The Wave Equation for a Vibrating Rectangular
Membrane

We consider the wave equation for a vibrating rectangular membrane whose
edges are fixed to a flat frame. The problem is as follows.
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for0 < z<L,0<y<H, and all ¢,
u(z,y,t) = 0 for (x,y) on the boundary of [0, L] x [0, H] and all ¢, (2)
w(z,y,0) = azr,y)for 0<z <L, and 0<y < H, and (3)
%(Jc,y,O) = Bz,y)for0<z<L,and 0<y < H. (4)

Solution. Suppose that
u(w,t) = p(z,y)h(t).
From (1) it follows that
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for0 < <L, 0<z<HandalltinR.

Assuming for now that o(z, y)h(t) # 0 and dividing each side of (5) by ¢? times
this quantity, we have
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Letting —X be the common constant value for the left and right sides of (6), it
follows that

for0<z<L,0<z<HandalltinR. (6)

—V2p(z,y) = Mp(z,y) for 0< 2z < Land 0 <y < H (7)
and
R (t) 4+ c*Ah(t) = 0 for all ¢ in R. (8)

It should be noted that if (7) and (8) hold and u(x,y,t) = ¢(x,y)h(t) then (1)
will hold and the assumption that ¢(z,y)h(t) # 0 is not needed. If u is not the
zero function ( (3) and (4) will not hold if it is), it follows from (2) that

o(z,y) = 0 for all (z,y) on the boundary of the rectangle [0, L] x [0, H] (9)



A proper listing of eigenvalues and eigenfuncions (See ‘A Two-dimensional Rec-
tangular Eigenvalue Problem’) for (7) and (9) is given by
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where
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and )
(z,y) = sin _k;ms sin Iy
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for0<z<L0<y<H k=12..,andj=1,2,....

When A = \g; the solutions to (8) are linear combinations of hiy; and hog;
where

hik;(t) = cos \/Arjet, and hop;(t) = sin/Agjct for k=1,2,...and j =1,2,....
Considering the possible combinations, we expect the solution to (1)-(4) to be
given by
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w(@ y,t) = > > (@, y) (Ajharg (8) + Brjhor; (t))
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E(m,y,t} = ZZ%@(CE,ZJ) (Akjhiy;(t) + Brjhiy;(t))
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Note that hix;(0) = 1, hox;(0) = 0, hY;;(0) = 0, and Ay, ;(0) = \/Ayjc for for
k=1,2,...and j=1,2,....

Condition (3) will hold if and only if
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and this will hold if and only if
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Apg;j Sk L fork=0,1,... and j =1,2,....
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Condition (4) will hold if and only if

B=Y"3 Bij\/ Awjce,

k=1 j=1



and this will hold if and only if

1 < B, prj >

VAkje < Prjyr Prj >

Thus the solution is given by

u(w,y,t) Z Z sm (Akj cos \/Apjct + By sin )\k:th)

By; = fork=1,2,... and j=1,2,....

k=1 j=1
where
Akj = LH/ / xySln$smmdyd:¢forkfl,Q,...andj:1,27,_,
and
BkL/L/ 5(x,y)SinkﬂT—xsinjﬂdydx fork=1,2,...and j =1,2,...
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