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1.1 Direct Metho ds for Linear Algebraic Systems

Problem: Giv en an ( n ; n ) -matrix A 2 l R

n � n

; A = ( a

ij

)

n
i ; j = 1

, and a v ector b 2 l R

n

; b = ( b

1

; :::; b

n

)

T

.

Find a v ector x 2 l R

n

; x = ( x

1

; :::; x

n

)

T

, suc h that

( � ) A x = b ;

or explicitly
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De�nition 1.1 Linear Algebraic System

Equation ( � ) is called a linear algebraic system of order n . A is said to b e the co e�cien t matrix

and b the righ t-hand side of the linear system. The v ector x is referred to as the v ector of unkno wns .
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Theorem 1.2 Existence and Uniqueness

Let A 2 l R

n � n

and b 2 l R

n

. If det A 6= 0 , then there exists a unique x 2 l R

n

suc h that A x = b .

Theorem 1.3 Cramer's Rule (only of theoretical in terest)

Let A 2 l R

n � n

suc h that det A 6= 0 and b 2 l R

n

.

Denote b y A

i ; b

; 1 � i � n , the matrix obtained from A b y replacing the i-th column b y

the v ector b . Then, the solution x 2 l R

n

of Ax = b is giv en b y

x

i

=

det A

i ; b

det A

; 1 � i � n :

De�nition 1.4 Computational W ork, Complexit y , E�ciency

The computational w ork for the realization of an algorithm is the n um b er of basic arithmetical

op erations + ; � ; � ; = .

The complexit y of a problem is the minimal required computational w ork for the computation

of the solution.

An algorithm is the more e�cien t , the closer the computational w ork is to the complexit y of

the problem.
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Remark 1.5 Computational w ork for Cramer's rule

The computation of the determinan t det A of a regular matrix A 2 l R

n � n

b y means of

det A =

n

X

j = 1

( � 1 )

i + j

a

ij

det A

ij

requires appro ximately 2

n

essen tial op erations, where A

ij

2 l R

( n � 1 ) � ( n � 1 )

denotes the matrix obtained

from A b y eliminating the i-th ro w and the j-th column.

The computational w ork gro ws exp onen tially with the dimension of the problem and is signi�can tly

greater as for the algorithms to b e presen ted next.

Therefore, nev er solv e a linear algebraic system b y Cramer's rule.

Reamrk 1.6 Computation of the in v erse

Denoting b y A

� 1

2 l R

n � n

the in v erse of the regular matrix A 2 l R

n � n

, the solution x 2 l R

n

of Ax = b

is formally giv en b y

x = A

� 1

b

The strategy to in v ert A n umerically , i.e., to compute A

� 1

and then form the matrix-v ector pro-

duct of A

� 1

and b , can not b e recommended (e.g., the computation of A

� 1

can b e 'n umerically

unstable', whereas the computation of x suc h that Ax = b turns out to b e 'n umerically stable').
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Remark 1.7 Sp ecial cases:

(i) Diagonal matrix (decoupled system)

A = ( a

ij

�

ij

)

n
i ; j = 1

[ notation: A = diag ( a

ii

) ]

F or regular A , the solution of Ax = b is giv en b y x

i

= b

i

= a

ii

; 1 � i � n .

The computational w ork comprises n divisions. This is also a lo w er b ound for the complexit y of

the problem.

(ii) Staggered linear systems

De�nition 1.7 Lo w er, upp er triangular matrix / Staggered systems

A matrix R = ( r

ij

)

n
i ; j = 1

resp. L = ( `

ij

)

n
i ; j = 1

is called an upp er resp. a lo w er triangular matrix , if

r

ij

= 0 ; i > j resp. `

ij

= 0 ; i < j :

A linear system of the form Rx = b or Lx = b is called a staggered linear system .
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Lemma 1.1.8 Solution of staggered linear systems
Consider the staggered linear system
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Since det R =
nQ

i= 1
r ii , we have det R 6= 0 if and only if r ii 6= 0 ; 1 � i � n. The solution can be

obtained recursively , starting with the n-th row:

xn = bn=r nn ;

xn� 1 = ( bn� 1 � r n� 1;n xn )=r n� 1;n� 1 ;

xn� i = ( b i �
i � 1X

j = 0
r n� i ;n� j xn� j )=r n� i ;n� i ; 0 � i � n � 1 :
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Lemma 1.9 Computational w ork for the solution of staggered systems

Computational w ork for the solution of x

n � i

:

i m ultiplications and addition , 1 division

T otal:

n + 2

n � 1

X

i = 0

i = n + 2

n ( n � 1 )

2

= n

2

:

Remark 1.10: Similar considerations apply to a staggered linear system

with a lo w er triangular matrix L 2 l R

n � n

(starting with the �rst ro w)
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:

De�nition 1.11 F orw ard/bac kw ard substitution

The solution of a staggered linear system is called bac kw ard substitution in case of an upp er

triangular matrix and forw ard substitution for a lo w er triangular matrix.
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Idea b ehind Gaussian elimination:

T ransformation of a linear algebraic system to a staggered linear system p er triangular matrix

b y successiv e elimination of the v ariables x

i

; 1 � i � n � 1 from ro w i + 1 to ro w n :
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Realization:

Subtraction of a m ultiple of ro w i from ro w i + 1 to ro w n .
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Step 1 of Gaussian elimination:

Elimination of x1 from row 2 to row n :
If a11 6= 0, subtract the ai1=a11-fold of row 1 from rows 2 � i � n :

(ai1 �
ai1

a11
a11)

| {z }
= 0

x1 + ( ai2 �
ai1

a11
a12)

| {z }

= a(2)
i2

x2 + ::: (ain �
ai1

a11
a1n)

| {z }

= a(2)
in

xn = b i �
ai1

a11
b1

| {z }

= b(2)
i

; 2 � i � n :
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�
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k-th step of Gaussian elimination:

Elimination of x

k

from ro w k + 1 to ro w n : If a

( k )

kk

6= 0 , compute

`

ik

:= a

( k )

ik

= a

( k )

kk

; k + 1 � i � n ;

a

( k + 1 )

ij

:= a

( k )

ij

� `

ik

a

( k )

kj

; k + 1 � i ; j � n ;

b

( k + 1 )

i

:= b

( k )

i

� `

ik

b

( k )

k

; k + 1 � i � n :

De�nition 1.12 Piv ot elemen ts, Piv ot ro ws, Piv ot columns

The elemen ts a

( k )

kk

; 1 � k � n � 1 , are called Piv ot elemen ts . The corresp onding ro ws/columns

are called Piv ot ro ws/Piv ot columns .

Lemma 1.13 Computational w ork of Gaussian elimination

Computational w ork of the k-th elimination step:

n � k divisions ; ( n � k )

2

m ultipl. & subtract. ; n � k m ultipl. & subtract. :

T otal:

2

n � 1

X

k = 1

k

2

+ 3

n � 1

X

k = 1

k = 2 [

1
6

( n � 1 ) n ( 2n � 1 )] + 3 [

1
2

( n � 1 ) n ]

:

=

2
3

n

3

:

The computational w ork of Gaussian elimination amoun ts to O ( n

3

) essen tial op erations.
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Equiv alence of Gaussian elimination and LR-decomp osition:

Eac h step of the elimination represen ts a linear op eration on the ro ws of the in termediate matrices:

The transformation of A

( k )

to A

( k + 1 )

(observ e A

( 1 )

:= A ) corresp onds to the m ultiplication with

a matrix L

k

2 l R

n � n

from the left:
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Matrices of the form L

k

are called F rob enius matrices .



