Ňăâěňăâĺçěáłĺě ğăňěâłĺ �

ŠŐŇ 67 ĆŻŔŞŚŁ 3 ŇĂŘŠ 2000

ŞĎŁ 517.984.5

Ő ŊĂĹŃŞŮŸĚĽ ŁŐŊŚŠĂŊŠĚ Ć inf-sup-ŞŚŃŐĆĹĹ ĎŃ§ ĆŻŠ§ŊŞŠŻŢ ŔŘ§ŇŐŞČŐŃĲŊŻŢ ŐĄŃĂŚŠĚĽ

Ň. Ă. Őńìèăŋáłĺľ, Ě. Ć. Ůĺęőŋłőć

Ŕàĺ ăŋăńĺğě áåőďĺňőáâĺ ŕàĺąńĺęěŋŋëå àěèěŋĺľ ãàăćŋěŋĺľ ďĺŋăňĺłĺ ęĺďłőáâĺ ł âőçŋëň çăáâő ĺáŕőńìğãěâáï ŋěàăćěŋáâćő Ńăďëęěŋáłőľ{Ąăąãèłĺ{Ąàěææĺ (inf-sup-ãáńőćĺě). Ćåőďïéăï ć ŋěčő łőŋáâăŋâă ğăćĺáĺâ őâ äőàňë őąńăáâĺ ĺ őŕàěďěńïěâ íääěłÄ âĺćŋőáâì àăğńĺçŋëå ăńčőàĺâňőć. Ć àăąőâě ŕőńãçěŋă ěě ăáĺňŕâőâĺłă ĺ ďćãáâőàőŋŋĺě őæěŋłĺ ć ŕàïňőãčőńìŋëå őąńăáâïå. Ďńï íâőčő ĺáŕőńìğãěâáï ŋőćëľ áŕőáőą ŕőńãçěŋĺï őæěŋőł áőąáâćěŋŋëå ğŋăçěŋĺľ ŋěłőâőàőľ áŕěłâàăńìŋőľ ğăďăçĺ á áěďńőćëň őŕěàăâőàőň Śâőłáă.

Ąĺąńĺőčàăäĺï: 13 ŋăğćăŋĺľ.

1. Ććěďěŋĺě. Řăááňőâàĺň ŕěàćãî łàăěćãî ğăďăçã ďńï ãàăćŋěŋĺľ Śâőłáă ć ŕěàěÄ ňěŋŋëå áłőàőáâì{ďăćńěŋĺě −´u + grad p = f ć ˙;

div u = 0 ć ˙;

u = 0 ŋă @˙: (1) Şàăćŋěŋĺï (1) őŕĺáëćăîâ ďćĺęěŋĺě ćïğłőľ ŋěáęĺňăěňőľ őďŋőàőďŋőľ ĺ ĺğőâàőŕŋőľ ęĺďÄ łőáâĺ ŕàĺ ňăńëå áłőàőáâïå ŕőď ćőğďěľáâćĺěň ćŋěèŋĺå áĺń. Ŋěĺğćěáâŋëňĺ ğďěáì ïćńïÄ îâáï ćěłâőà-äãŋłæĺï u = (u_1(x); : : : ; u_s(x)) (áłőàőáâì ęĺďłőáâĺ) ĺ áłăńïàŋăï äãŋłæĺï p = p(x) (ďăćńěŋĺě). Ŋãńěćëě čàăŋĺçŋëě ãáńőćĺï őğŋăçăîâ, łăł ŕàăćĺńő, çâő ďćĺęěŋĺě ŕàőĺáåőďĺâ ć ŋěłőâőàőň ŋěŕőďćĺęŋőň őąêěňě á âćěàďëňĺ áâěŋłăňĺ, ŕőńŋőáâìî ğăŕőńÄ ŋěŋŋőň ęĺďłőáâìî. Őŕĺáăŋŋăï ňőďěńìŋăï ğăďăçă ĺňěěâ áăňőě àăğŋőőąàăğŋőě ŕàĺňěŋěÄ ŋĺě ć ćëçĺáńĺâěńìŋőľ čĺďàőďĺŋăňĺłě: ŋăçĺŋăï őâ ŕőáâàőěŋĺï ďĺáłàěâŋëå ăŋăńőčőć ĺ ğăłăŋçĺćăï áàăćŋěŋĺěň íääěłâĺćŋőáâĺ çĺáńěŋŋëå ăńčőàĺâňőć.

Ŕàĺ őąőáŋőćăŋĺĺ łőààěłâŋőáâĺ ŕőáâăŋőćłĺ ĺ ŕàĺąńĺęěŋŋőň àěèěŋĺĺ (1) ćăęŋãî àőńì ĺčàăěâ ćěńĺçĺŋă fl = fl(˙), ğăćĺáïéăï âőńìłő őâ őąńăáâĺ ˙ ⊂ R^s (s = 2; 3) ĺ őŕàěďěńïěňăï àăćěŋáâćőň

inf_{p∈P} sup_{u∈U}

|(p; div u)| ‖u‖_U ‖p‖_P

= fl: (2)

Ğďěáì ĺ ďăńěě P = { q | q ∈ L^2(˙); ∫ � q d˙ = 0 } ; U = ( W^1_2 (˙)

)_s ; ‖u‖_U = (∇u; ∇u)^{1=2}; ‖p‖_P = (p; p)^{1=2}; (Œ; ) = ∫ � Œ d˙:

Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ, čàăŋâë ò 96-01-01254 ĺ ò 96-01-01394.

387 © Ň. Ă. Őńìèăŋáłĺľ, Ě. Ć. Ůĺęőŋłőć 2000

Ďěľáâćĺâěńìŋő, ďńï őčàăŋĺçěŋŋëå áćïğŋëå őąńăáâěľ á łãáőçŋő-ńĺŕèĺæěćőľ čàăŋĺÄ æěľ, ĺğćěáâŋő (áň., ŋăŕàĺňěà, [1], [2]), çâő fl ¿ 0, ĺ ďńï őąőąéěŋŋőčő àěèěŋĺï ğăďăçĺ (1) (u; p) ∈ U × P áŕàăćěďńĺćë áńěďãîéĺě ăŕàĺőàŋëě őæěŋłĺ:

