1997 ŇĂŠĚŇĂŠĹŮĚŚŁĹĽ ŚĄŐŘŊĹŁ Šőň188, ò4

ŞĎŁ 519.63

Ň. Ă. Őńìèăŋáłĺľ

Ő ğăďăçě Śâőłáă á ňőďěńìŋëňĺ łàăěćëňĺ ãáńőćĺïňĺ

Ďńï èĺàőłőčő łńăááă ďćãå- ĺ âàěåňěàŋëå őąńăáâěľ ć àăąőâě ŕàĺćőďĺâáï ŕőÄ áâăŋőćłă łàăěćëå ãáńőćĺľ ŋă ćěłâőàŋőě ŕőńě áłőàőáâěľ ďńï ğăďăçĺ Śâőłáă, őąěáÄ ŕěçĺćăîéăï âőęďěáâćěŋŋőě àăćěŋáâćő ďőŕőńŋěŋĺï ŕő Ÿãàã ěďĺŋĺçŋőňã őŕěàăÄ âőàã. Ďăŋŋëě łàăěćëě ãáńőćĺï ŕőğćőńïîâ \àăğďěńĺâì" ãàăćŋěŋĺï Śâőłáă ŋă ğăÄ ďăçã ďńï ďăćńěŋĺï ĺ, őâďěńìŋő, ğăďăçã ďńï ŕőńï áłőàőáâěľ. Ć àăąőâě ĺááńěďãěâÄ áï àăğàěèĺňőáâì ğăďăçĺ ĺ àěčãńïàŋőáâì àěèěŋĺľ. Řăááňăâàĺćăěâáï áćïğì ŕőńãÄ çěŋŋëå àěğãńìâăâőć á ŋěłőâőàëňĺ ăáŕěłâăňĺ çĺáńěŋŋëå ňěâőďőć čĺďàőďĺŋăňĺłĺ: ãáńőćĺěň LBB, çĺáńěŋŋëň àěèěŋĺěň őąőąéěŋŋőľ ğăďăçĺ Śâőłáă.

Ąĺąńĺőčàăäĺï: 23 ŋăğćăŋĺï.

Ććěďěŋĺě

Ć őčàăŋĺçěŋŋőľ őąńăáâĺ ˙ ⊂ R^n , n = 2; 3, àăááňőâàĺň áĺáâěňã ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå őâŋőáĺâěńìŋő ćěłâőà-äãŋłæĺĺ u = (u_1; : : : ; u_n) ĺ äãŋłæĺĺ p

−´u + ∇p = f;

div u = g: (1) Śĺáâěňă ãàăćŋěŋĺľ (1) ŋăğëćăěâáï áĺáâěňőľ Śâőłáă, ă çĺáńěŋŋőě àěèěŋĺě (1) ïćńïÄ ěâáï őďŋőľ ĺğ őáŋőćŋëå ŕàőąńěň ćëçĺáńĺâěńìŋőľ čĺďàőďĺŋăňĺłĺ. Ďńï ğăňëłăŋĺï ãàăćŋěŋĺľ (1) ŋěőąåőďĺňë ŋěłőâőàëě łàăěćëě ãáńőćĺï. Ć ąőńìèĺŋáâćě âěőàěâĺÄ çěáłĺå ĺ ŕàĺłńăďŋëå ĺááńěďőćăŋĺľ àăááňăâàĺćăîâáï ãáńőćĺï Ďĺàĺåńě ŋă äãŋłÄ æĺî áłőàőáâĺ u, łőâőàëě ňë ąãďěň áçĺâăâì őďŋőàőďŋëňĺ: u | |_{@˙} = 0: (2)

Ŕőďàőąŋőě ĺááńěďőćăŋĺě ćőŕàőáőć àăğàěèĺňőáâĺ áĺáâěňë (1), (2) ĺ àěčãńïàŋőáâĺ àěèěŋĺľ ňőęŋő ŋăľâĺ, ŋăŕàĺňěà, ć [1].

Ďőŕőńŋěŋĺěň Ÿãàă (őŕěàăâőàőň Ÿãàă) áĺáâěňë (1), (2) ŋăğëćăěâáï őŕěàăÄ âőà A_0 ≡ div ´^{−1}_0 ∇;

łőâőàëľ ŕàĺ ďőáâăâőçŋő őąéĺå ŕàěďŕőńőęěŋĺïå ŋă ˙ ïćńïěâáï őčàăŋĺçěŋŋëň, ńĺÄ ŋěľŋëň, áăňőáőŕàïęěŋŋëň, ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëň őŕěàăâőàőň ŋă L_2(˙)=R. Ğďěáì ğăŕĺáì ´^{−1}_0 f őąőğŋăçăěâ äãŋłæĺî u âăłãî, çâő ´u = f, u|_{@˙} = 0.

Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋÄ âăńìŋëå ĺááńěďőćăŋĺľ (čàăŋâ ò 96-01-01254).

© Ň. Ă. Őńìèăŋáłĺľ 1997

128 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

Ťãŋłæĺï ďăćńěŋĺï p ĺğ (1), őŕàěďěńěŋŋăï á âőçŋőáâìî ďő łőŋáâăŋâë, ãďőćńěâćőÄ àïěâ ãàăćŋěŋĺî A_0p = g + div ´^{−1}_0 f: (3)

Ğăňěçăâěńìŋëň ïćńïěâáï âő, çâő ãàăćŋěŋĺě (3) ŋě âàěąãěâ łăłĺå-ńĺąő ďőŕőńÄ ŋĺâěńìŋëå čàăŋĺçŋëå ãáńőćĺľ ĺńĺ ŕàěďŕőńőęěŋĺľ ő čńăďłőáâĺ ďńï äãŋłæĺĺ ďăćÄ ńěŋĺï, ć őâńĺçĺě őâ ãàăćŋěŋĺï Ŕãăááőŋă ďńï p, łőâőàőě ŕőńãçăěâáï ć àěğãńìâăâě äőàňăńìŋőčő ŕàĺňěŋěŋĺï őŕěàăâőàă div ł ŕěàćőňã áőőâŋőèěŋĺî áĺáâěňë (1) (áň., ŋăŕàĺňěà, [2], [3]). Şàăćŋěŋĺě (3) ňőęěâ áńãęĺâì ĺáåőďŋëň ŕàĺ ŕőáâàőěŋĺĺ çĺáÄ ńěŋŋëå ňěâőďőć ďńï àěèěŋĺï áĺáâěňë (1), (2), ă ğŋăŋĺě áŕěłâàăńìŋëå ĺ ďàãčĺå áćőľáâć őŕěàăâőàă A_0 ĺ (ĺńĺ) ěčő ďĺáłàěâŋőčő ăŋăńőčă ïćńïěâáï łńîçěćëň ŕàĺ ăŋăńĺğě àăğńĺçŋëå àăğŋőáâŋëå áåěň ďńï ğăďăçĺ Śâőłáă ĺ ŋěłőâőàëå ĺâěàăæĺőŋÄ ŋëå ňěâőďőć çĺáńěŋŋőčő àěèěŋĺï [4]{[6].

Ąńăčőďăàï áćőľáâćăň áŕěłâàă Łőcáěàă őŕěàăâőàă âěőàĺĺ ãŕàãčőáâĺ [7] ĺ ńěňÄ ňě 1 ĺğ [5] ňë ğŋăěň, çâő áŕěłâà őŕěàăâőàă A_0 ŕàĺŋăďńěęĺâ őâàěğłã [c; 1], 0 < c ⩽^1_2 , ŕàĺçěň ěďĺŋĺæă ěáâì ĺğőńĺàőćăŋŋőě áőąáâćěŋŋőě ğŋăçěŋĺě ąěáłőŋěçŋőľ łàăâŋőáâĺ. Ąńĺğőáâì őŕěàăâőàă A_0 ł ěďĺŋĺçŋőňã ć łőŋěçŋő-àăğŋőáâŋőň áńãçăě ąëńă ĺááńěďőÄ ćăŋă ć [8]. Śńěďãîéĺľ äăłâ čőćőàĺâ ć ŕőńìğã âőčő, çâő \ŋěěďĺŋĺçŋőáâì" őŕěàăâőàă A_0 ŋőáĺâ ć ŋěłőâőàőň áňëáńě čàăŋĺçŋëľ åăàăłâěà. Řăááňőâàĺň ŕàïňőãčőńìŋãî őąńăáâì ˙ = (0; l_1) × (0; l_2) ĺ łàăěćëě ãáńőćĺï âàěâìěčő àőďă ďńï u:

u · | |_{@˙} = @u · fi @ | | | |_{@˙} = 0; (4)

čďě , fi { ŋőàňăńìŋëľ ĺ łăáăâěńìŋëľ ćěłâőàë ł @˙. Ďőŕőńŋěŋĺě Ÿãàă ďńï áĺáÄ âěňë (1), (4) áőćŕăďăěâ á ěďĺŋĺçŋëň őŕěàăâőàőň ŋă L_2(˙)=R. Ďěľáâćĺâěńìŋő, ďńï ŕàőĺğćőńìŋőčő łőŋěçŋőčő âàĺčőŋőňěâàĺçěáłőčő ŕőńĺŋőňă ĺğ L_2(˙)=R ćĺďă M∑ k;j=0 k+j¿0

a_{k;j} cos kıl^{−1}_1 x cos jıl^{−1}_2 y

íâő ãâćěàęďěŋĺě ŕàőćěàïěâáï ŋěŕőáàěďáâćěŋŋő. Šěŕěàì, ć áĺńã ŕőńŋőâë áĺáâěňë âàĺčőŋőňěâàĺçěáłĺå ŕőńĺŋőňőć ć L_2(˙)=R, ńĺŋěľŋőáâĺ ĺ őčàăŋĺçěŋŋőáâĺ ďőŕőńÄ ŋěŋĺï Ÿãàă ďńï (1), (4) ěčő ěďĺŋĺçŋőáâì ãáâăŋăćńĺćăěâáï ŋă ćáěň ŕàőáâàăŋáâÄ ćě L_2(˙)=R.

Ć łőŋěçŋő-àăğŋőáâŋőň áńãçăě ŕàĺ ŋăďńěęăéěň ćëąőàě àăğŋőáâŋőľ áåěňë àăćěŋÄ áâćő ďőŕőńŋěŋĺï Ÿãàă âőęďěáâćěŋŋőňã őŕěàăâőàã ďńï áĺáâěňë (1) á łàăěćëňĺ ãáńőćĺïňĺ (4) ć ŕàïňőãčőńìŋőľ őąńăáâĺ åőàőèő ĺğćěáâŋő (áň. [8]). Ąńăčőďăàï íâőÄ ňã ĺ ćőğňőęŋőáâĺ ïćŋőčő ŕàěďáâăćńěŋĺï àěèěŋĺľ ğăďăçĺ ć ćĺďě àïďőć Ťãàìě łàăěÄ ćëě ãáńőćĺï (4) ŋăåőďïâ áãéěáâćěŋŋőě ŕàĺňěŋěŋĺě ŕàĺ ăŋăńĺğě àăğŋőáâŋëå áåěň ĺ ŕőáâàőěŋĺĺ íääěłâĺćŋëå ĺâěàăæĺőŋŋëå ňěâőďőć ďńï ğăďăç á łàăěćëňĺ ãáńőćĺïňĺ Ďĺàĺåńě [8]{[14].