Univ ersit y of Houston, Departmen t of Mathematics

Numerical Analysis, F all 2005

Lemma 1.14 Prop erties of the elimination matrices (F rob enius matrices)

The in v erse L

� 1

k

of the elimination matrix (F rob enius matrix) L

k

is giv en b y

L

� 1

k
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:

Theorem 1.15 LR-decomp osition of matrices

Let A 2 l R

n � n

b e regular, and assume that the Gaussian elimination can b e p erformed with the

elimination matrices L

k

; 1 � k � n � 1 , and the resulting upp er triangular matrix R . Then, the

matrix L :=

Q

n � 1

k = 1

L

� 1

k

is a lo w er triangular matrix with `

ii

= 1 ; 1 � i � n , and there holds:

( � ) A = L R :
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Pro of: W e ha v e

A

( n )

= R = L

n � 1

A

( n � 1 )

= ::: =

n � 1

Y

k = 1

L

n � k

A :

De�nition 1.16 LR-decomp osition, unip oten t matrices

The decomp osition ( � ) of A in to the pro duct of a lo w er and an upp er

triangular matrix is called LR-decomp osition of A . T riangular matrices, whose diagonal ele-

men ts are equal to 1 , are called unip oten t .

Remark 1.17 Storage for Gaussian elimination

During the generation of A

( k )

, the signi�can t elemen ts `

ij

of the matrix L are stored in the

remaining (lo w er triangular) part:
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� � � � � � � �
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� � � � � � � �
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Remark 1.18 Problems during Gaussian elimination

(i) Zero Piv ot elemen ts

The matrix

A =

0
B

@

0 1

1 0

1
C

A

; det A = � 1 ; a

11

= 0

is regular, but the �rst elimination can not b e p erformed.

Exc hanging the ro ws results in:

�

A =

0
B

@

1 0

0 1

1
C

A

= L R with L = R = I :

(ii) "Small" Piv ot elemen ts

Consider the linear system

0
B

@

10

� 4

1

1 1

1
C

A

0
B

@

x

1

x

2

1
C

A

=

0
B

@

1
2

1
C

A

with the exact solution (up to four v alid digits):

x

1

= 1 : 000 ; x

2

= 0 : 9999 :
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Gaussian elimination with 3 valid digits results in:

`21 =
a21

a11
= 1:00 � 104 and hence

0

B
@

1:00 � 10� 4 1:00
0:00 � 1:00 � 104

1

C
A

0

B
@

x1

x2

1

C
A =

0

B
@

1:00
� 1:00 � 104

1

C
A :

We obtain:
x2 = 1:00 (correct) ; x1 = 0:00 (wrong) :

Exchanging the rows in the coe�cient matrix gives:
0

B
@

1 1
10� 4 1

1

C
A

0

B
@

x1

x2

1

C
A =

0

B
@

1
2

1

C
A :

Choosing `21 = a21=a11 = 10� 4 it follows that:
0

B
@

1 1
0 1

1

C
A

0

B
@

x1

x2

1

C
A =

0

B
@

1
2

1

C
A and thus: :

x2 = 1:00 (correct) ; x1 = 1:00 (correct) :
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Remark 1.19 Column piv oting with exc hange of ro ws

In the k-th step of the elimination, the piv ot ro w is c hosen as that ro w whic h has the largest

elemen t (in absolute v alue) in the corresp onding piv ot column:

(i) In the k-th step compute p 2 f k ; :::; n g , suc h that

j a

( k )

pk

j � j a

( k )

jk

j ; k � j � n :

The elemen t a

( k )

pk

is called the piv ot elemen t, and the p-th ro w is referred to as piv ot ro w.

(ii) Exc hange ro ws p and k :

A

( k )

!

~

A

( k )

; ~ a

( k )

ij

=

8
>

>
>

>
>

>
<

>
>

>
>

>
>

:

a

( k )

kj

; i = p ;

a

( k )

p j

; i = k ;

a

( k )

ij

; otherwise

:

(iii) P erform the k-th step applied to

~

A

( k )

.

Remark 1.20 Computational w ork of partial piv oting, total piv oting

Instead of column piv oting with ro w exc hanges, one can also do ro w piv oting with column ex-

c hanges. Both tec hniques are called partial piv oting and require O ( n

2

) additional op erations.

Complete piv oting with ro w and column exc hanges requires O ( n

3

) op erations and will th us not

b e p erformed.
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Algebraic represen tation of ro w and column exc hanges

De�nition 1.21 P erm utation matrix

Let e

i

:= ( �

1i

; :::; �

ni

)

T

; 1 � i � n , b e the i-th unit v ectors l R

n

and let � b e a p erm utation of

I

n

:= f 1 ; :::; n g . The matrix

P

�

:= [ e

� ( 1 )

e

� ( 2 )

::: e

� ( n )

]

is called a p erm utation matrix . P

�

is an orthogonal matrix, i.e., P

T
�

= P

� 1

�

, and there holds

det P

�

= sgn � 2 f� 1 ; + 1 g .

Remark 1.22 P erm utations in the domain of de�nition and in the range

(i) ro w exc hange (p erm utation in the range) A 7� ! P

�

A .

(i) column exc hange (p erm utation in the domain of de�nition) A 7� ! A P

�

.

Theorem 1.23 Existence and uniqueness of the LR-decomp osition

Let A 2 l R

n � n

b e regular. Then, there exists a p erm utation matrix P , suc h that P A = LR where

L is a unip oten t lo w er triangular matrix with j `

ij

j � 1 ; 1 � j < i � n , and R is an upp er triangular

matrix. The matrices L and R are uniquely determined.
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Remark 1.24 Scaling

Piv ot strategies can b e mo di�ed b y the m ultiplication of ro ws/columns b y scalar quan tities.

De�nition 1.25 Scaling of ro ws and colimns, equilibration

Let A 2 l R

n � n

and D

z

:= diag ( �

1

; :::; �

n

) as w ell as D

s

:= diag ( �

1

; :::; �

n

) .

Ro w scaling (column scaling) of A is a left/righ t m ultiplik ation of A b y D

z

( D

s

) .

(i) Equilibration of ro ws

Let k � k b e a v ector norm and let A

( i )

; 1 � i � n , b e those ro ws of A 2 l R

n � n

with A

( i )

6= 0 ; 1 � i � n .

If w e c ho ose

D

z

:= diag ( �

1

; :::; �

n

) ; �

i

:= k A

( i )

k

� 1

; 1 � i � n

then all ro ws of

~

A := D

z

A ha v e the same norm k

~

A

( i )

k = 1 .

(ii) Equilibration of columns:

Let k � k b e a v ector norm and let A

( j )

; 1 � j � n , b e those columns of A 2 l R

n � n

with A

( j )

6= 0 ; 1 � j � n .

If w e c ho ose

D

s

:= diag ( �

1

; :::; �

n

) ; �

i

:= k A

( j )

k

� 1

; 1 � j � n ;

then all columns of

~

A := AD

s

ha v e the same norm k

~

A

( j )

k = 1 .
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De�nition 1.26 Residual (defect)
Let A 2 lRn� n ; b 2 lRn and x (0) 2 lRn. The vector

r (x (0)) := b � A x (0)

is called the residual (defect) w.r.t. x (0).
Remark 1.27 Post processing
Let x � 2 lRn be the solution of the linear system Ax = b and let x (0) 2 lRn be some approximation.
The error e(0) := x � � x (0) satis�es the defect equation

A e (0) = A x � � A x (0) = b � a x (0) = r (x (0)) :

The computation of an approximation ~e(0) of the defect equation and the update x (1) according to

x (1) = x (0) + ~e(0)

is a post processing iterative technique which is usually carried out in double pre cision.
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Cholesky metho d for symmetric, p ositiv e de�nite matrices

De�nition 1.28 Symmetric, p ositiv e de�nite matrices

A matrix A 2 l R

n � n

is called symmetric , if

A = A

T

; i.e. ; a

ij

= a

ji

; 1 � i ; j � n ;

and it is called p ositiv e de�nite , if

( A x ; x ) > 0 ; x 6= 0 ;

where ( � ; � ) is the Euclidian inner pro duct in l R

n

.

F or symmetric, p ositiv e de�nite matrices w e will use the abbreviation sp d matrices .

