Laplace Equation Problem VI

PROBLEM: Suppose that 0 < r; < 5 and each of f; and f; is a function defined on
[—m,7]. Find the solution u to Laplace’s equation in polar coordinates

0%u 10u 1 9%u

o (1.0) + 2 5 (1,0) + = (1, 6) =0 (1)

in the annulus consisting of all (r, #) where

rm<r<roand —nm<6<nm

subject to
u(r,—m) = wu(r,m) for ry <r <y, (2)
ou ou
—(r — = <r<
7 (r,—m) 50 —(r,m) for ri <r <, (3)
u(ry,0) = fi(0) for — 7 <0 <7, and (4)
u(re,0) = fo(0) for —m <0 <. (5)

Then find the solution in case r; = 3, ro = 6, f1(#) = 5cosf, and f>(0) = 10sin 6.
SOLUTION: Suppose that u is an elementary separated solution to (1). This means

u(r,0) = p(O)G()

for some pair of one-place functions ¢ and G. Inserting this into (1), we have

1" 1 !/ 1 !
P(O)G"(r) + —p(0)G(r) + 59" (0)G(r) = 0 (6)
Assuming for now that
u(r,0) # 0,
and dividing each side of (6) by
p(0)G(r)
r2

we have

LG | G ')

G(r)  G(r) ©(0)
This holds for all » with ry < r <ry and 6§ with —7m < 0 < 7; so there is a constant A\ such
et G0 G0 0

%

¢ TG T ) ™
<0<

for all r with r; <r <17y and 0 with —

7. From (7) we then have
—"(0) = Ap(0) for all 0 in [—m, 7] (8)

and
PG(r) +7G(r) = AG(r) = 0 for all in [r1, 7] )
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It is worth noting that if

and (8) and (9) hold, then

L)+ T olr) 4 SO L8 = GO+ O ) + e OC)
= o) (G0 +,60)) + (59" 06w)
= O 5G() — AelB)C(r)
=0

so the PDE (1) will be satisfied, and we no longer need to assume that u(r,8) # 0.
Continuing with our assumption that

u(r,0) = p(0)G(r)
we have from conditions (2) and (3) which stated that
u(r,—m) = u(r,m) for ry <r <rg
and ou ou
@(7‘ ,—m) = %(

that either G(r) = 0 for all r in [ry, 73] which we reject because of (3) and (4) (which stated
that u(ry,0) = f1(0) and u(rq,0) = f2(0) for —m < 6 < ) or

p(—m) = p(7) (10)

r,m) for ry <r <o,

and
/(=) = ¢'(m) (11)
which we then must accept.

The two-point boundary value problem consisting of (8), (10), and (11) (which we repeat
here)

—¢" = Apon [—m 7]
¢(=m) = ¢(7), and
¢'(-m) = ¢'(m)

is one which we have studied. A proper listing of eigenvalues and eigenfunctions for this
problem is {Ax}22, and {¢,}22, where

M=0, ¢,(0)=1for —m <6<,

)\Qk_l = )\gk:k‘Q for k = 1,2,3,...,
Oop_1(0) = coskl, and @, (0) =sinkd for k =1,2,3,... and —7 <0 <.
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Equation (9) is a Cauchy-Euler equation. When A = 0 then
G(r)=c1+cylnr,

and when k is a positive integer and \ = k? then

G(r) = er® 4 cr™".

Considering the possible combinations, we expect the solution to (1)-(5) to be of the form
u(r,0) = Ao+ Bolnr + > [(Akrk + Bkr’k) cos kf + (C’krk + Dkr’k) sin k@} . (12)
k=1

forry <r<rgand -7 <60 <.
In order that (4) and (5) hold it is necessary and sufficient that

f1(0) = Ag + Bolnr; + Z [(Akr]f + Bkrl_k> cos k6 + (Ckr]f + Dkrl_k> sin kO} (13)
k=1
and
f2(0) = Ao+ Bolnry + [(Akr’; + Bkr;k) cos k6 + (C’kr’; + Dk'r’gk) sin kﬁ} (14)
k=1

for —m < 0 < w. Equations (13) and (14) express fiand f, as limits of Fourier series. Thus

1 ™
Ao+ Bolnr; = 2—/ fi(0)df for j =1 and j = 2, (15)
™ J—7
1 us
Akr;“ + Bkrj_k = —/ fi(0) coskfdb for j =1 and j = 2, (16)
T J—7
and e
C’krf + Dkr;k = —/ fj(0)sin kOdp for j =1 and j = 2. (17)
mwJ—7
Equations (15) give two linear equations in the unknowns Ay and By; equations (16) give
two linear equations in the unknowns Aj and By for £ = 1,2,...; and equations (17) give
two linear equations in the unknowns Cj and Dy for £k = 1,2,.... We have r; # r9; so in

each case, the coefficient matrix is nonsingular. If the functions f; and f; are reasonable,
the solution to (1)-(5) is given by (12) where the coefficients are determined by (15)-(17).

Example 1 Find the solution in case 1y = 3, 1o = 6, f1(0) = 5cosf, and f2(0) = 10sin .

Solution: The functions {¢, } are orthogonal on [—m, 7|, < ¢y, vy >= 27, < @), P >=T
for k=1,2,..., fi =bp;, and fo = 10¢,. Thus

Ao+ Bylnr; =0 for j =1 and j = 2,

Air{ + Byr{t =5,
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Airy + Biry ' =0,
Akr;?thkr;k:Oforj:l and j=2and k=2,3,...,
Ciri + Diryt =0,

Cyry + Diryt =10,

and
Ckrf+Dkr;k:0forj:1andj:2andk::2,3,....

From these it follows that

5

Al — —§,

By = 20,

20

Cl — 5,
D, = -20,

and all other coefficients are zero. Thus
5 20 20r 20
0) =(—— + — 0+ (— — —)sind.
u(r,0) = ( 9—|—r)cos +(9 7a)sm



