a large nullspace. For larger
this makes the matrix A poor conditioned and hinders the efficiency of standard iterative methods
to approximate the action of A7,

As a more flexible alternative, we explore here direct LU-factorization of A (or its blocks) at

the time t* = kAt and the reuse of these factors for several time steps
gy il

with ¢ = kK 4+ 1,k + 2 etc. In pursuing this line, we consider two strategies of building A:

~—1
1. We obtain v — A ¥ via perform LU-factorization of the full velocity block A. Thus
~—1
A v =A"'¥ up to finite precision.
2. We enumerate velocity unknowns componentwise so that the first n, /3 entries of v corre-
spond to the z-component of the corresponding finite element function vy, see (5.5), second

ones to the y-component, and the last ones to the z-component. Thus A attains the (3 x 3)-

block form,
Tx A:vy Aa:z

A
A=A, Ay A,
A Azy A..
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~—1
We obtain v — AV from the block upper-triangle part of A,

via factorizing each of diagonal blocks A.;, A,,, and A, of A, and performing block
Gaussian elimination. This approach corresponds to the one from (Benzi, Olshanskii, and

Wang 2011).

We call the first strategy full AL-approach and the second one modified AL-approach.
The modified AL-approach allows to factorize smaller matrices that structurally resemble stiffness
matrices of a conforming FEM applied to an elliptic scalar PDE. This enhanced efficiency comes
with a price of slight v- and h-dependence of the preconditioner performance (Benzi, Olshanskii,
and Wang 2011). Numerical experiments in Section 6.2.1 show that in the case of time-dependent
2D flow the price is very tolerable.

Same approaches, of course, apply to reusing incomplete LU-factorizations, but we fix our
idea and consider the exact LU. Surface fluid problems are essentially two dimensional, and the
number of velocity d.o.f. n, allows for full LU-factorization. Furthermore, in a curvilinear metric
the viscosity term does not simplify to Laplace operators for each velocity component, i.e., for

tangential divergence-free vy we note that in general
P divp E(vy) # Apvy

with a componentwise Laplace—Beltrami operator Ar. Therefore, A does not have a block-diagonal
structure for v = 0, and adding the y-term (5.2) does not change the sparsity pattern of the matrix
(in contrast to the augmentation in the R%case).

To make the algorithm precise, consider the full AL-approach and denote by L(k) and U(k)
the LU-factors of A(k) at step k of (4.1). We let A = L(k) U(k) to be the preconditioner for
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all A(k+ Ak), with the index Ak > 0 such that

#iter(k + Ak)
————— < Ajters 5.21
#iter(k‘) = Riter ( )
holds for some fixed parameter Ajer > 1. Here Ajter is the maximum allowed increase of the
preconditioned outer iterations without updating the preconditioner. The recycling strategy (5.21)
for the modified AL-approach is defined in similar manner. Since the system matrix A is not

~-1

symmetric and S  is nonlinear and iteration-dependent (hence so is P), we use the FGMRES

method (Saad 1993) as the outer solver.
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6 NUMERICAL EXPERIMENTS

We present results of numerical experiments to support the theoretical results from previous chap-
ters. Software DROPS (Institute of Scientific Computing, RWTH Aachen; Department of Math-
ematics, University of Houston 2003), packages Belos and Amesos from Trilinos (The Trilinos
Project Team 2021), and VTK / Paraview (Schroeder, Martin, and Lorensen 1998; Ahrens, Geveci,
and Law 2005) were used for matrix assembling, algebraic solver execution, and solution visual-
ization, respectively. Mathematica computing system (Wolfram Research, Inc. 2021) was used to

approximate solutions of (generalized) eigenvalue problems.

6.1 Stokes Problem on Stationary Surfaces

For the first numerical experiment we consider the problem (3.6) with parameters
w=0, a=v=1, (6.1)
i.e., the surface tangential Stokes problem

ur — 2P divp E(ur) + Vrp = fp,
(6.2)

divpur =0 onl.
We choose I' to be either the unit sphere or a torus, I' = Iy, or I = Ty, with the corresponding
level set functions

Gspn(x) = [x[* =1 and  Gror(x) = (|x]|* + B? —1%)? — 4R (a? +¢°), (6.3)

respectively, R =1, r:=1/5.
The computational domain is Q = (—5/3, 5/3)3 such that I' C Q for both examples. To
build the initial triangulation 7y, we divide  into 23 cubes and further tessellate each cube into 6

tetrahedra. Thus we have hg = 5 /3. The mesh is gradually refined towards the surface, and £ € N
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h=4.17x 1071 h=2.08x 107! h=1.04 x 1071

h=1.04x 107! h=521x10"2 h=2.6x10"2

Figure 5: Cuts of the bulk mesh € and the induced surface mesh for refinement levels £. Top: I' =
Tspn, £ € {1,2,3}, bottom: T’ = T'¢oy, £ € {3,4,5}

denotes the level of refinement, with the mesh size
¢ O i,
h=nh(l)="hox2 =§><2 ,

see Figure 5 for an illustration of the bulk meshes and the induced mesh on the embedded surface
for three consecutive refinement levels.
We apply the trace FEM from Section 4.2 to discretize (6.2). For the next set of experiments

the grad-div stabilization parameter is chosen to be v = 0. In the following subsections we

1. numerically compute optimal inf-sup stability constants for the Po—P; and P1—P; trace FEM

and

2. show convergence results for the Po—P; trace FEM.
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6.1.1 Discrete Inf-sup Stability

The definition (5.8) of the surface pressure mass matrix M,, € R"*"» yields

<th Qh>0 = <Eia Mp I_j> .

We also need auxiliary matrices

M, = Mp +C, = <ph7 Qh>0 + 3*(ph7 Qh) = <(_i, M, ﬁ> . (6.4)

which correspond to the natural norms used in the pressure space, e.g., M,, corresponds to |||,
from (4.19).