Theorem 1.29 Prop erties of sp d matrices

Let A 2 l R

n � n

b e sp d. Then, there holds gilt:

(i) A is in v ertible, , (ii) a

ii

> 0 ; 1 � i � n , (iii) max

1 � i ; j � n

j a

ij

j = max

1 � i � n

a

ii

,

(iv) When p erforming Gaussian elimination without piv oting, all ( n � i ; n � i ) ; 1 � i � n � 1

submatrices of the in termediate matrices are again sp d.
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Pro of of (i): W e ha v e

A x = 0 = ) ( A x ; x ) = 0 = ) x = 0 :

Pro of of (ii): Cho osing x = e

i

; 1 � i � n , it follo ws that

( A e

i

; e

i

) = a

ii

> 0 :

Pro of of (iii): Since A is sp d, there exists A

1 = 2

. Setting k � k := ( � ; � )

1 = 2

, w e get:

j a

ij

j = j ( A e

i

; e

j

) j = j ( A

1 = 2

e

i

; A

1 = 2

e

j

) j � k A

1 = 2

e

i

k k A

1 = 2

e

j

k = ( A e

i

; e

i

)

1 = 2

( A e

j

; e

j

)

1 = 2

= a

1 = 2

ii

a

1 = 2

jj

:

Pro of of (iv): After the �rst elimination step, w e arriv e at:

A

( 2 )

= L

1

A =

0
B

B
B

B
B

@

a

11

j z

T

� � �

0 j B

( 2 )

1
C

C
C

C
C

A

; L

1

A L

T
1

=

0
B

B
B

B
B

@

a

11

j 0

� � �

0 j B

( 2 )

1
C

C
C

C
C

A

:

Since, L

1

AL

T
1

is sp d, so is B

( 2 )

.
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Remark 1.30:

The prop erties (iii),(iv) in Theorem 1.29 imply that the LR-decomp osition of sp d matrices do es

not require piv oting.

Theorem 1.31 Rational Cholesky decomp osition

Let A 2 l R

n � n

b e an sp d matrix. Then, there exist a unip oten t lo w er triangular matrix L and

a p ositiv e diagonal matrix D suc h that

A = L D L

T

:

Pro of: The assertion can b e pro v ed b y a constructiv e con tin uation of the pro of of Theorem

1.29 (iv) with L =

Q

n � 1

k = 1

L

� 1

k

and D = diag ( a

( n )

11

; :::; a

( n )

nn

) .

Corollary 1.32 Cholesky decomp osition

Let A 2 l R

n � n

b e an sp d matrix. Setting D

1 = 2

:= diag (

r

a

( n )

11

; :::;

r

a

( n )

nn

) and

�

L := LD

1 = 2

, w e obtain:

A =

�

L

�

L

T

:
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Remark 1.34 Realization of the Cholesky decomp osition

In explicit form, the equations A = LL

T

are as follo ws:

0
B

B
B

B
B

B
B

B
@

a

11

� � � a

1n

� � � � �

� � � � �

a

n1

� � � a

nn

1
C

C
C

C
C

C
C

C
A

=

0
B

B
B

B
B

B
B

B
@

`

11

0 � � 0

� � � � �

� � � � 0

`

n1

� � � `

nn

1
C

C
C

C
C

C
C

C
A

0
B

B
B

B
B

B
B

B
@

`

11

� � � `

n 1

0 � � � �

� � � � �

0 � � 0 `

nn

1
C

C
C

C
C

C
C

C
A

The elemen t wise ev aluation results in:

i = k : a

kk

= `

2
k1

+ ::: + `

2
k ; k � 1

+ `

2
kk

;

i > k : a

ik

= `

i1

`

k1

+ ::: + `

i ; k � 1

`

k ; k � 1

+ `

ik

`

kk

:

Algorithm: Cholesky decomp osition

for k = 1 to n do

`

kk

= ( a

kk

�

k � 1

P

j = 1

`

2
kj

)

1 = 2

for i = k + 1 to n do

`

ik

= ( a

ik

�

k � 1

P

j = 1

`

ij

`

kj

) =`

kk
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Remark 1.35 Computational w ork of the Cholesky decomp osition

The n um b er of essen tial op erations is giv en b y:

:

=

1
3

n

3

m ultiplik ations and subtractions as w ell as n square ro ots

Therefore, the computational w ork is roughly 50 % of that for Gaussian elimination.
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1.2 Iterativ e metho ds for linear algebraic systems

1.2.1 Linear iterations

De�nition 1.36 Linear iteration

Let M ; N 2 l R

n � n

and b 2 l R

n

; x

( 0 )

2 l R

n

.

Then, the recursion

( � ) x

( k + 1 )

= M x

( k )

+ N b ; k 2 l N

0

is called a linear iteration . The matrix M is called the iteration matrix , and x

( 0 )

is referred to

as the start v ector .

De�nition 1.37 Fixed p oin t, consistency

(i) A v ector x

�

2 l R

n

is called a �xed p oin t of the linear iteration, if

x

�

= M x

�

+ N b :

(ii) The linear iteration ( � ) is said to b e consisten t with the linear system Ax = b , if an y solution

of the linear system is a �xed p oin t of ( � ) .
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Remark 1.38: Consistency of linear iterations

Assume x

�

to b e a solution of Ax = b . Then, if the linear iteration is consisten t with the linear

system, there holds

x

�

= M x

�

+ N b = M x

�

+ N A x

�

= ( M + NA ) x

�

:

Lemma 1.39 Characterization of consistency

The linear iteration ( � ) is consisten t with the linear system

Ax = b if and only if,

M = I � NA :

De�nition 1.40 Second normal form of linear iterations

Assume consisten y and a regular matrix A 2 l R

n � n

. Then, there holds

N = ( I � M ) A

� 1

;

and it follo ws that

x

( k + 1 )

= M x

( k )

+ N b = ( I � NA ) x

( k )

+ N b = x

( k )

� N ( A x

( k )

� b ) = x

( k )

+ N r ( x

( k )

)

with r ( x

( k )

) := b � Ax

( k )

as the residual with resp ect to the iterate x

( k )

.

This iterativ e sc heme is called the second normal form of the linear iteration ( � ) .
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De�nition 1.41: Con v ergence of linear iterations

A linear iteration is called con v ergen t , if lim

k !1

x

( k )

exists indep enden tly of the c hoice of the

start v ector x

( 0 )

2 l R

n

.

Lemma 1.42 Represen tation of the iterates and iteration error

(i) F or a linear iteration, the iterates x

( k )

; k 2 l N , admit the represen tation

x

( k )

= M

k

x

( 0 )

+

k � 1

X

j = 0

M

j

N b :

(ii) In case of consisten t iterations, the iteration error e

( k )

:= x

( k )

� x

�

is giv en b y

e

( k )

= M

k

e

( 0 )

; k 2 l N

0

:

Pro of: The �rst assertion is pro v ed b y induction on k 2 l N :

Assuming that the assertion holds true for k � 1 , w e obtain:

x

( k )

= M x

( k � 1 )

+ N b = M ( M

k � 1

x

( 0 )

+

k � 2

X

j = 0

M

j

N b ) + N b =

= M

k

x

( 0 )

+

k � 2

X

j = 0

M

j + 1

N b + N b = M

k

x

( 0 )

+

k � 1

X

j = 0

M

j

N b :
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As far as the represen tation of the error is concerned, w e ha v e

e

( k )

= x

( k )

� x

�

= M x

( k � 1 )

+ N b � x

�

= M x

( k � 1 )

+ N A x

�

� x

�

=

= M x

( k � 1 )

+ ( I � M ) x

�

� x

�

= M ( x

( k � 1 )

� x

�

) = M e

( k � 1 )

:

Theorem 1.43 Characterization of con v ergence

A linear iteration with the iteration matrix M is con v ergen t, if and only if

� ( M ) < 1 :

Here, � ( M ) denotes the sp ectral radius of the iteration matrix, i.e., � ( M ) := max j � j , where � is

an eigen v alue of M .

