A METHOD FOR SOLVING NONHOMOGENEOUS
DIFFERENTIAL EQUATIONS

PHILIP W.WALKER

We give a formula that can be used to solve any regular nth order nonhomogenous
linear differential equation with a continuous right side provided that a fundamental
sequence (i.e. a linearly independent n-tuple of solutions to the corresponding
homogeneous equation) and certain antiderivatives can be found. We begin with
the second order case.

Theorem 1. Suppose that L is a second order reqular linear differential operator
over the interval J with

"

Ly(z) = a()y (2) +b(2)y (2) + c(z)y(2).
Suppose that (u1,us) is a fundamental pair for L and that f is a continuous function
defined on J. Let w be the Wronskian of (u1,us), let Iy be an antiderivative of uf
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and let I be an antiderivative of ——,
aw

Finally, let v be given by

It follows that

It is worth noting that v can be given on one line by the following formula.
a(z)w(z) a(z)w(z)

Only one antiderivative is needed in each case, so leave off the “+C” when finding
the integrals.

Proof. Let v be as indicated. Then

v = ubly +ugly —uily —uill
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and since w = uyuhy — ujug,

" ’ 7 " 7 7

v o= ugly Fugl] —uyly —uil,
U1 ug f
_ u//Il +u/7 _u//I2 ol 2L
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uiuh — uhu
— U/Q/h_u/l/IQ_'_( 1%2 1 2)f

aw
_ " " f
= UQIl — ulfg + E
Thus
Lv = a4+ +cv
= a (ué’]l —ufly + f)
a
+b (Ué[l — ullfg)
+c (UQIl — u1]2) .
So
Lv = (auy + bub + cuz)y — (au] + bul + cup) I + f
= (Lug)ly — (Luy)I2 + f
— 0L —-0-I+f
= f.

Example 1. Find all functions y such that

y"(x) +y(z) =tanz for 0 < x < g

Solution. We are looking for all y such that
Ly=fonJ

where Ly = y" + vy, f(z) = tanz, and J = (0, g) The leading coefficient function

is the constant function with value 1, and a fundamental sequence for L is (u1,us2)

where wu;(x) = cosz and us(x) = sinx. The Wronskian w is given by

w(z) :det{ cosx sinzx } _

—sinz cosx

cosztanx
ILi(z) = / de = —cosx and

Lz) - /Sinxtanxdxz/sinzmdx:/1—cosgxdx
(1)(1) cosx cos T
= /(secx — cosz)dx = In(secx + tan ) — sin .

So a function v such that Lv = f is given by

v(z) = (sinz)(—cosx) — (cosz)(In(secx + tanz) — sinx)

= —coszln(secz + tanx).
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Since Ly = f if and only if y = u + v for some u such that Lu = 0, we find that y
is a solution to the problem if and only if

y(x) = ¢y cosx + cosinx — cos x In(sec x + tan x)

for some pair of numbers (¢1,c2) and all z with 0 < z < g

Sometimes when the method presented here is used, the function v can be seen to
be of the form
V= U1 + V2
where v is a solution to the corresponding homogeneous equation.. In this case
vy provides a simpler solution than v to the nonhomogeneous equation. This is
because
Lvy=Llv—wvy)=Lv—Lva=f—-0=f.

Example 2. Find all functions y such that

y"(z) — 3y (z) + 2y(x) = for all z in R.

1
1+e®
Solution. We are looking for all y such that

Ly=fonJ

1

where Ly = y" — 3y’ + 2y, f(z) = TT o= and J = R . The leading coefficient
e

function is the constant function with value 1, and a fundamental sequence for L

is (u1,us) where uy(x) = e* and ug(x) = €2*. The Wronskian w is given by

T 2x
w(z) = det { Z“’ 266293 ] =",
I(z) / = L e —Iln(1+e¢) e and
= . = 1n — a1l
1(z D) Tre—s x e e
1()—/ c L o= (1l 4e )
o(x) = D@ T1es r=—1In e ).

So a function v such that Lv = f is given by

e (In(l+e ) —e ™) +eln(l+e ")
= In(l+e ) +eIn(l+e %) —e”

= oi(z) + va(2)

<
—~

8
~

Il

where
vi(zr) = e*In(l+e ) +eIn(l+e ") and
va(x) = —e”.
Since Lvy = —Luy = 0, a simpler solution to the nonhomogeneous equation is v.

Since Ly = f if and only if y = u + v; for some u such that Lu = 0, we find that y
is a solution to the problem if and only if

y(@) = cre” +c2e® + e In(1+ e ") + e In(l+e)

for some pair of numbers (¢1,c2) and all z.
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The formula that we have given for the second order is a special case of the one
presented in the following theorem.

Theorem 2. Suppose that L is an nth order regular linear differential operator
over the interval J with

Ly(z) = ao(z)y"™ (2) + ar(2)y" V(@) + - + an(2)y().

Suppose that (uy, ..., u,) is a fundamental sequence for L and that f is a continuous
function defined on J. Let w be the Wronskian of (u1,...,uy,) , and fork=1,... n,
let wybe the determinant of the matriz obtained by replacing the kth column of the
Wronski matriz (the matriz used to find the Wronskian) of (u1,...,uy,) with the

column
0

0
1

For k=1,...,n, let I be an antiderivative of w—kf,

aow

I () :/Mdﬂc.

ao(z)w(x)
Finally, let v be given by

It follows that
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