We are interested in the generalized eigenvalue problem

S,q=AM.,q, (6.5)

with x € {0,n, full }. We use the notation

0=A <A< <Ay,

for the generalized eigenvalues of (6.5). For the stable discretization method we have \,, ~ 1, and

the discrete inf-sup property (4.23) can be rewritten in the matrix-vector notation:

(&) <M* (_iu Q> S <S* (_i7 ‘i>

holds for any q € R \ { const }. See, e.g., (Olshanskii and Tyrtyshnikov 2014, Lemma 5.9). Thus
we have

co < A,

ie., for x € {n,full } the smallest effective eigenvalue of the generalized Schur complement (6.5)

must be bounded away from zero, and the bound must be independent of h and how the surface
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cuts the ambient mesh.
Assembling the Schur complement matrix S, becomes prohibitively expensive even for rather
=

small mesh sizes, since one needs to calculate A~!. One possible solution is to write (6.5) in the

mixed form, i.e.,

A BT v v

= -\ , leading to
B —-C, q M, q
A BT\ (v cA ¥ (6.6)

:_/\(6) )
B —-C, q M, q

—_——
M =

with 0 < ¢ < 1. Here we introduced an e-perturbation to the right-hand side matrix to make
it Hermitian positive definite. In this form, the problem is suitable for any standard generalized
eigenvalue solver that operates with sparse Hermitian matrices. The spectrum of the perturbed

problem consists of two sets of eigenvalues,
sp (M) AL) = AUA-.
The eigenvalues from the first set converge to those of (6.5), i.e.,
Ae)=A+o(l)ase—0,  with Ae) € Ac and A € sp (M;1 s*) .

For the eigenvalues in the other set we have —A(e) = O(e™!), A(¢) € A,—1. This makes it straight-
forward for € < 1 to identify the eigenvalues we are interested in. To simplify the computation
further, we replace the (1,1)-block of M by el

To check that our computations are stable with respect to small € and yield consistent results, we
solve (6.6) for e = 107° and e = 107%. It turns out that we obtain very close results. Furthermore,
for the coarse mesh levels, when solving (6.5) is feasible, we also check that the dense solver for (6.5)
and the iterative one for (6.6) with e = 107 give eigenvalues that coincide at least up to the first

five significant digits.
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Tables 1 and 2 report Ao, i.e., the lower bound for the discrete inf-sup stability constant,
and \,,, i.e., the maximum eigenvalue so that \,, /A2 defines the effective condition number, for

the following methods:
1. the trace Po—P; finite element method, and

2. the trace P1—P; finite element method from (Olshanskii, Quaini, Reusken, and Yushutin

2018).

For both discretizations we solve the eigenvalue problem (6.6) with different matrices C, which
correspond to three choices of pressure stabilization x € {0,n, full }.

For experiments with the trace Po—P; elements we choose parameters satisfying (4.16),

b py—h. (6.7)

For the velocity volume stabilization choose p, = h~!, i.e., the upper extreme for admissible
parameters, since for smaller p, the stability constant ¢y from (4.23) can only increase. For the
trace P1—P; finite elements we use (6.7) and set p, = h, which was the choice in (Olshanskii,
Quaini, Reusken, and Yushutin 2018). If the resulting method is inf-sup unstable for p,, ~ h, it has
the same property also for larger p,,.

From Table 1, which shows results for the Po—P; trace elements, we see that for Cy (no pressure
stabilization) A\ tends to zero with mesh refinement, which indicates that the discretization is not
inf-sup stable. The normal gradient stabilization matrix C,, is sufficient for the inf-sup stability,
Ao is uniformly bounded from below, which confirms the main result of the Section 4.2. Of course,
including the full pressure gradient term also leads to a stable method, but in this case, the method
has consistency errors that are suboptimal, see Corollary 4.1.

For the two cases I' = I'yp, and I" = I, the behavior is essentially the same. From Table 2 we
see that only full gradient stabilization matrix Cgy guarantees inf-sup stability of the P1—P; trace
elements, which is different to the situation with the Po—P; trace elements.

Next, we illustrate our claim that the optimal inf-sup stability constant ¢g in (LBB) is uniformly

bounded with respect to the position of I' in the background mesh. To this end, we introduce a set
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Table 1: Extreme eigenvalues of the preconditioned Schur complement (6.5) for the trace Po—P;

finite elements.

I'=Tyn
b " n So Sn Stull
“ b AQ >\'er AQ >\'er A2 /\np
8.33 x 1071 789 51 2.33 x 1071 1.07 6.3 x 107! 1. | 881 x1071 | 1.
4.17x 1071 | 3276 190 | 4.72x 1072 | 6.97x 107 | 520 x 107t | 1. | 7.64x 1071 | 1.
2.08 x 101 | 11718 664 | 793x1072 | 6.7x107! | 5.09x10~t | 1. | 6.39x 101 | 1.
1.04 x 1071 | 48762 | 2764 | 3.71x 1072 | 6.69 x 10~ | 5.03 x 10~! | 1. | 573 x 107! | 1.
5.21 x 102 | 193086 | 10912 | 1.81 x 1072 | 6.68 x 10~ | 4.98 x 10~ | 1. | 536 x 10~ | 1.
2.6 x 1072 | 775998 | 43864 | 6.65 x 10~* | 6.65 x 10~ | 4.92x 107! | 1. | 517 x10°! | 1.
I'= Ftor
L n m So Sn Stun
Ao >\np A2 )\np A2 >‘7Lp
2.08 x 10~ 5580 324 | 215%x 1071 | 956 x 1071 | 3.12x 10! | 1. 3.4 x 107! 1.
1.04 x 1071 | 28116 | 1580 | 1.59 x 1072 | 7.6 x 107! | 3.21x10"' | 1. | 335 x10°' | 1.
521 x 1072 | 116592 | 6568 | 1.31 x 1073 | 748 x 10~ | 3.21 x 1071 | 1. | 326 x 10~ | 1.
2.6 x 1072 | 477708 | 26936 | 1.9x 107* | 7.42x 107t | 3.2x 107! 1. [ 322x1071 | 1.
of translated surfaces
I' =T + ss, (6.8)

with some s € R and s € R?, ||s|| = 1; see Figure 6.

We repeat eigenvalue computations for the Po—P; trace finite element method, with a fixed
mesh size h = 1.04 x 107! and a varying translation parameter s in (6.8). Results are reported in
Table 3. The results confirm the robustness of the inf-sup stability constant with respect to the

position of I" for the method with the normal derivative stabilization.

