Section 4.3

Definition. The inverse Laplace transform is denoted by £

LH{F(s)}(x) = fix) means L{f(x)}(s) = F(s).

Note. Based on the transforms that we know, we have the following.
LN @) = e
L) = 1
L@ = x

L0 =7

£{—L () = sinpx

s2+ p?

E‘l{sz jﬁz 3(x) = cos fBx

LHF(s =)} x) = e*L7H{F()}(x)

Note. Since the transform is linear, the inverse transform is also linear.

Note. In order to find £'{F(s)} when F is a proper rational function with a quadratic factor
in the denominator, factor the quadratic if it has real zeros, otherwise complete the square.

Example.
1 1

s2+7s+12  (s+3)(s+4)
Using partial fractions we have

] _ 4, B
(s+3)(s+4) s+3  s+4

Adding the fractions, we have
1 :A(s+4)+B(s+3)
(s+3)(s+4) (s+3)(s+4)
Equating the numerators, we have
1 =A4A(s+4)+B(s+3)

Letting s = -3 in (1), we have
l=4-1s04 = 1.
Letting s = —4 in (1), we have
l1=B-(-1)soB=-1.
Thus



1 11
(s+3)(s+4) s+3  s+4

and
_ 1 _ e 1 - 1
L l{m}(x) =L 1{S+3}(X)—5 1{SJF4}(>C)
:e—3x e—4x
Example.
_ +3 _ - +3
e DA 1{(s+sz)2+9}(x)
_ g 5+2)+ 1
=L 1{(s+2)2+9}(x)
— e—Zxﬁ—l{ S+1 }(X)
= e L _1{ }(X)Jre_zxﬁ { }(x)

e P LT 2 }(X)+ e L { 2 5 ™)

- c0s3x+le‘ sin3x

3

Example. Use the Laplace transform to solve the initial value problem:
¥'(x) + 2y(x) = 3sindx for x > 0 and y(0) = 5.

Solution. Taking the Laplace transform of each side of the differential equation and letting
Y(s) = L{y(x)}(s),we have

$Y(s) = (0) +2¥(s) = 3 4

+16
SO
12
+)Y(s) -5 = —12
(s +2)X(s) 2+ 16
So
12
Y(s) = +
() = (s +2)(s + 16)
SO

_ 552 +92
1= G610

Using partial fractions, we have
52492 _ A B+Cs _ A?+16)+(B+Cs)(s+2)

(s+2)(s2+16) s+2  $2+16 (s +2)(s? + 16)
Equating numerators, we have



552492 = A(s*> +16) + (B + Cs)(s + 2)
Letting s = -2 in (2) produces

112 = 204

SO
_ 112 _ 28
4= 5

Letting s = 0 in (2) now produces
92- 28 .16+28
SO

o]
Il
S

Letting s = 1 in (2) now produces
97 = 28 L1174 (% +O)(3)

5
SO
- _3
¢= 5
_28/5 | 6/5-13/5s
S RIaT:
:& 1 +Q 1 _i S
5 s+42  S5s2+16 5 s?2+16
- 28 1 ,61 4 3 _ s
5 542 54452416 5 s2+16
- 28 1 3 4 3 _ s
5 s+2 10 §24+42 5 §2442°
So
_ 28 oy 3 _3
y(x) = 5 +10 sin4x 5cos4x

Example. Use the Laplace transform to solve the initial value problem:
V') +4)'(x) +6y(x) =1+e™ forx >0,
¥(0) = 0, and »'(0) = 0.

Solution. Taking the Laplace transform of each side of the differential equation and letting
Y(s) = L{y(x)}(s),we have
1

$2Y(s) — s9(0) — '(0) + 4(sY(s) = »(0)) +6¥(s) = L + L

(52 + 45 + 6)Y(s) = —S%gi %)

_ 2s + 1
() = s(s+1)(§2+4s+6)'

Using partial fractions, we find that



1/6 1/3 s/2+5/3

1) = = +(S+1)_s2+4s+6
SO
1/6 1/3 s/2 +5/3
Y(s) = 5+ GrD)  Gi2rin
Continuing we find that
1/6 1/3 s+2)2+2/3
1) = = +(S+1)_((S+)2)2+2
SO
Y(S)ZIT/6+ 13 1 (s+2) 2 J2
(s+1) 2 (s+2)2+(J2)? 342 (s+2)2+(J2)2
Thus

_ L l —x_L -2s _ 2 2% o
y(x) = ¢ + 3¢ ye cosﬁx —3ﬁe smﬁx

Additional Examples: See Section 4.3 of the text and the notes presented on the board
in class.

Suggested Problems. Do the odd numbered problems for Section 4.3. The answers are
posted on Dr. Walker’s web site.



