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Stable finite-element calculation of incompressible flows
using the rotation form of convection
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Conforming finite-element approximations are considered for the incompressible Navier—
Stokes equations with nonlinear terms written in the convection or rotation forms. Implicit
time integration results in nice stability properties of auxiliary problems which can be
solved by efficient numerical algorithms. The original nonlinear system admits relatively
simple stabilization strategies. The paper presents in a unified form the convergence
analysis, including the design of stabilization parameters, for linearized equations in both
convection and rotation forms. Moreover, it is shown that a Galerkin discretization of the
pressure-regularized Oseen problem with skew-symmetric terms in rotation form possesses
better stability properties and, being much easier to solve, can be used as a predictor in
implicit calculations.
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1. Introduction

The incompressible Navier—Stokes problem written in velocity—pressure variables has
several equivalent forms. However, upon discretization these forms lead to finite-
dimensional systems with different algebraic properties. So the discrete solutions may
differ in their quality, and linear (or nonlinear) solvers may differ in their performance,
depending on what particular formulation has been used.
The common choice for finite-element (FE) users is the convection form of the Navier—

Stokes problem: find a velocity u(¢, x) and a kinematic pressure p(t, x) from

A Vu+Vp=Ff inQ2x(T

ar ¥ ut(@-Viju+Vp=»f inf2x(0,T], (D)

divau=0 1in {2 x [0, T]

with given force field f and viscosity v > 0. Some boundary and initial conditions should
be additionally supplied. FE methods for (1.1) are well studied in the literature from the
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algorithmical and mathematical points of view (see, e.g. Pironneau, 1989; Roos et al.,
1996; Turek, 1999).
Here we are also concerned with the rofation form of these equations:

0
8—1;—1)Au+(curlu)xu+VP=f in 2 x (0,71, (12)

divu=0 in {2 x [0, T],

which results from (1.1) after replacing the kinematic pressure by the Bernoulli (or total)
pressure P = p + “72

There are several motivations for this research. One comes from numerical linear
algebra: the recent papers of Olshanskii (1999) and Olshanskii & Reusken (2000) show
that the auxiliary problems of Oseen and convection—diffusion type, which involve the
proper (i.e. ellipticity preserving) linearization of nonlinear terms in the rotation form, can
be solved in a fast and robust manner due to the zero order of skew-symmetric terms.

Another one is the numerical analysis for flow problems in the presence of a Coriolis
force. In this case the extra term has the form w x u(Vw = 0), which is the same as for
the linearized convection from (1.2), although now Vw # 0. As shown in Codina & Soto
(1997), the diffusion problem with such a term does not require any global stabilization for
small diffusion, in contrast to the case when the (a - V)u term is added. Although, in the
presence of pressure, stabilization may be needed again, the numerical results from Codina
(2001) encourage us to be optimistic about the flexibility in the choice of stabilization
parameters and the range of Reynolds numbers when stabilization is used. The analysis of
the present paper attempts to support this conclusion.

Finally, the generation of skew-symmetric terms in (1.2) requires approximately 50%
(resp. 30%) less CPU time compared to (1.1) for 2D (resp. 3D) calculations. In Zang
(1991) it was argued that using spectral methods and explicit treatment of convection in
unsteady calculations, the form (1.1) is preferable due to being less prone to generation of
instabilities caused by truncation errors. However, we believe that implicit and/or proper
stabilized FE schemes have a rather distinct error propagation mechanism.

Summarizing all these reasons, we feel that the topic of Navier—Stokes calculations in
rotation form for the convection is worth revisiting. The goal of this paper is to present,
in a unified form, the convergence analysis for linearized equations originating from (1.1)
and (1.2) as a basis for a fair comparison and for further numerical investigations.

The remainder of the paper is organized as follows. In Section 2 we discuss certain
schemes for (1.1) and (1.2). Section 3 presents stabilized schemes for the linearized
equations. The analysis for div-stable FE pairs is then given in Section 4. Section 5
treats the stabilized FE method for the linearized equations and rather general FE pairs
(including equal-order elements). Finally, in Section 6 we study a pressure-regularized
Galerkin scheme, using the rotation form of convection.

2. Preliminaries

We assume {2 to be a bounded domain in R", n = 2,3. Denote v - u = Z;’zl v;u; for
vector functions u and v, curlu := (V x u), x stands for vector product. In 2D define
curlu := —0du/0xp + dup/dxy and a x u := {—aup, au;} for a scalar a and vector u.
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With these notations observe the formal equality for arbitrary vector functions u and v,
which will be useful in what follows:

vV-Viu+ (u-V)v=(curlv) x u+ (curlu) x v+ V(v - u). 2.1

For v = u relation (2.1) proves the equivalence of (1.1) and (1.2).

Compared to explicit methods, an implicit time integration of (1.1) or (1.2) enhances
stability, accuracy and flexibility in the choice of the size of time steps. However, implicit
schemes are superior to explicit ones only if the auxiliary problems on each time level can
be solved efficiently (Schifer & Turek, 1996).

Thus a scheme for (1.1) or (1.2) can include the fully implicit time integration and an
iterative solver to find {u*!, pk*1} from

uktl — uk

= - pAET! £ N bty v pttt = et

2.2)
divuft! = 0,

with a desired tolerance. Here we set u = u(k 8r), p* = p(k 1), and 8¢ is a time
step. N (uf*t! uk*1) corresponds to the nonlinear term in any of the two forms. Boundary
conditions and spatial discretization should be implemented also.

Another option is to consider a linearization at each time step. Then linear problems
of Oseen type for the unknown {u"*!, p"*1} have to be solved on each time level, e.g.
for (1.2):

un+1 —ut

St _ \)Au”+1 + (Curlfl") X un+1 + Vpn+1 — fﬂ-‘rl

2.3)
diva"t! =0,

where u” is some extrapolation of the velocity values from previous time levels. We remark
that the above linearization, (curlu) x u ~ (curla) x u, results in a skew-symmetric
term, while another choice, e.g. (curlu) x u >~ (curlu) x a, may break the ellipticity of
the system. For the same reason (a - V)u is commonly used to linearize the convection
from (1.1), but not (u - V)a.

Now let us consider an iterative scheme to solve (2.2). For the favored choice of some
Newton-like iteration, we need an approximation to the Fréchet derivative of the nonlinear
operator from (2.2). We observe that the contribution of the nonlinear terms to the Fréchet
derivative in some point a is

(a-Vyu+ (u-Va. 2.4

Therefore, one approach (see, e.g. Turek, 1999) is to drop in (2.4) the undesirable second
term. Another approach (see Olshanskii, 1999) is to rewrite (2.4), thanks to (2.1), as

(curla) x u+ (curlu) x a+ V(a-u). 2.5)

Now the term (curlu) x a is undesirable and will be dropped. The last term is absorbed
into the new pressure term. Hence, we arrive at the problem of the same type as in (2.3):
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for given @ > 0, v > 0, f, g, and w, find u and a new pressure p from

au—vAu+wxu+Vp=f inf2,

2.6
divau=g in {2, (2-6)

together with appropriate boundary conditions on 9 {2. As a candidate for a robust predictor
in (2.2), we analyse in Section 6 the following pressure-regularized problem

au—vAu+wxu+Vp=1£f in {2,

divu—38Ap =g in {2, @7
0

u=0, —p:0 on 442,
on

with an appropriate parameter . Homogeneous Dirichlet boundary conditions for u and
Neumann condition for p, respectively, are imposed to make the analysis clearer.

