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Chapter 2 Theory of Constrained Optimization
2.1 Basic notations and examples

We consider nonlinear optimization problems (NLP) of the form

minimize f(z) (2.1a)

over x € R"

subject to  h(z) =0 (2.1b)
g(x) <0, (2.1c)

where f :IR" — IR is the objective functional and the functions A : R" — IR™
and ¢ : IR" — IR? describe the equality and inequality constraints.

Definition 2.1 Special cases

The minimization problem (2.1a)-(2.1c) is said to be a linear programming
problem (LP) respectively a quadratic programming problem (QP), if f is linear
respectively quadratic and the constraint functions h and g are affine.

Definition 2.2 Feasible set

The set of points that satisfy the equality and inequality constraints, i.e.,
F ={zeR"|h(x) =0, g(x) <0} (2.2)

is called the feasible set of the NLP (2.1a)-(2.1c). Its elements are referred to
as feasible points.

In terms of the feasible set, the NLP (2.1a)-(2.1c¢) can be written in the more
compact form

min f(z) . (2.3)

zeF

The following examples illustrate the impact of the constraints on the solution
of an NLP.

Example 2.3: Consider the constrained quadratic minimization problem

minimize ||z||3 (2.4a)

over z € R"

subject to g(x) :=1—||z||3 <0, (2.4b)
where || - ||z is the Euclidean norm in IR".

If there is no constraint, the NLP has the unique solution z = 0. However,
with the constraint (2.4b) any vector = € IR" satisfying ||z|s = 1 is a solution
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of the NLP (2.4a)-(2.4b). Hence, if n > 2, the solution set forms an (n — 1)-st
dimensional manifold.

Example 2.4: Consider the constrained nonlinear minimization problem

minimize (22 + 100)* 4+ 0.01 23 (2.5a)
over x = (z1,1) € IR?
subject to  g(x) :=cos x; —x2 <0 . (2.5b)

Without constraint, the NLP has the unique solution x = (—100,0)”. With the
constraint, there are infinitely many solutions near to the points

v = (kr,—1)T | k=41,43 %5 ..

Consequently, in contrast to the previous example, the set of solutions does not
form a connected set.

L ocal minima

VONNS

Contoursof f

Figure 3: Constrained problem with multiple minima

The two examples give rise to the following definitions.

Definition 2.5 Local minimizers
A vector z* € IR" is called

e a local minimum of the NLP (2.1a)-(2.1¢), if z* € F and there is a neigh-
borhood U(z*) C IR™ such that f(z) > f(«*) for all z € U(z*) N F,

e an isolated local minimum of the NLP (2.1a)-(2.1c), if * € F and there
is a neighborhood U (z*) C IR" such that z* is the only local minimum in
U(z*)NF.
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We will now focus our interest on the characterization of solutions to the NLP
(2.1a)-(2.1c).

Example 2.6 A single equality constraint
Consider the NLP

minimize , + % (2.6a)
over x = (z1,2;) € IR?
subject to  h(z):=a2? + 25 -2=0. (2.6b)

The unique solution of (2.6a)-(2.6b) is obviously given by z* = (-1, —1).
Computing the gradients of f and A in x*, we obtain

Vi) = (1,)T | Vh(*) = (-2,-2)".

Obviously, V f(z*) and Vh(z*) are parallel, i.e., there exists a scalar \* € IR,
in this particular case \* = 1/2 such that

Vi) = — X Vh(z) . (2.7)

X2
\ /
grad h /grad f

grad f

grad f

grad h

Figure 4: Function and constraint gradients in Example 2.6

We will now show that (2.7) is a necessary condition for optimality in the general
case.
Assume that x € F. Then, Taylor expansion of h(x 4+ d) , d € R", gives

h(z+d) ~ @ + Vh(z)" d .
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If we want to retain feasibility at x 4+ d, we have to require
Vh(z)''d = 0. (2.8)

On the other hand, if we want that the direction d results in a decrease of the
objective functional f, there must hold

0> flz+d) — f(x) = Vf(x)"d,
which leads to the requirement
Vix)'d < 0. (2.9)

Consequently, if = is a local minimum, there is no direction d satisfying (2.8)
and (2.9) simultaneously. The only way that such a direction does not exist is
that Vf(z) and Vh(zx) are parallel.