Pro of: If the linear iteration is con v ergen t, without restriction of generalit y w e ma y assume

b = 0 . Then, there holds

x

( k )

= M

k

x

( 0 )

! x

�

( m ! 1 ) :

F or x

( 0 )

= 0 w e obtain x

�

= 0 . Assuming � ( M ) � 1 in con tradiction to the assertion and c ho osing

x

( 0 )

6= 0 as an eigen v ector asso ciated with the eigen v alue � with j � j = � ( M ) , it follo ws that

x

( k )

= �

k

x

( 0 )

! = x

�

= 0 whic h con tradicts the con v ergence of the iteration.
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F or the pro of of the con v erse statemen t, assume � ( M ) < 1 . F or an arbitrarily c hosen start

v ector x

( 0 )

2 l R

n

w e ha v e:

M

k

x

( 0 )

! 0 ;

k � 1

X

j = 0

M

j

! ( I � M )

� 1

( k ! 1 ) :

Hence,

x

( k )

= M

k

x

( 0 )

+

k � 1

X

j = 0

M

j

N b ! ( I � M )

� 1

N b ( k ! 1 ) :

Corollary 1.44 Consistency and con v ergence

Assume that w e ha v e a consisten t and con v ergen t linear iteration. Then, A and N are regular,

and there holds

x

( k )

! x

�

= A

� 1

b ( k ! 1 ) :

Pro of: Consistency yields NA = I � M , whereas con v ergence implies � ( M ) < 1 .

Consequen tly , I � M is regular, and w e obtain ( I � M )

� 1

N = A

� 1

and

x

( k )

! ( I � M )

� 1

N b = A

� 1

b = x

�

( k ! 1 ) :
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1.2.2 Classical linear iterations

In the sequel, w e alw a ys assume consistency .

De�nition 1.45 Ric hardson iteration

Cho ose N

R

:= � I ; � 2 l R . Then, M

R

= M

R

( � ) = I � � A , and w e obtain the iteration

x

( k + 1 )

= x

( k )

� � ( A x

( k )

� b ) ;

comp onen t wise: x

( k + 1 )

i

= x

( k )

i

� � (

n

X

j = 1

a

ij

x

( k )

j

� b

i

) ; 1 � i � n :

Lemma 1.46 Sp ectral radius of the Ric hardson iteration matrix

Assume � ( A ) � l R and

�

min

( A ) := min

� 2 � ( A )

� ; �

max

( A ) := max

� 2 � ( A )

� :

Then � ( M

R

( � )) � l R ; � 2 l R , and it follo ws that

� ( M

R

( � )) = max f j 1 � � �

min

( A ) j ; j 1 � � �

max

( A ) j g :

Pro of: W e ha v e � ( M

R

( � )) = 1 � � � ( A ) with � ( A ) 2 � ( A ) .
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Theorem 1.47 Con v ergence of the Ric hardson iteration

Assume � ( A ) � ( 0 ; 1 ) , and � 2 l R . Then, the Ric hardson iteration con v erges, if and only if

0 < � < 2 = �

max

( A ) :

The optimal c hoice of � is

�

opt

= 2 = ( �

min

( A ) + �

max

( A )) with � ( M

R

( �

opt

)) =

�

max

( A ) � �

min

( A )

�

min

( A ) + �

max

( A )

:

Q

r(M R(Q))

1

1 - Q l min

1 - Q l max

Qopt 2/ l max

1 - Q l max
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De�nition 1.48 T riangular decomp osition of the co e�cien t matrix

The decomp osition of A 2 l R

n � n

according to

0
B

B
B

B
B

B
B

B
B

B
B

B
@

a

11

� � � a

1n

� � � � �

� � � � �

� � � � �

a

n1

� � � a

nn

1
C

C
C

C
C

C
C

C
C

C
C

C
A

| {z }

A

=

0
B

B
B

B
B

B
B

B
B

B
B

B
@

a

11

0 � � 0

0 � � � �

� � � � �

� � � � 0

0 � � 0 a

nn

1
C

C
C

C
C

C
C

C
C

C
C

C
A

| {z }

=: D

�

0
B

B
B

B
B

B
B

B
B

B
B

B
@

0 � � � 0

� a

21

� � � �

� � � � �

� � � � �

� a

n1

� � � a

n ; n � 1

0

1
C

C
C

C
C

C
C

C
C

C
C

C
A

| {z }

=: E

�

0
B

B
B

B
B

B
B

B
B

B
B

B
@

0 � a

12

� � � a

1n

� � � � �

� � � � �

� � � � � a

n � 1 ; n

0 � � � 0

1
C

C
C

C
C

C
C

C
C

C
C

C
A

| {z }

=: F

is called triangular decomp osition of A .

De�nition 1.49 Jacobi iteration

Assume a

ii

6= 0 ; 1 � i � n , and c ho ose N

J

= D

� 1

. Then, M

J

= I � D

� 1

A , and w e obtain

x

( k + 1 )

= x

( k )

� D

� 1

( A x

( k )

� b ) = x

( k )

� D

� 1

(( D � E � F ) x

( k )

� b ) = D

� 1

( E + F ) x

( k )

+ D

� 1

b ;

comp onen t wise: x

( k + 1 )

i

= ( b

i

�

X

j 6= i

a

ij

x

( k )

j

) = a

ii

; 1 � i � n :

The iteration is called Jacobi iteration .
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De�nition 1.50 Gauss-Seidel iteration

Assume a

ii

6= 0 ; 1 � i � n . If w e c ho ose N

GS

= ( D � E )

� 1

, then M

GS

= I � ( D � E )

� 1

A , and w e

obtain

x

( k + 1 )

= x

( k )

� ( D � E )

� 1

( Ax

( k )

� b ) =

x

( k )

� ( D � E )

� 1

(( D � E � F ) x

( k )

� b ) = ( D � E )

� 1

Fx

( k )

+ ( D � E )

� 1

b ;

comp onen t wise: x

( k + 1 )

i

= ( b

i

�

i � 1

X

j = 1

a

ij

x

( k + 1 )

j

�

n

X

j = i + 1

a

ij

x

( k )

j

) = a

ii

; 1 � i � n :

This iteration is called Gauss-Seidel iteration .

Remark 1.51 Con v ergence in case of sp d matrices (preliminaries)

On the set of sp d matrices w e in tro duce a partial ordering according to

A > B ( ) A � B is sp d :

Moreo v er, w e de�ne the energy norm of an sp d matrix A b y:

k x k

A

:= ( A x ; x )

1 = 2

= ( A

1 = 2

x ; A

1 = 2

x )

1 = 2

= k A

1 = 2

x k :
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As far as the asso ciated matrix norm is concerned, it follo ws that:

k B k

A

= sup
x 6= 0

k B x k

A

k x k

A

= sup
x 6= 0

k A

1 = 2

B x k

k A

1 = 2

x k

= sup

y = A

1 = 2

x

k A

1 = 2

B A

� 1 = 2

y k

k y k

= k A

1 = 2

B A

� 1 = 2

k :

Theorem 1.52 Con v ergence in case of sp d matrices

Assume A 2 l R

n � n

to b e sp d and N regular. Assume further that for W := N

� 1

W + W

T

> A :

Then, for M = I � NA there holds

� ( M ) � k M k

A

< 1 :

Pro of: Since � ( M ) � k M k

A

, it su�ces to sho w k M k

A

< 1 . Observing M = I � NA = I � W

� 1

A ,

w e ha v e

k M k

A

= k A

1 = 2

M A

1 = 2

k = k I � A

1 = 2

W

� 1

A

1 = 2

| {z }

=:

^

M

k :
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Moreo v er, w e ha v e:

^

M

T

^

M = ( I � A

1 = 2

W

� 1

A

1 = 2

)

T

( I � A

1 = 2

W

� 1

A

1 = 2

) =

= I � A

1 = 2

( W

� T

+ W

� 1

) A

1 = 2

+ A

1 = 2

W

� T

A W

� 1

A

1 = 2

=

= I � A

1 = 2

W

� T

( W + W

T

) W

� 1

A

1 = 2

+ A

1 = 2

W

� T

A W

� 1

A

1 = 2

<

< I � A

1 = 2

W

� T

A W

� 1

A

1 = 2

+ A

1 = 2

W

� T

A W

� 1

A

1 = 2

= I ;

whence

k M k

A

= k

^

M k = � (

^

M

T

^

M )

1 = 2

< � ( I )