‖p‖_P ⩽ 2fl^{−1}‖f‖_U −1 ; ‖u‖_U ⩽ ‖f‖_U −1 ; čďě ‖f‖_U −1 = sup_{u∈U}

|(f; u)| ‖u‖_U : Łàőňě âőčő, áçĺâăîéĺľáï ć ŋăáâőïéěě ćàěňï őďŋĺň ĺğ ŋăĺąőńěě íääěłâĺćŋëå ďńï çĺáÄ ńěŋŋőčő àěèěŋĺï ğăďăçĺ Śâőłáă ňěâőď Şďğăćë { áőŕàïęěŋŋëå čàăďĺěŋâőć ĺňěěâ ăáĺňŕÄ âőâĺçěáłĺľ ŕőłăğăâěńì áłőàőáâĺ áåőďĺňőáâĺ [3]

ˇ(fl) =

1 − fl 1 + fl : Ğăćĺáĺňőáâì ŕőďőąŋőčő âĺŕă őâ fl ãáâăŋőćńěŋă ďńï áłőàőáâĺ áåőďĺňőáâĺ ĺ ďàãčĺå ňěâőÄ ďőć ďńï (1), ć łőâőàëå őáŋőćŋëň íńěňěŋâőň ïćńïěâáï ňŋőčőłàăâŋőě àěèěŋĺě ãàăćŋěŋĺï Ŕãăááőŋă (áň., ŋăŕàĺňěà, [4], [5]).

Őâňěâĺň âăłęě, çâő łőŋáâăŋâă fl âěáŋő áćïğăŋă áő áćőĺň ďĺáłàěâŋëň ăŋăńőčőň fl_h (áň., ŋăŕàĺňěà, [2]). Ŕőáńěďŋïï èĺàőłő ĺğćěáâŋă łăł łőŋáâăŋâă ĺğ LBB ĺńĺ inf-sup-ãá-ńőćĺï ĺ ĺňěěâ ŕàĺŋæĺŕĺăńìŋőě ğŋăçěŋĺě ŕàĺ ăŋăńĺğě áåěň ňěâőďă łőŋěçŋëå íńěňěŋâőć ďńï (1).

Ć áćïğĺ á àăğŋőőąàăğĺěň ğăďăç ćëçĺáńĺâěńìŋőľ čĺďàőďĺŋăňĺłĺ ĺ èĺàőłĺň àăáŕàőÄ áâàăŋěŋĺěň ŕőďåőďőć ł àěèěŋĺî, őáŋőćăŋŋëå ŋă àăğąĺěŋĺĺ ĺáåőďŋőľ őąńăáâĺ ŋă àïď ąőÄ ńěě \ŕàőáâëå" ŕőďőąńăáâěľ, ŕàěďáâăćńïěâáï ĺŋâěàěáŋëň ăŋăńĺğ ğăćĺáĺňőáâĺ ğŋăçěŋĺľ fl ć (2) őâ čěőňěâàĺçěáłĺå åăàăłâěàĺáâĺł őąńăáâĺ ˙.

Řăŋěě ŕàěďŕàĺŋĺňăńĺáì ŕőŕëâłĺ őŕàěďěńĺâì ćěńĺçĺŋã fl (ĺńĺ âěáŋő áćïğăŋŋãî á ŋěľ ŋĺęŋîî čàăŋĺæã łőŋěçŋőłàăâŋőčő áŕěłâàă Łőááěàă [6]), ŋő íâő ćáěčďă ąëńő áćïğăŋő á äőàňőľ őąńăáâĺ ˙, ďőŕãáłăîéěľ ŕàĺňěŋěŋĺě ňěâőďă àăğďěńěŋĺï ŕěàěňěŋŋëå (ŋăŕàĺÄ ňěà, èăàőćőľ áńőľ [7], łőńìæő [8]). Ć íâőň áńãçăě, àěèăï ăŋăńĺâĺçěáłĺ ŋěłőâőàãî ćáŕőÄ ňőčăâěńìŋãî áŕěłâàăńìŋãî ğăďăçã ďńï áĺáâěňë őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćÄ ŋěŋĺľ, ňőęŋő őŕàěďěńĺâì ŋĺęŋîî čàăŋĺæã áőąáâćěŋŋëå ğŋăçěŋĺľ, őâłãďă ŕőńãçăěâáï ĺáłőňőě ğŋăçěŋĺě fl.

Ć ŋăáâőïéěľ àăąőâě ãáâăŋăćńĺćăěâáï áŕàăćěďńĺćőáâì áńěďãîéěčő ãâćěàęďěŋĺï: ŕãáâì őąńăáâì ˙ ĺňěěâ ŕàïňőãčőńìŋãî äőàňã

˙ = {(x_1; x_2) | 0 ¡ x_i ¡ L_i; i = 1; 2}

ĺ ‘ = max(L_1=L_2; L_2=L_1); âőčďă ŕàĺ ‘ ≫ 1 ĺňěěâ ňěáâő ăáĺňŕâőâĺçěáłőě ŕàěďáâăćńěŋĺě fl = O(‘^{−1}). Śńěďãěâ őâňěâĺâì, çâő ć ďăŋŋőň áńãçăě őŕĺáăŋŋëľ ćëèě ŕőďåőď ŋěŕàĺÄ ňěŋĺň, ĺ âőçŋőě ğŋăçěŋĺě fl ŕàĺ äĺłáĺàőćăŋŋőň ‘ őŕàěďěńĺâì ŋě ãďăěâáï, åőâï áőďěàęăÄ âěńìŋëě őæěŋłĺ áćěàåã ĺ áŋĺğã âăłęě ŕőńãçěŋë.

2. Ďőŕőńŋěŋĺï ŕő Ÿãàã. Ŕěàěŕĺèěň ğăďăçã (1) ć áńěďãîéěň àăćŋőáĺńìŋőň ćĺÄ ďě: u = (´)^{−1}_0 (grad p − f );

A_0p = div(´)^{−1}_0 grad p = div(´)^{−1}_0 f;