6.1.2 Convergence for a Smooth Solution

We set I = 'y, and define

pr(x) =y’ + 2 (6.9)
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Table 2: Extreme eigenvalues of the preconditioned Schur complement (6.5) for the trace P1—P;

finite elements.

I'=Tyn
So Sn Stull
h n m
A2 An, Ao An, Ao An,
8.33x 107! 153 51 1.32 x 1072 1.42 7.48 x 1071 | 1.13 | 9.58 x 107! | 1.06
417 x 107! 570 190 | 5.12x 1073 1.04 577 x 1071 | 1. | 854 x 107 | 1.
2.08 x 1071 | 1992 664 44%x1073 | 793 x1071 | 3.87 x107' | 1. | 6.71x107t | 1.
1.04 x 107 | 8292 2764 | 2.01 x1073 | 7.79x 107! | 219 x 1071 | 1. | 5.82x 107 | 1.
521 x 1072 | 32736 | 10912 | 6.04 x 107° | 9.81 x 107! | 1.17x 107! | 1. | 537x10"' | 1.
2.6 x 1072 | 131592 | 43864 | 3.53 x107° | 8.67x 107! | 5.72x 1072 | 1. | 516x 107" | 1.
1.3x 1072 | 525864 | 175288 | 2.16 x 1076 | 7.34 x 107! | 284 x 1072 | 1. | 5.04x 107! | 1.
I'=Tior
So S, Stull
h Ny Ny
Ao An, A2 An, Ao An,

2.08 x 1071 972 324 | 5.04x1072 | 493 | 284x107"' | 1.35 | 3.64x 107" | 1.19

1.04 x 10~ | 4740 1580 | 2.99 x 1073 | 3.83 | 1.58 x 10~ | 1.02 | 3.35 x 10~! | 1.01

5.21 x 1072 | 19704 | 6568 | 1.11x 1073 | 5.45 | 7.73 x 1072 | 1.01 | 3.25 x 107! | 1.

2.6x1072 | 80808 | 26936 | 1.2x107* | 542 | 3.07x1072 | 1.01 | 3.21 x 107! | 1.

1.3 x 1072 | 327036 | 109012 | 1.77 x 107° | 5.23 | 1.18 x 1072 | 1.01 | 3.16 x 10~! | 1.

on I'ypp, see Figure 7. We have [ p* dx = 0. To define (6.9) in Oy, we use the canonical extension p

from (2.23) and the signed distance function

dist(x) = ||x|| — 1

defined in Oy,

Note that due to (4.11) and the choice of ¢ = ¢gpn in (6.3) we have

ng =nop,

in Oy, i.e., the normal vector ng induced by ¢ = ¢gpn coincides with the canonical extension of n. To
approximate the integrands containing ny and related quantities, e.g., (4.14), we use the nodal P»-
interpolant [ }%(qb) defined in 7;,. Note that ¢gpn € P (R3) implies I %(gbsph) = ¢sph, and so the normal

vector and related operators can be computed exactly at every quadrature point. To approximate
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Figure 6: The unit sphere (left) and the shifted unit sphere (right). Heres = (1,1,1)7 / /3, s = 0.4,
and h =5.21 x 1072,

the domain of integration, we use a sufficiently refined piecewise planar approximation I'y /,, of I',
see Remark 4.2. We take m ~ h™! so that we have an O(h%)-accurate approximation of the surface.

We use the preconditioned iterative solver as described in Chapter 5 with the final residual
tolerance ||r;|| < 1078, We do not add the grad-div term (5.2) since the problem is stationary,
the parameters (6.1) are fixed with the viscosity coefficient ¥ = 1 being not small, and the linear
system is symmetric.

We first consider the convergence rates of the Po—P; trace finite element with the normal
derivative volume stabilization matrix C,,. Results are reported in Table 4. From the table we
see that the formulation gives optimal convergence rates in all the norms as predicted by the error
analysis in Section 4.4.

Table 5 reports results of a further experiment in which the normal derivative volume stabiliza-
tion for the pressure is replaced by the full gradient stabilization, i.e., the stabilization matrix Cg,p
is used. This option was discussed in Remark 4.4. It is expected that this results in suboptimal
convergence rates due to only O(h?)-consistency of the added term. This is what we see in Table 5,

which shows suboptimal rates in L?-velocity error norm.
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Table 3: Extreme eigenvalues of the preconditioned Schur complement (6.5) for the shifted sur-
face T’ + ss for the trace Po—P; finite elements. Here s = (1,1,1)7 /v/3 and h =1.04 x 1071

Surface So Sn
Ao An, Ao An,
Doph +0.0s | 3.71 x 1072 | 6.69 x 107! | 5.03 x 107! | 1.
Poph +0.1s | 1.31 x 1073 | 6.87 x 107! | 5.03 x 107! | 1.
Poph +0.2s | 1.25 x 1073 | 6.70 x 1071 | 5.03 x 1071 | 1.
Tyon +0.3s | 1.04x 1072 | 6.72 x 1071 | 5.03 x 107! | 1.
Doph +0.4s | 5.32x107% | 6.72 x 107! | 5.03 x 107! | 1.

Surface So Sn
o A, Ao An,
Tior +0.00s | 1.59 x 1072 | 7.6 x 1071 | 3.21 x 10~ | 1.
Tior +0.05s | 9.20 x 1073 1.14 3.21 x 1071 | 1.
Tior +0.10s | 3.00 x 1073 1.91 3.19x 1071 | 1.
Tior +0.15s | 8.67 x 1073 1.02 3.21 x 1071 | 1.
Tior +0.20s | 6.68 x 1073 3.04 3.21 x 1071 | 1.