A notable implementational difference between schemes (2.2) and (2.3) appears when
we apply spatial (e.g. FE) discretization. In the case of large-mesh Reynolds numbers, the
scheme may need to be stabilized to produce accurate results. For the first scheme one
can choose a consistent method of high accuracy (e.g. the streamline—diffusion method
with well-tuned parameters, see Sections 4 and 5) for the nonlinear equations, and not
care about algebraic properties of the stabilized system required for linear solvers (M-
matrices, saddle-point form, appropriate preconditioners). Here problem (2.7) appears as
an auxiliary one. It should be in some sense ‘close’ to the Fréchet derivative and upon
discretization it should be much easier to solve. This idea is exploited in Turek (1999) for
both linear and nonlinear problems in convection form with a streamline—diffusion method
for the nonlinear problem, and first-order upwinding for the auxiliary linear problems. For
the second scheme (2.3) the questions of discrete solution accuracy on the one hand, and
the algebraic properties on the other hand should be considered together. For both schemes
the analysis of linearized problems appears to be a crucial point.

3. Stable FEM for the linearized model

We start with a variational formulation of the following generalized Oseen-type problem
with 0 < v < 1, @ > 0 where we (for simplicity only) impose homogeneous Dirichlet
boundary conditions

LU):=—vAu+aou+@-Viu+wxu+Vp=f in {2,
divu=g in {2, 3.1
u=0 onafl.

Here the case a = 0 corresponds to the rotation form of the Oseen problem whereas
the case w = 0 is the standard convection form. The case with non-vanishing terms a and
w stems from the Oseen problem with additional Coriolis forces.

Set V := H(}(Q)" with the norm || - |lv := |- |1, and Q := Lé(()) with norm
Il g := Il-1lo,s2. The inner product in L?*(G) with G € 2 is denoted by (-, -)g. For G = 2
we will drop the subscript and simply write (-, -) or || - || for the L? norm. Then a variational
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formulation of (3.1) reads: given f € H~1(2), g € Q, find U := {u, p} ¢ W:=V x Q
such that

a(U,V) = f(V) VV:i={v,q)eW, (3.2)
aU,V):=v(Vu,Vv) + (cu+w xu+ (a-Viu,v) — (p,divv) + (g, diva)
fV):=&v)+ (g 9.

Let 7, := {K} be a regular family of simplicial triangulations of 2. Suppose that 7},
is shape-regular such that g /pg < c for all elements K with constant ¢ # c(h). Here
hk and pgx denote the diameter of the minimal ball circumscribed on K, respectively the
maximal ball inscribed in K. Suppose (for simplicity) an exact triangulation with 2 =
Uker, K.

Let V; C V and Q; C Q be conforming FE spaces to approximate velocity and
pressure, consisting of piecewise polynomials of degree / € N and k € Ny. Later on we
apply standard local inverse inequalities (Ciarlet, 1991):

IAVL Ik < b IVVRIE,  IVanllx < mphitlgnlik. (3.3)

For any smooth functions v € V and ¢ € Q we assume the existence of interpolants
Vi, € Vi, and g5 € Qy with the following local approximation properties for i = 0, 1, 2,
j=0,1:

- I—i+1 A k—j+1
lv— Vh||Hi(K) < ChKl+ ||V||Hl+1(1<), lg — (’Ih”H./(K) < chy ! ||‘Z||Hk+1(1() (3.4)

on each K € 7, see Clement (1975). We only mention a Clement-type interpolation under
reduced regularity assumptions, see also Verfiirth (1999).

The basic Galerkin method for (3.2) is: find Uy = {up, pn} € Wj, = V, x Qp such
that

aWUp, Vi) = f(Vi) Y Vi ={vh.qn} € Wp. (3.5)

As a first class, we consider velocity/pressure approximations in Vj x Qj, which are div-
stable, i.e. the following discrete BabuSka—Brezzi condition is valid:

) d
0 > 0, fo £ Py st inf sup VYR o g (3.6)
an€Qi v,ev, IVrllvilgnllQ

Henceforth we assume that sup, and inf, are taken for x # O if x| appears in the
denominator. Observe also the continuous counterpart of (3.6), the Necas inequality

Bollpll < IIVpllg-10) Y peQ

Denote co = min{fo, Bo}-
In the subsequent analysis we assume that

acL®()"NH (2", diva=0; we L®(0)" 3.

In the context of linearization of the Navier—Stokes equations the smoothness assumptions
on a are reasonable if a represents a FE velocity. The condition diva = 0 will be needed
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only to ensure that the bilinear form (a- Vu, v) is skew-symmetric. Although this condition
is usually valid in some weak sense only and the skew-symmetry of the bilinear form can
be lost, there are several standard ways to ensure skew-symmetry in practice. One is to
include %((a - Vu,v) — (a- Vv, n)) into the weak formulation instead of (a - Vu, v) (see
e.g. Temam, 1977). We will keep in mind this possibility as it does not alter our analysis.

Fortunately, for rotation form, the skew-symmetry of the form (w x u, v) and hence
energy conservation of the FE solution hold for any w thanks to the properties of the
vector product. At the same time the assumption w € L% (£2)?"~3 can be unrealistic when
w = curlu for some ‘real’ velocity field u. However, our case of interest is w = curl uy,
where uy, is a FE velocity. Then w is a bounded function and ||W||s < ¢ hYupy oo for
fixed h.

In general, formulation (3.5) may exhibit spurious solutions for two reasons:

(1) The velocity/pressure approximation in V; x Qy, is not div-stable. As a remedy, some
pressure regularization is introduced below, see Sections 5 and 6.

(i) The mesh is too coarse in order to resolve instabilities stemming from (locally)
dominating advective and/or rotation terms such that

Rex = v '|allo khgx > 1 andlor Ekg' = v Wl xhk > 1.  (3.7)

Then eventually some artificial diffusion is required, see Sections 4 and 5. In three
dimensions we define ||W|loo,G = €sssupg Z?:] |w;| so that |[w x ulg < [|[W]leo,GllullG.
We also introduce the dimensionless local number Dx = v« h%( measuring the impact
of the reactive term.

Below we consider the following stabilized form of the Galerkin scheme (3.5): find
Un = {uy, pn} € Wy, such that

an(Up, Vi) = fn(Vi) V'V = {Vh, qn} € Wy, (3.8)
ay(U, V) :=a(U,V)+ Y (yk divua, divv)g
K

+ Y (L), 8% (a- V)V +8¥w x v+ 85 Vg, (3.9)
K

V)= F(V)+ Y (kg divig + (£ 8% (- VIV + 8w x v+ 85 Vg)k).
K

The Galerkin scheme (3.5) is a special case of (3.8) with yx = 6% =Y = 52 =0.