1 = 2

= 1 :

Theorem 1.53 Con v ergence of the Jacobi and the Gauss-Seidel iteration for matrices

Assume A 2 l R

n � n

to b e sp d. Then, there holds:

(i) If 2D � A > 0 , the Jacobi iteration con v erges with

� ( M

J

) � k M

J

k

A

< 1 :

(ii) The Gauss-Seidel iteration con v erges with

� ( M

GS

) � k M

GS

k

A

< 1 :
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Pro of: The pro of is based on the application of Theorem 1.52:

Jacobi: N

J

= D � 1 = ) W

J

= D = ) W

J

+ W

T

J

2 D > A ;

Gauss-Seidel: N

GS

= ( D � E )

� 1

= ) W

GS

= D � E = )

= ) W

GS

+ W

T

GS

= D � E + D � E

T

= D � E � F + D = A + D > A :

Theorem 1.54 Theorem of Stein and Rosen b erg

Assume the matrix E + F to b e nonnegativ e. Then, for the Jacobi and the Gauss-Seidel iteration

exactly one of the follo wing relations holds true

( 1 ) � ( M

GS

) = � ( M

J

) = 0 ;

( 2 ) 0 < � ( M

GS

) < � ( M

J

) < 1 ;

( 3 ) � ( M

GS

) = � ( M

J

) = 1 ;

( 4 ) � ( M

GS

) > � ( M

J

) > 1 :
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Remark 1.55 Acceleration of con v ergence b y Successiv e Ov er Relaxation (SOR)

The con v ergence of the Gauss-Seidel iteration can b e impro v ed b y a relaxation of the iterates

( � ) x

( k +

1
2

)

i

= ( b

i

�

i � 1

X

j = 1

a

ij

x

( k + 1 )

j

�

n

X

j = i + 1

a

ij

x

( k )

j

) = a

ii

;

( �� ) x

( k + 1 )

i

= ! x

( k +

1
2

)

i

+ ( 1 � ! ) x

( k )

i

; 0 < ! < 2 :

Inserting ( � ) in to ( �� ) yields:

x

( k + 1 )

i

= x

( k )

i

+ ! ( b

i

�

i � 1

X

j = 1

a

ij

x

( k + 1 )

j

�

n

X

j = i

a

ij

x

( k )

j

) = a

ii

; 1 � i � n ;

D x

( k + 1 )

= D x

( k )

+ ! ( b � ( D � F ) x

( k )

+ E x

( k + 1 )

) ;

( D � ! E ) x

( k + 1 )

= [ ( 1 � ! ) D + ! F ] x

( k )

+ ! b ;

x

( k + 1 )

= ( D � ! E )

� 1

[ ( 1 � ! ) D + ! F ]

| {z }

=: M

SOR

( ! )

x

( k )

+ ! ( D � ! E )

� 1

| {z }

=: N

SOR

( ! )

b :
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De�nition 1.56 The SOR iteration (S uccessiv e O v er R elaxation)

The iteration

x

( k + 1 )

= ( D � ! E )

� 1

[ ( 1 � ! ) D + ! F ]

| {z }

=: M

SOR

( ! )

x

( k )

+ ! ( D � ! E )

� 1

| {z }

=: N

SOR

( ! )

b :

is referred to as a relaxation . F or 0 < ! < 1 , it is called an under relaxation , in case ! = 1 w e

obtain the Gauss-Seidel iteration , and for 1 < ! < 2 it is called o v er relaxation .

21 wopt

r(M SOR(w))

w
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Theorem 1.57 Con v ergence of the SOR iteration for sp d matrices

Assume A 2 l R

n � n

to b e sp d. Then, the SOR iteration con v erges for all 0 < ! < 2 with

� ( M

SOR

( ! )) � k M

SOR

( ! ) k

A

< 1 :

Pro of: W e apply Theorem 1.52 with W

SOR

( ! ) := !

� 1

D � E :

W

SOR

( ! ) + W

T

SOR

( ! ) = 2 !

� 1

D � E � F = A + ( 2 !

� 1

� 1 ) D > A > 0 :
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1.2.3 The metho d of conjugate gradien ts (cg-iteration)

Theorem 1.57 Equiv alence with the minimization of con v ex functionals

Assume A 2 l R

n � n

to b e sp d and b 2 l R

n

. Then, x

�

2 l R

n

is a solution of the linear system Ax = b ,

if and only if x

�

solv es the minimization problem :

( � ) J ( x

�

) = min

x 2 l R

n

J ( x ) ; J ( x ) :=

1
2

( A x ; x ) � ( b ; x ) :

Pro of: W e ha v e:

J

0

( x ) = grad J ( x ) = A x � b :

Since J

00

( x ) = A > 0 , the condition J

0

( x ) = 0 is necessary and su�cien t for the existence of a minim um.

De�nition 1.58 Searc h direction

Assume that x 2 l R

n

is some appro ximation of the solution x

�

of ( � ) and p 2 l R

n

n f 0 g a searc h

direction for the computation of the minim um of ( � ) . Then, starting from x , w e p erform a

(one dimensional) minimization of J in the direction of p :

J ( x + �

opt

p ) = min

� 2 l R

J ( x + � p ) :
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Lemma 1.59 Step length selection

The solution of the one dimensional minimization problem

J ( x + �

opt

p ) = min

� 2 l R

J ( x + � p ) :

is giv en b y:

�

opt

=

( r ; p )

( Ap ; p )

; r := b � A x :

�

opt

is called the optimal step length in the searc h direction p .

Pro of: As the necessary and su�cien t optimalit y condition w e obtain:

( J

0

( x + �

opt

p ) ; p ) = ( Ax + �

opt

Ap � b ; p ) = 0 :

Remark 1.60 Steep est descen t

A suitable searc h direction is giv en b y the direction of the steep est descen t :

p = � grad J ( x ) = b � Ax = r :
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De�nition 1.61 Metho d of steep est descen t

If the searc h direction p is c hosen as the residual r = b � Ax , w e obtain the metho d of steep est :

descen t :

Initialization: Cho ose a start v ector x

( 0 )

2 l R

n

and compute the residual r

( 0 )

:= b � Ax

( 0 )

.

Iteration lo op: F or k = 0 ; 1 ; 2 ; ::: do:

x

( k + 1 )

:= x

( k )

+ �

opt

r

( k )

; �

opt

:=

( r

( k )

; r

( k )

)

( Ar

( k )

; r

( k )

)

;

r

( k + 1 )

:= r

( k )

� �

opt

Ar

( k )

:

x(0)

x(1)

x(2)

N1

N2

N
3

x(3)

Graphical illustration of the metho d of steep est descen t:

Consider A = diag ( �

1

; �

2

) ; 0 < �

1

� �

2

and b = 0 .

Equip oten tial lines N

c

:= f x 2 l R

2

j J ( x ) =

1
2

( �

1

x

2
1

+ �

2

x

2
2

) = c g

The iterates x

( k )

are lo cated on the ellipses N

k

with J ( x

( k )

) = c .

x

( k + 1 )

� x

( k )

= �

opt

r

( k )

= � �

opt

grad J ( x

( k )

) = ) ( x

( k + 1 )

� x

( k )

) ? N

k

The v ector ( x

( k + 1 )

� x

( k )

) is tangen tial to N

k + 1

.
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x(0)

x(1)

x(2)

N1

N2

N
3

x(3)

De�nition 1.62 Optimalit y with resp ect to searc h directions

A v ector x 2 l R

n

is called optimal with resp ect to the direction

p 2 l R

n

n f 0 g , if there holds:

J ( x ) � J ( x + � p ) ; � 2 l R .

x is called optimal with resp ect to the subspace U � l R

n

, if:

J ( x ) � J ( x + y ) ; y 2 U .