6.2 Kelvin—Helmholtz Instability

Next we consider the surface tangential Navier—Stokes problem (3.5) with p =1 and f7 = 0, i.e.,

dyur + (Vrur) ur — 2v P divr E(ur) + Vrp = 0, 6.10)
6.10

divur =0 on T,

to simulate the mixing layer of isothermal incompressible viscous surface fluid at several Reynolds
numbers. The setup resembles the classical problem of the Kelvin—Helmholtz instability (KH). For
a detailed discussion of the planar analogue we refer to (Schroeder, John, Lederer, Lehrenfeld, Lube,
and Schoberl 2019) and references therein. At higher Reynolds numbers the flow exhibits sharp
internal layers and intensive vortical dynamics, offering a good test problem for both discretizations
methods and flow solvers.

As in the previous example, we choose I to be either the unit sphere or a torus, I' = I'y,,, or I' =
[tor, with the corresponding level set functions (6.3). For the torus, we set R:=1and r :=1/2.

The design of numerical experiment for the sphere follows (Lederer, Lehrenfeld, and Schéberl
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Figure 7: Exact velocity solution uj. (left) and pressure solution p* (right) on I'spn as in (6.9)

Table 4: Convergence results for the trace Po—P; finite elements with the normal derivative stabi-
lization x = n

h [uf —un|, | Order || [[u} —ugll, | Order || [|p* —pull, | Order || ||us-nf, | Order

8.3 x 107! 2.2 6.4 x 10! 7.4 %1071 4.5 x 1071

42x 107! || 3.8x 1071 2.5 6.1 x 1072 3.4 1.2x 1071 | 26 53x1072 | 3.1
21x107! || 9.2x 1072 2.1 5.8 x 1073 3.4 25x1072 | 2.2 49x107% | 34
1.x 1071 2.2 x 1072 2.1 5.6 x 1074 3.4 6.1 x1072 | 2.1 5.%x 107% 3.3
52x1072 || 53x1073 2. 5.2 % 107° 3.4 1.6 x1073 | 1.9 49x107° | 34
26x1072 || 1.3x10°3 2. 5.2 %1076 3.3 4.1 %1074 2. 5.%x 1076 3.3
1.3x1072 || 3.4 x10~* 2. 6. x 107 3.1 1.x107* 2. 58x1077 | 3.1

2020; Jankuhn, Olshanskii, Reusken, and Zhiliakov 2020). Consider a parametrization

cos(2m&y) cos(més)
sin(2m&;) cos(més) | »

— sin(mé2)

X(&la 62) =

of the unit sphere I'y,;, = x (E) around x(0) = e; € gy, see (2.2). The coordinates & and & are
(renormalized) azimuthal and polar angles, respectively. Let 7, be the normalized basis vectors
spanning TTpn, Ta = Vréa / [|[Vréal||. The initial velocity field is given by the counter-rotating
upper and lower hemispheres with velocity speed approximately equal to one closer to the equator

and vanishing at poles. The velocity field has a sharp transition layer along equator, where we add
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Table 5: Convergence results for the trace Po—P; finite elements with the full gradient stabiliza-

tion * = full

h lu —up|; | Order || |[[uf —uyll, | Order || [|p* — prlly Order |lup -n|, | Order

8.3 x 1071 1.6 7.8 x 1071 1.3 3.5 x 1071

4.2 %1071 || 6.9x 107! 1.2 3.9x 107! 1. 81x107' | 63x107! || 54x1072 | 27
21x107" || 2.4 x 107! 1.5 1.3 x 1071 1.6 3.1x 107! 1.4 49%x1073% | 34
1. x 1071 8.1x 1072 1.6 3.6 x 1072 1.8 1.1 x 1071 1.5 5.x 107* 3.3
5.2x 1072 || 2.4 x 1072 1.8 9.5 x 1073 1.9 3.2 x 1072 1.7 49%x107° | 34
2.6 x1072 || 6.5x 1073 1.9 2.4 %1073 2. 8.8 x 1073 1.9 5.%x 1076 3.3
1.3x1072 || 1.8x 1073 1.8 6.1 x 10~* 2. 2.5 %1073 1.8 59x10°7 | 3.1
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Figure 8: Left: Initial velocity field ur(-,0) from (6.11). Right: The initial vorticity, curlp ur(-,0),
in the strip |z| < 2dp. We see that the initial perturbation consists of 8 vortices squeezed around
equator.

perturbation to trigger the development of the vortical strip:

wr ((€).0) = dy(€e) (tanh (52) 71(€) + e curlr v(6) )
o ’ (6.11)
Py (&) == exp {—é} (aq cos(mgmér) + ap cos(mpmés)),

where d is the distance from I'spp, to the z-axis. We take dg := 0.05 (for |z| 2 do the velocity field is
close to a rigid body rotation around the z-axis), ¢, := 10~2 (perturbation parameter), and a, = 1,
mg = 16, ap = 0.1, mp = 20 (perturbation magnitudes and frequencies). The initial velocity field
is illustrated in Figure 8. Note that the velocity field (6.11) is tangential by construction.

Note that 71 € TTo. For the torus initial condition we use the same formula (6.11) with one
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modification: The scaling factor d is chosen as

Ax) = e b y? — (R—r) = fe by —

and thus the initial velocity field vanishes on the inner ring of the torus.

The Reynolds number Re ~ v~1§y is based on |Juz(-,0)|,, ~ 1 and the initial layer width. We

loo
perform numerical simulations with v = v(k) = 107% /2 which corresponds to Re = Re(k) = 10%~!
for k € {3,4,5}, i.e.,

Re € {10%,10%,10%}.

The final time T is chosen to be 20 and 60 for the sphere and torus, respectively. For the time
discretization and linearization of (6.10) we apply the second order semi-implicit scheme (4.2) from
Section 4.1, and for the space discretization we employ the grad-div stabilized trace FEM (5.1)
from Chapter 5 with Po—P; Taylor—-Hood finite elements. The mesh construction and the choice
of stabilization and penalty parameters is the same as in Section 6.1. We consider three mesh
refinement levels ¢ € {4,5,6} with the corresponding number of time steps n; € {320,640, 1280}

and n; € {960, 1920, 3840} for the sphere and torus, respectively, i.e., we have
At =At(l) =27~ h(l), a=all)==x2"~h"1(). (6.12)

In Figure 9 we show several snapshots of the surface vorticity distributions starting from the
initial condition. The solution reproduces the well known flow pattern of the planar KH instability
development, which includes the initial vortices formation in the layer followed by pairing and
self-organization into larger vortices. Conservation of the initial zero angular momentum prevents
further pairing. The two remaining vortices should decay for ¢ — oo due to energy dissipation.