Scheme (3.8) is built (for accuracy reasons, see Sections 4 and 5) to be of residual type,
i.e. the sum of stabilizing terms vanishes for a smooth solution of (3.1). This implies the
basic property of generalized Galerkin orthogonality

apn(U —Uy, Vi) =0 VYV, eWy. (3.10)

The analysis of these consistent schemes will be given in Sections 4 and 5. Furthermore,
we address an inconsistent variant in Section 6.

REMARK 3.1 Another clan of stabilization methods related to (3.8), (3.9) are the so-called
sub-grid scale or GLS methods (Codina, 2001). In these methods different test functions



STABLE CALCULATION OF INCOMPRESSIBLE FLOWS 443

are taken in the second stabilizing terms in (3.9) and in f;(V), e.g. the last term in (3.9) is
— >k Sk (L(U), L*(V)) g with the adjoint operator £*. This technique was applied to the
Oseen problem with additional Coriolis forces. A novelty in the present paper is that we
consider linear problems in the context of the full Navier—Stokes calculations where skew-
symmetric terms in (3.1) appear from linearization of convection, while the estimates in
the case of the stabilized Oseen problem with additional Coriolis forces are obtained as a
by-product of our analysis.

REMARK 3.2 A drawback of the scheme (3.8) is, particularly in three dimensions, that
the generation of the stabilizing terms requires a lot of CPU time (Turek, 1999). Moreover,
its algebraic structure can be too complicated for standard solvers, in contrast with, for
example, (less accurate) simple upwinding which produces M-matrices and preserves
the structure of the Galerkin scheme. So we are interested in avoiding as many of the
stabilization terms as possible. Therefore, we introduced different parameters 8}‘( with
x € {a,w, p}. However, in our analysis we always take 8% and 8} equal. This assumption
simplifies the still very technical analysis and it is not a serious restriction, since for the
problem of our interest we have eithera = 0 or w = 0.

4. Div-stable schemes with SUPG stabilization

Here we analyse the consistent scheme (3.8) in the case of div-stable elements, and with
possible SUPG-type stabilization. Assumptions for this case follow.

Case A: 8% =0, 88 :=8% =5% >0, yx >0
4.1 Stability of the scheme

First we present an inf-sup stability estimate for the bilinear form ay (-, -) on Wy, = V;, xQp,
with respect to the norm || - || 4 (with parameter o4 > 0 to be determined below) defined as

IVIL =1V +oallgl?,

VA = vIVVIP +alv® + ) (rkll divylg + 8% ll@- V)V +w x v[%).
K

LEMMA 4.1 Assume the following conditions for the stabilization parameters:

0<684 <

1 rB2hE K21
b < L 80

K-l 0<yk <y <N} (4.1)
HANG gy a} A

with appropriate 1. Furthermore, set with Friedrichs’ constant Cr,

Cr

,/v—i—C%a

Ma =/8a(lalloo + CFlIWlloo), 84 = sup . 4.2)
K

Na =V +VaCr + (lallo + CrlIWllo)
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. “ . 1 72
Then there exist positive constants S4 # Ba(h,v) and oyg = fﬂgN 4~ such that

Un, V,
inf _an(Un. Vi) > Ba 4.3)
UneWn v,ew, 1UnllallValla

for sufficiently small 2 = supg hg: h < Crpy.

REMARK 4.1 (i) The stability result for div-stable elements with/without SUPG
stabilization of the skew-symmetric terms is apparently new. Note that the scheme
considered in Chapter IV.3 of Roos et al. (1996) requires 81’; = k. The present
analysis also provides a modified inf-sup condition for the Galerkin scheme with
82 = 0, i.e. for diffusion-dominated problems.

(i) The first condition on 51@ in (4.1) is rather restrictive if « = 0 and v < 1. But it
disappears for the interesting case of piecewise constant pressure, thanks to u, = 0.
Moreover, regardless of pressure approximation, if @ > 0 then N4 remains bounded,
and the condition on 8? is not restrictive any more.

Proof. We fix an arbitrary U;, € W,. Below we find V), € W, satisfying (4.3).
(i) We use the following abbreviations:

A2 = |V | + allup|l?, B? = | pull®,
Y2 .= ZS}}II —vAuy + oy, + Vpulk,
K

X2=) sgl@-Viw +wxwly,  Z%:=) ykldivulg.
K K

hence |[Uh]|/24 = A% + X2 + Z2. In the first step we set V;, = Uy, in (3.9), hence
2 2 2
an(Up,Up) 2 A"+ X" +272°—-YX.

The main difficulty comes from the term Y X. We have, via triangle inequality, inverse
inequalities (3.3), and using (4.1),

Y2 <oV 2 + allug > + Alpall* = A% + AB2,

where A 1= AoﬂgNgz. Then we obtain via Young’s inequality
1 2 2 2 A
an(Un, Un) 2 5(A"+ X"+ Z7) — 5 B, (4.4)

(i1) Consider the following form of the condition (3.6):

Jz, € Vy, : (divzy, pr) = Bollprllolzallv 4.5)

with By # Bo(h). We can assume ||z, |lv = || prllq. Consider now

4 4
an(Uy. (=23, 0)) = (pi. divz,) — Y T4 > poB? = Y T
i=1 i=1
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Standard inequalities and integration of the advective term by parts imply
T == v(Vuy, Vzp) + (@up + W x wy, z;) — (W, (a- V)zp)
Cr
Jv+C %(x
Similarly with y, §4, and M4 given by (4.1) and (4.2)

T = ZyK(divuh, divz,)x < YZB < NAZB,

< | Vv A+ VaCr + (lalloo + CFlIWloo) AlVzy|l = NaA B.

K
T3A = Z&Q(—vAuh +oauy, +Vpp, wxz, + (a-V)zy)g
K

< Y/8a(llallos + IWlosCF)B < (A + VAB)M B,
T4A = Zé,“é(w xu,+(@-Viu,,wxzy,+(@-V)zy)g
K

< Xy/8a(llalloo + IWleoCr)B < MaAXB.
We summarize these estimates and use Young’s inequality (with x > 0)
an(Up, (24, 0)) = foB” — (NA(A + Z) + Ma(A + VAB + X))B
> (ﬁo — Mavh — %")Bz - %(NA + Mp)*(A* + X7 + 7).
Using (4.1), we get for i < Cru,, the inequality 2M 4 < Ny4; then the definition of A (with
do < %) gives M A«/X < %ﬁo. Hence we obtain

27
ar (Un, (=23, 0)) > %BZ - MU+ X4 2, 4.6)
0

(iii) Define Vj, := Uj, + pa(—zy, 0) with some p4 > 0, then via (4.4), (4.6)

an(Un, Vi) = an(Up, Up) + paan(Uy, (=24, 0))