čďě ćëàăęěŋĺě (´)^{−1}_0 g ďńï g ∈ U^{−1} őąőğŋăçăěâ ćěłâőà-äãŋłæĺî v ∈ U âăłãî, çâő ´v = g. Őŕěàăâőà A_0 : P → P , łăł ŕàăćĺńő, ŋăğëćăîâ ďőŕőńŋěŋĺěň ŕő Ÿãàã ďńï őŕěàăâőàă ğăďăçĺ (1). Ěčő ğăňěçăâěńìŋëě áćőľáâćă [6], [9], [10]: áăňőáőŕàïęěŋŋőáâì, ŕőńőęĺâěńìŋăï őŕàěďěńěŋŋőáâì, ďĺáłàěâŋőáâì áŕěłâàă, ŋăńĺçĺě ŕőńŋőľ őàâőŋőàňĺàőÄ ćăŋŋőľ ć P áçěâŋőľ áĺáâěňë áőąáâćěŋŋëå äãŋłæĺľ { çăáâő ĺáŕőńìğãîâáï ďńï ăŋăńĺğă ĺ őąőáŋőćăŋĺï ňěâőďőć àěèěŋĺï ğăďăçĺ Śâőłáă. Śãéěáâćãěâ âőçłă ğàěŋĺï [1], çâő ňěÄ âőďë, őáŋőćăŋŋëě ŋă àěèěŋĺĺ áĺáâěňë A_0p = ’, ïćńïîâáï ć őŕàěďěńěŋŋőň áňëáńě ŋăĺÄ ńãçèĺňĺ. Ć çăáâŋőáâĺ, ł âăłĺň ňěâőďăň őâŋőáïâáï àăğńĺçŋëě ňőďĺäĺłăæĺĺ ăńčőàĺâňă Şďğăćë (ĺńĺ ňěâőďă őłăľňńěŋĺï) [3].

Ďńï ŋăèĺå æěńěľ ćăęŋőľ ïćńïěâáï áćïğì ňĺŋĺňăńìŋőčő áőąáâćěŋŋőčő ğŋăçěŋĺï őŕěàăÄ âőàă A_0 á ŕőáâőïŋŋőľ fl ĺğ (2). Řăáňőâàĺň áńěďãîéãî æěŕőçłã àăćěŋáâć, áŕàăćěďńĺćëå ďńï ŕàőĺğćőńìŋőľ äãŋłæĺĺ q ∈ W^1_2 (˙) ∩ P :

(A_0q; q) = (div(´)^{−1}_0 grad q; q) = −((´)^{−1}_0 grad q; grad q) = −((´)^{−1}_0 grad q; ´(´)^{−1}_0 grad q) = (−´v; v)|v = (´)_{−10} grad q

= ‖v‖^2_U = sup_{u∈U}

(−´v; u)^2 ‖u‖^2_U

= sup_{u∈U}

(grad q; u)^2 ‖u‖^2_U

= sup_{u∈U}

(q; div u)^2 ‖u‖^2_U :

Ňŋőęěáâćő äãŋłæĺľ ĺğ W^1_2 (˙) ćáîďã ŕńőâŋő [11] ć P , őâłãďă áńěďãěâ łőààěłâŋőáâì ğăÄ ňëłăŋĺï ć àăćěŋáâćăå

(A_0q; q) = ‖v‖^2_U = sup_{u∈U}

(q; div u)^2 ‖u‖^2_U

: (3)

Šăłĺň őąàăğőň, àăćěŋáâćă (3) áŕàăćěďńĺćë ďńï ŕàőĺğćőńìŋőľ q ∈ P ĺ v = ´^{−1}_0 grad q ∈ U . Ć çăáâŋőáâĺ, ĺğ (2) ĺ (3) áńěďãěâ, çâő

˘_{min} (A_0) = inf_{p∈P}

(A_0p; p) ‖p‖^2_P

= inf_{p∈P} sup_{u∈U}

(p; div u)^2 ‖u‖^2_U ‖p‖^2_P

= fl^2 ;

čďě ˘_{min} { ňĺŋĺňăńìŋőě áőąáâćěŋŋőě ğŋăçěŋĺě őŕěàăâőàă A_0.

Ďăńěě ŋăň ŕőâàěąãîâáï őŕěàăâőàë A_p ĺ A_m, àőďáâćěŋŋëě A_0. Ğďěáì ĺňěěâáï ć ćĺďã, çâő őŋĺ ïćńïîâáï ďőŕőńŋěŋĺïňĺ ŕő Ÿãàã ďńï őŕěàăâőàőć ğăďăç âĺŕă (1), ŋő á ďàãčĺňĺ łàăěćëňĺ ãáńőćĺïňĺ. Ŋăçĺŋăï á íâőčő ňőňěŋâă ąãďěň áçĺâăâì, çâő őąńăáâì ˙ { ŕàïňőÄ ãčőńìŋĺł:

˙ = {(x_1; x_2) | 0 ¡ x_i ¡ L_i; i = 1; 2}: (4)

Őąőğŋăçĺň çěàěğ A_p őŕěàăâőà A_p : P → P ćĺďă

A_p = div(´)^{−1}_p grad;

čďě ćëàăęěŋĺě (´)^{−1}_p g ďńï g ∈ U^{−1}_p őąőğŋăçăěâ ćěłâőà-äãŋłæĺî v ∈ U_p âăłãî, çâő

−(∇v; ∇u) = (g; u) ∀u ∈ U_p; (5)

čďě U_p = {u | u ∈ (W^1_2 (˙))^2; u · n = 0 ŋă @˙}. Řăćěŋáâćő (5) ïćńïěâáï őŕàěďěńěÄ ŋĺěň őąőąéěŋŋőčő àěèěŋĺï ďńï ćěłâőàŋőčő ãàăćŋěŋĺï Ŕãăááőŋă á łàăěćëňĺ ãáńőćĺïňĺ áńěďãîéěčő ćĺďă:

u · n = 0;

@(u · ø ) @n = 0 ŋă @˙:

Ğďěáì n ĺ ø { ŋőàňăńìŋëľ ĺ łăáăâěńìŋëľ ćěłâőàë ł @˙. Ăŋăńőčĺçŋëň őąàăğőň ňőęŋő áäőàňãńĺàőćăâì ĺ ğăďăçã ďńï ãàăćŋěŋĺľ Śâőłáă á âăłĺňĺ łàăěćëňĺ ãáńőćĺïňĺ. ŐâňěÄ âĺň, çâő, á őďŋőľ áâőàőŋë, A_p ≡ E [12] (E { âőęďěáâćěŋŋëľ őŕěàăâőà), ă á ďàãčőľ { (łăł ĺ ć (3)) ďńï ŕàőĺğćőńìŋőľ q ∈ P ĺ v = ´^{−1}_p grad q ĺňěěň

(A_pq; q) = sup_{u∈U p}

(q; div u)^2 ‖u‖^2_U

= ‖v‖^2_U : (6)

Ĺğ àăćěŋáâć (6) áńěďãěâ, çâő ćěàåŋïï čàăŋì ć ćëàăęěŋĺĺ sup u∈U p

(q; div u)^2 ‖u‖^2_U

ďőáâĺčăěâáï ŋă äãŋłæĺĺ v = ´^{−1}_p grad q. İâőâ äăłâ ąãďěâ ĺáŕőńìğőćăâìáï ŋăňĺ ć ďăńìÄ ŋěľèěň.