Lemma 1.63 Characterization of optimalit y with resp ect to a searc h direction

The optimalit y of x 2 l R

n

with resp ect to p 2 l R

n

n f 0 g is equiv alen t to

( p ; r ) = 0 ; i.e., p ? r = b � Ax = � grad J ( x ) :

Pro of: W e ha v e:

J ( x ) = min

� 2 l R

J ( x + � p ) ( ) ( grad J ( x + �

opt

| {z }

= 0

p ; p ) = ( grad J ( x ) ; p ) = � ( b � Ax ; p ) = 0 :
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x(0)

x(1)

x(2)

N1

N2

N
3

x(3)

Lemma 1.64 Optimalit y for the metho d of steep est descen t

F or the metho d of steep est descen t, the iterate x

( k + 1 )

is optimal

with resp ect to the searc h direction r

( k )

, i.e.,

r

( k + 1 )

? r

( k )

= �

� 1

opt

( x

( k + 1 )

� x

( k )

) .

Pro of: F or r

( k + 1 )

= r

( k )

� �

opt

Ar

( k )

there holds:

( r

( k + 1 )

; r

( k )

) = ( r

( k )

; r

( k )

) � �

opt

( Ar

( k )

; r

( k )

) .

Remark 1.65 Disadv an tage of the metho d of steep est descen t

F or the metho d of steep est descen t, the optimalit y of x

( k + 1 )

with resp ect r

( k )

is lost, when com-

puting the new iterate x

( k + 2 )

.

Problem: What kind of prop ert y m ust a searc h direction ha v e to preserv e optimalit y:

If x is optimal with resp ect to p (i.e., r ? p ), and x

0

= x + q , ho w to c ho ose q suc h that x

0

is

optimal with resp ect to p ?

( r

0

; p ) = ( r � Aq ; p ) = ( r ; p )

| {z }

= 0

� ( Aq ; p ) = 0 ( ) Aq ? p :
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x*

q

x(1)

x(0)

r (0)

N1

De�nition 1.66 Conjugate (A - orthogonal) directions

Tw o v ectors p ; q 2 l R

n

n f 0 g satisfying

Aq ? p

are called conjugate resp. A-orthogonal .

De�nition 1.67 Metho d of conjugate directions

Initialization: Cho ose a start v ector x

( 0 )

2 l R

n

and compute r

( 0 )

= b � Ax

( 0 )

.

Iteration lo op: F or k = 0 ; 1 ; 2 ; ::: do:

(1) Cho ose the direction p

( k )

, conjugate to p

( ` )

; ` < k ,

(2) x

( k + 1 )

:= x

( k )

+ �

opt

p

( k )

; �

opt

:=

( r

( k )

; p

( k )

)

( Ap

( k )

; p

( k )

)

,

(3) r

( k + 1 )

:= r

( k )

� �

opt

Ap

( k )

.

Remark 1.68 The metho d is not practicable, if there is no suitable c hoice of p

( k )

.
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Remark 1.69 Metho d of conjugate gradien ts (�rst v ersion)

Idea: Use the residuals r

( k )

for determining the searc h direction p

( k )

:

If p

( 0 )

; p

( 1 )

; :::; p

( k � 1 )

are already kno wn, orthogonalize r

( k )

w.r.t. ( � ; � )

A

according to

p

( k )

= r

( k )

�

k � 1

X

` = 0

( Ar

( k )

; p

( ` )

)

( Ap

( ` )

; p

( ` )

)

p

( ` )

:

Lemma 1.70 Prop erties of conjugate directions

(1) ( Ap

( k )

; p

( ` )

) = 0 ; 0 � ` � k � 1 ,

(2) r

( k )

and p

( k )

can b e zero only together, i.e., either x

( k )

= x

�

or p

( k )

6= 0 .

(3) U

( k )

:= span f p

( 0 )

; :::; p

( k )

g = span f p

( 0 )

; :::; p

( k � 1 )

; r

( k )

g ;

(4) r

( k )

? U

`

; ` < k :
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De�nition 1.71 Metho d of conjugate gradien ts (cg - iteration)

Initialization: Cho ose a start v ector x

( 0 )

and compute r

( 0 )

:= b � Ax

( 0 )

. Set p

( 0 )

:= r

( 0 )

.

Iteration lo op: F or k = 0 ; 1 ; 2 ; ::: do:

( 1 ) x

( k + 1 )

:= x

( k )

+ � p

( k )

; � :=

( r

( k )

; p

( k )

)

( Ap

( k )

; p

( k )

)

;

( 2 ) r

( k + 1 )

:= r

( k )

� � Ap

( k )

;

( 3 ) p

( k + 1 )

:= r

( k + 1 )

� � p

( k )

; � :=

( Ar

( k + 1 )

; p

( k )

)

( Ap

( k )

; p

( k )

)

:

Theorem 1.72 Prop erties of the cg - iteration I

In case of exact computations, the iteration terminates with the exact solution x

�

= A

� 1

b

after at most n steps.

Pro of: If r

( m )

= 0 for m < n , then x

( m )

= x

�

. Otherwise, w e ha v e r

( m )

; p

( m )

6= 0 , and the iteration

con tin ues. If m = n � 1 , w e ha v e l R

n

= span f p

( 0 )

; :::; p

( n � 1 )

g , i.e., there is no con tin uation.
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Lemma 1.73 Prop erties of the cg - iteration I I

F or the subspaces U

k

; k 2 l N

0

there holds:

U

k

:= span f p

[ 0 )

; :::; p

( k )

g = span f r

( 0 )

; :::; r

( k )

g = span f r

( 0 )

; Ar

( 0 )

; :::; A

k

r

( 0 )

g :

Pro of: Induction on k 2 l N

0

: F or k = 0 w e ha v e p

( 0 )

= r

( 0 )

. W e assume that the assertion

holds true for k � 1 . Then, in view of Lemma 1.70 (3), w e obtain:

U

k

= span f p

( 0 )

; :::; p

( k )

g = span f p

( 0 )

; :::; p

( k � 1 )

; r

( k )

g = span f r

( 0 )

; :::; r

( k )

g :

Moreo v er, taking the induction's assumption in to accoun t:

r

( k � 1 )

2 span f r

( 0 )

; :::; r

( k � 1 )

g = span f r

( 0 )

; :::; A

k � 1

r

( 0 )

g

Ap

( k � 1 )

2 A U

k � 1

= A span f r

( 0 )

; :::; A

k � 1

r

( 0 )

g = span f Ar

( 0 )

; :::; A

k

r

( 0 )

g

r

( k )

= r

( k � 1 )

� � Ap

( k � 1 )

9
>

>
>

>
>

=
>

>
>

>
>

;

= )

r

( k )

2 span f r

( 0 )

; :::; A

k

r

( 0 )

g = ) U

k

= span f r

( 0 )

; :::; r

( k )

g � span f r

( 0 )

; :::; A

k

r

( 0 )

g :

Since dim U

k

= k + 1 , the subspaces m ust coincide.

De�nition 1.74 Krylo v subspace of dimension k

The subspace span f r

( 0 )

; :::; A

k � 1

r

( 0 )

g is called the Krylo v subspace of dimension k .
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Lemma 1.75 Prop erties of the cg - iteration I I I

The iterates x

( k )

; k 2 l N , in the cg - iteration are solutions of the minimization problems:

( 1 ) J ( x

( k )

) = min

�

0

;:::; �

k � 1

J ( x

( 0 )

+

k � 1

X

` = 1

�

`

p

( ` )

) ;

( 2 ) J ( x

( k )

) = min

�

0

;:::; �

k � 1

J ( x

( 0 )

+

k � 1

X

` = 1

�

`

r

( ` )

) ;

( 3 ) J ( x

( k )

) = min

p

k � 1

2 P

k � 1

J ( x

( 0 )

+ p

k � 1

( A ) r

( 0 )

) ;

where P

k � 1

denotes the linear space of p olynomials of degree � k � 1 on l R .