1 27paNZ A
> (2 _ZPANAY w2 x2 g gy 4 (Poea _ 2\
2 480 2 2
We choose
_ 1 =2 _ _ 1 p2a7-2
pa = 5780N,", o4 = Bopa = 77ByN,".
Then, setting 1o = %, we get A = % Bopa. Hence
an(Un, Vi) > (A% + X* + Z2 + 0 B?) = 3IIUsI13. “.7)

(@iv) For h such that 2M 4 < N4 the following estimate holds:

(=2, 1% = vIIVZa > + allzall* + D _[8% @~ V)zs + W x 24| % + v || div 2y | %]
K

< (v +aCh 4284l + CHIWIZ) + vl Vzal* < 3N;B2.
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By the definition of p4 and o4 we have pf\ N% < %UA, and hence

IVallh < 20Ul15 + 203 1 (24, 0) 15
<2([URI5 + (04 + 03 ND I pnl®) < 2NULIG.

which together with (4.7) implies (4.3) with B4 = % O
4.2 Error analysis and parameter design

Let U = {u, p} € Wand U, = {up, pr} € Wy, be Ehe solutions of the continuous
and of the discrete problems, respectively. Furthermore, U = {l;, pp} € Wy, denotes an
appropriate interpolant for U. Then we define the error by Ej, = {ey, e} = {u—uy,, p—pj}
and set

{Nu, np} = {u—"1yp, p — pn}, {Xu, xp} = {0, — s, pr — pp}.

Galerkin orthogonality (3.10) and Lemma 4.1 imply that there exists V, = {vp, gn} € Wy,
such that

Ballxuw xpHallVilla < an({xu, Xp}s Vi) = —an({nu, np}, Vi). (4.8)

LEMMA 4.2 For arbitrary U = {u, p} € W with LU | € L2(K)VK € T, and V), € W),
we have

1

2
an(U, Vi) < cnvhnA{uU]u + (§ (3 IVullk + (lalZ, + CElIwliz)v ™! ||u||%<)>
K

1 1
2 2
+<Zz<v+w<>‘||p||%<> +<282u—v4u+au+wni) }
K K
“4.9)

Proof. The symmetric terms of a;, are bounded by |[[U]|4 |[Vj]|4. Integration by parts and
antisymmetry properties imply

lalloo + CFlIWlloo

NG
IVully/aalignl. @.11)

l(a- Vu+w x u,vy)| < lall VIVl (4.10)
1

NG

(divu, gp) <

Next we have

1

2
—(p.divvy) < (Z 20 +yx)™! ||p||%<> <v||Vvh||2 + Y vkl divvh||%<>
K K

1
2
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Finally, consider the remaining stabilizing terms:

D sk (—vAutau+ Vp, (@ V)vy + W x vi)g
K

2

1
2
< (Z S8l — vAu+ ou + vp||§<) (Z S8~ V)vy +w x vh||%(>
K K

This implies the assertion (4.9) via definition of || - ||4 and |[-]]|4. O

We now combine (4.8) and (4.9) with U = {nu, n,}. After cancelling || V;,||4 we get

Hxws xpHla < CBx 1mws np}lla-

Then the triangle inequality

IEnlla < Hxu xpHla + {nu, np}lia

and usual local interpolation properties with ag = ||a||co,x,» Wk = ||W|lco,x imply that
1EI < CZ{(&A +aahy +hx 0+ v ORE P )

+w+o !+ (@CE+ (lall, + CElIwlZ)vHn%
+ K+ 8 @k + Wi Ul )
<CY OR AN+ H 0+ i) P )
K

+C Y v+ Ni + vk + 8¢ @k + Wi hE Il )

The second estimate follows thanks to (4.1) and o4 ~ N;Z.
Note that for div-stable elements usually & < [ — 1. A reasonable choice of the
stabilization parameters is now

272
L

0 <oy —
54,upN

vk ~ Ni(=v), (4.12)

where N4 is given in (4.2). Hence we arrive at the following theorem.

THEOREM 4.1 For div-stable velocity—pressure interpolation, the discrete problem (3.8)
with SUPG-type stabilization, i.e. 62 = 0 and 82 = 6% = 8, satisfying (4.12), obeys the
error estimate

2(k+1 —
IEAI; < CZm CON 2 P gy + NARR 000 ) (4.13)

REMARK 4.2

(i) We note that the parameter § 1’3 is included in the definition of the norm in the LHS
of (4.13) and, being positive, allows us to gain additional control on the error.
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(ii) Suppose that/ = k + 1 > 1. Then the estimate (4.13) is reasonable provided that
Ni = O(1). This is valid, after proper scaling so that ||allcc + CFr|[W[leo < 1,
if @ = O(1). This is not a restriction within a time-dependent context for time
steps satisfying 8t = «~! > 0, but it is undesirable when « = 0. For & > 1 the
second term on the RHS of the estimate (4.13) can be large; however, the velocity
approximation is still controlled, since the || - || 4 norm includes the «-dependent term
(see (4.1)). However, (4.13) does not give a good error estimate for the pressure in
the case o > 1.

(iii) The analysis shows that the div-stabilization terms yx (div -, div -) ¢ with sufficiently
large yx are important. This kind of stabilization corresponds, in some sense, to
the usual penalization technique of the continuity constraint. The numerical results
reported in Codina (1993) for the case w = 0 and in Olshanskii (2001) for both
cases a # 0 and w #~ 0 underpin the role of these terms.

(iv) Estimate (4.13) is uniformly valid w.r.t. § 1‘3 satisfying (4.12). The numerical results
in (Codina, 2001) indicate that stabilization is necessary even in the case of a = 0 if
the mesh number Ek is large.

The result (4.13) can be improved for v &« 1 if Qp consists of piecewise-constant
functions (k = 0). This is a common case for div-stable FE. As was noted in Remark 4.1,
condition (4.1) is much less restrictive now. Thus modifying (4.10) as

1 1

2 2
l(a- Vu+wxu,v,)l < (Z S¢lla- Vg +w x V;,||2> <Z(5;§)—1 ||u||%(>
K

K

we get, balancing the error estimate, the ‘standard’ choice 82 ~ h%{[v(l + Reg —|—Ek}1 +
D K)]_l. Although the dependence of the RHS of the error estimate on N4 remains the
same (due to crA_l in (4.9)), we gain better control on the convective terms in || Ep || 4.

