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Section 4.1
The Laplace Transform - Introduction

Definition. When g is integrable on [a, b] for each b > a, saying that
| gxyax
exists means that there is a number / such that

Y
})132 Ia gx)dx = L.

In this case
[ e@ax =1
To find
| gxyax
or show that it does not exist, first find
b
[ gt
and determine whether or not the limit as b — o exists. If the limit does exist, then
[ g@ax
is that limit.
Example.
b x=b
A1 L1 -1 _1
jl X dx I:X ]x=1 1 b
and
ml L_oLl-r1201=
fim[ 4] -0-01-1
o)



Example.
" L = [Inx]™ = Inb b
J‘lyx—[nx]le—n —>owash > o
SO

J'OO %dx does not exist.
1

Definition. Suppose that f'is a function with domain [0, ) which is integrable on [0, 5] for
each » > 0 and

Jm e fx)dx
0
exists for some number s. The Laplace transform of f'is the function F given by
F(s) = Jlooe*”f(x)dx
0

for all numbers s where the integral exists.

Theorem. If » is a real number and

fx) = e
for x > 0,then the Laplace transform of fis F where
F(s) = +1
fors > r.
Proof.
Ib ldx=b if s=r
b b 0
J. e—sxerxdx — J. e(r—s)xdx _
0 0
A le"I S i s
SO
b 0
j e*e™dx = bif s = r and
0
b 1 .
J'o eerdy = s [e" — e if s % 1.
So

, 00 if r=s>0
lim | e™*e™dx =
b-o J
L0-1]=-L if r-s<0

)

Note that » — s < 0 is equivalentto s > r.



Definition. The Laplace transform of f'will be denoted by £fand L{formula for f{x)}(s)
will denote the value at s of the Laplace transform of the function f'whose formula is given
by "the formula for f(x)." We may also write L[formula for f{x)] in place of L{formula for
fx)}(s), interperting s as the identity function

Thus

L{e™}(s) = —— fors > r.

S—r
or

Lle™] = slr fors > r.

Corollary.
L{1}(s) = 1 fors > 0.

Proof. This follows from£{e"}(s) = <L~ for s > r because ¢’ = 1.

Theorem.
L{x}(s) = L fors > 0.
S
Proof.
Jb e xdx = [—le‘”‘x 8 J. ’ Lo 1ax
0 S - oS
_ _%be—sb _ S%e—sb n S%eo
SO
b
lim | e™*xdx = —0—0+L2 1= % when s > 0.
b J S Ky
Theorem.
L{x2}(s) = & fors > 0.
S
Proof.

b
—%e*""xz]ﬁﬁ + I L= 2 2xdx

b
_[ e x2dx = 5
0 0

—

b
_ _%bze—sb + %J. e xdx - 0+ %E{X}(S)

0
=l%=1asb—>oo.
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Theorem.
L{x*}(s) = 3L fors > 0.
S

Proof.

b b
_[ e x3dx = [—%e“"xﬂﬁzg +I %e*” « 3x2dx
0 0

b
= —%bze‘”’ + % J.o e x2dx - 0+ %[ﬁ{xz}(s)

_ 32 _ 3!
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= =2-as b - w.
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Theorem. When n is a positive integer
Lo (s) = 2L fors > 0.

Sn+1

Theorem. The Laplace transform is linear. If
L{fA1(x)}(s) = Fi(s) and LLf2(x)}(s) = Fa(s) fors > s¢
and each of ¢; and ¢, is a number, then
L{c1fi(x) + c2f2(x) () = c1F1(s) + c2F2(s) for s > s.
Proof. This follows because

b b b
[, i)+ exp@de = 1 [ e i@dr+ e [ @
0 0 0

for each s > sy.

This extends to

Lefi(@) + -+ enfu(0)}(s) = 1 LY 1003 () + - + enLfn(X) 1 ().

&2 _ I 52 ,,1 __2 10 3
Lev-sx+3) =2Ar -5 23k - 2o - 10, 3

Definition. When 6 is a real number
e = cosO +isinf
SO

e = cos(—0) + isin(-0) = cosO —isind



consequently
e = cosf +isinb,
e = cosf —isinb,

cosf = %(e"e +e), and

s Lo -0
sinf = 2l.(e e™).

The formula

L{e™}(s) = 517

remains valid when r is complex provided that s > Rer-.

When r = a + pi with each of a and g real, Rer = a. Rer is called the real part of » and
Imr = B. Imr is called the imaginary part of r.

Theorem.
L{cos fix}(s) = — i/}z fors > 0.
Proof.
£{COSﬁX}(S) = ,C{%(eiﬁx + e*iﬁx)}(s) _ )C{%dﬁx + %efiﬁx}(s)
= %E{e""x}(S) + %E{e_iﬁx}(s)
~1_1 . 1_1
2 s—if 2 s+if
_ 1 G+ip)+(s—ip)
2 (s—ip)s+ip)
-1 2s
2 s7-(@p)?
_ S
52+ p?
fors > 0.
Theorem.

L{sin Px}(s) = ﬁ fors > 0.



Proof.
L4sin iy () = L{ L (e =) b (5) = £{F e~ Lt} (5)

- L4 - LLe o
11 1 _1
2i s—if 2 s+if
1 (s+ip)—(s—ip)
20 (s—iB)(s+iP)
1 2ip
2i s* - (ip)*
B

s2+ p?

fors > 0.

Suggested Problems. Do problems 1-8 for Section 4.1.
Note that

coshx = %(ex +e™)
and

sinhx = %(ex —e).

Additional Examples: See Section 4.1 of the text and the notes presented on the board
in class.