Introducing the Lagrangian functional £ : IR* x IR — IR by means of
L(x,\) = f(x) + X h(x), (2.10)

and observing V,L(z, \) = Vf(z)+AVh(z), condition (2.7) can be equivalently
stated as

V.L(z" N = 0. (2.11)

Example 2.7 A single inequality constraint

Consider the inequality constrained NLP

minimize x; + x9 (2.12a)
over x = (z1,2;) € IR?
subject to g(x) =27 +25-2<0. (2.12b)

The feasible region is the closed ball B 2(0) with radius v/2 around the origin.
As in the previous example, the solution is z* = (-1, —1)7.

Again, a feasible point z € F is not optimal, if we can find a direction d € IR?
such that d is a descent direction, i.e.,

Vfx)'d < 0, (2.13)
and x + d is still feasible, i.e.,
0> gz +d) ~ gx) + Vg(z)'d .
To first order, this leads to the condition

g(x) + Vg(z)'d < 0. (2.14)
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For the characterization of directions d that satisfy (2.13) and (2.14), we dis-
tinguish the two cases » € B 5(0) and z € 9B 5(0).

Figure 5: Descent directions from two feasible points in Example 2.7
where the constraint is active/inactive

Case I: z € B ;4(0)

In this case we have g(z) < 0. Obviously, (2.14) is satisfied for any vector d
provided its length is sufficiently small. In particular, for V f(z) # 0, a direction
d # 0 that satisfies (2.13) and (2.14) is given by

Vf(x) { +o00 , Vg(z)=0
d =agr) = , 0<a< 1
IVf(@)l2 oo 0 V9@ #0
The only situation where such a direction fails to exist is when
Vf(x) = 0. (2.15)

Case II: z € 0B 45(0)
In this case we have g(z) = 0 and hence, conditions (2.13) and (2.14) reduce to

Vi)'d <0 , Vgx)'d <0.

It is obvious that these conditions cannot be satisfied if V f(z) and Vg(x) point
in different directions, i.e.,

Vfi(x) = — puVg(x) for some u>0. (2.16)
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Note that the sign of the Lagrangian multiplier p is essential.
Again, the optimality condition for both cases can be summarized by considering
the Lagrangian functional

Lz, p) = f(z) + pg(z).
When no first-order feasible descent direction exists at some x* € F, we have
V.L(z*, 1) = 0 for some p* >0, (2.17)

and we also require

prglx®)y = 0. (2.18)

Condition (2.18) is called a complementarity condition. It says that the La-
grangian multiplier ©* can be strictly positive only if the constraint g is active,
ie., g(z*) = 0.

In case I, we have g(z*) < 0 so that according to (2.18) the multiplier has to
satisfy p* = 0. Hence, (2.17) reduces to V f(z*) = 0 which corresponds to
(2.15).

On the other hand, in case II the multiplier y4* can take a nonnegative value.
Consequently, (2.17) is equivalent to (2.16).

2.2 First Order Optimality Conditions

The Lagrangian associated with the NLP (2.1a)-(2.1c) is given by the functional
L:R"xR"™ xR - R

Lz, A\ p) = flx) + Xh(z) + p'g(z) . (2.19)
Definition 2.8 Active set
Let x € F. Then, the set
Too(r) = {1<i<p|alz)=0} (2.20)

is said to be the set of active inequality constraints at x. Its complement
Zio(z) :=={1,...,p} \ Zuc(z) is referred to as the set of inactive inequality con-
straints.

The vectors Vh;(x) , 1 <i <m,and Vg;(z), 1 <i < p, are called the normals
of the equality constraints h; respectively g; at x.
Considering Example 2.6, if we choose

hz) = (aF + 23 — 2)%,
we obtain

Vh(z) = 4 (95? + x% - 2) (xl,xg)T
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Obviously, Vh(z) = 0 for all z € F = 0B ;5(0). Consequently, Vf(z) =
AV h(zx) does no longer hold true at the minimum z* = (=1, —1)7. In the sequel,
we want to exclude such a degenerate behavior by the following constraint
qualification.

Definition 2.9 Linear Independence Constraint Qualification

Let Z,.(z*) , x* € F, be the set of active inequality constraints. Then, the
Linear Independence Constraint Qualification (LICQ) is satisfied at z*, if the
set of active constraint gradients

(Vi (2, oo, Vi (2), Vgi(2), i € Too(a*) } (2.21)

is linearly independent.

We further introduce the concepts of feasible sequences and associated limiting
directions.