Improving the error estimate further, we can get rid of aA_l in (4.9), however sacrificing
the local nature of the analysis. This is done as follows: in the proof of Lemma 4.2 we do
not apply (4.11), but take |(divu, g;)| to the RHS of (4.9); at the same time the term
oA_l||Vu||%( disappears from (4.9). Moreover, for the interpolant {ay, p;} we take the
solution of the discrete Stokes problem:

(V@ —w), Vvp) — (pp — p, divvy) + (div(w, —u), gp) =0,  VY{vy, gn} € Wp.
For a sufficiently regular domain we have (Girault & Raviart, 1986; Dauge, 1989) with
h = supg hg:

A=l — ull + V@, — ) + 15 — pll < ch (lull g2 + [pllg). (4.14)
These interpolation properties and (div ny, xp) = 0 lead to the following result.
THEOREM 4.2 Assume that Qj, consists of piecewise-constant functions and 82 ~ 84 =

W2[v(1 + Rey +EK; ! + D]~ with Rey, = lalsh piol = wleeh® 'y, el g

T
yg ~y = O0(), UI‘? ~ oA ﬁoNXZ. Assume also that (4.14) holds; then for div-stable
velocity—pressure interpolation, the scheme (3.8) obeys the error estimate

IERIA < C{1 + v(1 4+ Rey +Ek; ' +Dy) + o2 ()3 + [plD).
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REMARK 4.3 Results for nonconforming FE schemes corresponding to Theorem 4.2 can
be found in Knobloch & Tobiska (1999) in the case of w = 0, « = 0.

5. Pressure- and SUPG-stabilized schemes

Here we analyse scheme (3.8) in the case of pressure-stabilized elements, i.e. without
condition (3.6), and together with SUPG-type stabilization. We assume

Case B: 88 := 8% = 6% =6% >0, yx >0.

For FE pressure we assume, for simplicity, that O, C Q N H'(f2). Nevertheless,
the analysis can easily be extended to discontinuous pressure approximation if certain
pressure jump terms are added at inter-element boundaries, see e.g. Roos et al. (1996,
Chapter IV.3.1).

5.1 Stability of the discrete problem

We start with a modified inf-sup stability estimate on W;, = V; x Q; with respect to the

norm | - || p (with op > O to be determined below) defined as
IVIG =1VIE +oslqll’. (5.1)
VG = vIVVI? +alvll® + ) vkl div vl + 88 ll@- V)v+w x v + Vqll%).
) (5.2)
Furthermore, define with ax = ||a||co,x,» Wk = ||W||co.x the following quantities:
M3 = 2;111?1;({(3,1@(:11%< + Ciwx)), (5.3)
Np = v+ aCr + ([alloo + CrlWlao) Crv™2. (5.4)
LEMMA 5.1 For the case B with pressure- and SUPG-stabilization we assume
2 B_1 . h%( 1 2
uth<8K<5mm{@,a}, 0<yxk <y <N (5.5

with appropriate ;¢ > 0 defined later. Then there exist positive constants 8p # Bp(h, v)
and op = CNEZ such that

Un, Vi
inf sup UV o o (5.6)
UneWs v,ew, 1UnllBII Vil B

for sufficiently small 1 = supg hg: h < Cpmin{u,, 1}.

REMARK 5.1 The stability result for pressure-stabilized elements with SUPG-type
stabilization (case B) can be found (in modified form) with w = 0 in Roos et al. (1996).
The present estimate is more precise, if Rey = Cr|lalloov™" < 1. Estimates with w # 0,
but with Vw = 0, can be found in Codina & Soto (1997), and only with respect to the
stabilized energy-type norm |[-]| 5.
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Proof. Later on, we follow the lines of the case A with some modifications. We fix
arbitrary Uy = {uy, pn} € W, and introduce the additional abbreviation:

X2 =Y skI@ Vyw +wxw, + Vpullk.
K

As a remedy to the missing div-stability condition on Wy, some pressure stabilization is
proposed. We start with the following auxiliary result. g

LEMMA 5.2 Assume that pg > 0in condition (5.5), together with 7 < Cp, Np asin (5.4),
and the other constants given in the proof, are chosen according to

Crpg? < %CSNBv (5.7

where C; and Cg are interpolation constants defined in the proof. Then there exists a
constant C; > 0 such that for any p;, € Qp, there is an element z;, € V}, such that

(P, divzy) = Ipnll* = 2CoNp(A+ X pall. (5.8)

Proof. The NecCas inequality yields the existence of z € V (see Corollary 2.4 in Girault
& Raviart (1986)) such that divz = pj, with ||Vz| < Bollprll. Moreover, with the local
interpolation operator I, : V. — Vj,, see Section 3, we have

2y = Iz, |Vzl < CslIVzll < CsPollpull, Nz =zl < Crhglzlg k)

for all K € (2. Integration by parts, the triangle inequality, and (5.5) imply

(P> divzy) = (py, divz) — (pu, divz — ) > | pall* —

Y (Vpuz—m)k
K

2
z lpnll” —

D (@ Vyup+wxw + Vpy,z—2z)k
K

D (@ Vyw +wxw,z—z)g| =l pall*> = S = 2,

K

1

2

~ _ —1/2 - ~

Si<X (Z(S,’?) 1c%h%(|z|§,l(,0) < g CrBoX I pall,
K

Sy < Z CIhK|Z|Hl(K) mI?X V_l/z(al( + CFWK)\/;|uh|H1(K)
K

< Crho mI?XV_l/th(aK + Crwi)Allprll < C1BoNg Al pyll.

The last estimate holds for 4 < Cg. Now assertion (5.8) follows with C; = C;Bo and
thanks to (5.7). ]

Lemma 5.1, on imposing a restriction on pq, produces a lower bound for § [’?:

Coh?
— — < 0% (5.9)
v+ Cre+v7i(lalleo + CslWllo)?)
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The constant Cyp in (5.9) can be taken small enough, since we can choose constant Cg
in (5.7) arbitrary large, but still independent of the problem parameters. Therefore the
lower bound (5.9) does not contradict the upper bound from (5.5).

We continue the proof of Lemma 5.1:

(1) Asin Section 3 we get, from local inverse inequalities and condition (5.5),
an(Up, Up) > $(A* + X+ Z7). (5.10)

(i) In the next step we obtain via Lemma 4.2 and ||Vz,|| < Cgq| pnl| that

4 4
. Co 5
an(Un. (=21, 0) = (pn divay) = 317 > B = —ENg(A+ X)B = 3 17,
i=1 i=1

TP = v(Vuy, Vz3) + (@uy + W x uy, 23)
— (up, (a-V)z) < CoNBAB,
T = ZyK(divuh,divzh)K < JYZB < CoNpZB,
K

Ty = ZfSK(—vAUh +oau,, WXz, +(@-V)z)g < CoMpAB,
I3

TP = sk(Wxu,+a-Vu,+ Vpy, wxz;+a- Vg
K

< CoMpXB.

Assuming hg < Cru, to ensure Mp < Np, we get, using Young’s inequality with

=1,
2 5 3K\ 2
an(Un, (=21, 0) > B =2CoNp(A+ Z+ X)B > (1= | B

ZC%ZN%? 2 2 2 1 p2 2 ar2 2
- B A2 1 X2 4 7% = LB —6CEL NRIUTG. (5.11)

(iii) Setting Vj, := Uy, + pp(—1z5, 0) with appropriate pp > 0, we find via (5.10), (5.11)

1
ap(Up, Vi) = <§ - 6pBC?2N2)|[U]|% 4 PB g2

2
. 1 N _ 1 .
Let pp := —24C_%)N§ and op :=2pp = —12C§2N§ ; hence
an(Un, Vi) > (A2 + X2+ Z* + 05 B%) = | Upll}. (5.12)

(iv) For sufficiently small /4 such that Mp < Np,
I~z )13 = vIIVzy | + oz ||

+) Gklla- Yz +w x 4% + vill diva, | §)
K

< +aCh+ M} + ) Vzy|? < 3CE,N3 B
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By definition of pp and op we have p%C%}leg < %03; hence

U3 + 20311 (~21, 0) |13
(UG + (o5 +3CHoENDIIpnlD < 211U,

2
IVrllg

NN
DN

which together with (5.12) implies (5.6) with Sp = }—U/ %. Lemma 5.1 is proved.