Figure 10 visualizes the vorticity field of the KH flow on the torus for Re = 10* (v = 1077 / 2).
The initial stage of the vortical layer formation and small vortices pairing is similar to the case of
the sphere and the plane. The different geometry (and topology) of the torus apparently affects the
interaction of larger vortices. From the time of about 20 units there are 4 large vortices formed,

which further travel in the both toroidal and poloidal directions without pairing up to time ¢ = 45.
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Figure 9: KH flow at Re = 10* on the unit sphere Ispn: Snapshots of the surface vortic-
ity wy, = curlp, uy, for t € {0,2.5,5,6.25,10,12.5,15,20}. Click here for the full animation.

After ¢t = 45 the motions loses any apparent axial symmetry and becomes rather complex (see the
animation).

In the following subsections we

1. test the robustness of the algebraic solver from Chapter 5 w.r.t. varying parameters h,
a~h7!' and v. We do not study the dependence of optimal v on these parameters. It
is known (Olshanskii, Lube, Heister, and Lowe 2009) that there is a wide range of quasi-
optimal values of the grad-div stabilization parameter v such that the solution quality is
almost insensitive to the parameter variation, and hence v can be taken smaller or larger
depending on other considerations. For simplicity we adopt v = 1 for the full AL-approach,

and mesh-dependent ~ for the modified AL-approach. Next we

2. explore the energy dissipation of the computed solutions and compare the results of the surface

KH flow with a planar (i.e., posed in a domain in R?) benchmark.


https://youtu.be/EwF3vCgFhuI

surface vorticity
-1.5e+00 0 1 2 3 4 5 6 7 8 9.3e+00
|

e D e —

Figure 10: KH flow at Re = 10* on the torus I'yo;, R = 1, 7 = 1/ 2: snapshots of the surface vortic-
ity wy, = curlp, uy, for ¢ € {0,2.3,8.4,9.3,14,18.7,25.7,30.4, 35}. Click here for the full animation.

6.2.1 Algebraic Solver Robustness

First we fix the viscosity parameter v = 10~* / 2 and vary the mesh size h. The number of unknowns
grows by a factor of four from one level to the next one, and the parameter « in (5.1) increases
two times for each refinement level, see (6.12). The FGMRES outer iterative solver with the full
AL-preconditioner is applied to solve the system of algebraic equations on each time step. We use
zero vector as the initial guess and the drop of residual by a factor of 10% as the stopping criterium.

Table 6 summarizes the solver averaged statistics over the time of simulation ¢ € [0,20]. We
see that the percentage of re-initializations of the preconditioner (this is when we compute new
LU-factors) is small and decreases for finer mesh levels. The later can be due to the growth of «
and more significant role of the diffusion term for smaller h. The choice of Ajer = 5 in (5.21)

keeps the average number of FGMRES iterations about 30 with a very slight variation among
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Table 6: Full AL-preconditioned FGMRES solver statistics for I' = Iy, fixed v = 1074 /2, and
varying h (a ~ h_l). The total number of time steps n; for three mesh levels reported are 320, 640,
and 1280, respectively, leading to «a € {24,48,96}.

4 dof. | Tasemtie | % factor steps “fresh” LU-steps all steps
Niter Ttactor Tinsol | Niter | Ttactor | Tlinsol
51526 3.55 3.44 9.00 | 1.72 x 10' | 0.53 | 33.53 | 0.59 2.15
203998 18.6 1.88 8.33 | 1.76 x 10?2 | 2.55 | 32.77 | 3.30 10.3
819862 180 0.86 7.55 | 1.73 x 103 | 12.1 | 29.86 | 14.9 49.9
# d.of. = 51526, niy = 10 4 d.of. = 819862, npy = 10

1000
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o
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Time step t; € [0, 20]

Figure 11: Computation time (Ttactor + Tlinsol) in log-scale vs. time step. Red bars correspond to
time steps for which new factors are computed, nr,y is a number of such steps.

refinement levels. To compare, the number of FGMRES iterations with “fresh” LU-factorization
in A is about 8. As expected, factorizing the matrix Ais by far the most computationally expensive
procedure (see Tictor in “fresh LU-steps” table section). However, due to the heavy and efficient
recycling, overall the expense of the factorization is minor compared to the iterations cost (cf. Tactor
and Tipsol in “all steps” table section). This allows to keep the averaged computation cost of the
linear solver comparable and even less than the cost of matrix assembling.

This balance is further visualized in Figure 11 for two mesh levels, where we see that the time
steps with updated LU-factors are more expensive but rare. It is interesting to note that most
updates are needed for ¢ € [4,10], when vortixes are paring.

Because of the additional refinement used to define numerical quadratures, see Remark 4.2,
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the matrix assembling time grows superlinear in our examples. The optimal complexity here can
be obtained by using isoparametric trace finite elements (Lehrenfeld 2016; Jankuhn, Olshanskii,
Reusken, and Zhiliakov 2020) which are not implemented in the software we use.

Next we repeat the simulation of the KH problem on the sphere but now for several values
the viscosity parameter and the finest discretization level. All parameters of the algebraic solver
are the same as above. The averaged statistics of the solver for this set of experiments are sum-
marized in Table 7. It appears that the solver is remarkably w.r.t. the variation of the viscosity
parameter. For higher Reynolds numbers we see only a slight increase of the percentage of time
steps, where the preconditioner is updated by the new LU-factors. Figure 12 illustrates the balance
between computationally expensive but rare steps with updated preconditioner and the majority
of calculations with the recycled AL-preconditioner.

We now consider the surface KH flow on the torus. For the given values of outer and inner
radius the surface area of I'yo, is approximately 1.57 times the surface of the unit sphere. This
explains why we get larger systems in terms of the number of d.o.f. for the same levels of mesh
refinement in this example. This makes the problem naturally suitable for testing the recycling
strategy with the modified AL-preconditioner. In general, the modified AL-preconditioner is less
robust with respect to v and h, so its efficient use needs some tuning.

