Three by Three Constant Coefficient
Homogeneous Systems

Suppose that A is a real 3 x 3 constant matrix. We consider the differential
equation
¥ = Az (1)

over some interval J. Recall that the characteristic polynomial for A is the
function P given by
P(A) =det(A—N)

and that the zeros of P (or roots of the equation P(A) = 0) are the eigenvalues
of A. If )\ is an eigenvalue then K is a corresponding eigenvector if and only if
K is a nonzero three dimensional column vector satisfying

(A= XI)K = 0.

e Case L. If P(A) = —(A = A1)(A = X2)(A — A3) with A\; # A; when i # j
so that A has three distinct real eigenvalues A1, Ao, and As, let K; be an
eigenvalue for A corresponding to \; for i = 1,2, 3,

z1(t) = MK, 29(t) = M Ko, and a3(t) = MK
for all ¢ in J.

e Case IL. If P(\) = —(A — M)A — (a + Bi)) (A — (o — B7)) where each of
A1, a, and B is a real number with 5 # 0 so that A has a real eigenvalue
A1 and complex conjugate eigenvalues « 4+ 57 and o — (i, let K7 be an
eigenvector corresponding \; and Ky be an eigenvector corresponding to
a + Bi. Then let

z1(t) = eMKy, 22(t) = Re (e(“+ﬁi)tK2> and z3(t) = Im <e(a+m)tK2>

for all ¢ in J.

e Case III(a). If P(A\) = —(A — A\;1)(XA — A2)? where Ajand Ay are distinct
real numbers so that A has an eigenvalue A\ of algebraic multiplicity 1
and an eigenvalue Ay of algebraic multiplicity 2, and

rank(4 — Ao T) =1,



(This happens if and only if a row-echelon form of (A — A2I) has exactly
two all zero rows.) let K7 be an eigenvector corresponding to A; and let
K5 and K3 be independent eigenvectors corresponding to Ao. Then let

2171(t) = BAltKh J?Q(t) = 6)\2tK2, and :Z?g(t) = BAQtKg
for all ¢ in J.

Case ITI(b). If P(A) = —(A — A1)(X — A2)? where A\jand Ao are distinct
real numbers so that A has an eigenvalue A\ of algebraic multiplicity 1
and an eigenvalue Ay of algebraic multiplicity 2, and

rank(A — Aol) =2,

(This happens if and only if a row-echelon form of (A — A2T) has exactly
one all zero rows.) let K7 be an eigenvector corresponding to A;, K3 be an
eigenvector corresponding to Ao and let W be a three-dimensional column

vector satisfying
(A= X)W = Ks.

Then let
z1(t) = MK, x5(t) = 'Ky, and 3(t) = te**' Ky 4 W
for all ¢t in J.

Case IV(a). If P(\) = —(X — Ag)® where )\ is a real number so that A
has only one eigenvalue Ay of algebraic multiplicity 3 and

rank(A — Aol) =0

XM 0 O
(This happens if and only if A = 0 X 0 |.),let
0 0 X
1 0 0
zi(t) =eM | 0 |, zo(t) =€ | 1 |, and 23(t) =™ | 0
0 0 1

for all ¢t in J.

Case IV(b). If P(\) = —(X — Ag)® where )¢ is a real number so that A
has only one eigenvalue Ay of algebraic multiplicity 3 and

rank(A — A\ol) =1,

(This happens if and only if a row-echelon form of (A — A2I) has exactly
two all zero rows.) let K7, Ky,and P be such that K7 and K, are linearly
independent eigenvectors corresponding to g and

(A= XoI)P = Ko.
Then let
z1(t) = MK, 29(t) = MU Ko, and x3(t) = te™ Ky + et P



e Case IV(c). If P(\) = —(A — A\o)? where ) is a real number so that A
has only one eigenvalue Ay of algebraic multiplicity 3 and

rank(4 — A\gl) = 2,

(This happens if and only if a row-echelon form of (A — A2I) has exactly
two all zero rows.) let K be an eigenvalue corresponding to Ag, W be a
three dimensional constant column vector satisfying

(A= X)W =K,

and Z be a three dimensional constant column vector satisfying
(A= X )Z =W.

Then let

t2
z1(t) = MUK, 29(t) = te ! K+eM'W, and z3(t) = EeAOtK—I—te)‘OtW—i—e)‘OtZ

In each case (z1,x2,23) is a fundamental triple for equation (1) and x
is a solution to equation (1) if and only if

x(t) = c121(t) + cawa(t) + c3x3(t)

for some triple of numbers (c1, ca,c3) and all ¢ in J.