Ŕàĺďěàęĺćăïáì âőľ ęě áåěňë, őąőğŋăçĺň çěàěğ A_m őŕěàăâőà A_m : P → P ćĺďă

A_m = div(´)^{−1}_m grad;

čďě ćëàăęěŋĺě (´)^{−1}_m g ďńï g ∈ U^{−1}_m őąőğŋăçăěâ ćěłâőà-äãŋłæĺî v ∈ U_m âăłãî, çâő

−(∇v; ∇u) = (g; u) ∀u ∈ U_m; (7)

čďě U_m = {u = (u_1; u_2) | u ∈ (W^1_2 (˙))^2; u_1 = 0; (0; u_2) · n = 0 ŋă @˙}. Řăćěŋáâćő (7) áőőâćěâáâćãěâ őŕàěďěńěŋĺî őąőąéěŋŋőčő àěèěŋĺï ďńï ćěłâőàŋőčő ãàăćŋěŋĺï Ŕãăááőŋă á łàăěćëňĺ ãáńőćĺïňĺ áňěèăŋŋőčő âĺŕă

u = 0 ŕàĺ x_2 = 0; L_2;

u · n = 0;

@(u · ø ) @n = 0 ŕàĺ x_1 = 0; L_1:

Ć ďăŋŋőň áńãçăě âăłęě áŕàăćěďńĺćő àăćěŋáâćő ďńï ŕàőĺğćőńìŋőľ q ∈ P

(A_mq; q) = sup_{u∈U m}

(q; div u)^2 ‖u‖^2_U :

Ć ğăłńîçěŋĺě àăğďěńă őâňěâĺň, çâő őáŋőćŋőľ àěğãńìâăâ őą ăáĺňŕâőâĺłě (fl ≈ ‘^{−1}) áńěďãěâ ĺğ ŋěłőâőàőčő ãâćěàęďěŋĺï ďńï ňĺŋĺňăńìŋëå áőąáâćěŋŋëå ğŋăçěŋĺľ őŕěàăâőÄ àőć A_i (i = 0; p; m). Ŕàĺćěďěň ěčő, ŕőńőęĺć ďńï őŕàěďěńěŋŋőáâĺ ‘ = L_1=L_2.

Şâćěàęďěŋĺě. Śãéěáâćãîâ ŕőáâőïŋŋëě `_i ¿ 0 (i = 1; 2), ŋě ğăćĺáïéĺě őâ ‘, âăłĺě, çâő ŕàĺ ‘ ⩾ 1 áŕàăćěďńĺćë ŋěàăćěŋáâćă

`_1 1 ‘^2

˘_{min}(A_p) ⩽ ˘_{min} (A_0) ⩽ ˘_{min}(A_m) ⩽ `_2 1 ‘^2

: (8)

Ďőłăğăâěńìáâćã áőőâŋőèěŋĺľ (8) ŕőáćïéěŋë áńěďãîéĺě ďćă àăğďěńă, ă ŕőłă ŋăŕőňÄ ŋĺň, çâő ćáě ˘(A_p) = 1 ĺ fl^2 = ˘_{min} (A_0).

3. Őæěŋłă áćěàåã. Řăáňőâàĺň ć ŕàïňőãčőńìŋőľ őąńăáâĺ ˙ (4) áńěďãîéãî áŕěłÄ âàăńìŋãî ğăďăçã A_mp = ˘p: ŋăľâĺ áőąáâćěŋŋëě ğŋăçěŋĺï ˘ ĺ áőőâćěâáâćãîéĺě áőąáâÄ ćěŋŋëě äãŋłæĺĺ p ∈ P , ãďőćńěâćőàïîéĺě áĺáâěňě ãàăćŋěŋĺľ

−´u + grad p = 0; div u = ˘p; (9)

ĺ ňőďěńìŋőňã ŋăąőàã łàăěćëå ãáńőćĺľ ďńï u = (u_1; u_2) ∈ U_m:

u_1 = 0; u_2 = 0 ŕàĺ x_2 = 0; L_2; (10)

u_1 = 0;

@u_2 @x_1

= 0 ŕàĺ x_1 = 0; L_1: (11)

Ğăďăçă (9){(11) ĺňěěâ ăŋăńĺâĺçěáłőě àěèěŋĺě, łőâőàőě ňőęěâ ąëâì ŋăľďěŋő ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå (ňěâőďőň Ťãàìě) [13]. Ĺňěěâ ňěáâő

Ńěňňă 1. Őŕěàăâőà A_m ć ğăďăçě (9){(11) ĺňěěâ áőąáâćěŋŋőě ğŋăçěŋĺě

˘(A_m) = 1 2 ( 1 − t sh t ) ; čďě t = ß

L_2 L_1 :

Ďőłăğăâěńìáâćő. Řăááňőâàĺň áŕěłâàăńìŋãî ğăďăçã A_mp = ˘p ć őąńăáâĺ ˙ = (0; L_1) × (−b; b) ŕàĺ b = L_2=2. İâőâ áďćĺč ĺáåőďŋőčő ŕàïňőãčőńìŋĺłă (4) ŋě ňěŋïěâ áőąÄ áâćěŋŋëå ğŋăçěŋĺľ, ŋő áãéěáâćěŋŋő őąńěčçăěâ ŕàőćěďěŋĺě ćëłńăďőł. Ďăńěě ŕőńőęĺň r = ß=L_1 ĺ ŋěŕőáàěďáâćěŋŋőľ ŕàőćěàłőľ ãąěďĺňáï, çâő äãŋłæĺĺ

u_1 = 1 2 sin rx_1 [ b sh rb ch rb ch rx_2 − x_2 sh rx_2 ] ; u_2 = − 1 2 cos rx_1 [ b ch rb sh rb sh rx_2 − x_2 ch rx_2 ] ; p = cos rx_1 ch rx_2

ãďőćńěâćőàïîâ áőőâŋőèěŋĺïň (9){(11) ćňěáâě á ãłăğăŋŋëň ćëèě áőąáâćěŋŋëň ğŋăçěŋĺÄ ěň. Ńěňňă ďőłăğăŋă.