Ďőáâăâőçŋő ďőńčő őáâăćăńáï őâłàëâëň ćőŕàőá: ďőŕãáłăîâ ńĺ łàăěćëě ãáńőÄ ćĺï (4) őąőąéěŋĺě ŋă ąőńěě èĺàőłĺľ łńăáá őąńăáâěľ, áőåàăŋïï àăćěŋáâćő ďőŕőńÄ ŋěŋĺï Ÿãàă ěďĺŋĺçŋőňã őŕěàăâőàã? Ć ďăŋŋőľ àăąőâě ŕőńãçěŋ ŕőńőęĺâěńìŋëľ

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 129

őâćěâ ŋă íâőâ ćőŕàőá ďńï ŕàőĺğćőńìŋëå őčàăŋĺçěŋŋëå, őďŋőáćïğŋëå, ńĺŕèĺæěćëå őąńăáâěľ. İâĺňĺ łàăěćëňĺ ãáńőćĺïňĺ ąãďãâ

u · | |_{@˙} = 0; rot u | |_{@˙} = 0; n = 2;

u · | |_{@˙} = 0; rot u × | |_{@˙} = 0; n = 3;

ğďěáì ĺ ďăńěě rot u = @u_2=@x_1 − @u_1=@x_2 ďńï n = 2, a · b, a × b { áőőâćěâáâćěŋŋő, áłăńïàŋőě ĺ ćěłâőàŋőě ŕàőĺğćěďěŋĺï ćěłâőàőć a ĺ b.

Ąőńěě ŕőďàőąŋőě őąáãęďěŋĺě àăááňăâàĺćăěňëå łàăěćëå ãáńőćĺľ ŕàőćőďĺâáï ć §2. Ŕőłă őâňěâĺň, çâő àăćěŋáâćő ŋãńî ŋőàňăńìŋőľ łőňŕőŋěŋâë áłőàőáâĺ ïćńïÄ ěâáï áãéěáâćěŋŋëň łàăěćëň ãáńőćĺěň ĺ áőåàăŋïěâáï ŕàĺ őŕàěďěńěŋĺĺ äãŋłæĺőÄ ŋăńìŋőčő ŕàőáâàăŋáâćă, ł łőâőàőňã ŕàĺŋăďńěęĺâ őąőąéěŋŋőě àěèěŋĺě. Şáńőćĺï ŋă àőâőà áłőàőáâĺ, ŋăŕàőâĺć, ïćńïîâáï ěáâěáâćěŋŋëňĺ ďńï àăááňăâàĺćăěňőľ ć §2 őąőąéěŋŋőľ ŕőáâăŋőćłĺ ğăďăçĺ. Őďŋăłő, ŕàĺ ďőŕőńŋĺâěńìŋëå ŕàěďŕőńőęěŋĺïå ő àěčãńïàŋőáâĺ ďăŋŋëå őąőąéěŋŋőě àěèěŋĺě őąńăďăěâ ŕőćëèěŋŋőľ čńăďłőáâìî, ĺ ãáńőćĺï ŋă rot u ćëŕőńŋïîâáï ć őąëçŋőň áňëáńě.

Ć àăąőâě ĺáŕőńìğãîâáï ďőáâăâőçŋő áńăąëě ŕàěďŕőńőęěŋĺï ő čńăďłőáâĺ čàăŋĺæë őąńăáâĺ, \ŕńăâőľ" ğă őâłăğ őâ ďőŕőńŋĺâěńìŋëå ãáńőćĺľ ŋă @˙ ïćńïěâáï ŋěőąåőďĺÄ ňőáâì ŕőĺáłă őąőąéěŋŋőčő àěèěŋĺï u ć ąőńěě èĺàőłőň ŕàőáâàăŋáâćě çěň W^1_2 (˙)^n, ă ĺňěŋŋő, ć ŕàőáâàăŋáâćě ćěłâőà-äãŋłæĺľ ĺğ L_2(˙)^n, ďĺćěàčěŋæĺï ĺ àőâőà łőâőÄ àëå âăłęě ŕàĺŋăďńěęăâ L_2(˙)^r, r = r(n). Šăłĺě äãŋłæĺĺ ŕàĺŋăďńěęăâ W^1_2 (˙)^n ńĺèì ńőłăńìŋő. Őďŋăłő ąőńìèĺě âàěąőćăŋĺï ł čńăďłőáâĺ čàăŋĺæë őąńăáâĺ ŕőğÄ ćőńïîâ ŋăň àăááňăâàĺćăâì őąőąéěŋŋãî ŕőáâăŋőćłã ğăďăçĺ ć ŕàőáâàăŋáâćě ćěłÄ âőà-äãŋłæĺľ ĺğ W^1_2 (˙)^n á ŋãńěćőľ ŋőàňăńìŋőľ áőáâăćńïîéěľ ŋă @˙ ĺ čăàăŋâĺàãÄ îâ ŕàĺŋăďńěęŋőáâì őąőąéěŋŋőčő àěèěŋĺï íâőňã ŕàőáâàăŋáâćã. Ć ďăŋŋőľ àăąőâě íâĺňĺ âàěąőćăŋĺïňĺ ąãďãâ áńěďãîéĺě: ńĺąő @˙ ∈ C^2, ńĺąő ˙ { ćëŕãłńëľ ňŋőčőÄ ãčőńìŋĺł (n = 2) ĺńĺ ćëŕãłńëľ ňŋőčőčàăŋŋĺł (n = 3).

Ć § 1 ďăŋë ŋěőąåőďĺňëě őŕàěďěńěŋĺï ĺ ćáŕőňőčăâěńìŋëě ãâćěàęďěŋĺï. Ć § 2 ććőďïâáï ňőďěńìŋëě łàăěćëě ãáńőćĺï, ďőłăğëćăěâáï àăğàěèĺňőáâì ć őąőąéěŋŋőň áňëáńě áőőâćěâáâćãîéěľ áĺáâěňë á ćěłâőàŋëň őŕěàăâőàőň Ńăŕńăáă ĺ áĺáâěňë Śâőłáă, ďőłăğëćăěâáï őáŋőćŋăï âěőàěňă ő ďőŕőńŋěŋĺĺ Ÿãàă. Ć § 3 ďőłăğëćăîâáï ŋěłőâőàëě àěğãńìâăâë ő àěčãńïàŋőáâĺ àěèěŋĺï ğăďăçĺ Śâőłáă á ňőďěńìŋëňĺ łàăÄ ěćëňĺ ãáńőćĺïňĺ. Ć § 4 ŕàĺćőďïâáï ŋěłőâőàëě áńěďáâćĺï âěőàěňë ő ďőŕőńŋěŋĺĺ Ÿãàă. Ć § 5 ŕàőćőďïâáï őąőąéěŋĺï ďńï ğăďăçĺ Śâőłáă á ŕăàăňěâàőň.

x 1. Őáŋőćŋëě őŕàěďěńěŋĺï ĺ ćáŕőňőčăâěńìŋëě ãâćěàęďěŋĺï

Řăááňőâàĺň őčàăŋĺçěŋŋãî, őďŋőáćïğŋãî, ńĺŕèĺæěćã őąńăáâì ˙ ⊂ R^n , n = 2; 3. Ć ŋěłőâőàëå áńãçăïå ňë ąãďěň ŕàěďŕőńăčăâì ďńï ˙ ćëŕőńŋěŋĺě ãáńőćĺï I) Ńĺąő čàăŋĺæă őąńăáâĺ @˙ ĺğ łńăááă C^2, ńĺąő őąńăáâì ïćńïěâáï ćëŕãłÄ ńëň ňŋőčőãčőńìŋĺłőň (n = 2) ĺńĺ ňŋőčőčàăŋŋĺłőň (n = 3).

Ŕőçâĺ ćáîďã ŋă @˙ ňőęěň őŕàěďěńĺâì ěďĺŋĺçŋëľ ćěłâőà ćŋěèŋěľ ŋőàňăńĺ, łőâőàëľ ňë őąőğŋăçĺň çěàěğ = (_1; : : : ; _n). Ć áńãçăě n = 2 çěàěğ fi = (−_2; _1) ąãďěň őąőğŋăçăâì łăáăâěńìŋëľ ćěłâőà ł @˙. Ć áńãçăě n = 3 ć âěå âőçłăå P ∈ @˙, čďě őŕàěďěńěŋ , àăááňőâàĺň łăáăâěńìŋãî čĺŕěàŕńőáłőáâì á ńĺŋěľŋő ŋěğăćĺáĺňőľ

5 Ňăâěňăâĺçěáłĺľ áąőàŋĺł, â. 188, ò4

130 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

áĺáâěňőľ {fi_i(P )}, i = 1; 2, łăáăâěńìŋëå ćěłâőàőć ł @˙. Ůěàěğ fi_i, i = 1; 2, ąãďěň őąőğŋăçăâì ćěłâőàŋőě ŕőńě ŋă @˙ âăłőě, çâő fi_i = fi_i(P ) ďńï âěå P ∈ @˙, čďě őŕàěďěńěŋ .

Ŋăň ŕőŋăďőąïâáï áńěďãîéĺě äãŋłæĺőŋăńìŋëě ŕàőáâàăŋáâćă:

L_2=R ≡ { q ∈ L_2(˙) : ∫ ˙ q d˙ = 0 } ; H_0 ≡ W^1_{2;0}(˙)^n; H_˚ ≡ { u = (u_1; : : : ; u_n) ∈ W^1_2 (˙)^n : u · = 0 ŋă @˙ } ; R_˚ ≡ { u ∈ H_˚ : rot u = 0 } ; (u; v)_1 = (∇u; ∇v)_{L2} ; ‖u‖_1 = (u; u)^{1=2}_1 ; u; v ∈ H_0 ∪ H_˚ ∪ R_˚ ;

a âăłęě ŕàőáâàăŋáâćő

H(div) ≡ { u ∈ L_2(˙)^n; div u ∈ L_2(˙) } á ŋőàňőľ ‖u‖_{H(div)} = ( ‖u‖^2_0 + ‖ div u‖^2_0

)_{1=2} ; ğďěáì ĺ ďăńěě ‖ · ‖_0 { L_2-ŋőàňă, ŕàőáâàăŋáâćő

H(rot) ≡ { u ∈ L_2(˙)^n; rot u ∈ L_2(˙)^r } ; čďě r = 1 ďńï n = 2 ĺ r = 3 ďńï n = 3; á ŋőàňőľ

‖u‖_{H(rot)} = ( ‖u‖^2_0 + ‖ rot u‖^2_0

)_{1=2} ; ĺ H_0(div) ≡ (C^∞_0 (˙)^n)^{H(div)} { ğăňëłăŋĺě őâŋőáĺâěńìŋő ŋőàňë H(div) ňŋőęěáâćă C^∞_0 (˙)^n äĺŋĺâŋëå ćěłâőà-äãŋłæĺľ á ŋőáĺâěńěň ć ˙.

Ůěàěğ H^{1=2}(@˙) őąőğŋăçĺň ŕàőáâàăŋáâćő áńěďőć äãŋłæĺľ ĺğ W^1_2 (˙)^n ŋă @˙ á ŋőàňőľ ‖—‖_{1=2} = inf

v∈W 12 (˙)n v=¯ ŋă @˙

‖v‖_W 1_2 ; — ∈ H^{1=2}(@˙);

ă çěàěğ H^{−1=2}(@˙) áőŕàïęěŋŋőě ŕàőáâàăŋáâćő ł H^{1=2}(@˙).

Ŋăň ŕőŋăďőąïâáï áńěďãîéĺě ãâćěàęďěŋĺï őâŋőáĺâěńìŋő őŕàěďěńěŋŋëå ćëèě ŕàőáâàăŋáâć.