Definition 2.10 Feasible sequence and limiting direction

(i) A sequence {x)}n with zx € R" k € IN, is said to be a feasible sequence
with respect to a feasible point x* € IR", if there exists ky € IN such that the
following properties are satisfied

v, # 2°, kelN, (2.22a)
klim xp = x°, (2.22b)
x,€F , k>ko. (2.22¢)

The set of all feasible sequences with respect to a feasible point x* € F will be
denoted by 7 (z*).

(ii) A vector d € IR" is said to be a limiting direction of a feasible sequence
{zp}w € T (z¥), if there exists a subsequence {z;}n/, IN' C IN, such that

lim —*— " — g, (2.23)
keN' ||z — x*||2
Definition 2.11 Local solution

A feasible point 2* € F is called a local solution of the NLP (2.1a)-(2.1c), if for
all feasible sequences {z;}n € 7 (2*) there exists kg € IN such that

flxr) > f(a%), k> ko

Example 2.12: Let us consider the equality constrained NLP (2.6a)-(2.6b)
and the feasible point z* = (—v/2,0)".
A feasible sequence is given by

T = (_ V2_1/k2) ., keN.

- 1/k
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Obviously, f(zx) > f(z*) , k € IN, and d = (0,1)7 is the limiting direction of
that feasible sequence.
On the other hand, another feasible sequence is

T = (_ VQ_l/kQ) . kelN.

—1/k

In this case we have f(z;) < f(z*), k > 2, and d = (0, —1)T is the limiting
direction.
It follows that x* cannot be a local solution of (2.6a)-(2.6b).

Theorem 2.12 Characterization of local solutions

If z* € F is a local solution of the NLP (2.1a)-(2.1c), then for any feasible
sequence {z;}n € 7 (2*) and any limiting direction d of the feasible sequence
there holds

Vi)'d > 0. (2.24)

Proof: The proof is by contradiction. We assume that there exists a feasible
sequence {xy}n C 7 (2*) and a limiting direction d such that

Vi)'d < 0. (2.25)
Let IN' € IN be such that lim z; = 2*. By Taylor expansion, for k£ € IN' we

kelN’
obtain

flazg) = fla™) + V@) (o —2) + oflloy —a*[2) =
= f(@*) + |lox — a2 VF(@)Td + oz, —2*) .
In view of (2.25) there exists kg € IN' such that
1
Flaw) < f@7) + 5 llaw =27l Vi@)'d, k> ko,
whence f(zg) < f(x*), k > ko. Consequently, z* is not a local solution.

The Linear Independence Constraint Qualification (LICQ) allows the charac-
terization of the set of all possible limiting directions d of a feasible sequence in
7 (z*) in terms of the gradients Vh;(2*) , 1 <i <m, and Vg;(z*) , i € Z,.(z").

Lemma 2.13 Characterization of limiting directions

(i) If d € IR" is a limiting direction of a feasible sequence in 7 (z*), then
Vhi(z)'d = 0, 1<i<m, (2.26a)
Vgi(x)'d < 0, i€ T(z%) . (2.26b)
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(ii) On the other hand, if (2.26a)-(2.26b) holds true with ||d||s = 1 and if the
LICQ is satisfied, then d is a limiting direction of the feasible sequence.

Proof: For the proof of part (i) let {zx}n € 7 (z*) a feasible sequence with
limiting direction d such that for IN' C IN
T — TF

llm — = (.
keN' ||z — 2|2

It follows that
vy = o + dllzy — 2|2 + o([|ar — 27|2)

For 1 <1 < m, by Taylor expansion we obtain

1
0 = —— hy(zy) =
Ton =z L)
1
= b ) 4l o'l V@) + ol — a*])] =
|ze — 2|2
o2 — |l
o — 2]

= Vhi(z")'d +

For k — oo this gives Vh;(z*)Td = 0.
Similarly, for i € Z,.(x*) we get
0 > S (71)
i\Tk) =
= e
]' * * s\ T *
= o [9:(@") + llox — 22 Vgi(z")'d + ollzx — 27||2)] =
[z — 2|2

|zx — z*[|2

Hence, k — oo implies Vg;(z*)7d < 0.
For the proof of (ii) let p* := card Z,.(z*) and reorder g, ..., g, such that
gi(z*) =0, 1 <i<p* Set¢*:=m+p* and consider the matrix A € R *"

i Vhl(x*) i
A = .
Vh,(x*
A:[ﬁl} , i S (2.27)
? [ Vi (a*) ]
A2 — *
| Vgp(z7) |

If LIQC holds true, the matrix A has full row rank ¢*. We denote by Z the
matrix whose columns form a basis of the kernel of A, i.e.,