Following recommendations in (Benzi, Olshanskii, and Wang 2011) we find optimal value for
on a coarse level, and then apply 1/+/2-rule to scale it for finer mesh levels. This leads us to y3 =
0.04 for the third refinement level, and

y=7(0) =27 x
for the refinement levels from 4 to 6, £ € {4,5,6}. These are the levels we use to report the solver
statistics in Table 8. In this experiment, we take the velocity field and pressure from the previous
time step as the initial guess in FGMRES and relax the stopping criterium to the relative drop
of residual by 10°, ||r;|| < 1079 ||b||. The number of iterations increased compared to the full AL-
preconditioner, since only the block upper-triangle part of the matrix A is used to define A. We

also see a slight increase of the iteration number for h getting smaller, which is also the observation
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Table 7: Full AL-preconditioned FGMRES solver statistics for I' = 'y, fixed h = 2.6 x 1072
(# d.o.f. = 819862, o = 96), and varying v.

“fresh” LU-steps all steps
v Tossemble | % factor steps
N; iter Tfactor Tlinsol N; iter Tfactor Tlinsol
% x 1073 177 0.391 7.00 | 1.59 x 103 | 9.87 | 32.87 | 6.23 50.7
3 %1071 | 180 0.859 7.55 | 1.73x 10% | 12.1 |29.86 | 14.9 | 49.9
% x 107 198 0.938 7.75 | 1.81 x 103 | 12.4 | 31.95 17 50.2
v=10"%/2, npy = 10 v=10"%/2, npy =11

1000
1000

500
500

iP, 4 %

Computation time, s

H

Figure 12: Computation time (Ttactor + Tlinsol) in log-scale vs. time step. Red bars correspond to
time steps for which new factors are computed, nr,y is a number of such steps.

V4. % -

Time step ¢; € [0, 20]

in (Benzi, Olshanskii, and Wang 2011). The overall computation time is dominated by the matrix
assembly because of the non-optimal numerical quadrature, as discussed above. If we take the time
of assembly off the table, then the recycling strategy turns out to be very effective also with the
modified AL-preconditioner. The average time of factorization per one solve is negligible and each
factorization is more efficient in terms of time and memory requirements since it is done for each
individual velocity block.

It is out of scope for this dissertation to carry out a systematic comparison of the full and
modified AL-preconditioners. Results in this direction can be found in (Benzi, Olshanskii, and
Wang 2011). For the factorize-recycle framework introduced here, our general recommendation

is the following: If the storage of factors is affordable, then use the full AL-preconditioner as the
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Table 8: Modified AL-preconditioned FGMRES solver statistics for I' = 'y, fixed v = 1075 /2,
and varying h (o € {24,48,96}). The total number of time steps n; for three mesh levels reported
are 960, 1920, and 3840, respectively.

4 dof. y Toeniie | % factor steps “fresh” LU-steps all steps
N; iter Tfactor T’linsol N; iter Tfactor CZ—1linsol
78244 | 0.028 7.65 6.25 x 1071 | 37.33 | 1.63 | 2.94 | 68.31 | 1.02x 1072 | 5.02
315792 | 0.020 38.3 417 x 107t | 4275 | 181 | 16.3 | 75.32 | 7.55 x 1072 | 24.6
1279180 | 0.014 324 3.65 x 1071 | 64.71 | 181 97.6 | 75.51 | 6.61 x 1071 | 112

Computation time, s

# d.of. = 315792, nyu = 3

| DR

50 |
|

# d.of. = 1279180, nipu = 6

Time step t; € [0, 60]

de LW’

I

Figure 13: Computation time (Ttactor + Tlinsol) in log-scale vs. time step. Red bars correspond to

time steps for which new factors are computed, nr,y is a number of such steps.

most robust and free of parameter tuning; Otherwise, switch to the modified AL-preconditioner

and tune « so that the number of outer iterations is somewhat higher but comparable to the full

AL-approach case.

6.2.2 Energy Dissipation and Comparison with R>-Benchmark

We next assess the method by monitoring the energy dissipation of the computed solutions on

three subsequent levels. To have a better insight into the expected behavior, we note that the

initial velocity uz(-,0) is L?-orthogonal to all rigid tangential motions of ' (also known as Killing
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velocity fields), i.e., functions from

Viin = {vr € Vp : E(vy) = 0}.

It is straightforward to check that a velocity field up satisfying (6.10) preserves this orthogonality

condition for all ¢ > 0, and hence it satisfies the following Korn inequality:

lurlly < Cx (I) [E(ur)ll, - (6.13)
For the total kinetic energy
1
£(t) = 5 e, D3,

testing (6.10) with vy = up and applying (6.13) leads to the following identity and a corresponding

energy bound:

4v

d&(t) = —2v[|E(ur (- ))[ls < Tz

£) = E(t)SE(O)exp{—(;g/(;)}. (6.14)

We outline an approach for estimating the Korn constant C'x (I'). The best value of this constant
is obtained if CI_{Q(F) is the smallest strictly positive eigenvalue of the diffusion operator — P divp E
restricted to the space of tangential divergence free vector fields, see (6.13). We have the following
relation between this surface diffusion operator and the Hodge-de Rham operator Afj (Jankuhn,

Olshanskii, and Reusken 2018, equation (3.18)):
—2P din E(VT) = AII:IVT — 2KVT

for any vy € Vr such that divp v = 0. The Gauss curvature of the unit sphere I'y,), is equal to

unity, K = 1. The eigenvalues of A¥ are given by
(A =k(k+1), keN

for I = Igpp, see (Chow, Chu, Glickenstein, Guenther, Isenberg, Ivey, Knopf, Lu, Luo, and Ni 2007,
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Table 9: Five smallest eigenvalues of (6.16). The first eigenvalue p; corresponds to a constant
pressure mode, eigenvalues po, p3, and pg correspond to 3 Killing vector fields on the unit sphere,
and ps is an estimate for the Korn constant C[_(Q(F). The results are reported for ¢ = 1077 (we

verified that 8 significant digits of 5 stay the same for e = 1079).

