Section 3.4

Section 3.4

Nonhomogeneous Second Order Linear Differential Equations
Part 1

In this section and the next, we will be concerned with finding the solutions to the
nonhomogeneous equation

V' p)y +q(x)y = flx)
on an interval J when each of p, ¢, and fis a continuous function with domain J. In order to
solve (N) we will first need to solve the related homogeneous equation

V' +p@)y +qx)y =0
which is sometimes called the reduced equation. In connection with (N) and (H) we define
the linear differential operator L by

Ly = y" +p(x)y' +q(x)y
whenever y is a twice differentiable function with domain J.

Recall that
L(ciy1 + cay2) = cily1 + caLlys.
Consequently,
L(yi+y2) = Lyr + Ly2, Ly —y2) = Ly1 — Ly,, and L(cy) = cLy.
Also, if
Ly, = fand Ly, = fthen L(y1 —y2) = f-f= 0.
The difference of two solutions to (N) is a solution to (H).

Y+ p()y' + q(x)y = flx)

V' +py' +q(x)y =0
In order to find all solutions to the nonhomogeneous equation (N) we need one solution
of (N) (called a particular solution) and all solutions of the corresponding homogeneous or
reduced equation (H).

Theorem. Suppose that
Lz =forz" +p(x)z' + q(x)z = f{x) on J.



(The function z is called a particular solution to the nonhomogeneous equation (N), and
the following is a description of all solutions to (N).) It follows that

Ly = fwhich means z" + p(x)z' + q(x)z = f{x) on J if and only if
y = u + z for some u such that
Lu = 0 which means u" + p(x)u’ + g(x)u = 0.
Proof. If Ly =fletu=y—-z. Theny=u+zand Lu = L(y—z) = Ly—-Lz=f—-f=0onJ.
fy=u+zand Lu=0onJ,thenly = L(u+z) = Lu+Lz=0+f= fon J.

If {y1,y2} is a fundamental pair or set for (H), the « in the last theorem can be replaced
with

C1y1 + Cay2.

Theorem. Suppose that {y,,y.} is a fundamental pair or set for L, and
Lz = fonJ.
It follows that
Ly = fon Jif and only if
y = c1y1 + c2y2 + z for some pair of numbers ¢; and c».

While the solutions to (H) are given by
y=ciyr+cay2
when {y1,y»} is a fundamental pair, we will see that a particular solution to (N) is of the form
Z=UY1+Ve)2

where each of # and v is a function. Hence the name, Variation of Parameters.

The following theorem gives a formula for a particular solution to the nonhomogeneous
equation.

Theorem. Suppose that {y,,y.} is a fundamental set for(H). Let # be the Wronskian of
(r1,»2) and let

) = 1) [ 22 o) [ LV g

or



0 = [ [

It follows that z is a particular solution to (N).
Z" + p(x)z +g(x)z = f{x) on J..

Note. Leave of the "+C" when finding the anti-derivatives. The form (1) is the way the
formula is given in the text. See page 94. The equivalent form (2) is easier to remember and
we will use it.

Proof.
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Note. If you want to derive the formula, start with

zZ=uy, +ws
Assume that

zZ' = uy| +wh.
This is equivalent to assuming that
yiu' +yv' = 0.
ZN = uy/{ + u’y’l + Vyg + Vlylz.
Using these expressions for z, z', z"together with the fact that Ly, = 0 and Ly, = 0, we get
Lz = y\u' +y5v'. So since we want Lz = f, we have

! ! !l
yiw +yv =f

Solve

yiu' +yv' = 0.



and

Yiu' 4yt =f
for u' and v'. Multiply (1) by y5and (2) by y,. Subtract to get
u' = _—)V/Vy”_
Integrate to get
U= I _)I:VZfdx.
Solve
yiu' +yv' = 0.
and
v +ypt =f
for ' and v'. Multiply (1) by yand (2) by y,. Subtract to get
o nf
7
Integrate to get
_ [
V= j TG dx.

Since
zZ = uyl +Vy2 =y1u +y2v

we have

() = 1) [ y2V(V(>J)"( =226 o) | yléV()fgx)d
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Example. Find all functions y such that
y'+y =tanxfor0 < x < %
Solution. We are looking for all y such that
Ly =fonJ
where Ly = y" +y, flx) = tanx, and J consists of all x where 0 < x < Z-. The reduced
equation is



Vi+y=0
and fundamental set for L is {y;,y>} where y;(x) = cosx and y,(x) = sinx. The Wronskian W
is given by

cosx sinx )
W(x) = det< > = cos?x + sin’x = 1.

—sinx cosx

A particular solution z satisfying Lz = f'is given by

=) =) | TS de -y @) [ T d

_ sinxj cosxltanx dr — cosxj‘ s1nx1tanx dx

.

—w - _ sin’x

= s1nxJ's1nxdx cost' COSX dx

— sinx [ sinxdx — cosx | L=08°x
COSX

= sinx J' sinxdx — coSx J'(secx — cosx)dx

sinx(—cosx) — cosx(In(secx + tanx) — sinx)

= —cosxIn(secx + tanx).

z(x) = —cosxIn(secx + tanx).
Thus y is a solution to the given differential equation and only if
y(x) = c1cosx + ¢z sinx — cosxIn(secx + tanx).

for some pair of numbers (ci,c2) and all x with 0 < x < Z-.

Note. Sometimes when applying this method, the solution z will turn out to be of the
form

z=2z1+2p
where
Lz, =0onJ.

In this case discard z;and use z; as the particular solution.
This works because

f=Lz=L(z1+z) =Lz1 +Lzy =0+ Lz, = Lz.

Example. Find all functions y such that



" Al _ 1 ;
vy =3y +2 5o~ for all x in R.

Solution The reduced equation is
y'=3y" +2y =0.
The characteristic polynomial P is given by
Por)=r*-3r+2=>0-1)F-2)
so a fundamental pair is {y,y>} where y,(x) = e* and y,(x) = e**. The Wronskian W is given

by
X 2x
W(x) = det © ¢ = e,
e¥ 2e¥

A particular solution z satisfying the given nonhomogeneous equation is given by
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X =1= 1
1+x I +x

the first integrand can be re-written so that

z(x) :esz.<1—

)e‘xdx — exJ. R

l+e™ l+e™

=" +eXIn(l +e™) + e In(1 +e™)

=e¥In(l +e™) +e’In(l +e7™) —e*.

Note that

zZ=2zZ1+2

where
z1(x) = e¥In(1 +e™) +e*In(1 + &™)

and

z2(x) = —e*
Since z; is a linear combination of y; and y, (z2 = (-1)y1 + 0 «y»),

Lz, =0,



and consequently,
L21 Zf.

Thus
Ly =fonR
if and only if
y(x) = cre* + c2e® + eFIn(1 + e™) + e*In(1 + e™)

for some pair of numbers (c1,c;) and all real numbers x.

Additional Examples: See Section 3.4 of the text and the notes presented on the board
in class.

Suggested Problems. Do the odd numbered problems for Section 3.4. The answers
are posted on Dr. Walker’s web site.