Z € R4 has full column rank , AZ = 0. (2.28)
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Let d be a limiting direction of a feasible sequence satisfying (2.26a),(2.26b)
and let {¢;}n be a null sequence of positive real numbers. Consider the para-
metrized system of equations

R(z,t) = gi(z) — tAxd =10 1<i<p* . (2.29)
ZT(z—2* —td 0

We show that there exists kg € IN such that for t =t , k > ko, the system
(2.29) admits a unique solution z = z; and that {x;}n is a feasible sequence
with limiting direction d:

For t = 0, the solution of (2.29) is given by z = z* with the Jacobian

V.R(z*,0) = [ ZAT} .

By construction of Z it follows that V,R(z*,0) € IR™*" is regular. The implicit
function theorem implies that (2.29) is uniquely solvable for sufficiently small
ly, i.e., there exists ky € IN such that for k > ko and t = t; the system (2.29)
has a unique solution z = x. Observing (2.26a),(2.26b), and (2.29), we get

hi(zy) = t.Vhi(z)'d = 0, 1<i<m, (2.30a)
gi(zr) = t:Vgi(rp)'d < 0, 1<i<p*, (2.30b)
which proves that x; is feasible.

We now show that x = 2(t;) # * for all k. The proof is by contradiction:
Assume z(t) = z* for some t > 0, i.e.,

gi(z*) — tAxd | = | O 1<i<p* . (2.31)
_ 27 (i) 0

Since hi(z*) =0, 1 <i<m, ¢g(z*) =0, 1 <i<p* and is regular,

A
ZT
(2.31) has the unique solution d = 0 contradicting ||d||s = 1.

It remains to be shown that d is a limiting direction of the feasible sequence

{zx}~. Observing R(zy,t;) = 0, by Taylor expansion we find

hz<Ik) — tkAld
0 = R(l’k,tk) = gZ(ZEk) - tkAQd =
| ZT(ZL'k —x* — tkd)

[ Al(l’k—l’*) + O(HZL‘k—l‘*Hg) — tkAld
= As(z — %) + o(||lzg — 2%||2) — thAad | =
ZT(I‘]C —x* — tkd)

A . .
= o7 (xp — 2" — tpd) + o(||zr — x*||2) -
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Setting

_ *
dk = —mk *
s — 2|2

and observing that { ZAT } is nonsingular, it follows that

ty,

lim [dy — ————d] = 0.
O P
Since ||di|l2 =1, k € IN, and ||d||s = 1, we deduce
t
lim b =1,

koo [z — e
whence klim d, =d.
Definition 2.14 Tangent and normal cone to the feasible set

A vector w € IR" is tangent to the feasible set F at = € F, if for all sequences
{zp}n , x, € F, k € IN, with lim 2, = 2z and all null sequences {t;}n

k—o0
of positive real numbers t; , k € IN, there exists a sequence {wi}n , wy €

IR" , k£ € IN, with klim wy = w such that x, + t,w, € F, k€ IN.

—00
The set Tx(z) of all tangent vectors to F at x € F is a cone, i.e., it has the
property

weTr(x) = oawéeTx(x)for ala>0.

Tx(z) is called the tangent cone to F at x.
The orthogonal complement to the tangent cone

Ne(x) == {veR" | viw < 0, weTe(x)}
is called the normal cone to the feasible set F at x € F.

Lemma 2.15 Limiting directions and the tangent cone
Given x* € F, the set

Vhi(z*)t'd = 0 , 1<i<m, !
Vgi(x))Td < 0 |, i€ ZLy(z¥)

is a cone. If LICQ is satisfied, F} is the tangent cone to the feasible set F at

*

xT .