Ńěňňă 1 [15]. Őâőąàăęěŋĺï ‚_˚ : u → u · | |_{@˙} ĺ ‚_ø : u → u · fi | |_{@˙}, n = 2, ‚_ø : u → u × | |_{@˙}, n = 3, őŕàěďěńěŋŋëě ŋă C∞(˙)n, ňőčãâ ąëâì ŕàőďőńęěÄ ŋë ŕő ŋěŕàěàëćŋőáâĺ ďő ŋěŕàěàëćŋëå ńĺŋěľŋëå őâőąàăęěŋĺľ ‚_˚ ĺğ H(div) ć H^{−1=2}(@˙) ĺ ‚_ø ĺğ H(rot) ć H^{−1=2}(@˙)^r, r = 1 ďńï n = 2, r = 3 ďńï n = 3, ŕàĺçěň H_0(div) = Ker(‚_˚ ) = { u ∈ H(div) : u · | @˙ = 0 } : Őŕàěďěńĺň, ďăńěě, ŕàőáâàăŋáâćă

U ≡ H_0(div) ∩ H(rot) ĺ V ≡ { u ∈ U : rot u = 0 } áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň

(u; v)_U = (u; v)_{L2} + (div u; div v)_{L2} + (rot u; rot v)_{L2} ; u; v ∈ U;

ĺ áőőâćěâáâćãîéěľ ŋőàňőľ ‖u‖_U = (u; v)^{1=2}_U . Śŕàăćěďńĺćă

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 131

Ńěňňă 2. Ŕàőáâàăŋáâćő U ïćńïěâáï čĺńìąěàâőćëň ĺ

‖u‖_U ∼= ‖ div u‖_0 + ‖ rot u‖_0; u ∈ U: (5)

Ďőłăğăâěńìáâćő. Ŕàőáâàăŋáâćő U čĺńìąěàâőćő, âăł łăł ŕàőáâàăŋáâćă H_0(div) ĺ H(rot) čĺńìąěàâőćë [15]. İłćĺćăńěŋâŋőáâì (5) ďćãå ŋőàňĺàőćőł áńěďãěâ ĺğ őæěŋłĺ ‖u‖_0 ⩽ c(˙)(‖ div u‖_0 + ‖ rot u‖_0) ďńï u ∈ U [15, ńěňňă 3.6].

Ğďěáì ĺ ďăńěě c(˙) ĺńĺ c; c_0; c_1 { łőŋáâăŋâë, ğăćĺáïéĺě âőńìłő őâ őąńăáâĺ ˙.

Ńěňňă 3. Őâőąàăęěŋĺě div : V → L_2=R ïćńïěâáï ĺğőňőàäĺğňőň.

Ďőłăğăâěńìáâćő. Šăł łăł V ïćńïěâáï ŕőďŕàőáâàăŋáâćőň U, âő Ker(div) = {0} ć áĺńã (5). Ŕãáâì ’ { ŕàőĺğćőńìŋăï äãŋłæĺï ĺğ L_2=R, àăááňőâàĺň ğăďăçã Ŋěľňăŋă

´ = ’ ć ˙; @ @ = 0 ŋă @˙:

Řěèěŋĺě ďăŋŋőľ ğăďăçĺ ĺğ W^1_2 (˙)=R áãéěáâćãěâ, ěďĺŋáâćěŋŋő ĺ ‖ ‖_W 1_2 ⩽ c‖’‖_0. Ŕãáâì u = ∇ , âőčďă u ∈ V, div u = ’ ĺ ‖u‖_U ⩽ c_1‖’‖_0. Ńěňňă ďőłăğăŋă.

Ůěàěğ U^{−1} őąőğŋăçĺň ŕàőáâàăŋáâćő őčàăŋĺçěŋŋëå ńĺŋěľŋëå äãŋłæĺőŋăńőć ŋă U á ŋőàňőľ

‖f‖_{−1} ≡ sup_{0≠v∈U} ⟨f; v⟩ ‖v‖_U ; f ∈ U^{−1};

čďě ⟨ · ; · ⟩ : U^{−1} × U → R, ŕàĺçěň ⟨f; v⟩ = (f; v)_{L2} ďńï f ∈ L_2, v ∈ U.

Ďńï p ∈ L_2=R ňë ňőęěň àăááňőâàěâì ∇p łăł íńěňěŋâ U^{−1}. Ďěľáâćĺâěńìŋő, ŕőńăčăï ŕő őŕàěďěńěŋĺî ⟨∇p; u⟩ = −(p; div u) ďńï ŕàőĺğćőńìŋëå p ∈ L_2=R, u ∈ U, ĺňěěň ⟨∇p; u⟩ ⩽ ‖p‖_0‖ div u‖_0 ⩽ ‖p‖_0‖u‖_U, áńěďőćăâěńìŋő ‖∇p‖_{−1} ⩽ ‖p‖_0.

Ć áďěńăŋŋëå ŕàěďŕőńőęěŋĺïå ŋă ˙ ňë ňőęěň ãâćěàęďăâì, çâő U ⊂ W^1_{2;loc}(˙)^n (áň. [15]), â.ě. ŕàőĺğćőńìŋăï äãŋłæĺï u ∈ U ŕàĺŋăďńěęĺâ W^1_2 ć ńîąőľ áâàőčő ćŋãâÄ àěŋŋěľ ŕőďőąńăáâĺ ˙. Ŕàěďŕőńőęĺň âěŕěàì, çâő čàăŋĺæă őąńăáâĺ őąńăďăěâ ąőńìÄ èěľ àěčãńïàŋőáâìî, ă ĺňěŋŋő ćëŕőńŋěŋő ãáńőćĺě I), âőčďă (áň. [15]) ŕàőáâàăŋáâćő U ŋěŕàěàëćŋő ćłńăďëćăěâáï ć W^1_2 (˙)^n, ŕàĺçěň

‖u‖_W 1_2 ∼= ‖ div u‖_0 + ‖ rot u‖_0; u ∈ U:

Łăł áńěďáâćĺě áŕàăćěďńĺćő ćńőęěŋĺě U ć H_˚ , ćńőęěŋĺě H_˚ ⊂ U âàĺćĺăńìŋő, áńěďőćăâěńìŋő àăćěŋáâćă H_˚ = U; R_˚ = V (6)

ćëŕőńŋïîâáï ăńčěąàăĺçěáłĺ ĺ âőŕőńőčĺçěáłĺ.

5*

132 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

x 2. Ğăďăçă á ňőďěńìŋëňĺ łàăěćëňĺ ãáńőćĺïňĺ Ćěàŋěňáï ł ňĺŋĺňăńìŋëň ŕàěďŕőńőęěŋĺïň ŋă ˙: őčàăŋĺçěŋŋőáâì, őďŋőáćïğÄ ŋőáâì, ńĺŕèĺæěćőáâì. Ąãďěň čőćőàĺâì, çâő äãŋłæĺï u ∈ W^2_2 (˙)^n ∩ U ãďőćńěâćőÄ àïěâ ŋă @˙ ňőďěńìŋëň łàăěćëň ãáńőćĺïň, ĺńĺ ŕĺáăâì Ru | @˙ = 0, ěáńĺ

rot u = 0 ŋă @˙ ŕàĺ n = 2; ĺńĺ rot u · fi_i = 0 ŋă @˙; i = 1; 2; ŕàĺ n = 3: (7)

Šăł łăł ć áńãçăě n = 3 ćěłâőàë fi_i, i = 1; 2, őąàăğãîâ ąăğĺá ć łăáăâěńìŋőň ŕàőÄ áâàăŋáâćě ł @˙ ć ŕàőĺğćőńìŋőľ âőçłě čàăŋĺæë őąńăáâĺ (ğă ĺáłńîçěŋĺěň ňŋőęěáâÄ ćă âőçěł ňěàë ŋãńì), âő łàăěćëě ãáńőćĺï Ru | |_{@˙} = 0, n = 3, őğŋăçăîâ őàâőčőŋăńìÄ ŋőáâì ćěłâőàă rot u ł @˙ ćő ćáěå âőçłăå @˙ ĺ ňőčãâ ąëâì ğăŕĺáăŋë ć ćĺďě rot u × = 0 ŋă @˙ ŕàĺ n = 3:

Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő ãáńőćĺï Ru | @˙ = 0, n = 3, ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő łőŋłàěâŋőčő ćëąőàă ąăğĺáă fi_i(P ), i = 1; 2, ĺğ łăáăâěńìŋëå ćěłâőàőć ć ŕàőĺğćőńìŋőľ âőçłě P ∈ @˙. Ńěčłő ćĺďěâì, çâő áőőâŋőèěŋĺï (7) ğăďăîâ őďŋő łàăěćőě ãáńőćĺě ďńï u ŕàĺ n = 2 ĺ ďćă łàăěćëå ãáńőćĺï ďńï u ŕàĺ n = 3.

Ŕãáâì u { ŕàőĺğćőńìŋăï äãŋłæĺï ĺğ W^2_2 (˙)^n ∩ U ĺ Ru = 0, âőčďă àăćěŋáâćő −(´u; v) = (div u; div v) + (rot u; rot v) (8) ćëŕőńŋïěâáï ďńï ńîąőľ v ∈ U. Śŕàăćěďńĺćő ĺ őąàăâŋőě, ěáńĺ ďńï ŋěłőâőàőľ u ∈ W^2_2 (˙)^n ∩U ĺ ŕàőĺğćőńìŋőľ v ∈ U ćëŕőńŋěŋő (8), âő Ru = 0. Śŕàăćěďńĺćőáâì őąőĺå ãâćěàęďěŋĺľ ńěčłő ŕàőćěàĺâì, ŕàĺŋĺňăï ćő ćŋĺňăŋĺě àăćěŋáâćă

(∇p; v) + (p; div v) = 0 ∀ v ∈ U; p ∈ W^1_2 (˙);

(rot u; v) + (u; rot v) = ⟨u; ‚_ø v⟩ ∀ v ∈ U;

u ∈ W^1_2 (˙); n = 2; u ∈ W^1_2 (˙)^3; n = 3;

čďě ‚_ø v = v · fi ∈ H^{−1=2}(@˙) ďńï n = 2 ĺ ‚_ø v = v × ∈ H^{−1=2}(@˙)^3 ďńï n = 3 (áň. ńěňňã 1).

Ďńï f ∈ U^{−1} àăááňőâàĺň ğăďăçã ŋăåőęďěŋĺï äãŋłæĺĺ u âăłőľ, çâő −´u = f;

u · | |_{@˙} = Ru | |_{@˙} = 0: (9)

Ąńăčőďăàï (8) ğăďăçă (9) ďőŕãáłăěâ áńěďãîéãî őąőąéěŋŋãî äőàňãńĺàőćłã: ŋăľÄ âĺ u ∈ U âăłãî, çâő (div u; div v) + (rot u; rot v) = ⟨f; v⟩ ∀ v ∈ U: (10) Śŕàăćěďńĺćă

Ńěňňă 4. Ŕãáâì f ∈ U^{−1}, âőčďă ğăďăçă (9) ĺňěěâ ěďĺŋáâćěŋŋőě őąőąéěŋÄ ŋőě àěèěŋĺě u ĺğ U, ŕàĺçěň áŕàăćěďńĺćă őæěŋłă ‖u‖_U ⩽ c(˙)‖f‖_{−1}:

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 133

Ďőłăğăâěńìáâćő. Řăááňőâàĺň ąĺńĺŋěľŋãî äőàňã

a(u; v) = (div u; div v) + (rot u; rot v); u; v ∈ U;

ĺğ őąőąéěŋŋőľ äőàňãńĺàőćłĺ (10).

