The Heat Equation for a Rectangular Plate

Suppose that each of k, L, and H is a positive number. Derive the solution to the following
heat equation problem.

%(m,y,t) = wVu(z,y,t)for 0<2x<L 0<y<Handt>0 (1)
2 2
(V?means % + 88_y2)
uw(0,y,t) = Ofor0<y<Handt >0, (2)
w(L,y,t) = 0for0<y<Handt >0, (3)
u(z,0,t) = O0for0<z<Landt>0, (4)
u(z,H,t) = 0for0<z<Landt>0, (5)
u(z,y,0) = F(x,y)for0 <z < Land0<y<H. (6)

Solution.Suppose that u is an elementary separated solution of the form

u(p,t) = p(p)h(t) (7)

for p in [0, L] x [0, H] and ¢ > 0. Putting this into (1) we have
At 0%
— — h(t) = h'(t).
(G + G0 ) hO = e (0

Assuming for now that u(p,t) # 0 and dividing each side of the last equation by it we have

550+ 5ED) Wt
o (p) - Kh(t)

for pin [0, L] x [0, H] and t > 0. Letting —\ be the common constant value, we have
=V?¢(p) = Ap(p) for p in [0, L] x [0, H] (8)
and
h'(t) + Akh(t) = 0 for ¢t > 0. (9)

If (7), (8), and (9) hold then (1) holds and we no longer need to assume that u(p,t) # 0.
The boundary conditions (2)-(5) and the fact that u cannot be the zero function because of

(6) imply

©(0,y) = 0for0<y<H, (10)
o(L,y) = 0for0<y<H, (11)
o(x,0) = 0for 0 <z < L,and (12)
e(x,H) = 0for0<z<L. (13)
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A proper listing of eigenvalues and eigenfunctions for (8) and (10)-(13) is

{ A ez jm1 and {pp; 1t i

km JT oy krx | gmy
where \; = (f)2 + (H) and oy;(z,y) = smT sin ==

The solutions to (9) are multiples of hy; where
hi;(2) = exp(—kKAg;t)

Anything of the form

m n

YD Bugns(a y)hug (1)

k=1 j=1
will be a solution to the homogeneous problem (1)-(6), but to also get (7) we expect that

(o NG o]

u(@,y,t) = Y Eyjiog (@, y)hiy (t).

k=1 j5=1

The coefficients are determined by (6).

ZZEIW% 2, y)h;(0).

k=1 j=1
Note that
hi;(0) =1
SO
By — < Fopp; >
< Ppj» Prj >
Thus

jmy
uw(z,y, 2 Z Z Ey; SlIl ? sin ¥ exp(—kKAg;t)

where Fj; is as above and