Fr={ad|la>0, (2.32)

Proof: The proof is left as an exercise.
[ ]

We now show that the nonexistence of a descent direction for the objective
functional f can be stated in terms of the normal cone to the feasible set which
is generated by the gradients of the active constraints.
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Lemma 2.16 Nonexistence of a descent direction

There is no descent direction d € F}, i.e., satisfying V f(2*)Td < 0, if and only
if there exist a vector A € IR™ and a vector u € IR%. such that

Vi) €N :={s|s=Y NVh(z")— >  mVg)}. (233
i=1 1€ZLac(z*)

Proof: We first prove the sufficiency of (2.33). For that purpose, we assume
that (2.33) holds true and d € F;. We obtain

\—,—/ .
0 ’LEIac(I*) <0

f@) ; (z7) Y, mVg(a)'d >

The proof of the necessity of (2.33) is by contradiction. If V f(z*) ¢ N, then
we can find a vector d € F; for which V f(z*)Td < 0.
Let § € N be the best approximation of Vf(z*) in N, i.e.,

18 = V@)l = minfls — Vf(z)]. (2.34)

Since ts € N for all t > 0 and [|ts — V f(z*)||2 is minimized at ¢ = 1, there holds

Nt = VI (a)aler = 0 (2.35)
= (—28TVf(a*)+2t5T5)|=1 = 0 = §T(5-Vf(z") = 0.

Now, let s € N, s # 5. Due to the convexity of N and the minimizing property
of § we have

15 + 0(s=3) = Vf@I)z = 15 = Vf@I)IE . 0€[0,1],
from which we readily deduce
20(s — 8)1 (5 = Vf(z*) + *|s—5|3 > 0.

Division by 6 # 0 and the limit process § — 0 yield (s — 3)T(5 — Vf(z*)) > 0.
Observing (2.34), we get

s'(5-Vf(a*) >0 , seN. (2.36)

Setting d := § — V f(x*), we will show that d € F} is a descent direction, i.e.,
Vf(z*)Td < 0. We first note that d # 0, since Vf(z*) ¢ N. It follows from
(2.35) that

Vi) 'd = (5—d)'d = §"(3-Vf(z*) — d'd = — ||dl3 < 0.
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It remains to be shown that d € Fi, i.e., that (2.26a) and (2.26b) are satisfied:
Choosing A\; = £0;; , 1 <@ <m, and p; = 6;; , @ € Z,.(2*), in the definition of
the cone N (cf. (2.33)), we find
+Vhi(z*) € N , 1<i<m,
—Vgi(z*) € N | i€Z(z").
Hence, substituting § — V f(2*) by d in (2.36) and choosing s = £Vh;(z*) , 1 <
i < m, respectively s = =Vg;(z*) , i € Z,.(z*), we arrive at
+Vhi(z*)'d > 0 = Vh(@)d =0 , 1<i<m,
Vgi(z)'d < 0 , ieT,(s").
[ ]

We are now in a position to state the main result of this section, the first order
necessary optimality conditions also known as the Karush-Kuhn-Tucker (KKT)
conditions.

Theorem 2.17 Karush-Kuhn-Tucker conditions

Assume that z* € F is a local solution of (2.1a)-(2.1c) and that the LICQ is
satisfied at x*. Then, there exist Lagrange multipliers \* € R™ and p* € IR?
such that the following conditions hold true at (z*, \*, u*):

V. L(z" N 1) = 0, (2.37a)
hi(z*) =0, 1<i<m, (2.37b)
gi(r*) <0, 1<i<p, (2.37¢)

p;p > 0, 1<i<p, (2.37d)

pigi(z®) = 0, 1<i<p. (2.37¢)

Proof: We first prove that there exist multipliers p; , i € Z,.(z*), such
that (2.33) in Lemma 2.16 is satisfied. From Theorem 2.12 we know that
Vf(z*)Td > 0 for all limiting directions d of feasible sequences. Under the
condition LICQ, Lemma 2.13 states that the set of all possible limiting direc-
tions satisfies (2.26). Consequently, all directions d for which (2.26) holds true,
also satisfy V f(z*)"d > 0. Hence, by Lemma 2.16 there exists p € IRE such
that (2.33) is fulfilled. We now define A* € IR™ and p* € IR? according to

* . * 7 ) iez—acx*
Al =0,1<i<m |, pu; 3:{g @'eI-Ex*g

With that definition of the multipliers \*, u*, taking advantage of (2.33) we
have

(2.38)

Ex(:t*,)\*,,u*) —

V) + Y NV + Y Vet + Y piVgi(at) = 0,
i=1 i€Tac(z*) 1€ L (™)

=0

J

=0
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which is (2.37a) of the KKT-conditions.

Since x* is feasible, it is obvious that (2.37b) and (2.37c) are satisfied.

In view of (2.33) we have pf >0, i € Z,.(x*), whereas uf =0, ¢ € Z;,(z*) by
(2.38). Hence, pf >0, 1 <4 <p, which is (2.37d).