Ńěňňă 2. Ďńï ńîąőľ őąńăáâĺ ˙ ŕàïňőãčőńìŋőľ äőàňë ĺňěěâ ňěáâő ŋěàăćěŋÄ áâćő ˘_{min}(A_0) ⩽ ˘_{min}(A_m):

Ďőłăğăâěńìáâćő. Ŋăŕőňŋĺň äãŋłæĺőŋăńìŋëě őŕàěďěńěŋĺï ŋĺęŋĺå čàăŋĺæ áŕěłâÄ àőć őŕěàăâőàőć A_0 ĺ A_m:

˘_{min}(A_0) = inf_{p∈P} sup_{u∈U}

(p; div u)^2 ‖u‖^2_U ‖p‖^2_P

; ˘_{min} (A_m) = inf_{p∈P} sup_{u∈U m}

(p; div u)^2 ‖u‖^2_U ‖p‖^2_P : Šěŕěàì áŕàăćěďńĺćőáâì ãâćěàęďěŋĺï ńěňňë áńěďãěâ ĺğ âőčő äăłâă, çâő U ⊂ U_m (áň. őŕàěďěńěŋĺï ŕàőáâàăŋáâć ć ŕàěďëďãéěň àăğďěńě). Ńěňňă ďőłăğăŋă.

Śäőàňãńĺàãěň őæěŋłã áćěàåã ć ŋěàăćěŋáâćě (8) ć áńěďãîéěň ćĺďě. Ĺňěěâ ňěáâő

Šěőàěňă 1. Ć àăááňăâàĺćăěňőľ őąńăáâĺ ˙ = {(x_1; x_2)| 0 ¡ x_i ¡ L_i; i = 1; 2} áŕàăćěďńĺćă àăćŋőňěàŋăï ŕő ‘ = L_1=L_2 ⩾ 1 őæěŋłă

˘_{min}(A_0) ⩽ `_2 1 ‘^2 á ŕőáâőïŋŋőľ `_2 = ß^2=12.

Ďőłăğăâěńìáâćő. Ĺğ ńěňň 1 ĺ 2 ŋěŕőáàěďáâćěŋŋő áńěďãěâ æěŕőçłă ŋěàăćěŋáâć

˘_{min}(A_0) ⩽ ˘_{min}(A_m) ⩽ ˘(A_m) = 1 2 ( 1 − t sh t ) ; čďě t = ßL_2=L_1 = ß=‘. Ďăńěě ďńï äőàňãńë ć ŕàăćőľ çăáâĺ ŕőáńě íńěňěŋâăàŋëå ŕàěőąÄ àăğőćăŋĺľ ŕőńãçăěň ( 1 − t sh t ) = t^2 2 · 3! 1 + t^23! 5! + t^43! 7! + · · · 1 + t^2 3! + t^4 5! + · · · ⩽ ß^2 12 1 ‘^2 :

Šěőàěňă ďőłăğăŋă.

4. Őæěŋłă áŋĺğã. Ůâőąë ŋě ğăčàőňőęďăâì ĺğńőęěŋĺě, ć ŋăáâőïéěň àăğďěńě àăáÄ áãęďěŋĺï ŕàőćőďïâáï ďńï ŕàïňőãčőńìŋőľ őąńăáâĺ ˙ ćĺďă (0; ß‘) × (0; ß). Ĺňěěâ ňěáâő Šěőàěňă 2. Ć àăááňăâàĺćăěňőľ őąńăáâĺ ˙ áŕàăćěďńĺćă àăćŋőňěàŋăï ŕő ‘ ⩾ 1 őæěŋłă `_1 1 ‘^2

⩽ ˘_{min} (A_0)

á ŕőáâőïŋŋőľ `_1 = 1=60.

Ďőłăğăâěńìáâćő. Ğăňěâĺň, çâő ĺáłőňăï őæěŋłă ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ áŕàăÄ ćěďńĺćőáâĺ áńěďãîéěčő ŋěàăćěŋáâćă ďńï ŕàőĺğćőńìŋőľ äãŋłæĺĺ p ∈ P :

`_1 1 ‘^2 sup_{U p}

(p; div u)^2

‖u‖^2_U

⩽ sup_U

(p; div u)^2 ‖u‖^2_U

: (12)

Ďěľáâćĺâěńìŋő, ŕěàěåőďï ł âőçŋőľ ŋĺęŋěľ čàăŋĺ ŕő ćáěň p ∈ P , ąãďěň ĺňěâì ć ŕàăćőľ çăáâĺ (12) ˘_{min} (A_0), ă ć ńěćőľ { ãłăğăŋŋãî ćëèě őæěŋłã ć áĺńã âőčő, çâő ˘_{min} (A_p) = 1 (A_p ≡ E).

Ŕőíâőňã ŕàěďáâăćńïěâáï ãďőąŋëň ďőłăğăâì áőőâŋőèěŋĺě (12). Řăááňőâàĺň ďńï íâőčő ŕőńŋãî áĺáâěňã őàâőŋőàňĺàőćăŋŋëå äãŋłæĺľ ĺğ P : ¨ = { _m : _m = d_m cos m_1x_1 ‘ cos m_2x_2 } ; d_m = √ (1 + sign m_1)(1 + sign m_2) ß √ ‘ ; čďě m = (m_1; m_2) { ňãńìâĺĺŋďěłá, m_i (i = 1; 2) ňőčãâ ŕàĺŋĺňăâì ğŋăçěŋĺï 0; 1; 2; : : :, ŕàĺ íâőň max{m_1; m_2} ¿ 0.

Ďőłăęěň áŋăçăńă (12) ďńï ŕàőĺğćőńìŋëå âàĺčőŋőňěâàĺçěáłĺå ňŋőčőçńěŋőć ĺğ P áâěÄ ŕěŋĺ M á łőŋáâăŋâőľ `, ŋě ğăćĺáïéěľ őâ M . Ďńï íâőčő àăááňőâàĺň äãŋłæĺî p áńěďãîÄ éěčő ćĺďă: p = M∑ m=0 p_m_m; p_0 = 0; _m ∈ ¨:

Ŋăŕőňŋĺň (áň. ŕ. 1), çâő ćěàåŋïï čàăŋì ć ćëàăęěŋĺĺ sup u∈U p

(p; div u)^2

‖u‖^2_U

ďőáâĺčăěâáï ŋă äãŋłæĺĺ ^u = ´^{−1}_p ∇p. Ğăňěâĺň âăłęě, çâő div ^u = p ć áĺńã íłćĺćăńěŋâÄ ŋőáâĺ A_p âőęďěáâćěŋŋőňã őŕěàăâőàã. Ć ďăŋŋőň áńãçăě ćěłâőà-äãŋłæĺî ^u = (^u_1; ^u_2), áőőâćěâáâćãîéãî ćëąàăŋŋőľ p, ňőęŋő ğăŕĺáăâì ć ćĺďě