5.2 Error analysis and parameter design
We use the notation of Section 4.2. Galerkin orthogonality (3.10) and Lemma 5.1 imply
that there exists V;, € Wy, such that

Ball{xu, xpH B Vil < an({xu, xp}, Vi) = —an({nu, np}, Va). (5.13)
LEMMA 5.3 For each U = {u, p} € W with LU|x € L*(K)VK € T and V), =
{vi, qn} € W), we have

1

2
an(U. Vi) < ClIVills | IIU5 + (Z(aﬁ)‘luun%)

K

(SIS

%
+(ZK:2(u+yK)‘||pII%<> +<ZK:8K||—vAu+au||%<) . (5.14)

Proof. The symmetric terms of a;, are bounded by the product |[U]|p |[V]|p. Further we
have as in Lemma 4.1

1
2
((a- V)u+wxu, v + (divu, ) < <§ :(82)—‘||u||%)

K
x Y 88l @- V)vi + W x v+ Vaulk.
K

— (p,divvy)
1 1

2
< (Z 2 +yx)™! ||p||%<> (vnwu2 + Y vkl divvy ||%(>
K K

Finally, for the remaining stabilizing terms holds

2

Zég(—vAu +oau, (@- V)V, +wW XV, +Vqn)k
K

1
2

<A (ZS,‘?H(a V)V + W X v, + Vq;:)“%()
K

This implies the assertion (5.14) via the definition of || - || 3 and |[-]| 5. O
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Similarly as in the proof of Theorem 4.1, we set U = {ny, 17, }. Then (5.13), the triangle
inequality and local interpolation properties imply

I1EnIG < C{ ;(5,’? +hx 0 +y) T+ oshiORE P )

2 2
2,2 B.2 ) v 2,2 hy
+<V+“CFhK+VK+5K<aK+WKhK+g+“ h[{)“‘g)

2112
X hKl|u|Hl+l(K) }
We choose § Izg balancing the coefficients of the u-dependent term. This results in

88 ~ h% [v(1 + Reg +Eky' + D)7 (5.15)

To satisfy (5.5) on the one hand and to balance the p-dependent terms on the other hand
we set h%(/yk ~ 82. Hence

vk ~ v(l +Reg +Ekg' +Dg) (= v). (5.16)
Using (5.15), (5.16), we summarize the result as follows.

THEOREM 5.1 The discrete problem (3.8) with pressure- and SUPG-type stabilization,
ie dx =08% =0f = 511; as in (5.15), (5.16), obeys the error estimate

_ _ — 2(k+1
IR < C{ Y w1+ Rex +Bkg! + D)+ op)hd V1 p R 4,
K

+ (v(1 + Reg +Ekj' +DK))h%{’|u|i1,+l(K)}. (5.17)

REMARK 5.2

(i) Equal-order interpolation I = k of velocity and pressure is optimal if v < 1. For a
detailed discussion of different cases, covering w = 0 and a = 0, see Codina (2001,
Section 4.3). Note that the analysis of this paper does not include L? estimates of
pressure.

(i1) The basic critical remark on case B is concerned with the bulk of stabilizing terms
within (3.8), see Remark 3.2. Another critical point is the non-transparent physical
interpretation of the stabilized quantity ((a - V)u, + w x u;, + Vpp); there is no
separate control of the three ingredients of this term. A separate control, say in case
of w = 0, of the pressure gradient is restricted to the case maxg Rex < 1.

6. Galerkin scheme with pressure regularization

Here we are interested in_the pressure-regularized problem (2.7), or written in the weak
form: find U = {u, p} € W := V x H'(2) satisfying

a(U,V):=v(Vu, Vv) + (eu+w x u,v) — (p,divv) + (¢, diva) + §(Vp, Vq)
={EvV)+(g.q) YV={[v.q)eW.
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For discrete spaces we will consider the form

an(Un, Vi) = @(Un, Vi) + Y_(vk divwy, divvi)g - YUy, Vi € Wy,
K

with parameters yx which will be chosen from stability-accuracy reasons. Then the
stabilized Galerkin FE scheme C reads: find U" = {u", p"} € Wy, satisfying

an(Un, Vi) = (€, vi) + (g, qn) Y V" e Wy 6.1)

In contrast with schemes A and B, problem (6.1) is not a consistent (or residual type)
approximation of (2.6) for § > 0. Consequently it is restricted to low-order accuracy only.
For the sake of clarity we consider henceforth the simplified situation with yx = y and
global constant §. Furthermore, we assume Q, C H'(£2) and the grid to be quasi-uniform,
i.e. hx ~ h. For the subsequent analysis we introduce the following mesh-dependent norm
on Wy, forany t > 0,0 > O:

2 2 2 2 . 2 2.1
U = WIIVag[I” + allup|© + tIPa(w x wp) |* + o llpll” + vl divug |© + 81V p[9)2.
Here Py, is a projector from Ly (£2)" on Vy, defined by

Py — v, vi) = Oy € Lo(42)", vj € V.

6.1 Stability of the scheme

First we prove the stability of aj (-, -) on Wy,. The results below are valid regardless the
div-stability of FE pair V;, x Q.

LEMMA 6.1 Forany t > 0,8 > 0, y > 0 satisfying

2
C,
0 <t <min{R1, R2, R3}, 7?|w|% <1, and 0:%/{, 6.2)
where
2 ath 2 ah
R1 = max 7= ; , R2 =max 5 : ,
21V 20,07 W]l 215Y 20y 7 [ Wlloo
5 ars? (T 11 1
R3 = max{ —, , K=miny—,— —, ——, ——
2" 2 Wil C2 vy Cla cih
we have
an(Un, V) 1
inf sup —2UnVw) o1 (6.3)

i T
UneWn vew,, ITURIITTTVAIIT = 12

Proof. Fix any Uy, = {up, pr} € Wj, and consider W), = {vp, pi} with v;, = u,+
Py (W X uy,). Noting that

(W x up, Ph(w x up)) = (Ph(W x uy), Ph(w x uy)),
a(uy, Ph(w xup)) =0,
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and thanks to (6.2) one has

an(Up, Wi) = vIIVu|* + allu|* + tv(Vuay, VPh(W x W) + T[[Pa(w x wp)||?
+ Ty (divuy, divPy(w x wp)) + T(V pp, Pp(w X uy))
+ 81Vl + yll divuy,|?