h M + Ny 1 2 3 pa s
1.04 x 1071 | 51526 | 1.03x 10712 | 3.6 x107* | 3.86 x 107* | 3.86 x 10~* | 2.0029
5.21 x 1072 | 203998 | 1.28 x 10713 | 1.45 x 107° | 1.84 x 107° | 1.84 x 107° | 2.00018
2.6 x 1072 | 819862 | 2.97 x 10714 | 7.87 x 10~7 | 1.06 x 1076 | 1.06 x 1076 | 2.00001

p. 349). The tangential rigid motions are eigenfunctions corresponding to A;. Hence, we estimate

2 1/ AHy,
0—2(p) _ M _ 5 <AF v 2KvT,VT>0
K ngvT\VkiH HVTH2 VT_EVT\Vkill ”VTH2
divp vp=0 0 divp vp=0 0 (615)
1 H

5 AF v — QKVT,VT 1
> inf 2 < 5 >0 == ()\2(AIH) — 2) =2,

vreVr\ Vign ||VT||0 2

resulting in C%(I') < 1.
We confirm the estimate (6.15) numerically. To this end, consider a generalized eigenvalue

problem
BT\ (¥ M

<

A (6.16)

B -C, q el

o]}

with the velocity mass matrix
M, ::/Fq/)j-'d)ids, 1 <45 < Ny,
and the sum A g of the velocity diffusion, normal penalty, and volume stabilization matrices, i.e.,
(6, A ¥) = /FE(uh) L E(vh) + 7 (uh - 1) (v, - 0) ds + pa /oh Dty - Oy dx

for any 1, v € R™. Akin to (6.6), we introduced an e-perturbation in the right-hand side matrix
of (6.16) to make it Hermitian positive definite, so that the problem is solvable by any standard

generalized eigenvalue solver that operates with sparse Hermitian matrices.
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Figure 14: Left: Numerical kinetic energies &,(t) == 1/2 \|uh(~,t)\|3 as functions of time for the
mesh refinement levels ¢ € {4,5,6} (straight lines) and corresponding exponential fitting (dashed
lines). Right: Values of the exponent § in the fitting function Bexp {—fFt}.

Results of the numerical solution of (6.16) are shown in Table 9, which confirm the esti-
mate (6.15). Moreover, the results strongly suggest C ()2 = 1/2 for I' = I'gpp. Substituting

this in the estimate (6.14) for the kinetic energy, we arrive at the bound
E(t) < £(0) exp {~8vt} = £(0) exp {~4 x 107} (6.17)

In Figure 14 we show the kinetic energy plots for the computed solutions together with expo-
nential fitting. There are two obvious reasons for the computed energy to decay faster than the
upper estimate (6.17) suggests: the presence of numerical diffusion and the persistence of higher
harmonics in the true solution. On the finest mesh the numerical solution looses about 0.5% of
kinetic energy up to the point when the solution is dominated by two counter-rotating vortices.
This compares well to results computed with a higher order method in (Schroeder, John, Lederer,

Lehrenfeld, Lube, and Schéberl 2019) for the planar case with Re = 10
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6.3 Navier—Stokes Problem on Evolving Surface with Prescribed

Motion

For the last set of numerical experiments we consider the evolving surface tangential Navier—Stokes

problem (3.3) with p =1, i.e.,

(Puar +uyHuy) — 2vPdivp E(ur) + Vrp = by, ( )
6.18

divur =g on I'iso,

with the right-hand sides
1
g =—uyk, by :=fr+2vPdivp(uy H)+ §vpu%v. (6.19)

The initial triangulation is built as explained in Section 6.1. Further, the mesh is refined in
a sufficiently large neighborhood of a surface so that tetrahedra cut by I'y belong to the same
refinement level for all ¢ € I. We apply the BDF2 time stepping scheme to discretize (6.18) in time.

To approximate the inertia term
Pur+uyHur =P (0u7 + (Vug)u) + uy Hur

at the time ¢ = t*, we use the fact that uy is given and apply (4.2). Thus at every time step ¢t = th
we solve

P [u]f +P (Vuk) (wk + u]fvn> +uk Hu® — 20 P divp E(u”) + Vpp* = b*,

(6.20)

divpu® =0

on I' = I'yx, where the surface operators P, H, Vr etc. are constructed for I'x. The trace Po-

Py Taylor—-Hood finite element method is applied for the space discretization of (6.20) with the

choice (6.7) of the stabilization and penalty parameters. To ensure that the previous step velocities

required for the construction of [u]ig and w* are defined on T',x, we discretize the problem in a
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(sufficiently wide) narrowband Op(t) of the surface for ¢+ < t*. The width of Oy (t) is dependent
on uy and At. Note that the velocity volume stabilization term naturally enforces the velocity
solution to be constant in the (quasi-)normal directions of the surface. For the rigorous analysis
of the trace FEM method for the evolving surface case we refer to (Olshanskii, Reusken, and

Zhiliakov 2022).

6.3.1 Convergence for a Smooth Solution

To verify the implementation and check the convergence order of the discrete solution, we set up an
experiment with a known tangential flow along an expanding / contracting sphere. In this example
the total area of I" is not preserved, but it allows to prescribe a flow ur analytically and calculate
the right-hand sides in (6.18).

We choose v = 5 x 1073 and consider ¢ € [0, 1]. The surface I' is given by its distance function
: 1.
dist(x,t) == ||x|| = r(t), r(t) =1+ 1 sin(27t), (6.21)

The surface normal velocity is then uy = uyn, with

2mt
un(t) = dyr(t) = T2 Ly = X (6.22)
2 x|
The exact solution is given by
uh(x,t) = P(x,t)(1 —2t,0,0)7, p*(x) =zy® + 2, (6.23)

and the right-hand sides by and ¢ = divpur + uyk are computed accordingly from (6.18)
and (6.21)—(6.23). For numerical integration, the exact solutions and right-hand sides are extended

along normal directions of T'.

The numerical solution was computed on four consecutive meshes with refinement levels £ € {2, ...

and the time step At = 0.05 on level 2. The time is halved for each consecutive spatial refinement.