Pro of: According to Lemma 1.73, all minimization problems are of the form

J ( x

( k )

) = min

y 2 U

k � 1

J ( x

( 0 )

+ y ) :
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Con v ergence analysis of the cg - iteration

Theorem 1.76 Represen tation of the iteration error

Let ( x

( k )

)

k 2 l N

0

b e the sequence of cg-iterates. Then, for all 0 � j � k there exist p olynomials p

j

2 P

j

with p

j

( 1 ) = 1 suc h that

e

( k )

:= x

( k )

� x

�

= p

k

( I � A ) e

( 0 )

:

Pro of: In view of Lemma 1.73:

(+) x

( k )

� x

( 0 )

2 span f p

( 0 )

; :::; p

( k � 1 )

g = span f r

( 0 )

; :::; A

k � 1

r

( 0 )

g :

Moreo v er, w e ha v e:

A ( x

( k )

� x

( 0 )

) = b � Ax

( 0 )

� ( b � Ax

( k )

) = r

( 0 )

� r

( k )

:

T aking (+) in to accoun t, it follo ws that:

r

( k )

� r

( 0 )

2 span f Ar

( 0 )

; :::; A

k

r

( 0 )

g = ) r

( k )

= r

( 0 )

+

k

X

j = 1

�

j

A

j

r

( 0 )

= )

r

( k )

= r

k

( A ) r

( 0 )

; where r

k

( � ) :=

k

X

j = 0

�

j

�

j

with �

0

= 1 ; i.e., r

k

( 0 ) = �

0

= 1 :
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W e de�ne:

p

k

( � ) := r

k

( 1 � � ) = ) p

k

2 P

k

; p

k

( 1 ) = 1 and ( � ) r

( k )

= p

k

( I � A ) r

( 0 )

:

On the other hand, w e ha v e

e

( k )

= x

( k )

� x

�

= A

� 1

( Ax

( k )

� Ax

�

) = A

� 1

( Ax

( k )

� b ) = � A

� 1

r

( k )

Observing ( � ) , w e obtain

e

( k )

= � A

� 1

r

( k )

= � A

� 1

p

k

( I � A ) r

( 0 )

= � A

� 1

p

k

( I � A )( Ax

�

� Ax

( 0 )

) =

= A

� 1

p

k

( I � A ) Ae

( 0 )

= p

k

( I � A ) e

( 0 )

:

Corollary 1.77 Error estimate for the cg-iteration I

F or eac h p olynomial p

k

2 P

k

with p

k

( 1 ) = 1 , the iteration errors e

( k )

= x

( k )

� x

�

satisfy the estimate

k e

( k )

k

A

� max f j p

k

( 1 � � ) j j � 2 � ( A ) g k e

( 0 )

k

A

:
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De�nition 1.78 Cheb yshev p olynomials

The Cheb yshev p olynomials T

k

of degree k 2 l N

0

are giv en b y

T

k

( x ) :=

�

cos ( k arc cos x ) ; x 2 [ � 1 ; + 1 ]

cosh ( k Arcosh x ) ; x 2 l R n [ � 1 ; + 1 ]

; k 2 l N

0

:

They satisfy the three-term recursion

T

0

( x ) = 1 ; T

1

( x ) = x ; T

k + 1

( x ) = 2 x T

k

( x ) � T

k � 1

( x ) ; k 2 l N :

F or x 2 C , w e ha v e the represen tation

T

k

( x ) =

1
2

[ ( x + ( x

2

� 1 )

1 = 2

)

k

+ ( x + ( x

2

� 1 )

1 = 2

)

� k

] :
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Theorem 1.79 Minimax - problem

Let [ a ; b ] � l R suc h that �1 < a < b < 1 and

~

P

k

:= f p

k

2 P

k

j p

k

( 1 ) = 1 g . Then, the minimax -

problem

min

p

k

2

~

P

k

max

� 2 [ a ; b ]

j p

k

( � ) j

is uniquely solv able with the solution giv en b y

p

k

( � ) = T

k

(

2 � � a � b

b � a

) = C

k

;

1

C

k

:=

1

T

k

(

2 � a � b

b � a

)

=

2 c

k

1 + c

2k

;

c :=

p

� � 1

p

� + 1

; � :=

1 � a

1 � b

:
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Pro of: W e ha v e C

k

:= T

k

(

2 � a � b

b � a

) 6= 0 , since

2 � a � b

b � a

=2 [ � 1 ; + 1 ] and cosh x > 0 . Moreo v er,

� 2 [ a ; b ] = )

2 � � a � b

b � a

2 [ � 1 ; + 1 ] = ) max

� 2 [ a ; b ]

j T

k

(

2 � � a � b

b � a

) j = 1 :

In order to pro v e that p

k

is the unique solution of the minimax - problem, let

q

k

2

~

P

k

; max

� 2 [ a ; b ]

j q

k

( � ) j � 1 = C

k

; z ( � ) := p

k

( � ) � q

k

( � ) ; � 2 [ a ; b ] :

In view of T

k

( cos ( � � = k )) = ( � 1 )

�

; � = � k ; � k + 1 ; :::; 0 , there holds:

p

k

( �

�

) = ( � 1 )

�

= C

k

; �

�

:=

1
2

[ a + b + ( b � a ) cos ( � � = k )] = ) z ( �

�

) =

�

� 0 ; � = 2 � ;

� 0 ; � = 2 � + 1 :

Since z is con tin uous, in eac h in terv al [ �

� � 1

; �

�

] ; 1 � k � � � 0 , z has a zero

(ev en tually a double zero in �

�

), and hence at least k zero es in [ a ; b ] . In view of p

k

( 1 ) = q

k

( 1 ) = 1 ,

z admits a ( k + 1 ) -st zero. In view of z 2 P

k

, it follo ws that z = 0 , i.e., q

k

= p

k

.

The represen tation of 1 = C

k

results from the de�nition of T

k

for j x j > 1 .



Univ ersit y of Houston, Departmen t of Mathematics

Numerical Analysis, F all 2005

Theorem 1.80 Con v ergence rates for the cg - iteration

Let A 2 l R

n � n

b e sp d with � := �

min

( A ) and � := �

max

( A ) . Moreo v er, let

� := � ( A ) :=

�

�

b e the sp ectral condition of A . Then, there holds:

k e

( k )

k

A

�

2c

k

1 + c

2k

k e

( 0 )

k

A

; c :=

p

� � 1

p

� + 1

:

Pro of: According to Corollary 1.77, w e ha v e:

k e

( k )

k

A

� max f j p

k

( 1 � � ) j j � 2 � ( A ) g k e

( 0 )

k

A

;

� � � � � = ) 1 � � =: a � 1 � � � b := 1 � � :

Applying Theorem 1.79 with

� =

1 � a

1 � b

=

�

�

;

giv es the assertion.
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Remark 1.81 Gro wth of the sp ectral condition

Consider the tridiagonal matrix A 2 l R

n � n

with

A := h

� 2

0
B

B
B

B
B

B
B

B
@

2 � 1 0 � 0

� 1 2 � 1 � �

� � � � �

0 � � � 1 2

1
C

C
C

C
C

C
C

C
A

; h := 1 = ( n + 1 ) :

A has the eigen v alues:

�

i

( A ) = 4 h

� 2

sin

2

i �

2 ( n + 1 )

; 1 � i � n = )

�

max

( A ) = �

n

( A ) = 4 h

� 2

cos

2

�

2 ( n + 1 )

; �

min

( A ) = �

n

( A ) = 4 h

� 2

sin

2

�

2 ( n + 1 )

:

It follo ws that:

� ( A ) =

b �

max

( A )

�

min

( A )

=

1 � sin

2

�

2 ( n + 1 )

sin

2

�

2 ( n + 1 )

= O ( h

� 2

) = O ( n

2

) :
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Remark 1.82 Ab out preconditioning

Let A ; W 2 l R

n � n

b e sp d and assume that 0 < 
 � � satisfy

�

min

( A ) � 
 and � � �

max

( A ) ; suc h that

�




�

�

max

( A )

�

min

( A )

= � ( A ) = ) 
 I � W

� 1 = 2

A W

� 1 = 2

� � I :

Idea: Apply the cg - iteration to the transformed linear system:

W

� 1 = 2

A W

� 1 = 2

| {z }

=:

^

A

W

1 = 2

x

| {z }

=: ^x

= W

� 1 = 2

b

| {z }

=:

^

b

:

Initialization: ^x

( 0 )

:= W

1 = 2

x

( 0 )

; ^ r

( 0 )

:=

^

b �

^

A ^ x

( 0 )

; ^p

( 0 )

:= ^ r

( 0 )

.