Ĺğ őæěŋłĺ a(u; v) ⩽ ‖u‖_U‖v‖_U áńěďãěâ ŋěŕàěàëćŋőáâì, ă ĺğ ńěňňë 2 łőíàæĺÄ âĺćŋőáâì äőàňë a(u; v) ŋă U. Šěŕěàì ãâćěàęďěŋĺě ńěňňë ő áãéěáâćőćăŋĺĺ ĺ ěďĺŋÄ áâćěŋŋőáâĺ őąőąéěŋŋőčő àěèěŋĺï ïćńïěâáï áńěďáâćĺěň âěőàěňë Ńăłáă{Ňĺńčàăňă, ă ăŕàĺőàŋăï őæěŋłă ćëâěłăěâ ĺğ ńěňňë 2 ĺ áőőâŋőèěŋĺľ

a(u; u) = ⟨f; u⟩ ⩽ ‖f‖_{−1}‖u‖_U:

Ńěňňă ďőłăğăŋă.

Ďńï ŕàőĺğćőńìŋőľ f ∈ U^{−1} őąőąéěŋŋőě àěèěŋĺě ğăďăçĺ (9), áãéěáâćőćăŋĺě ĺ ěďĺŋáâćěŋŋőáâì łőâőàőčő čăàăŋâĺàãěâáï ńěňňőľ 4, ňë ąãďěň ďăńěě őąőğŋăçăâì çěàěğ ´^{−1}_˚ f.

Řăááňőâàĺň âěŕěàì ğăďăçã Śâőłáă: ďńï ğăďăŋŋëå f ∈ U^{−1}, g ∈ L_2=R ŋăľâĺ u, p âăłĺě, çâő −´u + ∇p = f;

div u = g; u · | |_{@˙} = Ru | |_{@˙} = 0:

(11)

Őąőąéěŋŋăï ŕőáâăŋőćłă ğăďăçĺ (11) áőáâőĺâ ć ŋăåőęďěŋĺĺ ŕăàë {u; p} ĺğ U × L_2=R âăłőľ, çâő

(div u; div v) + (rot u; rot v) − (p; div v) = ⟨f ; v⟩ ∀ v ∈ U; (div u; q) = (g; q) ∀ q ∈ L_2=R:

(12)

Řăğàěèĺňőáâì ğăďăçĺ (11) ãáâăŋăćńĺćăěâáï áńěďãîéěľ ńěňňőľ.

Ńěňňă 5. Ŕãáâì f ∈ U^{−1}, g ∈ L_2=R, âőčďă ğăďăçă (11) ĺňěěâ ěďĺŋáâćěŋÄ ŋőě őąőąéěŋŋőě àěèěŋĺě ĺğ U × L_2=R.

Ďőłăğăâěńìáâćő. Łőíàæĺâĺćŋőáâì ąĺńĺŋěľŋőľ äőàňë

(div u; div v) + (rot u; rot v)

ŋă ŕàőáâàăŋáâćě áőńěŋőĺďăńìŋëå äãŋłæĺľ ĺğ U áńěďãěâ ĺğ łőíàæĺâĺćŋőáâĺ äőàňë ŋă U, łőâőàăï ąëńă ãáâăŋőćńěŋă ŕàĺ ďőłăğăâěńìáâćě ńěňňë 4. Ďńï ąĺńĺŋěľŋőľ äőàňë b(u; p) = (div u; p), b( · ; · ): U × L_2=R → R, infsup-ãáńőćĺě íłćĺćăńěŋâŋő ŋěàăćěŋáâćã ‖p‖_0 ⩽ c(˙)‖∇p‖_{−1}; p ∈ L_2=R:

Ďńï ďőłăğăâěńìáâćă íâőčő ŋěàăćěŋáâćă ğăňěâĺň, çâő ďńï ŕàőĺğćőńìŋőľ p ∈ L_2=R ĺňěěâ ňěáâő æěŕőçłă ŋěàăćěŋáâć

‖p‖_0 ⩽ c_0 sup_{v∈H0}

(p; div v) ‖v‖_1 ⩽ √ 2 c_0 sup_{v∈H0}

(p; div v) ‖ div v‖_0 + ‖ rot v‖_0 ⩽ √ 2 c_0 sup_{v∈U}

(p; div v) ‖ div v‖_0 + ‖ rot v‖_0

⩽ c_1 sup_{v∈U}

(p; div v) ‖v‖_U ≡ c(˙)‖∇p‖_{−1}:

134 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

Ŕěàćőě ŋěàăćěŋáâćő ĺğ æěŕőçłĺ åőàőèő ĺğćěáâŋő (áň., ŋăŕàĺňěà, [16], [17]), ďăńěě ňë ŕőńìğőćăńĺáì őçěćĺďŋëň àăćěŋáâćőň ‖v‖^2_1 = ‖ div v‖^2_0 + ‖ rot v‖^2_0 ďńï v ∈ H_0, ćńőęěŋĺěň H_0 ⊂ U ĺ ńěňňőľ 2. Šěŕěàì áńěďáâćĺě 4.1 ĺğ [15] ćńěçěâ ãâćěàęďěŋĺě ńěňňë.

Ăŕàĺőàŋëě őæěŋłĺ ďńï àěèěŋĺï ğăďăçĺ (11) ąãďãâ ŕőńãçěŋë ŕőğęě. Řăááňőâàĺň âěŕěàì őŕěàăâőà Ÿãàă A_˚ : L_2=R → L_2=R ďńï áĺáâěňë (11)

A_˚ p = div ´^{−1}_˚ ∇p;

ć áĺńã ńěňňë 4 őŕěàăâőà A_˚ őŕàěďěńěŋ ďńï ńîąőľ p ∈ L_2=R ĺ A_˚ p ∈ L_2=R. Śŕàăćěďńĺćă

Šěőàěňă 1. Ŕãáâì ˙ ⊂ R^n , n = 2; 3, { őčàăŋĺçěŋŋăï őďŋőáćïğŋăï ńĺŕèĺæěÄ ćă őąńăáâì, âőčďă őŕěàăâőà A_˚ áőćŕăďăěâ á âőęďěáâćěŋŋëň őŕěàăâőàőň ŋă L_2=R, â.ě.

A_˚ p = p ∀ p ∈ L_2=R:

Ďőłăğăâěńìáâćő. Ŕãáâì p { ŕàőĺğćőńìŋăï äãŋłæĺï ĺğ L_2=R, ĺ q = A_˚ p ∈ L_2=R. Őąőğŋăçĺň çěàěğ u ćěłâőà-äãŋłæĺî ´^{−1}_˚ ∇p ĺğ U, âőčďă ć áĺńã őŕàěďěńěÄ ŋĺï (10) őąőąéěŋŋőčő àěèěŋĺï ğăďăçĺ (6) ĺ őŕàěďěńěŋĺï őŕěàăâőàă A_˚ ĺňěěň

(p; div v) = (div u; div v) + (rot u; rot v) ∀ v ∈ U; q = div u:

(13)

Şňŋőęĺň áłăńïàŋő ŕőáńěďŋěě àăćěŋáâćő ĺğ (13) ŋă div v ĺ àăááňőâàĺň v âăłĺě, çâő rot v = 0, â.ě. v ∈ V. Ğăâěň ć (13) ćëçâěň ćâőàőě àăćěŋáâćő ĺğ ŕěàćőčő, ŕőńãçĺň

(p; div v) − (q; div v) = 0 ∀ v ∈ V:

Ć áĺńã ńěňňë 3 ĺňěěň (p; r) = (q; r) ďńï ćáěå r ∈ L_2=R, ă âăł łăł ŕàőáâàăŋáâćő L_2=R čĺńìąěàâőćő, âő ĺğ ŕőáńěďŋěčő àăćěŋáâćă áńěďãěâ p = q. Šěőàěňă ďőłăğăŋă.

Śńěďáâćĺě 1. Őąőąéěŋŋőě àěèěŋĺě ĺğ U × L_2=R ğăďăçĺ (11) ňőęŋő ğăŕĺÄ áăâì ć ćĺďě:

u = ´^{−1}_˚ (∇p − f); p = g + div ´^{−1}_˚ f; (14)

ďńï ŋěčő áŕàăćěďńĺćë ăŕàĺőàŋëě őæěŋłĺ

‖u‖_U ⩽ á(˙)(‖g‖_0 + ‖f‖_{−1}); ‖p‖_0 ⩽ á(˙)(‖g‖_0 + ‖f‖_{−1}):

Ďőłăğăâěńìáâćő. Řăćěŋáâćă (14) áńěďãîâ ĺğ ãâćěàęďěŋĺï âěőàěňë ĺ őąőąÄ éěŋŋëå ŕőáâăŋőćőł (10) ĺ (12) áőőâćěâáâćãîéĺå ğăďăç. Ăŕàĺőàŋëě őæěŋłĺ ďńï àěÄ èěŋĺï áńěďãîâ ĺğ àăćěŋáâć (14), őæěŋłĺ ĺğ ńěňňë 4 ĺ ŋěàăćěŋáâćă ‖∇p‖_{−1} ⩽ ‖p‖_0. Śńěďáâćĺě ďőłăğăŋő.

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 135

Ğăňěçăŋĺě. Ŕőïáŋĺň ŋă ŕàőáâőň ŕàĺňěàě, ŕőçěňã ďńï ŕàőĺğćőńìŋëå ńĺŕèĺÄ æěćëå őąńăáâěľ ŕàĺćěďěŋŋëě ćëèě àăááãęďěŋĺï ŋě ňőčãâ ąëâì ŕàőćěďěŋë ć àăňłăå ŕàőáâàăŋáâćă W^1_2 (˙)^n.

Řăááňőâàĺň őąńăáâì ˙ = {x = ȷe^{i`}; 0 < ȷ < 1; 0 < „ < ı + "}, " > 0. Őçěćĺďŋő, çâő ˙ { őčàăŋĺçěŋŋăï őďŋőáćïğŋăï ńĺŕèĺæěćă őąńăáâì ĺğ R^2 , ŋő ãáńőÄ ćĺě I) ŋě ćëŕőńŋěŋő. Ćőğìňěň äãŋłæĺî q ĺğ L_2=R âăłãî, çâő őąőąéěŋŋőě àěèěŋĺě ∈ W^1_2 (˙)=R ğăďăçĺ ´ = q, @ =@ | |_{@˙} = 0, ŋě ŕàĺŋăďńěęĺâ W 2_2 (˙) (áň., ŋăÄ ŕàĺňěà, [18]). Řăááňőâàĺň ćěłâőà-äãŋłæĺî u = ∇ . Ńěčłő ćĺďěâì, çâő u ∈ U, ŋő u =∈ W^1_2 (˙), ąőńěě âőčő, áŕàăćěďńĺćő

(div u; div v) + (rot u; rot v) = (q; div v) ∀ v ∈ U;

â.ě. u = ´^{−1}_˚ ∇q ďńï ŋěłőâőàőľ q ∈ L_2=R.

x 3. Ő àěčãńïàŋőáâĺ àěèěŋĺï

Ďńï ğăďăçĺ Śâőłáă ć őčàăŋĺçěŋŋőľ őąńăáâĺ á łàăěćëňĺ ãáńőćĺïňĺ Ďĺàĺåńě ć ŋăáâőïéěě ćàěňï áãéěáâćãěâ áäőàňĺàőćăćèăïáï âěőàĺï ć ŕàőáâàăŋáâćăå W^m_p (˙), ĺğ łőâőàőľ, ć çăáâŋőáâĺ, áńěďãěâ (áň., ŋăŕàĺňěà, [1], [19]), çâő ěáńĺ f ∈ W^{m−2}_2 (˙)^n, g ∈ W^{m−1}_2 (˙) ∩ L_2=R, m ⩾ 1, ĺ @˙ ∈ C^m, âő ďńï őąőąéěŋŋőčő àěèěŋĺï {u; p} áŕàăćěďńĺćő: u ∈ W^m_2 (˙)^n, p ∈ W^{m−1}_2 (˙) ∩ L_2=R ĺ

‖u‖_m + ‖p‖_{m−1} ⩽ c(m; ˙)(‖f‖_{m−2} + ‖g‖_{m−1}):

Ć íâőň ŕăàăčàăäě ňë ŕőńãçĺň ăŕàĺőàŋëě őæěŋłĺ čńăďłőáâĺ ĺ ŋőàňë őąőąéěŋŋőčő àěèěŋĺï ğăďăçĺ (11) c ňőďěńìŋëňĺ łàăěćëňĺ ãáńőćĺïňĺ.