> ||V lI? — v Vg |IPh(W X up) | + Tl[Ph(w x ap) |

_ . T
+allupll* = paty A divug [[Ph(W x up) || — ;anhuz

ET .
=~ IPa(w x w)? + 8IVpull® + vl divay|?
=1 = IV |2 + allug? = Guat>vh ™2 + Iuit?y i) Pa(w x up)||?
3t 8 Yoo 1
+ 7 IPn(w x w,)|* + 5||Vph||2 + 51 divuy|? > 5|||Uh|||2 —ollpnll.

6.4)

In the above inequalities the negative uj-dependent terms are compensated by the
7|Ph(w x up)||? term in |[|Upl||2. If « > O one can overestimate |Ph(w x up)|,
see (6.6), and then compensate these terms in (6.4) with the afluy|? term in |||Up|||3.
This results in different upper bounds on 7. One can take the maximum of these bounds
(see condition (6.2) and definition of R1, R2, R3). For example, the choice of ¢ in (6.4)
depends on which term is dominant in the definition of R3. If §/2 does, we set ¢ = 1,
otherwise ¢ = 21/6.
If the inf-sup condition (3.6) holds, then there exists such z; € Vj, that

cSlpnl> = (pr, divay),  [Vzll < collpall.
Further, taking Z;, = (—zy, 0), we find

an(Un, Zp) = —v(Vuy, Vzp,) — (cuy + Pr(w x up), z)
+ (pn, divzy) — y (divay, divz,)
> c§llpnll* — 2021V 12 = §IVZa > — 202 CF lupll — 311 Vs |12

— 2C|Ph(w x up) |1 — $1Vzpl* — 22| divuy|* — L1IVz,l)?,

hence

2
- C,
an(Un, Zp) > 5°||ph||2 — 202V |2 = 202 CElup |? — 2C|Ph(w x wp) ||

— 2y divuy,|>. (6.5)

We combine this estimate and (6.4) in such a way that all negative terms from (6.5) are
absorbed into |||Uy|[|? in (6.4). Now the constant « defined earlier, which measures the
relation between negative terms in (6.5) and positive terms in |||Uy|||2, turns out to be
important. Setting Vi, = W), + §Z;, we get, thanks to the definition of x and the choice of
o in (6.2),

an(Un, Vi) = 311U
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If the discrete inf-sup condition (3.6) does not hold, we adopt the same approach as in
Section 5, proving that there exists z; € Vj,, such that

(divzn, pu) = cgllpnll® = cocthllpall IV pall,  1V2sll < cocallpall,

and continue with estimating a,(Up, Zp) in the same fashion as in (6.5). This case
additionally contributes to the condition on o, namely o < e
To complete the proof we need an upper bound for |||V},]||. Using (6.2), we get
2

+ o

2
2
HIValll® = v

V(uh + tPh(w x uy) — %zh)

Ph<w X (uh + tPh(w x up) — %zh>>

2
div <uh + tPh(w x uy) — %zh>

u; + tPh(w x uy) — %zh

2

+1 +ollpnll?

+y + 811V prll?

2
_ VK
< 3(v||Vuh||2 + U2t h 72 4 T+ @) |[Ph(w x wy) |2 + anwhnz

21wl
T IWiiS

2
+ ol |24 ez P43 W x Ph(w x )2+
64 64

||zh||2> +a | pall?

2
. K _
+ 3y(|| divuy |I? + anwhnz + u2t? h 2| Pr(w x uh>||2) +81IVpnll?

< 3l[Vupl? + 3 (1 + T2 W) lug 12 4 7 (6 4 32 W2 [Ph(W X up) |
+ 4o || ppll* + 3y I divug |12 + 81V sl

<lUIIP.
In order to estimate the zj-terms by 4o || pj, ||2 we used that (6.2) implies the inequality
CLIW|%t+y + v+ Cra < fg‘—fz O
REMARK 6.1

(i) Note that o — 0if § — 0. This is not the case for div-stable elements. Indeed, the
last term in the definition of x appears only if (3.6) does not hold and the term t/C %-
can be replaced by v/(C4F ||w||§o) if we proceed in (6.5) with

IPa(w x ) || < [IWlloollunll < CrlIWlloollVuy. (6.6)

This is a standard approach; however, now o essentially depends on v.

(i) Lemma 6.1 imposes restrictions on 7. This is not a parameter we have to design for
implementation reasons, but it is an auxiliary one involved in stability and error
estimates. The choice T > 0 allows us to demonstrate a control of the skew-
symmetric terms in the discrete problem—see the examples at the end of the section.

6.2  Error analysis and parameter design

Below we will distinguish between two cases with respect to restrictions imposed on the
given data.
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Case CI. Assume that one of the following inequalities holds for the 2D problem

—a < —Cy < W(X) ae.in {2, 6.7)

w(x) <cy <o ae.in 2, (6.8)
or Vw = 0 in 3D. This is the case, for example, if the term w x u stems from the effect of
Coriolis forces, or if the time-stepping scheme with sufficiently small time step was used.
Case C2. 2D and 3D problems without any special assumptions on data.

LEMMA 6.2 Let x = min{v’%, y’%, M,,h’la’%}, then for any t > O and V), €

W, U € W the following estimates hold.

Case CI. Letn = “tI= if (6.7) or (6.8) holds, and n = 1 in 3D, then
- 2 -1 2 -1 2 2 2,1
an(Vi, U) < IIValll@lIVall” + (7" +a)n™ + 8" Hlull” + x“llpll9)2; (6.9)

Case C2.
~ 2 -1 2 2 2
ap(Vi, U) < cllIValllwIVa|”+ 7 +a)lall” + x~lipll
+ wl|%, min{v~!, oY hlul?)z. (6.10)
Proof. Forany V, e Wy, U e W

an(Vp, U) = v(Vvy, Vu) + a(vy,u) + (W X v, u) + y(div vy, diva)
— (p,divvy) + (qn, diva) + §(Vgn, Vp). (6.11)

The estimate of the first, second, fourth and seventh terms on the RHS of (6.11) is trivial.
Observe also that

. 1 _1
| (gn, divu)| < 82| Vgpl|s~™2 |Jul] (6.12)
1
[(p, divvi)| < Ipll I divvall < xIpl(IVVal? + vl divva ]2 + ellvall®)2. (6.13)

One needs the estimate of the following type: |[(w x vj, w)| < ||Ph(w x v3)] [|u]. However,
the latter is not straightforward, since u is not in a discrete space and one cannot consider
Pn(w x vp,) on the LHS of the inequality. The only exception is Vw = 0, then w x vj, € Uy,
hence w x v;, = P (w x v;) and we are done.
First we consider case C1. Suppose that (6.7) holds, then
—cullVall® < (WVa, Vi) = (W x Vi, T x V)
= (Pu(W x V1), 1 % Vi) < [Pa(w x Vi)l |Vl 6.14)
(@ —co)llvall < elVall + [[Pa(w x Vi)l

On the other hand

le (v, W] + (W x v, w)| < (@ + [Wleo) Ivall [l (6.15)
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Now (6.14) and (6.15) give

le(Va, W] + [(W X v, W] < %(MIVMI + [IPh(w x vp) D) [lull. (6.16)
Estimates (6.12), (6.13), and (6.16) imply (6.9).
The next case C2 will differ only in handling the third term in (6.11):
[(W X Vi, W] < [Wloo (IVal, [ul) < CrIIWllooIVVallllull.
If « > 0 we also have
v v W < e vall e Iwil a2
This, (6.12), (6.13), and trivial estimates for other terms in (6.11) proves (6.10). O

The following result gives an error estimate for scheme C which is not too far from that
of scheme B apart from the last (consistency error) term in (6.17).

