Snapshots of the String

1. Let
0 of x<—1
()= 2642 if —1<w<0
S 20 +2 if 0<z<l1
0 if 1<z
5 o4 a3 2 o2 3 4 s
X
Graph of ¢
Let

() =0 for all z,

and let u be the solution to the wave equation

for all (x,t) such that

Let

d%u 9%u
@(%t) = @(%t)
u(z,0) = ¢(z), and
ou
E(m,O) = (z) for all .

h(z) = u(z,to) for all x.

Draw the graph of h over the interval [—4,4] when
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(a) to =0.10,
(b) to = 0.40,
(c) to = 0.80, and
(d) to=1.20

Solution. Using d’Alembert’s solution

h(z) = %go(:r + to) + %SO(I — to)

so the graph of h is obtained by adding the graph of %gp shifted ¢, units to the
left and the graph of %gp shifted tg units to the right.

Graph of h when t; = 0.1



Graph of h when ty = 0.4

Graph of h when ¢ty = 0.8
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Graph of h when t; = 1.2

2. Let u be the solution to
0%u d%u

W(m,t) = @(x,t) for all z and ¢ in R,
u(z,0) = 0 for all z in R, and
%(x, 0) = () for all z in R.
where
0 for T < —2
2 for 2<ax<-1
V() = -2 for —-1<x2<0
0 for x>0
Let

h(z) = u(zx,to) for all x in R.
Sketch the graph of h when tqg = 0.1, 0.4, 0.8, 1.0, and 3.0.

Solution. The solution u to the wave equation problem is given by

(1) = %/_t W(s)ds — %F(x ) — %F(x 4

where




F' is continuous, F(0) = 0, and F’ = ¢ where 1 is defined , so F' is as follows.

—2 if T < =2
) o 2wt2 i —2<2<1
Flx) =9 _9p 9 if —1<z<0
—2 if 0<ux
5 -4 3 1 2 3 4
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Graph of I

The graph of h is obtained by adding the graph of %F shifted tp units to the left and
the graph of —%F shifted three units to the right.
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Graph of h when t; = 0.1
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Graph of h when t; =04
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Graph of h when t; = 0.8
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Graph of h when t; = 1.0




10T
08+
064
04t

02T

-04 T
-0.6 T

-0.8 T

-1.0 —

Ll

Graph of h when t; = 3.0

3. Let

0 if r<-—1
(z) = —2rx—=2 if -1<x<0
PE=Y 22 —2 if 0<a<1
0 if 1<z
0 if z<-—1
)1 af -1<x<0
=0 21 if o<1
0 if 1<z
and let u be the solution to the wave equation
0%u 0%u

@(ﬂf,t) = @(%t)
for all (x,t) such that
u(z,0) = ¢(r), and
—(z,0) = () for all z.

Let
h(z) = u(x,4) for all x.

Draw the graph of h over the interval [—10, 10].

Solution.

u(w, 1) = 5w + )+ ol — 1)) + 5 F(z +) ~ 5F(z —1)
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where

SO
-1 if < -1
Jxz aif -1<2<0
F(z) = —x if 0<x<1
-1 of 1<z
h(z) = =(plx +4)+@(r—4))+ =F(x+4) — =F(z — 4)
1
hn(z) = (el +4) +p(z - 4))
ho() = %F(m +d) - 2F(— 4
h(x) = hi(z) + ho(x)
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4. Let
0 if 0<z<l

fz) =

2 —2 if 1<z<?2
20 4+6 if 2<x<3
0 if 3<x<10

g(x) =0 for 0 <z <10,




and let u be the solution to the wave equation

d%u J%u
W(ﬂf,t) B ——(z,t)

for 0 < x <10 and all ¢ such that

u(0, 1) 0 for all ¢,

u(10,¢t) = 0 for all ¢,

u(z,0) = f(z) for 0 <z <10,and
%(w, 0) = g(x)for 0 <z <10.

Let
h(x) = u(z,to) for 0 < z < 10.

Draw the graph of h over the interval [0, 10] when

(a
(b
(c
(d

@F @F @F @F
I

4,
6,
8, and
12.

~— Nt N

To do this, let ¢ be the period 20 extension of the odd [—10,10] extension of f and let
(x) = 0 for all x. Let u be the d’Alembert solution determined by ¢ and ¢ with ¢ = 1.
Then h is also given by

h(xz) = u(z,to) for 0 <z < 10

where 1 1s the d’Alembert solution.

Solution. Let
if —10<z<0

—f(—z)
a(m):{ flz) if 0<z<10

and let
alr+20) if —-30<x<-10
Po(z) = afz)  if —10<x <10
a(z—20) if 10<x<30
Part a.

h(w) = 5ol +4) + oo — 4)
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Part b.

Part c.
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h(z) = 5 (el +8) + ool — 8))
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Part d.
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h(z) = 3 (ol +12) + pafx — 12))
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