Ŕàěďŕőńőęĺň ćŋăçăńě, çâő ďńï őčàăŋĺçěŋŋőľ őďŋőáćïğŋőľ őąńăáâĺ ˙ ⊂ R^n , n = 2; 3, ćëŕőńŋïěâáï ãáńőćĺě I) ĺğ §1, âőčďă ć áĺńã (6) àěğãńìâăâë §1 ĺ § 2 őáâăÄ îâáï áŕàăćěďńĺćëňĺ, ěáńĺ ŕàőáâàăŋáâćă U ĺ V ğăňěŋĺâì ŋă H_˚ ĺ R_˚ , ă ŋőàňã ‖ · ‖_U ŋă ‖ · ‖_1. Ąőńěě âőčő, őąőąéěŋŋëě ŕőáâăŋőćłĺ ğăďăç ňőęŋő àăááňăâàĺćăâì ć âěàňĺŋăå ŕàőáâàăŋáâćă H_˚ . Šăłĺň őąàăğőň, áŕàăćěďńĺćă

Ńěňňă 6. Ŕãáâì ˙ { őčàăŋĺçěŋŋăï őďŋőáćïğŋăï őąńăáâì ĺğ R^n , n = 2; 3, ĺ ćëŕőńŋïěâáï ãáńőćĺě I). Ěáńĺ f ∈ H^{−1}_˚ , âő áãéěáâćãěâ ěďĺŋáâćěŋŋőě őąőąéěŋŋőě àěèěŋĺě u ĺğ H_˚ ğăďăçĺ (9) ĺ

‖u‖_1 ⩽ c(˙)‖f‖_{−1};

ěáńĺ f ∈ H^{−1}_˚ , g ∈ L_2=R, âő áãéěáâćãěâ ěďĺŋáâćěŋŋőě őąőąéěŋŋőě àěèěŋĺě {u; p} ĺğ H_˚ × L_2=R ğăďăçĺ (11), ďńï ŋěčő áŕàăćěďńĺćë őæěŋłĺ

‖u‖_1 ⩽ á(˙)(‖g‖_0 + 2‖f‖_{−1}); ‖p‖_0 ⩽ á(˙)(‖g‖_0 + ‖f‖_{−1});

őŕěàăâőà A_˚ áőćŕăďăěâ á âőęďěáâćěŋŋëň őŕěàăâőàőň ŋă L_2=R.

Ć áĺńã âěőàěňë 3.1.1.1 ĺğ [18] ĺ âěőàěňë 3.9 ĺğ [15] ďńï ćëŕãłńëå ˙ ŋěàăćěŋáâćő

(div u; div u) + (rot u; rot u) ⩾ ¸‖u‖^2_1; u ∈ H_˚ ;

áŕàăćěďńĺćő á ¸ = 1, ŕőíâőňã ďńï âăłĺå őąńăáâěľ łőŋáâăŋâã c(˙) ĺğ ńěňňë 6 ňőęŋő ŕőńőęĺâì àăćŋőľ 1.

Ŕěàěľďěň ł ćőŕàőáã ő àěčãńïàŋőáâĺ àěèěŋĺľ ŕàĺ ďőŕőńŋĺâěńìŋëå őčàăŋĺçěŋĺÄ ïå ŋă àěčãńïàŋőáâì ŕàăćőľ çăáâĺ ĺ čàăŋĺæë őąńăáâĺ. Ŋăň ŕőŋăďőąĺâáï áńěďãîéăï ńěňňă ĺğ [20]:

136 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

Ńěňňă 7. Ŕãáâì ˙ { őčàăŋĺçěŋŋăï őąńăáâì ĺğ R^n , n = 2; 3, ĺ @˙ ∈ C^{m+1}, m ⩾ 1. Šőčďă

W^m_2 (˙)^n = { u ∈ L_2(˙)^n : div u ∈ W^{m−1}_2 (˙); rot u ∈ W^{m−1}_2 (˙)^r; u · ˚ ∈ W^{m−1=2}_2 (@˙) } ; ‖u‖m ⩽ c(m; ˙) ( ‖u‖_0 + ‖ div u‖_{m−1} + ‖ rot u‖_{m−1} + ‖u · ˚‖_{m−1=2;@˙} ) ; čďě r = 1 ďńï n = 2, r = 3 ďńï n = 3.

Ĺğ áńěďáâćĺï 1 âěőàěňë 1 ňë ćĺďĺň, çâő ĺŋäőàňăæĺï ő čńăďłőáâĺ őąőąéěŋŋőčő àěèěŋĺï ğăďăçĺ (12) ňőęěâ ąëâì ŕőńŋőáâìî ŕőńãçěŋă ĺğ ăŕàĺőàŋőčő ğŋăŋĺï čńăďÄ łőáâĺ äãŋłæĺľ f, g ĺ čńăďłőáâĺ àěèěŋĺľ ğăďăçĺ (9). Ŕőíâőňã ďńï ŋăá ćăęŋă

Ńěňňă 8. Ŕãáâì m ⩾ 1, ˙ { őčàăŋĺçěŋŋăï őďŋőáćïğŋăï őąńăáâì ĺğ R^n , @˙ ∈ C^r, r = max(m; 2), f ∈ W^{m−2}_2 (˙)^n. Šőčďă áãéěáâćãěâ ěďĺŋáâćěŋŋőě àěèěŋĺě u ğăďăçĺ (9) ĺğ W^m_2 (˙)^n ∩ H_˚ , ŕàĺçěň

‖u‖_m ⩽ c(m; ˙)‖f‖_{m−2}: (15)

Ďőłăğăâěńìáâćő. Řăááňőâàĺň áŋăçăńă áńãçăľ n = 2. Ŕàőćěďěň ďőłăğăâěńìÄ áâćő ńěňňë á ŕőňőéìî ĺŋďãłæĺĺ ŕő m. Ďńï m = 1 ãâćěàęďěŋĺě ďőłăğëćăěňőľ ńěňňë áńěďãěâ ĺğ ãâćěàęďěŋĺï ńěňňë 6. Ŕàěďŕőńőęĺň, çâő ńěňňă ďőłăğăŋă ďńï m = 1; : : : ; k − 1, ďőłăęěň âěŕěàì ďńï m = k ⩾ 2.

Šăł łăł @˙ ∈ C^k, âő ćěłâőàŋőě ŕőńě ŕàĺŋăďńěęĺâ ł łńăááã C^{k−1}(@˙)^2 ĺ ňőęěâ ąëâì ŕàőďőńęěŋő ďő ćěłâőàŋőčő ŕőńï ĺğ C^{k−1}(˙)^2, łőâőàőě ňë ąãďěň őąőÄ ğŋăçăâì çěàěğ = (_1; _2). Őâňěâĺň áŕàăćěďńĺćőáâì ćńőęěŋĺľ C^{k−1}(˙)^2 ⊂ W^{k−1}_∞ (˙)^2 ⊂ W^k_2 (˙)^2 (áň. [21]).

Ŕãáâì u { àěèěŋĺě (9), łőâőàőě ŕő ŕàěďŕőńőęěŋĺî ĺŋďãłæĺĺ ŕàĺŋăďńěęĺâ W^{k−1}_2 (˙)^2 ∩ H_˚ , ĺ ďńï łőâőàőčő áŕàăćěďńĺćă őæěŋłă (15) á m = k − 1. Őąőğŋăçĺň çěàěğ ˙_œ, ff > 0, ňŋőęěáâćő âőçěł ˙, àăááâőïŋĺě őâ łőâőàëå ďő @˙ ňěŋìèě ff. Ŋăň ďőáâăâőçŋő ďőłăğăâì, çâő ãâćěàęďěŋĺě ńěňňë ćëŕőńŋïěâáï ďńï őčàăŋĺçěŋĺï äãŋłæĺĺ u ŋă ˙_œ ďńï ŋěłőâőàőčő ff > 0. Ďěľáâćĺâěńìŋő, ěáńĺ íâő âăł, âő àăááňőâàĺň őąńăáâì ˙^′ âăłãî, çâő ˙^′ ⊂ ˙, ˙ \ ˙_œ ⊂ ˙^′ ĺ @˙^′ ∈ C^k. Ťãŋłæĺï u ć ˙^′ ïćńïěâáï àěèěŋĺěň ćěłâőàŋőčő ãàăćŋěŋĺï Ńăŕńăáă á łàăěćëňĺ ãáńőćĺïňĺ Ďĺàĺåńě ŋă @˙^′, ŕàĺ íâőň u|_{@˙}′ ∈ W^{k−1=2}_2 (@˙^′)^2 ĺ

‖u|_{@˙}′ ‖_{k−1=2;@˙}′ ⩽ c(˙; ˙^′; ff)‖u‖_{k;˙œ} ⩽ c‖f‖_{k−2}:

Šěŕěàì ć áĺńã łńăááĺçěáłĺå àěğãńìâăâőć ő àěčãńïàŋőáâĺ àěèěŋĺľ íńńĺŕâĺçěáłĺå ãàăćŋěŋĺľ u ∈ W^k_2 (˙^′)^2 ĺ ‖u‖_{k;˙}′ ⩽ c‖f‖_{k−2;˙}′ , çâő ćňěáâě á ŕàěďŕőńőęěŋĺěň ő ŕàĺŋăďńěęŋőáâĺ u ł W^k_2 (˙_œ)^2 ĺ őæěŋłőľ ‖u‖_{k;˙œ} ⩽ c‖f‖_{k−2;˙œ} ćńěçěâ ãâćěàęďěÄ ŋĺě ńěňňë.

Ĺâăł, ŋăň ďőáâăâőçŋő ďőłăğăâì, çâő u ∈ W^k_2 (˙_{œ0} )^2 ĺ ‖u‖_{k;˙œ0} ⩽ c‖f‖_{k−2} ŕàĺ ŋěłőâőàőň ff_0 > 0. Řăááňőâàĺň äãŋłæĺî q = u · = u_1_1 + u_2_2, q ∈ W^{k−1}_2 (˙) ∩ W^1_{2;0}(˙). Ĺğ őŕàěďěńěŋĺï q áńěďãěâ, çâő

´q = f · + 2∑ i;j=1

@u_i @x_j

@_i @x_j ; q | |_{@˙} = 0:

(16)

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 137

Šăł łăł f ∈ W^{k−2}_2 (˙)^2, ∈ W^k_2 (˙)^2 ĺ ŕő ŕàěďŕőńőęěŋĺî ĺŋďãłæĺĺ u ∈ W^{k−1}_2 (˙)^2, âő ŕàăćăï çăáâì áĺáâěňë (16) ŕàĺŋăďńěęĺâ W^{k−2}_2 (˙), ă áńěďőćăâěńìŋő, q ∈ W^k_2 (˙) ĺ ‖q‖_k ⩽ c ‖ ‖ ‖ ‖f · + 2∑ i;j=1

@u_i @x_j

@_i @x_j ‖ ‖ ‖ ‖_{k−2} ⩽ c^1(‖f‖^{k−2} + ‖u‖^{k−1}) ⩽ c^2‖f‖^{k−2}: (17)

Šěŕěàì ďńï äãŋłæĺĺ ’ = ( @u_1 @x_1 1 + @u_2 @x_1 2; @u_1 @x_2 1 + @u_2 @x_2 2 ) = ∇q − u^t · (∇)