^u_k = M∑ m=0 b^k_mp_mŒ^k_m; k = 1; 2; čďě b^1_m = m_1 ‘(m^2_1‘^{−2} + m^2)

; b^2_m = m_2 (m^2_1‘^{−2} + m^2) ; Œ^1_m = d_m sin m_1x_1 ‘ cos m_2x_2; Œ^2_m = d_m cos m_1x_1 ‘ sin m_2x_2:

Ŕőíâőňã ďńï ďőłăğăâěńìáâćă ŋěàăćěŋáâćă (12) ďőáâăâőçŋő ŕőáâàőĺâì âăłãî u ∈ U , çâő áńěďãîéĺě ŋěàăćěŋáâćă ąãďãâ áŕàăćěďńĺćë á ŋěłőâőàëňĺ ŕőńőęĺâěńìŋëňĺ ŕőáâőÄ ïŋŋëňĺ c_1; c_2 ¡ ∞, ŋě ğăćĺáïéĺňĺ őâ M; ‘; ^u:

(p; div ^u)^2 ⩽ c_1(p; div u)^2; ‖u‖^2_U ⩽ c_2‘^2‖^u‖^2_U : (13)

Ďńï íâőčő, àăááňőâàĺň áńěďãîéĺě ŋăąőàë ĺŋďěłáőć:

M_1 = {m : m_1 ⩾ m_2}; M_2 = {m : m_1 ¡ m_2}:

Ğăňěâĺň, çâő M_1 ∩ M_2 = ∅ ĺ ďńï ńîąőčő ĺŋďěłáă m áãéěáâćãěâ i ∈ {1; 2} âăłőě, çâő m ∈ M_i. Ŕàěďáâăćĺň äãŋłæĺî p ć ćĺďě áãňňë ďćãå őàâőčőŋăńìŋëå çăáâěľ

p^{(i)} = ∑ m∈Mi

p_m_m; i = 1; 2:

Ğďěáì ĺ ďăńěě ňë ŕőďàăğãňěćăěň p_m = 0 ŕàĺ max(m_1; m_2) ¿ M .

Šăł łăł div ^u = p = p^{(1)} + p^{(2)}, áãéěáâćãěâ i ∈ {1; 2} âăłőě, çâő

|(p^{(i)}; p)| ⩾ 1 2 |(p; p)| = 1 2 |(div ^u; p)|: (14)

Ŕãáâì ŋěàăćěŋáâćő (14) áŕàăćěďńĺćő ďńï i = 1. Šőčďă őŕàěďěńĺň ćěłâőà-äãŋłæĺî u = (u_1; u_2) ∈ U áńěďãîéĺň őąàăğőň:

u_1 = ∑ m∈M1 ‘ m_1 p_mŒ^1_m − ∑ m ‘ m_1 æ^{(1)}_m Œ^1_m; u_2 ≡ 0;

ĺŋăçě u_2 = ∑ m∈M2 1 m_2 p_mŒ^2_m − ∑ m 1 m_2 æ^{(2)}_m Œ^2_m; u_1 ≡ 0;

čďě łőíääĺæĺěŋâë æ^{(1)}_m ĺ æ^{(2)}_m ąãďãâ őŕàěďěńěŋë ŋĺęě.

Ďńï ŕàőĺğćőńìŋőčő m_i őąőğŋăçĺň çěàěğ C(m_i) ŋăĺňěŋìèěě çěâŋőě æěńőě çĺáńő ąőńìÄ èěě m_i, i = 1; 2. Ěáńĺ ŋěàăćěŋáâćő (14) áŕàăćěďńĺćő ďńï i = 1, âő ŕàőĺğćőńìŋőňã ĺŋÄ ďěłáã m = (m_1; m_2) ŕőáâăćĺň ć áőőâćěâáâćĺě ĺŋďěłá m = (m_1; m_2), čďě m_1 = m_1, m_2 = m_2 (mod C(m_1)), ă łőíääĺæĺěŋâë æ^{(1)}_m őŕàěďěńĺň ŕő äőàňãńăň

æ^{(1)}_m = { 1 3 p_m; ěáńĺ m ∈ M_1; m_2 ¡ 3C(m_1);

0 ĺŋăçě:

Ěáńĺ ęě ŋěàăćěŋáâćő (14) áŕàăćěďńĺćő ďńï i = 2, âő ŕàőĺğćőńìŋőňã ĺŋďěłáã m = (m_1; m_2) ŕőáâăćĺň ć áőőâćěâáâćĺě ĺŋďěłá ~m = ( ~m_1; ~m_2), čďě ~m_2 = m_2, ~m_1 = m_1 (mod C(m_2)), ă łőíääĺæĺěŋâë æ^{(2)}_m őŕàěďěńĺň ŕő äőàňãńăň

æ^{(2)}_m = { 1 3 p_{~m}; ěáńĺ ~m ∈ M_2; m_1 ¡ 3C(m_2);

0 ĺŋăçě:

Ĺğ ŕàĺćěďěŋŋëå ćëèě ŕőáâàőěŋĺľ áńěďãěâ, çâő u { âàĺčőŋőňěâàĺçěáłĺľ ňŋőčőçńěŋ áâěŕěŋĺ ŋě ąőńìèě 3(M + 2) ĺ u|_{@�} = 0.

Őæěŋĺň ‖u‖_U ĺ |(p; div u)|, ŕàĺ íâőň ąãďěň ŕőńìğőćăâìáï âěň, çâő áĺáâěňë äãŋłæĺľ {Œ^1_m} ĺ {Œ^2_m} őàâőŋőàňĺàőćăŋë őâŋőáĺâěńìŋő áłăńïàŋőčő ŕàőĺğćěďěŋĺï ć L_2, ă ŋőàňë äãŋłæĺľ u; ^u ĺ p ćëàăęăîâáï ïćŋő çěàěğ áőőâćěâáâćãîéĺě łőíääĺæĺěŋâë Ťãàìě. ŐąőÄ ğŋăçĺň æ^{(i)} = ∑ m æ^{(i)}_m Œ^1_m ďńï i = 1; 2 ĺ àăááňőâàĺň őâďěńìŋő őąă áńãçăï. Ć ŕěàćőň áńãçăě { m ∈ M_1 ĺ 5m_1 ⩾ m_2 { ĺňěěň ‖ ‖ ‖ @u^1 @x_1 ‖ ‖ ‖^2 P = ‖p^{(1)}‖^2_P − 2(p^{(1)}; æ^{(1)}) + ‖æ^{(1)}‖^2_P = 1 3 ‖p^{(1)}‖^2_P + ‖æ^{(1)}‖^2_P ⩽ 2 3 ‖p^{(1)}‖^2_P ⩽ 2 3 ‖p‖^2_P = 2 3 ‖ div ^u‖^2_P ⩽ 2 3 ‖^u‖^2_U : (15)