THEOREM 6.1 Assume the solution U = {u, p} to the problem (2.7) is sufficiently
smooth. One has the following estimates for positive 7, 8, o, y, satisfying the conditions
from Lemma 6.1 and with n and x defined in Lemma 6.2.

Case C1.
11U = Ul < e(@ + 3 + 0= +ab + 8 Hh)h ull g
T G+ oh -+ SR pll e + 8y 1 ApID: (17
Case C2.
U = Unlll < (2 + 2 + (12 [Wlloo + a2 + 67
+ ||w||oomin{v_%,of%}h)hl”u”Hl+l
+(Xh+0h+3%)hk||p||Hk+1 +5V%||Ap||), (6.18)

Proof. The results are again a consequence of stability, continuity, and approximation.
Assume that U, = {0y, p} is a proper interpolant for U. As an example let us check (6.18).
Suppose that the minimum on the RHS of (6.10) is attained for the first argument.
According to Lemma 6.1 there exists such V;, € Wj, that

SUL = UllN1Valll € an(Vi, Up — Up) = @n(Vi, U — Up) — 8y (div vy, Ap)

wiiZ,

< c|||vh|||<v||V(u—ﬁh>||2 + @ alu— a2+ —2u — |

1
2
+x%lp = pI* + 52y||Ap||2>
< (Wil + 72 + a4+ (Wilaov 2R Jull e

1
+ X pll e + 8y 2 1APIDIIValIl.
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On the other hand, from the approximation property we get

A 1 1 1 1 1 1
WU = Ol € c? +y7 + (@2 + T2 [[Wlloo) A [[ull a1 + (028 + 8 R [ pl| .

The triangle inequality leads to (6.18) after some upper bounds and reorganization of the
terms. Estimate (6.17) is proved in the same manner. ]

The choice of t, 4, y, subject to several conditions from Lemma 6.1, is still free.
Below we try to optimize the convergence estimates. The choice of optimal parameters
is somewhat dependent on the order of FE used, e.g. by setting § = ch”, one can vary r to
balance the convergence order in (6.17), (6.18) with a formal approximation order of (6.1)
to (2.7). As an example we apply Lemma 6.1 to an equal-order linear (bilinear) pressure—
velocity FE pair. The latter is a common choice in engineering applications due to a simple
data structure and effective implementation on a parallel architecture. In the first example
below we assume o = 0.

EXAMPLE 6.1 Let the assumptions of Theorem 6.1 and (3.4) with k = [ = 1 be valid and
assume Ek,;1 := h?||W|loo/v > h (this includes the convection-dominated case), then for

8= ch||w||gol, o =cok/16 and y = ¢~ 'h||w||s the following estimates hold.

Case Cl1

L _L1
IV —wp)|l < c(l+nEk, *h™2)h ||lull2 + Ek,, *h2 || pll2,
IV(p — p)ll + IPh(w x (u —wp)) || < enllwlloohlullz + Al pli2;

(6.19)

Case C2.
_1 1 1. _ 1
[V(a—wup)|| <c(l1+Ek,*h™2 +Ek, 'hHh [l +Ek, *h2||pl2,

IR
IV(p = p)ll + IPa(W x (@ —wp))[| < cllWlloo (1 + Ek, *h™2)A [ullz + Al pll2.
(6.20)

Condition (6.2) in Lemma 6.1 permits the optimal choice T = §/2 if Ek;1 > c h. With
this choice the estimates (6.19), (6.20) are satisfied straightforwardly.

Although the convergence of velocity gradients depends on the relation between
viscosity and mesh size, it seems to be better than the Galerkin approximation of the
usual convection—diffusion problem. Compared to the Galerkin approximation of the usual
convection—diffusion problem we also control the skew-symmetric terms. Moreover, we
have optimal and almost v-independent estimates for the pressure gradient. The latter can
be of great importance regarding the physical meaning of dynamical pressure, since the
dynamical pressure aggregates both velocity and kinematic pressure and turns out to be an
invariant in the Euler limit.

EXAMPLE 6.2 Consider the next example with @ > 0 and the same choice of FE and
parameters 6 and y. Typically o originates from an implicit treatment of an unsteady
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problem, so o' ~ (8¢). We assume « ~ ||W||so. There are at least two reasons for such a
choice of «. The first reason is that o and ||w|| 5 have the same dimension. Another one is
as follows: suppose that the time step is restricted by the CFL condition §¢ < h/||up||co- If
we assume w = curl uy, then ||W||oo < ch™!|luy||oo. Hence CFL implies [|W||oo < ca. Still
we assume o ~ ||W| . Now we are likely to be in the case C1, but otherwise Theorem 6.1

for case C2 leads to the same results provided Ek;, < 1 and thanks to the choice oe’%h
in the last term of the u-dependent part of (6.18). Hence for the gradients of the error in
velocity and pressure the estimate (6.19) holds, furthermore

3 -
lu — || < ch? (Jullz + WIS pll2).

7. Conclusions

The linearized Navier—Stokes equations in rotation form obey the same error estimates
for a class of stabilized FE schemes as the ones for convection form of these equations.
The role of mesh Reynolds number is played by Ek;1 defined locally as || curl u|| h2v—1
therefore Ek;1 < ¢ Rey,. Furthermore, if the solution is locally smooth, then Ek;1 < Rey,.

If the pressure is not stabilized, as is often the case for div-stable FE, then optimal
estimates are not straightforward for equations with any form of convection. However,
we proved such a result, if a reaction term (stemming from implicit time integration) is
involved in the momentum equation and/or if lowest-order pressure elements are used.

Promising stability and convergence estimates were proved for a pressure-regularized
Oseen problem with rotation form of convection. Hence being easier to solve, but only
of first-order accuracy, this approximation is expected to serve as a good predictor, while
accurate schemes studied in Sections 4 and 5 can serve as correctors in implicit calculations
of steady or unsteady Navier—Stokes flows.

So as a conclusion of the paper, we believe that Newton-like iterations for the
incompressible Navier—Stokes problem, studied e.g. in Turek (1999) for the convection
form, can be extended to its rotation form. Moreover, preconditioners to the pressure-
regularized Oseen problem being well-tuned to the case of large Reynolds numbers are
at hand (Olshanskii, 1999). Numerical results are in preparation and will be reported
elsewhere.
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