Iteration lo op: F or k = 0 ; 1 ; 2 ; ::: do:

( 1 ) ^x

( k + 1 )

:= ^x

( k )

+ ^� ^p

( k )

; ^� :=

( ^ r

( k )

; ^p

( k )

)

(

^

A ^ p

( k )

; ^p

( k )

)

;

( 2 ) ^ r

( k + 1 )

:= ^ r

( k )

� ^�

^

A ^ p

( k )

;

( 3 ) ^p

( k + 1 )

:= ^ r

( k + 1 )

�

^

� ^p

( k )

;

^

� :=

(

^

A ^ p

( k )

; ^ r

( k + 1 )

)

(

^

A ^ p

( k )

; ^p

( k )

)

:
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De�nition 1.83 Preconditioned cg - iteration (p cg - iteration)

With ^x

( k )

= W

1 = 2

x

( k )

and ^p

( k )

= W

1 = 2

p

( k )

there holds:

W

� 1 = 2

r

( k )

= W

� 1 = 2

( b � Ax

( k )

) =

^

b �

^

A ^ x

( k )

= ^ r

( k )

= )

( ^ r

( k )

; ^p

( k )

) = ( W

� 1 = 2

r

( k )

; W

1 = 2

p

( k )

) = ( r

( k )

; p

( k )

) ;

(

^

A ^ p

( k )

; ^p

( k )

) = ( W

� 1 = 2

Ap

( k )

; W

1 = 2

p

( k )

) = ( A ^ p

( k )

; ^p

( k )

) ;

(

^

A ^ p

( k )

; ^ r

( k + 1 )

) = ( W

� 1 = 2

Ap

( k )

; W

� 1 = 2

r

( k + 1 )

) = ( Ap

( k )

; W

� 1

r

( k + 1 )

) :

Therefore, the cg - iteration can b e p erformed w.r.t. the original v ariables requiring only

one additional matrix in v ersion of W ( W is called the preconditioner ):

Initialization: Cho ose a start v ector x

( 0 )

. Compute: r

( 0 )

:= b � Ax

( 0 )

; p

( 0 )

:= W

� 1

r

( 0 )

; �

0

:= ( p

( 0 )

; r

( 0 )

)

.

Iteration lo op: F or k = 0 ; 1 ; 2 ; ::: do:

( 1 ) a

( k )

:= Ap

( k )

; x

( k + 1 )

:= x

( k )

+ � p

( k )

; � :=

�

k

( a

( k )

; p

( k )

)

;

( 2 ) r

( k + 1 )

:= r

( k )

� � a

( k )

; q

( k + 1 )

:= W

� 1

r

( k + 1 )

;

( 3 ) p

( k + 1 )

:= q

( k + 1 )

+

�

k + 1

�

k

p

( k )

; �

k + 1

:= ( q

( k + 1 )

; r

( k + 1 )

) :
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Theorem 1.84 Con v ergence rates for the p cg - iteration

Let A ; W 2 l R

n � n

b e sp d with 
 W � A � � W ; 0 < 
 � � . Then, the iterates ( x

( k )

)

k 2 l N

0

of the

p cg - iteration (with W as the preconditioner) satisfy:

k e

( k )

k

A

�

2c

k

1 + c

2k

k e

( 0 )

k

A

; c :=

p

� � 1

p

� + 1

; � :=

�




:

Pro of: The pro of follo ws readily b y applying Theorem 1.80 to the matrix W

� 1 = 2

A W

� 1 = 2

.

Remark 1.85 Choice of preconditioners

( 1 ) W := � I R CG : Ric hardson accelerated cg - iteration ;

( 2 ) W := D JCG : Jacobi accelerated cg - iteration ;

( 3 ) W := ( D � E ) D

� 1

( D � F ) SGSCG : symmetric Gauss Seidel accelerated cg - iteration ;

( 4 ) W := !

� 1

( D � ! E ) D

� 1

!

� 1

( D � ! F ) SSOR CG : symmetric SOR accelerated cg - iteration
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1.3 Linear least squares problems

1.3.1 The Gauss metho d of least squares

Remark 1.85 Problem

Assume a functional dep endence b et w een a measurable quan tit y b and the v ariables t

b ( t ) = ' ( t ; x

1

; :::; x

n

) ;

where the function ' dep ends on n parameters x

j

; 1 � j � n .

t

b

F or the determination of the parameters, p erform m � n

measuremen ts in t

i

; 1 � i � m ; , pro viding data b

i

; 1 � i � m ; .

Compute the deviations

�

i

:= b

i

� ' ( t

i

; x

1

; :::; x

n

) ; 1 � i � m :

Compute x

1

; :::; x

n

in suc h a w a y that

m

P

i = 1

�

2
i

is minimized. This tec hnique is called the Gauss metho d of

least squares .
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De�nition 1.86 Linear least squares problem

If the function ' is linear in the parameters x

j

; 1 � j � n ; i.e.,

' ( t ; x

1

; :::; x

n

) := a

1

( t ) x

1

+ ::: + a

n

( t ) x

n

( t ) ;

then the problem is called a linear least squares problem .

Setting A 2 l R

m � n

with a

ij

:= a

j

( t

i

; 1 � i � m ; 1 � j � n ; and b := ( b

1

; :::; b

n

)

T

, w e ha v e

min

x

1

;:::; x

n

m

X

i = 1

( b

i

� ' ( t

i

; x

1

; :::; x

n

))

2

= ) ( � ) min

x 2 l R

n

k b � Ax k

2

;

where k � k

2

denotes the Euclidian norm on l R

n

.

Remark 1.87 Similar problems

If w e c ho ose in ( � ) the `

1

-norm k � k

1

instead of the Euclidian norm, the problem is called a

linear optimization problem . If the maxim um - norm k � k

1

is c hosen, the problem is called a

Cheb yshev least squares problem .
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1.3.2 Normal equations

v

U

PU v

De�nition 1.88 Orthogonal pro jection

Let U � l R

m

b e a subspace and v 2 l R

m

. Then, Pv 2 U is called

the orthogonal pro jection of v on to U ; if

(+) ( Pv � v ; u ) = 0 ; u 2 U :

The mapping P : l R

m

! U ; whic h satis�es (+) , is called the

orthogonal pro jection of l R

m

on to U .

Lemma 1.89 Characterization of the orthogonal pro jection

Giv en v 2 l R

m

, the v ector Pv 2 U is the orthogonal pro jection of v on to the subspace U � l R

m

,

if and only if

(++) k v � Pv k

2

= min
u 2 U

k v � u k

2

:

Pro of: F or u 2 U w e ha v e:

k v � u k

2
2

= ( v � u ; v � u ) = ( v � Pv + Pv � u ; v � Pv + Pv � u ) =

= k v � Pv k

2
2

+ 2 ( v � Pv ; Pv � u ) + k Pv � u k

2
2

:

If Pv is the orthogonal pro jection of v on to U ; then ( v � Pv ; Pv � u ) = 0 and hence,

k v � u k

2

� k v � Pv k

2

; u 2 U :
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On the other hand, supp ose that (++) holds true. Then, w e obtain:

( v � Pv ; Pv � u ) � 0 ; u 2 U :

Cho osing u = Pv

+
�

z ; z 2 U , it follo ws that

( v � Pv ;

+
�

z ) 0 ; z 2 U = ) ( v � Pv ; z ) = 0 ; z 2 U :

Lemma 1.90 Characterization of the solution of the linear least squares problem

x 2 l R

n

is the solution of the linear least squares problem ( � ) , if and only if Ax 2 l R

m

is the

orthogonal pro jection of b 2 l R

m

on to R ( A ) , i.e.,

( b � Ax ; Ay ) = 0 ; y 2 l R

n

:

Theorem 1.91 Normal equations

x 2 l R

n

is the solution of the linear least squares problem ( � ) , if and only if x satis�es the

normal equations

A

T

Ax = A

T

b :