ňë ĺňěěň ’ ∈ W^{k−1}_2 (˙) ĺ ć áĺńã (17)

‖’‖_{k−1} ⩽ c(˙)‖f‖_{k−2}: (18)

Řăááňőâàĺň âăłęě äãŋłæĺî = ( − @u_1 @x_1 2 + @u_2 @x_1 1 − @u_2 @x_2 2 − @u_1 @x_2 1; @u_1 @x_1 1 + @u_2 @x_1 2 + @u_2 @x_2 1 − @u_1 @x_2 2 ) : Ĺğ ãàăćŋěŋĺľ (9) ĺ ŕàěďŕőńőęěŋĺï ĺŋďãłæĺĺ ŋěŕőáàěďáâćěŋŋő áńěďãěâ, çâő div ; rot ∈ W^{k−2}_2 (˙), · | |_{@˙} = 0 ĺ

‖ ‖_0 + ‖ div ‖_{k−2} + ‖ rot ‖_{k−2} ⩽ c(˙)‖f‖_{k−2};

áńěďőćăâěńìŋő, ć áĺńã ńěňňë 7 ∈ W^{k−1}_2 (˙)^2 ĺ

‖ ‖_{k−1} ⩽ c(˙)‖f‖_{k−2}: (19)

Ğăňěâĺň, çâő

@u_1 @x_1

(^2_1 + ^2) = ’_1_1 − ’_2_2 − _1_2 ∈ W^{k−1}_2 (˙):

Ăŋăńőčĺçŋő ŕőńãçăěň ďńï ćáěå őáâăńìŋëå çăáâŋëå ŕàőĺğćőďŋëå

@u_i @x_j

(^2_1 + ^2) ∈ W^{k−1}_2 (˙); i; j = 1; 2; (20)

ŕàĺçěň ĺğ (18) ĺ (19) áńěďãěâ ‖ ‖ ‖ ‖ @u_i @x_j

(^2_1 + ^2) ‖ ‖ ‖ ‖_{k−1} ⩽ c(˙)‖f‖^{k−2}: (21)

Řăááňőâàĺň âěŕěàì äãŋłæĺî ^2_1 + ^2 ∈ C^{k−1}(˙), ^2_1 + ^2 | |_{@˙} = 1, ĺ ćëąěàěň ff_0 > 0 âăłőě, çâő ^2_1 + ^2 ⩾^1_2 ć ˙_{œ0} . Ĺğ (20) ĺ (21) ŕőńãçăěň

@u_i @x_j

∈ W^{k−1}_2 (˙_{œ0} )^2; ‖ ‖ ‖ ‖ @u_i @x_j ‖ ‖ ‖ ‖_{k−1;˙œ0} ⩽ c(˙)‖f‖^{k−2}; i; j = 1; 2:

138 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

Śńěďőćăâěńìŋő, u ∈ W^k_2 (˙_{œ0} )^2 ĺ ‖u‖_{k;˙œ0} ⩽ c(˙)‖f‖_{k−2} ďńï ŋěłőâőàőčő ff_0 > 0. Ňë ďőłăğăńĺ ńěňňã ďńï n = 2.

Ć áńãçăě n = 3 ńěňňă ďőłăğëćăěâáï ăŋăńőčĺçŋő. Ć íâőň áńãçăě ďőáâăâőçŋő àăááňőâàěâì äãŋłæĺî q = u · ĺ ćěłâőà-äãŋłæĺĺ

1 = (−n_2; n_1; 0) · (∇u) − ( −[ · (∇u)]_2; [ · (∇u)]_1; 0 ) ; 2 = (−n_3; 0; n_1) · (∇u) − ( −[ · (∇u)]_3; 0; [ · (∇u)]_1 ) ; čďě [ · ]_i { i-ï łőňŕőŋěŋâă áőőâćěâáâćãîéěčő ćěłâőàă. Ńěňňă ďőłăğăŋă.

Šěŕěàì ĺğ ńěňňë 8 ĺ áńěďáâćĺï 1 âěőàěňë 1 ŋěŕőáàěďáâćěŋŋő ćëâěłăěâ

Šěőàěňă 2. Ŕãáâì m ⩾ 1, ˙ { őčàăŋĺçěŋŋăï őďŋőáćïğŋăï őąńăáâì ĺğ R^n , @˙ ∈ C^r, r = max(m; 2), f ∈ W^{m−2}_2 (˙)^n, g ∈ W^{m−1}_2 (˙) ∩ L_2=R. Šőčďă áãéěáâćãěâ ěďĺŋáâćěŋŋőě àěèěŋĺě {u; p} ğăďăçĺ (11) ĺğ (W^m_2 (˙)^n ∩ H_˚ ) × (W^{m−1}_2 (˙) ∩ L_2=R), ŕàĺçěň

‖u‖_m ⩽ c(m; ˙)(‖g‖_{m−1} + ‖f‖_{m−2}); ‖p‖_{m−1} ⩽ c(m; ˙)(‖g‖_{m−1} + ‖f‖_{m−2}):

x 4. Ŋěłőâőàëě ğăňěçăŋĺï ĺ áńěďáâćĺï

Ďńï ďćãňěàŋëå őčàăŋĺçěŋŋëå őďŋőáćïğŋëå őąńăáâěľ á čńăďłőľ čàăŋĺæěľ ğăďăÄ çă (11) c ŋěőďŋőàőďŋëňĺ ãáńőćĺïňĺ ŋă rot u ąëńă àăááňőâàěŋă ć [6], čďě ĺáŕőńìğőÄ ćăńăáì ďńï ŕőáâàőěŋĺï ăńčőàĺâňă âĺŕă Şğăćë çĺáńěŋŋőčő àěèěŋĺï ğăďăçĺ (1), (2). Ŕàĺćěďěŋŋăï ŋĺęě âěőàěňă ïćńïěâáï áńěďáâćĺěň âěőàěňë 1 ĺ ăŋăńőčĺçŋă áőőâćěâÄ áâćãîéěňã àěğãńìâăâã ĺğ [6].

Šěőàěňă 3. Ŕãáâì ˙ { őčàăŋĺçěŋŋăï őďŋőáćïğŋăï őąńăáâì, ãďőćńěâćőàïîÄ éăï ãáńőćĺî I), ŕãáâì f ∈ L_2(˙)^n, g ∈ W^1_2 (˙) ∩ L_2=R. Šőčďă àěèěŋĺě p ğăďăÄ çĺ (11) ŕàĺŋăďńěęĺâ W^1_2 (˙) ∩ L_2=R ĺ ãďőćńěâćőàïěâ ć őąőąéěŋŋőň áňëáńě áĺáâěňě ´p = ´g + div f; @p @ | | | |_{@˙} = ( @g @ + f · )| | |_{@˙}:

(22)

Ďőłăğăâěńìáâćő. Ąńăčőďăàï âěőàěňě 2 ňë ğŋăěň, çâő ć áďěńăŋŋëå ŕàěďŕőńőÄ ęěŋĺïå ŋă ˙, f ĺ g àěèěŋĺě p ğăďăçĺ (11) ŕàĺŋăďńěęĺâ W^1_2 (˙) ∩ L_2=R. Ĺğ áńěďáâÄ ćĺï 1 ĺňěěň p = g+div w, w = ´^{−1}_˚ f, ďńï äãŋłæĺĺ w ĺğ W^2_2 (˙)^n ∩H_˚ , áŕàăćěďńĺćő

(∇ div w; v) + (rot w; rot v) + ⟨rot w; ‚_ø v⟩ = (f ; v) ∀ v ∈ W^1_2 (˙)^n:

Šăł łăł Rw | |_{@˙} = 0, âő ⟨rot w; ‚_ø v⟩ = 0. Ďăńěě ŕőńãçăěň

(∇p; v) = (∇g; v) + (rot w; rot v) + (f ; v) ∀ v ∈ W^1_2 (˙)^n:

Ďńï ŕàőĺğćőńìŋőľ ∈ W^2_2 (˙), ŕőńőęĺć ć ŕőáńěďŋěň àăćěŋáâćě v = ∇ , ĺňěěň

(∇p; ∇ ) = (∇g; ∇ ) + (f; ∇ ):

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 139

Ŕěàěåőďï ć ŕőńãçěŋŋőň àăćěŋáâćě ł ğăňëłăŋĺî ŕő őâŋőáĺâěńìŋő ŋőàňë ŕàőÄ áâàăŋáâćă W^1_2 (˙), ŕőńãçăěň (22) ć őąőąéěŋŋőľ ŕőáâăŋőćłě. Šěőàěňă ďőłăğăŋă.

Ŕàĺćěďěň ěéě ďćă àěğãńìâăâă, ïćńïîéĺåáï áńěďáâćĺěň âěőàěňë 1. Őąőğŋăçĺň çěàěğ W áńěďãîéěě ŕőďŕàőáâàăŋáâćő U: W ≡ { u ∈ U : ∃ p ∈ L_2=R âăłăï, çâő u = ´^{−1}_˚ ∇p } : Šěőàěňă 4. Ć ŕàěďŕőńőęěŋĺïå âěőàěňë 1 áŕàăćěďńĺćő àăćěŋáâćő

W = V

łăł àăćěŋáâćő ŕőďŕàőáâàăŋáâć U, ąőńěě âőčő, őŕěàăâőà ´^{−1}_˚ ∇ őáãéěáâćÄ ńïěâ ĺğőňőàäĺğň ŕàőáâàăŋáâć L_2=R ĺ V ĺ

‖ div u‖_0 = ‖p‖_0

ďńï u = ´^{−1}_˚ ∇p.

Ďőłăğăâěńìáâćő. Ŋăŕőňŋĺň, çâő àăćěŋáâćő u = ´^{−1}_˚ ∇p őğŋăçăěâ ćëŕőńŋěÄ ŋĺě áőőâŋőèěŋĺï

(p; div v) = (div u; div v) + (rot u; rot v) ∀ v ∈ U: (23)

Ćłńîçěŋĺě V ⊂ W áâăŋőćĺâáï őçěćĺďŋő ĺğ (23), ěáńĺ ćğïâì p = div u. Ďńï ďőłăğăâěńìáâćă ćłńîçěŋĺï W ⊂ V ğăňěâĺň, çâő ďńï ŕàőĺğćőńìŋőľ u ∈ W ĺğ (23) ĺ âěőàěňë 1 áńěďãěâ (rot u; rot v) = 0 ∀ v ∈ U:

Ŕőńőęĺň ć ŕőáńěďŋěň àăćěŋáâćě v = u, âőčďă ‖ rot u‖^2_0 = 0, ă áńěďőćăâěńìŋő, u ∈ V. Řăćěŋáâćő W = V ďőłăğăŋő. Ćâőàăï çăáâì ãâćěàęďěŋĺï âěőàěňë áńěďãěâ ĺğ áőőâŋőèěŋĺľ ‖p‖_0 = ‖A_˚ p‖_0 = ‖ div u‖_0 ⩽ ‖u‖_U;

áŕàăćěďńĺćëå ďńï ŕàőĺğćőńìŋőľ p ∈ L_2=R ĺ u = ´^{−1}_˚ ∇p. Šěőàěňă ďőłăğăŋă.