The narrowband mesh together with the embedded surface I'y and computed velocity solution uy
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t=0 t=0.15 t=0.9

Figure 15: IHlustration of the narrowband mesh and velocity solution at the mesh refinement
level ¢ = 3 for the tangential flow along an expanding / contracting sphere.

Mesh level ¢ 2 3 4 5

h 417 %1071 | 2.08 x 107 | 1.04 x 1071 | 5.21 x 102
Averaged # d.o.f. || 4.41 x 103 | 1.73 x 10* | 6.82 x 10* | 2.73 x 10°

luy — upll, | Order | [juy —uplly | Order || [Ip* — pully || Order
9.3x 107! 1.3 x 1071 3.2x 107!
1.9x 107! 2.3 9.9x1073 | 3.72 || 3.5 x1072 3.2
43x107%2 | 2.13 9.2x107* | 342 | 7.3x1073 || 2.27
1.2x1072 | 1.92 12x107% | 298 || 1.8x1073 | 2.02

Table 10: Convergence results for the tangential flow along an expanding / contracting sphere.

are illustrated in Figure 15.

In Table 10 we show the mesh parameter h and the resulting (averaged over all time steps)
number of active d.o.f. We see that one refinement leads to approximately four times more d.o.f.

Table 10 further reports the velocity and pressure errors measured in (approximate) I';-norms

1 1 1
VI3 = [ v Dy dt VI3 = [ IVC Oy dt 115 = [ 1FC Ol dt

These norms were computed using a quadrature rule for the time integration. Results demonstrate
the expected second order convergence in the “natural” norms and a higher order for the velocity

error in the L?(T';)-norm (0-norm). These orders are optimal for the Po—P; elements used.
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6.3.2 Tangential Flow on a Deforming Sphere

surface speed

-19e-01 -03 -02 -0 0 0.1 02 03 044%e01
D Dee——
velocity magnitude
E( 0.0e+00 0.05 0.1 0.15 0.2 24e-01
L e—
o -

Figure 16: Visualization of the velocity field for axisymmetric deformations of the unit sphere.
Mesh level £ = 4, At = 0.01. Click here to see the full animation.

In this numerical example we consider a deforming unit sphere and compute the induced tangen-
tial flow, i.e., the numerical solution of (6.18) with f7 = 0 and uy ~ Uy such that the inextensibility

condition is (approximately) preserved, see below. Denote by I'g = I'sp, the reference sphere of
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velocity magnitude
0.0e+00 0.05 0.1 015 02 025 03 0353.9e01

o

surface speed
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i X ' : D —

Figure 17: Visualization of the velocity field for asymmetric deformations of the unit sphere. Mesh
level £ = 4, At = 0.01. Click here to see the full animation.

radius 1. Consider a parametrization x : Z — I'g of the unit sphere with £ and & being the polar
and azimuthal angles, respectively, Z = [0, 7] x [0,27), and denote by & — H™(£) the normalized

spherical harmonic of degree n and order m, |[H7'(| 2(p,) = 1. For the evolving surface we consider
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as ansatz

N
L= (rE)X(E) 1€ ) =14 Y Au(HI(E). £ €5, (6.24)

n=1|m|<n
with suitably chosen time-dependent coefficients Ay, = Ay (t). The function

N
Sr(&,t)=> Y Awm(&)HI(E)

n=1 |m|<n

describes the radial deformation.
We assume small oscillations, [0r| < 1. Under this assumption, an accurate approxima-

tion Uy ~ upy of the surface normal speed up is given by
N
Un=ddr=> > H?diAnm. (6.25)

n=1|m|<n

We want the surface to be inextensible, i.e., d;areap(t) = 0. Appropriate coefficients A, such
that we have inextensibility can be determined as follows. Application of the surface Reynolds

transport formula (2.34) and integration by parts gives for the variation of surface area:

d; areap(t) = d; /

lds:/ divrtuN(~,t)ds:/ k(e ) un (-, ) ds. (6.26)
It It Iy

For the (doubled) mean curvature we have

N
K=2—20r — Ardr =2 — Z Z A H —n(n+1)ApnHY)

see (Lamb 1924). Using [, H;' = 0 for n € N and orthonormality property

! ! !
| A ds =0,
0
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Figure 18: Relative surface area variation (areal's —areal) / areal'y as a function of time for
axisymmetric (left plot) and asymmetric (right plot) deformations of the sphere.

we compute the area variation

N
dtareap(t):/r B OUN () ds =3 (0= 1)1 +2) S g dy Ay, (6.27)

n=1 Im|<n

Based on this formula we set

Agp = %cos(wt), Asg = - sin(wt),

V10

and Ay, = 0 for other coefficients. For this choice of coefficients one easily verifies that (6.27)
gives zero. The evolving surface tangential Navier—Stokes equations (6.18) are then discretizad and
solved with the right-hand side given by (6.19) with uy replaced with Uy from (6.25). The initial
velocity is zero.

In the first numerical example we let € := 0.2, w = 27, v = 107* /2, and include 7—[8 and Hg:
two zonal spherical harmonics of degree 2 and 3. The relative variation of the surface area in the
left plot of Figure 18 shows less than 0.1% of surface variation, which is due to approximation
errors and finite (rather than infinitesimal) deformations. The latter causes an approximation error
in (6.25).

The velocity field induced by these axisymmetric deformations of the sphere is visualized in
Figure 16. We see that the velocity pattern is dominated by a sink-and-source flow driven by the

term —kuy on the right-hand side of the divergence condition in (6.18).
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We repeat the experiment, but decrease the viscosity to v = 1075 /2 and add two more spherical
harmonics: H3 and H3, the sectorial harmonic and the tesseral one, respectively. This addition
makes the surface deformation asymmetric. The radial displacement in this experiment is then

given by

or(€,t) =0.2 (; cos(2mt)HI(€) + \/117) sin(27rt)7-[g(§)> +

0.1 (; cos(Amt)HL(€) + 138 sin(4mmi<g)> .

Again, the coefficients are such that the surface area stays constant according to (6.27). The
resulting velocity field is visualized in Figure 17. The velocity pattern is still dominated by the
sink-and-source flow as in the previous experiment. Note that in both cases there are no outer

forces, and the flow is driven completely by geometrical deformation.
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