Ğďěáì ňë ćőáŕőńìğőćăńĺáì áőőâŋőèěŋĺïňĺ

(p^{(1)}; æ^{(1)}) = ∑ m∈M1

p_mæ^{(1)}_m = 1 3 ∑ m∈M1

p^2_m = 1 3 ‖p^{(1)}‖^2_P ;

‖æ^{(1)}‖^2_P = ∑ m [æ^{(1)}_m ]^2 = 3 ∑ m∈M1 1 9 p^2_m = 1 3 ‖p^{(1)}‖^2_P :

Ďăńěě ‖ ‖ ‖ ‖ @u_1 @x_2 ‖ ‖ ‖ ‖ 2 P ⩽ ‘^2 [ ‖p^{(1)}‖^2_P − 2(p^{(1)}; æ^{(1)}) + 35 9 ‖p^{(1)}‖^2_P ] = 38 9 ‘^2‖p^{(1)}‖^2_P ⩽ 38 9 ‘^2‖^u‖^2_U : (16)

Ćëèě ňë ćőáŕőńìğőćăńĺáì őæěŋłőľ ‖ ‖ ‖ ‖ @ @x_2 (∑ m ‘ m_1 æ^{(1)}_m Œ^1_m )‖ ‖ ‖ 2 P = ‘^2 ∑ m ( m_2 m_1

)_2

[æ^{(1)}_m ]^2

⩽ ‘^2 1 9 ∑ m∈M1

(1 + 3^2 + 5^2)p^2_m = 35 9 ‖p^{(1)}‖^2_P :

Ćáŕőňĺŋăï, çâő |(p; p^{(1)})| ⩾^1_2 |(p; div ^u)|, âăłęě ŕőńãçăěň

|(p; div u)| = | | | | ( p; @u_1 @x_1 )| | | = |(p; p^{(1)} − æ^{(1)})| ⩾ |(p; p^{(1)})| − |(p; æ^{(1)})| ⩾ ( 1 − 2 √ 6 ) |(p; p^{(1)})| ⩾ √ 6 − 2 2 √ 6 |(p; div ^u)|: (17)

Ćëèě ňë ćőáŕőńìğőćăńĺáì őæěŋłőľ ŕàĺ ” = √ 3=2

|(p; æ^{(1)})| = 1 3 M∑ m=0 p_mp_m ⩽ ” 6 M∑ m=0 p^2_m + 1 6” M∑ m=0 p^2_m ⩽ ” 3 ∑ m∈M1

p^2_m + 1 2” ∑ m∈M1

p^2_m = 2 √ 6 |(p; p^{(1)})|:

Ćő ćâőàőň áńãçăě { ~m ∈ M_2 ĺ 4m_2 ⩾ m_1 { ăŋăńőčĺçŋëň őąàăğőň ŕőńãçăěň ‖ ‖ ‖ @u^2 @x_1 ‖ ‖ ‖^2 P ⩽ 38 9 1 ‘ ‖^u‖^2_U ; ‖ ‖ ‖ @u^2 @x_2 ‖ ‖ ‖^2 P ⩽ ‖p^{(2)}‖^2_P + ‖æ^{(2)}‖^2_P ⩽ 2 3 ‖^u‖^2_U ;

|(p; div u)| ⩾ √ 6 − 2 2 √ 6 |(p; div ^u)|:

(18)

Ĺğ ŋěàăćěŋáâć (15){(18) ŋěŕőáàěďáâćěŋŋő áńěďãěâ, çâő őæěŋłĺ (13) áŕàăćěďńĺćë á łőŋÄ áâăŋâăňĺ c_1 = 12, c_2 = 5 ŕàĺ ãáńőćĺĺ ‘ ⩾ 1. Šăł łăł c_1 ĺ c_2 ŋě ğăćĺáïâ őâ áâěŕěŋĺ ňŋőčőçńěŋă M , ŋěàăćěŋáâćő (12) áŕàăćěďńĺćő ďńï ćáěå łőŋěçŋëå âàĺčőŋőňěâàĺçěáłĺå ňŋőčőçńěŋőć á łőŋáâăŋâőľ ` = (c_1c_2)^{−1}. Ă âăł łăł ňŋőęěáâćő âăłĺå ňŋőčőçńěŋőć ćáîďã ŕńőâŋő ć P , ŕěàěåőďï ł ğăňëłăŋĺî ć (12) ňë ďőłăğëćăěň âěőàěňã.

5. Őáŋőćŋőľ àěğãńìâăâ. Őæěŋłĺ, ŕőńãçěŋŋëě ć ŕàěďëďãéĺå àăğďěńăå, ŕőğćőńïîâ ãáâăŋőćĺâì áŕàăćěďńĺćőáâì áńěďãîéěčő ãâćěàęďěŋĺï. Ĺňěěâ ňěáâő

Šěőàěňă 3. Ďńï őąńăáâěľ ˙ ŕàïňőãčőńìŋőľ äőàňë, ˙ = {(x_1; x_2) | 0 ¡ x_i ¡ L_i; i = 1; 2}, őąőğŋăçĺň ‘ = max(L_1=L_2; L_2=L_1). Šőčďă ďńï łőŋáâăŋâë fl ĺğ

fl = inf_{p∈P} sup_{u∈U}

|(p; div u)| ‖u‖_U ‖p‖_P

ĺňěěâ ňěáâő ăáĺňŕâőâĺłă fl = O(‘^{−1}), ‘ → ∞.

Ďőłăğăâěńìáâćő. Ŕàĺ ‘ = L_1=L_2 ⩾ 1 ĺğ âěőàěň 1 ĺ 2 áńěďãîâ àăćŋőňěàŋëě ŕő ‘ őæěŋłĺ `_1 1 ‘^2

⩽ ˘_{min}(A_0) ⩽ `_2 1 ‘^2 ; őâłãďă ć áĺńã àăćěŋáâćă ˘_{min}(A_0) = fl^2 ĺňěěň ĺáłőňãî ăáĺňŕâőâĺłã.