Řăááňőâàĺň ŋěàăćěŋáâćő

‖p‖_0 ⩽ c_0(˙) sup_{0≠u∈H0}

(p; div u) ‖u‖_1 ∀ p ∈ L_2=R: (24)

Łăł ãęě őâňěçăńőáì ŕàĺ ďőłăğăâěńìáâćě ńěňňë 5, ŋěàăćěŋáâćő (24) ćëŕőńŋïěâáï á ŋěłőâőàőľ łőŋáâăŋâőľ 1 < c_0(˙) < ∞, ğăćĺáïéěľ âőńìłő őâ őąńăáâĺ. Őâňěâĺň àăćěŋáâćő (áň., ŋăŕàĺňěà, [6]) c_0(˙) = –^{−1=2}_{min} , čďě –_{min} { ňĺŋĺňăńìŋőě áőąáâćěŋŋőě ğŋăçěŋĺě őŕěàăâőàă A_0 (áň. ććěďěŋĺě). Ďĺáłàěâŋëľ ăŋăńőč (24) èĺàőłő ĺğćěáâěŋ łăł LBB (ĺńĺ infsup)-ãáńőćĺě (áň., ŋăŕàĺňěà, [15], [22]). Őąőğŋăçĺň çěàěğ H_˚ ŕőďŕàőáâàăŋáâćő U: H_˚ ≡ { u ∈ U : ´u = 0 } :

140 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

Őŕàěďěńĺň őŕěàăâőà D: V → H_˚ áńěďãîéĺň őąàăğőň: v = Du, ěáńĺ ‚_˚ v | |_{@˙} = 0, ‚_ø v | |_{@˙} = ‚_ø u | |_{@˙} ĺ v ∈ H_˚ . Ŕàĺ ğăďăŋŋőľ äãŋłæĺĺ u ∈ V äãŋłæĺï v = Du őŕàěďěńïěâáï őďŋőğŋăçŋő łăł àěèěŋĺě ğăďăçĺ

v = r + u; r ∈ H_0;

−(∇r; ∇w) = (div u; div w) + (rot u; rot w) ∀ w ∈ H_0:

(25)

Ďńï äãŋłæĺľ u ĺğ U ąãďěň ĺáŕőńìğőćăâì őąőğŋăçěŋĺě

|u|_U ≡ ( ‖ div u‖^2_0 + ‖ rot u‖^2_0

)_{1=2} : Ďńï v = Du ĺğ (25) ŋěŕőáàěďáâćěŋŋő áńěďãěâ

|v|^2_U = (div v; div u) + (rot v; rot u); (26) |v|_U ⩽ c_1(˙)|u|_U (27)

á łőŋáâăŋâőľ c_1(˙) ⩽ 1. Śŕàăćěďńĺćă

Šěőàěňă 5. Ć ŕàěďŕőńőęěŋĺïå âěőàěňë 1 ćëŕőńŋěŋĺě ŋěàăćěŋáâćă (24) íłćĺćăńěŋâŋő ćëŕőńŋěŋĺî ŋěàăćěŋáâćă

|Du|^2_U ⩽ ( 1 − c^{−2}_0 (˙) ) ‖ div u‖^2_0 ∀ u ∈ V; (28)

ŕàĺçěň àăćěŋáâćă ć (24) ĺ (28) ňőčãâ ĺňěâì ňěáâő ńĺèì őďŋőćàěňěŋŋő ŋă äãŋłæĺïå p ∈ L_2=R ĺ u = ´^{−1}_˚ ∇p ∈ V, áőőâćěâáâćěŋŋő, ă łőŋáâăŋâă c_0(˙) őďĺŋăłőćăï ďńï (24) ĺ (28).

Ďőłăğăâěńìáâćő. Ĺğ âěőàěňë 4 áńěďãěâ, çâő ďńï ŕàőĺğćőńìŋőľ p ∈ L_2=R ĺ u = ´^{−1}_˚ ∇p ∈ V ćëŕőńŋïěâáï

‖p‖_0 = ‖ div u‖_0: (29)

Ś ďàãčőľ áâőàőŋë, sup 0≠v∈H0

(p; div v)^2 ‖v‖^2_1

= sup

0≠v∈H0

(´^{−1}_0 ∇p; v)^2_1

‖v‖^2_1

= ‖w‖^2_1 = |w|^2_U; (30)

čďě w = ´^{−1}_0 ∇p { àěèěŋĺě ğăďăçĺ Ďĺàĺåńě: ´w = ∇p, w | @˙ = 0. Řăááňőâàĺň äãŋłæĺî v = u − w. Ĺňěěň ‚_˚ v | @˙ = ‚_˚ u|_{@˙} = 0, ‚_ø v | @˙ = ‚_ø u | @˙ ĺ ´v = 0, áńěďőćăâěńìŋő, v = Du. Šěŕěàì

|w|^2_U = |u − v|^2_U = |u|^2_U + |v|^2_V − 2 ( (div u; div v) + (rot u; rot v) ) : Ć áĺńã (26) ŕőńãçăěň

|w|^2_U = |u|^2_U − |v|^2_U = ‖ div u‖^2_0 − |Du|^2_U: (31)

Řăćěŋáâćă (31) ćňěáâě á (29) ĺ (30) ďőłăğëćăîâ, çâő ĺğ ćëŕőńŋěŋĺï (28) áńěďãěâ ćëŕőńŋěŋĺě (24). Ă âăł łăł ŕő âěőàěňě 4 őŕěàăâőà ´^{−1}_˚ ∇ őáãéěáâćńïěâ ĺğőňőàÄ äĺğň ŕàőáâàăŋáâć L_2=R ĺ V, âő ĺğ (29){(31) áńěďãěâ áŕàăćěďńĺćőáâì ãâćěàęďěŋĺï âěőàěňë ĺ ć ďàãčãî áâőàőŋã. Šěőàěňă ďőłăğăŋă.

Ĺğ ŋěàăćěŋáâć (24), (27) ĺ àăćěŋáâćă ‖ div u‖^2_0 = |u|^2_U, u ∈ V, ŋěňěďńěŋŋő ŕőńãçăěň

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 141

Śńěďáâćĺě 2. Łőŋáâăŋâë c_0(˙) ć (24) ĺ c_1(˙) ć (27) áćïğăŋë áőőâŋőèěÄ ŋĺěň c^2_0(˙) = (1 − c^2_1(˙))^{−1}.

Őâňěâĺň, çâő ć ŕàĺŋïâëå ŋăňĺ àăŋěě őąőğŋăçěŋĺïå ňőďěńìŋëě łàăěćëě ãáńőÄ ćĺï (7) ňőčãâ ąëâì ğăŕĺáăŋë ć ćĺďě

fi^t · (∇u) · − ^t · (∇u) · fi = 0 ŋă @˙ ŕàĺ n = 2; fi^t_i · (∇u) · − ^t · (∇u) · fi_i = 0 ŋă @˙; i = 1; 2; ŕàĺ n = 3:

(32)

Ć áńãçăě n = 2 íłćĺćăńěŋâŋőáâì (7) ĺ (32) ŕàőćěàïěâáï ŋěŕőáàěďáâćěŋŋő, ă ć áńãÄ çăě n = 3 ćěłâőàë fi_i ć (7) ŋăďő ŕőńőęĺâì àăćŋëňĺ fi^′_i × , ěáńĺ fi^′_i , i = 1; 2, { łăáăâěńìŋëě ćěłâőàë ĺğ (32).

Ďńï ňŋőčőãčőńìŋĺłă áńăčăěňőě fi^t (∇u) ĺğ (32) áőőâćěâáâćãěâ ãáńőćŋőľ ğăŕĺáĺ @(u · fi)=@, ĺáŕőńìğãěňőľ ďńï ŕőáâăŋőćłĺ ŕěàĺőďĺçěáłĺå łàăěćëå ãáńőćĺľ ć ŕàïÄ ňőãčőńìŋĺłě (4), ă ^t(∇u)fi = @(u·)=@fi = 0. Ğăŕĺáì ňőďěńìŋëå łàăěćëå ãáńőćĺľ ć ćĺďě (32) ďěńăěâ ŋăčńïďŋëň ĺå őąőąéěŋĺě ŋă áńãçăľ n > 3.

x 5. Ğăďăçă Śâőłáă á ŕăàăňěâàőň

Řăááňőâàĺň ć őčàăŋĺçěŋŋőľ, őďŋőáćïğŋőľ, ńĺŕèĺæěćőľ őąńăáâĺ ˙ ⊂ R^n , n = 2; 3, ğăďăçã Śâőłáă á ŕăàăňěâàőň ĺ ňőďěńìŋëňĺ łàăěćëňĺ ãáńőćĺïňĺ −´u + ¸u + ∇p = f;

div u = g; u · | |_{@˙} = Ru | |_{@˙} = 0;

(33)

čďě ¸ ∈ [0; ∞), f ∈ U^{−1}, g ∈ L_2=R.

Ğăďăçă á ŕăàăňěâàőň ćőğŋĺłăěâ ć ćëçĺáńĺâěńìŋőľ čĺďàőďĺŋăňĺłě, ŋăŕàĺňěà, ŕàĺ àăááňőâàěŋĺĺ ŕőńã-ŋěïćŋëå áåěň ďńï ãàăćŋěŋĺľ Śâőłáă ĺ Ŋăćìě{Śâőłáă. Ć íâőň áńãçăě ¸ ∼ (fl ‹t)^{−1}, čďě fl { łĺŋěňăâĺçěáłăï ćïğłőáâì ęĺďłőáâĺ, ă ‹t { èăč ŕő ćàěňěŋĺ.

Őąőąéěŋŋăï ŕőáâăŋőćłă (33) áőáâőĺâ ć ŋăåőęďěŋĺĺ ŕăàë {u; p} ĺğ U × L_2=R âăłőľ, çâő

(div u; div v) + (rot u; rot v) + ¸(u; v) − (p; div v) = ⟨f ; v⟩ ;

(div u; q) = (g; q) ∀ v ∈ U; ∀ q ∈ L_2=R:

Řěğãńìâăâë àăğàěèĺňőáâĺ ĺ àěčãńïàŋőáâĺ ďńï ğăďăçĺ (33) ďőáńőćŋő ŕőćâőàïîâ ăŋăńőčĺçŋëě àěğãńìâăâë ďńï ğăďăçĺ (11). Řăááňőâàĺň ďőŕőńŋěŋĺě Ÿãàă

A_˚ (¸) ≡ div(´ − ¸I)^{−1}_˚ ∇;

čďě I { âőęďěáâćěŋŋëľ őŕěàăâőà. Śńěďãîéăï âěőàěňă őąőąéăěâ âěőàěňã 1.

Šěőàěňă 6. Ć ŕàěďŕőńőęěŋĺïå âěőàěňë 1 ďńï ŕàőĺğćőńìŋëå ¸ ∈ [0; ∞), p ∈ L_2=R ĺ q = A_˚ (¸)p, q ∈ L_2=R, áŕàăćěďńĺćő àăćěŋáâćő

p = q − ¸´^{−1}_N q; (34)

čďě r = ´^{−1}_N q { àěèěŋĺě ğăďăçĺ Ŋěľňăŋă

´r = q; @r @ | | | @˙ = 0:

142 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

Ďőłăğăâěńìáâćő. Ďńï ¸ = 0 ãâćěàęďěŋĺě âěőàěňë áőćŕăďăěâ á âěőàěňőľ 1. Ŕàěďŕőńőęĺň âěŕěàì, çâő ¸ > 0, âőčďă ŕàőĺğćőńìŋăï äãŋłæĺï p ĺğ L_2=R ĺ q = A_˚ (¸)p áćïğăŋë áőőâŋőèěŋĺïňĺ

−´u + ¸u + ∇p = 0;

div u = q; u · | |_{@˙} = Ru | |_{@˙} = 0:

(35)

Řăááňőâàĺň äãŋłæĺĺ p_1 = −¸´^{−1}_N q ĺ u_1 = ¸^{−1}∇p_1. Őŕàěďěńĺň ćěłâőà-äãŋłæĺî u_2 ∈ U ĺğ áĺáâěňë

−´u_2 = ∇q; u_2 · | |_{@˙} = Ru_2 | |_{@˙} = 0:

Ĺňěěň ´u_1 = ∇ div u_1 = −∇q = ´u_2, ă âăł łăł u_1 ∈ U ĺ Ru_1 | @˙ = 0, âő u_1 = u_2.

Ŕőńőęĺň ~p = q + p_1, âőčďă ďńï ~u = u_1 = u_2 ĺ ~p ćëŕőńŋïěâáï

−´~u + ¸~u + ∇~p = 0;

div ~u = q; ~u · | @˙ = R~u | @˙ = 0:

(36)

Ć áĺńã ěďĺŋáâćěŋŋőáâĺ àěèěŋĺï (33) ĺ áőőâŋőèěŋĺľ (35), (36) ŕőńãçăěň p = ~p = q − ¸´^{−1}_N q. Šěőàěňă ďőłăğăŋă.

Őâňěâĺň, çâő áŕàăćěďńĺćőáâì àăćěŋáâćă (34) ŕőğćőńïěâ őąőąéĺâì ŋă èĺàőłĺľ łńăáá őąńăáâěľ ŕőáâàőěŋĺě ĺ ăŋăńĺğ íääěłâĺćŋőčő ŕěàěőąãáńăćńĺćăŋĺï ăńčőàĺâňă Şğăćë çĺáńěŋŋőčő àěèěŋĺï ğăďăçĺ Śâőłáă á ŕăàăňěâàőň ĺ á łàăěćëňĺ ãáńőćĺïňĺ Ďĺàĺåńě (áň. [9], [14], [23]).

Šěőàěňã 3 őąőąéăěâ

Šěőàěňă 7. Ŕãáâì ˙ { őčàăŋĺçěŋŋăï őďŋőáćïğŋăï őąńăáâì, ãďőćńěâćőàïÄ îéăï ãáńőćĺî I). Ŕãáâì f ∈ L_2(˙)^n, g ∈ W^1_2 (˙) ∩ L_2=R. Šőčďă àěèěŋĺě p ğăďăçĺ (33) ĺğ W^1_2 (˙)∩L_2=R ãďőćńěâćőàïěâ ć őąőąéěŋŋőň áňëáńě ãàăćŋěŋĺî

´p = ´g − ¸g + div f; @p @ = @g @ + f · :

Ďőłăğăâěńìáâćő âěőàěňë 7 ŕőćâőàïěâ ďőłăğăâěńìáâćő âěőàěňë 3.

Ğăłńîçěŋĺě

Ś ćăàĺăæĺőŋŋőľ âőçłĺ ğàěŋĺï äãŋłæĺî ďăćńěŋĺï ć ãàăćŋěŋĺïå Śâőłáă ňőęŋő àăááňăâàĺćăâì łăł ńăčàăŋęěć ňŋőęĺâěńì, áőőâćěâáâćãîéĺľ őčàăŋĺçěŋĺî ŋă ŕőÄ ńě áłőàőáâěľ: div u = 0. Ŕőíâőňã ćŕőńŋě őąőáŋőćăŋă őąéěŕàĺŋïâăï âőçłă ğàěŋĺï, çâő ŕàĺ ŋăńĺçĺĺ ãáńőćĺï ŋěáęĺňăěňőáâĺ äãŋłæĺĺ áłőàőáâĺ ĺ ďăćńěŋĺï ŕàĺŋæĺŕĺÄ ăńìŋő ŋěàăğďěńĺňë ć ğăďăçě Śâőłáă. Ŕàĺňěà ğăďăçĺ á ňőďěńìŋëňĺ łàăěćëňĺ ãáńőÄ ćĺïňĺ ŕőłăğëćăěâ, çâő ĺğ íâőčő ŕàăćĺńă ěáâì ĺáłńîçěŋĺě. Śńěďáâćĺě 1 ĺ âěőàěňă 3 ŕőłăğëćăîâ, çâő ć ğăďăçě Śâőłáă á ňőďěńìŋëňĺ łàăěćëňĺ ãáńőćĺïňĺ ŋăåőęďěŋĺě

Ő ĞĂĎĂŮĚ ŚŠŐŁŚĂ Ś ŇŐĎĚŃĲŊŻŇĹ ŁŘĂĚĆŻŇĹ ŞŚŃŐĆĹ§ŇĹ 143

ďăćńěŋĺï âàěąãěâ àěèěŋĺï őďŋőčő ćěłâőàŋőčő ãàăćŋěŋĺï Ŕãăááőŋă á őďŋőàőďŋëÄ ňĺ ãáńőćĺïňĺ âàěâìěčő àőďă ĺńĺ őďŋőčő áłăńïàŋőčő ãàăćŋěŋĺï Ŕãăááőŋă á ŋěőďŋőÄ àőďŋëňĺ ãáńőćĺïňĺ Ŋěľňăŋă. Ŋăåőęďěŋĺě ŕőńï áłőàőáâěľ ŕàőĺáåőďĺâ őâďěńìŋő ĺ âàěąãěâ ďőŕőńŋĺâěńìŋő àěèěŋĺï ćěłâőàŋőčő ãàăćŋěŋĺï Ŕãăááőŋă.

Śŋĺęěŋĺě âàěąőćăŋĺľ ł őąńăáâĺ ďő ňĺŋĺňăńìŋő, łăł ŋăň łăęěâáï, ćőğňőęŋëå ŕőâàěąőćăńő ďőŕőńŋĺâěńìŋëå ňăâěňăâĺçěáłĺå \ãáĺńĺľ", ć çăáâŋőáâĺ, àăááňőâàěÄ ŋĺï ňěŋěě \ŕàĺćëçŋëå" äãŋłæĺőŋăńìŋëå ŕàőáâàăŋáâć, çěň ŕàőáâàăŋáâćă ŚőąőńěÄ ćă. İâĺň ąëńă ďőáâĺčŋãâă ąőńìèăï ŕőńŋőâă àěğãńìâăâőć.

Ŋăłőŋěæ, ěáâěáâćěŋŋőě őąőąéěŋĺě àěğãńìâăâőć ďńï ğăďăçĺ á ŕăàăňěâàőň ŕàěďÄ áâăćńïěâáï ćăęŋëň ďńï ďăńìŋěľèěčő ĺááńěďőćăŋĺï ďăŋŋőľ ğăďăçĺ á łàăěćëňĺ ãáńőćĺïňĺ Ďĺàĺåńě á âőçłĺ ğàěŋĺï çĺáńěŋŋëå ňěâőďőć.

Ăćâőà ćëàăęăěâ ąńăčőďăàŋőáâì Č. Ň. Łőąěńìłőćã ğă ŕőáâăŋőćłã ğăďăçĺ ĺ Ě. Ć. Ůĺęőŋłőćã ğă àïď ŕőńěğŋëå ğăňěçăŋĺľ.

Śŕĺáőł ńĺâěàăâãàë

1. Šěňăň Ř. Şàăćŋěŋĺï Ŋăćìě{Śâőłáă. Šěőàĺï ĺ çĺáńěŋŋëľ ăŋăńĺğ. Ň.: Ňĺà, 1981. 2. Gresho P. M., Sani R. L. On pressure boundary conditions for incompressible Navier{ Stokes equations // Internat. J. Numer. Methods Fluids. 1987. V. 7. P. 1111{1145.

3. Gresho P. M. Incompressible ‚uid dynamics: some fundamental formulatio issues // AnÄ nual Review of Fluid Mechanics. 1991. V. 23. P. 413{453.

4. Brezzi F., Fortin M. Mixed and Hybrid Finite Element Methods. New York: Springer-Ver-lag, 1991.

5. Chizhonkov E. V. Application of the Cossera spectrum to the optimization of a method for solving the Stokes problem // Russian J. Numer. Anal. Math. Modelling. 1994. V. 9. ò3. P. 191{199.

6. Crouzeix M. Etude d’une methode de linearisation. Resolution des equations de Stokes staÄ tionaries. Application aux equations des Navier{Stokes stationaries // Cahiere de l’IRIA. 1974. ò12. P. 139{244.

7. Ňĺåńĺŋ Ś. Č. Śŕěłâà ŕãçłă őŕěàăâőàőć âěőàĺĺ ãŕàãčőáâĺ // ŞŇŊ. 1973. Š. 28. ò3.

Ś. 43{82.

8. Łőąěńìłőć Č. Ň. Ő çĺáńěŋŋëå ňěâőďăå àěèěŋĺï ãàăćŋěŋĺľ Ŋăćìě{Śâőłáă ć ŕěàěňěŋŋëå áłőàőáâì-ďăćńěŋĺě // Ćëçĺáńĺâěńìŋëě ŕàőæěááë ĺ áĺáâěňë. Ćëŕãáł 8. Ň.: Ŋăãłă, 1991. Ś. 204{237.

9. Őńìèăŋáłĺľ Ň. Ă. Őą őďŋőľ ğăďăçě âĺŕă Śâőłáă á ŕăàăňěâàőň // ĘĆŇ ĺ ŇŤ. 1996.

Š. 36. ò2. Ś. 75{86.

10. Aristov P. P., Chizhonkov E. V. On the constant in the LBB condition for rectangular domains // Report ò 9534, Dep. Math. Univ. Nijmegen, 1995.

11. Bakhvalov N. S. Solution of the Stokes nonstationary problems by the ˛ctious domain method // Russian J. Numer. Anal. Math. Modelling. 1995. V. 10. ò3. P. 163{172.

12. Kobel’kov G. M. On solving the Navier{Stokes equations at large Reynolds numbers // Russian J. Numer. Anal. Math. Modelling. 1995. V. 10. ò1. P. 33{40.

13. Kobel’kov G. M. To numerical solution of nonstationary Stokes problem // Report ò 9536, Dep. Math. Univ. Nijmegen, 1995.

14. Ol’shanskii M. A. On numerical solution of nonstationary Stokes equations // Russian J.

Numer. Anal. Math. Modelling. 1995. V. 10. ò1. P. 81{92.

15. Girault V., Raviart P. A. Finite element methods for Navier{Stokes equations. Berlin:

Springer-Verlag, 1986.

16. Ne»cas J. Equations aux derivees partielles. Montreal: Presses de l’Universite de Montreal, 1965.

17. Kobel’kov G. M., Valedinskiy V. D. On the inequality ‖p‖ ⩽ c‖ grad p‖_{−1} and its ˛nite dimensional image // Soviet J. Numer. Anal. Math. Modelling. 1986. V. 1. ò3. P. 189{200.

18. Grisvard P. Elliptic Problems in Nonsmooth Domains. Boston: Pitman Publ., 1985.

144 Ň. Ă. ŐŃĲŸĂŊŚŁĹĽ

19. Cattabriga L. Su un problema al contorno relativo al sistema di equazioni di Stokes // Sem.

Mat. Univ. Pavoda. 1961. V. 31. P. 308{340.

20. Foias C., Temam R. Remarques sur les equations de Navier{Stokes et les phenomenes successifs de bifurcation // Ann. Scuola Norm. Sup. Pisa Cl. Sci (4). 1978. V. 5. ò1. P. 29{63.

21. Ŋĺłőńìáłĺľ Ś. Ň. Ŕàĺąńĺęěŋĺě äãŋłæĺĺ ňŋőčĺå ŕěàěňěŋŋëå ĺ âěőàěňë ćńőęěŋĺï. Ň.:

Ŋăãłă, 1969.

22. Gunsburger M. D. Finite element methods for viscous incompressible ‚ows: London, 1989. 23. Cahouet J., Chabart J. P. Some fast 3D ˛nite element solvers for the generalized Stokes problem // Internat. J. Numer. Methods Fluids. 1988. V. 8. P. 869{895.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă

Ŕőáâãŕĺńă ć àěďăłæĺî 13.05.1996