Ďăńěě ğăňěâĺň, çâő ďńï äĺłáĺàőćăŋŋőčő ŕàïňőãčőńìŋĺłă őďŋőćàěňěŋŋőě áęăâĺě (ĺńĺ àăáâïęěŋĺě) áâőàőŋ á łőíääĺæĺěŋâőň ff ≠ 0 ŋě ňěŋïěâ áőąáâćěŋŋëå ğŋăçěŋĺľ őŕěàăâőÄ àă A_0. İâő áńěďãěâ ĺğ ğăňěŋë ŋěğăćĺáĺňëå ŕěàěňěŋëå ć àăćěŋáâćě (3)

(A_0q; q) = sup_{u∈U}

(q; div u)^2

‖u‖^2_U á ŕőáńěďãîéĺň áőłàăéěŋĺěň çĺáńĺâěńï ĺ ğŋăňěŋăâěńï ŋă ff^2. Łàőňě âőčő, ŕőćőàőâ ŕàïÄ ňőãčőńìŋĺłă ŋă ŕàőĺğćőńìŋëľ ãčőń ’ ć ŕńőáłőáâĺ R^2 âăłęě ŕàĺćőďĺâ ł ăŋăńőčĺçŋőňã àěğãńìâăâã [11]. Őâáîďă ŋěňěďńěŋŋő áńěďãěâ, çâő ďńï őąńăáâěľ (0; ‘) × (0; 1) ĺ (0; 1) × (0; ‘^{−1}) ŕàĺ ńîąőň ‘ ňŋőęěáâćă áőąáâćěŋŋëå ğŋăçěŋĺľ őŕěàăâőàőć A_0 áőćŕăďăîâ. ŠăÄ łĺň őąàăğőň, ãłăğăŋŋăï ăáĺňŕâőâĺłă áŕàăćěďńĺćă ĺ ć áńãçăě ‘ = L_2=L_1 ⩾ 1. Šěőàěňă ďőłăğăŋă.

Ć ğăłńîçěŋĺě áńěďãěâ őâňěâĺâì, çâő ćëâïŋãâëě ŕàïňőãčőńìŋĺłĺ ïćńïîâáï âĺŕĺçÄ ŋëňĺ ćëçĺáńĺâěńìŋëňĺ őąńăáâïňĺ ć ňăâěňăâĺçěáłőň ňőďěńĺàőćăŋĺĺ àăğńĺçŋëå íäÄ äěłâőć, áćïğăŋŋëå á ďćĺęěŋĺěň ęĺďłőáâĺ (ŕńăğňë). Ŕőíâőňã ćăęŋëň ŕàăłâĺçěáłĺň ŕàĺńőęěŋĺěň ŕőńãçěŋŋőčő àěğãńìâăâă ïćńïěâáï ŕőńãçěŋĺě łőńĺçěáâćěŋŋőľ ĺŋäőàňăæĺĺ ő âőň, ŋăáłőńìłő âàãďőěňłő ąãďěâ ŋăåőęďěŋĺě çĺáńěŋŋőčő àěèěŋĺï ďăęě ńĺŋěľŋëå ãàăćÄ ŋěŋĺľ ć ďńĺŋŋëå łăŋăńăå.

ŚŔĹŚŐŁ ŰĹŠĹŘŐĆĂŊŊŐĽ ŃĹŠĚŘĂŠŞŘŻ

[1] Ďìïłőŋőć Ě. Č. Ňĺŋĺňĺğăæĺï ćëçĺáńĺâěńìŋőľ àăąőâë. Ăáĺňŕâőâĺçěáłĺ őŕâĺňăńìŋëě ăńÄ čőàĺâňë ďńï íńńĺŕâĺçěáłĺå ğăďăç. Ň.: Ŋăãłă, 1989.

[2] Girault V., Raviart P. A. Finite element methods for Navier-Stokes equations. Berlin:

Springer, 1986.

[3] Langer U., Queck W. On the convergence factor of Uzawa’s algorithm // J. Comp. Appl.

Math. 1986. V. 15. P. 191{202.

[4] Ůĺęőŋłőć Ě. Ć. Ł áåőďĺňőáâĺ ňěâőďă ĺáłãááâćěŋŋőľáęĺňăěňőáâĺ. // Ćěáâŋ. ŇČŞ. Śěà. 1.

Ňăâěň., ňěå. 1996. ò2. Ś. 13{20.

[5] Chizhonkov E. V. Application of the Cossera spectrum to the optimization of a method for solving the Stokes Problem // Russ. Journal of Numer. Analysis and Math. Modelling. 1994. V. 9. ò3. P. 191{199.

[6] Ňĺåńĺŋ Ś. Č. Śŕěłâà ŕãçłă őŕěàăâőàőć âěőàĺĺ ãŕàãčőáâĺ. // ŞŇŊ. 1973. Š. 28. ò3.

Ś. 43{82.

[7] Cosserat E. et F. Sur la d«eformation in˛niment petite d’une enveloppe sph«erique «elastique.

// C. R. Acad. Sci. Paris. 1901. V. 133. P. 326{329.

[8] Chizhonkov E. V. On the Constant in the LBB condition for ring domains. Report No. 9537 (October 1995). The Netherlands: Dept. of Math. Univ. of Nijmegen, 1995.

[9] Crouzeix M. Etude d’une methode de linearisation. Resolution des equations de Stokes staÄ tionaries. Application aux equations des Navier{Stokes stationares // Cahiere de l’IRIA. 1974. ò12. P. 139{244.

[10] Ňĺåńĺŋ Ś. Č. Ďăńìŋěľèěě ĺááńěďőćăŋĺě áŕěłâàă Łőááěàă. // Ćěáâŋ. ŃČŞ. Śěà. Ňăâěň.

1967. Š. 7. ò2. Ś. 96{102.

[11] Łőąěńìłőć Č. Ň. Őą íłćĺćăńěŋâŋëåŋőàňĺàőćłăåŕőďŕàőáâàăŋáâćL_2 // Anal. Math. 1977.

ò3. Ś. 177{186.

[12] Őńìèăŋáłĺľ Ň. Ă. Ğăďăçă Śâőłáă á ňőďěńìŋëňĺ łàăěćëňĺ ãáńőćĺïňĺ // Ňăâěň. áą. 1997.

Š. 188. ò4. Ś. 127{144.

[13] Aristov P. P., Chizhonkov E. V. On the Constant in the LBB condition for rectangular domains. Report No. 9534 (September 1995). The Netherlands: Dept. of Math. Univ. of NiÄ jmegen, 1995.