Finally, g;(z*) = 0, i € Zye(z*), and pf = 0, @ € Z;,(2*) so that pfgi(z*) =
0, 1 <i<p, which is (2.37e).

Definition 2.18 Strict complementarity

Let z* € F be a local solution of the NLP (2.1a)-(2.1c) and A* , p* Lagrange
multipliers satisfying the KKT conditions (2.37a)-(2.37¢). Then, strict comple-
mentarity holds true if

i >0 i€y (") . (2.39)

Remark 2.19 Since pf =0, i € Z;,(x*), strict complementarity means that
exactly one of the quantities p; and g;(z*) is zero for each 1 < i < p.

2.3 Second order optimality conditions

The first order optimality conditions (KKT-conditions) give information how
the first derivatives of the objective functional f and the constraints A and g
behave at a local solution z* € F of the NLP (2.1a)-(2.1c). If we proceed from
z* along a vector w € Fy, then the first order approximation f(z*)+ V f(x*)Tw
of f(x* + w) either increases (V f(x*)Tw > 0) or stays constant (V f(z*)Tw =
0). In the latter case, additional information will be provided by the second
derivatives of f,h and ¢ at x*. In the sequel, we assume f, h and g to be twice
continuously differentiable.

Given Lagrange multipliers A* € IR™ | u* € R? that satisfy the KKT-conditions
(2.37a)-(2.37¢), we define a subset

(A", p") C By
as follows
B\ p) ={w € F | Vgi(x")'w =0, i € T,o(z*) with uf >0} . (2.40)
By the definition of Fy (cf. (2.32)) we have

we KA, u) — (2.41)
Vhi(z*)Tw = 0 1<i<m,
Vgi(z*)Tw = 0 | i€ Z,(x*) with puf >0,
Vgi(x*)Tw < 0, i€ Zy(a*) with uf =0.

Since pf =0, i € Z;,(x*), we conclude from (2.41)

N Vhi(x)Tw =0 , 1<i<m,

we R\, u') <= {u;?‘Vgi(x*)Tw:Ov 1<i<p
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Finally, taking the first optimality condition (2.37a) into account

m p
Lo(x" Npw*) = V@) + DA Vi) + > p Vgi(a*) = 0,
=1 =1

we find
we KR\, u) = (2.43)
m P
Vi) 'w = — Z)\;‘ Vhi(z*)'w — Zu: Vai(z")'w = 0.
i=1 i=1

Consequently, Fp(A*, 1*) contains all those directions from F; for which we do
not get information from the KKT conditions whether the objective functional
f will decrease or increase.

Theorem 2.20 Second order necessary optimality conditions

Assume that z* € F is a local solution of the NLP (2.1a)-(2.1c) and that the
LICQ condition holds true. Further, suppose that A* € IR™ and p* € IR? are
Lagrange multipliers satisfying the KKT conditions (2.37a)-(2.37e). Then, the
curvature of the Lagrangian is nonnegative along directions in Fy(\*, u*), i.e.,

w! Lop(*, X500 > 0, we B\, u"). (2.44)

Proof: The idea of proof is to construct a feasible sequence {z;}n € 7 (x*)
with limiting direction - such that f(zx) > f(z*), k sufficiently large, implies
(2.44).

Since w € Fy(\*, p*)Fa(A*, u*) C Fy, for a null sequence {t;}n of positive
real numbers we construct x = z(t;) as in the proof of Lemma 2.13 (ii). In
particular, it follows from (2.26a),(2.26b) that

hi(xy) = Tl Vhi(z)'w , 1<i<m, (2.45a)
Wi|2
t
gi(zg) = H k“ Vai(z)w , 1<i<p (2.45b)
Wi|2
Moreover, we have
lzr — 22 = tx + o(ty), (2.46)
whence
. tk
Tg x —— w + o(ty) (2.47)
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Observing the KKT conditions (2.37a)-(2.37e) and (2.45a),(2.45b), we obtain
L(zk, N5 1) = flzg) + Z)\:‘ hi(zg) Zuz gi(zy) = (2.48)

= floe) + ;—k Z N Vhi(e)Tw  +

Jwll2 =
=0 due to (2.42)
th w
+ Twlh Z i Vo )w = f(xy)
— ——

i=1

=0 due to (2.42)

On the other hand, Taylor expansion yields

Lz, N 0*) = L* N0 +H(ap — a9 Lo\ %) (2.49)
—_—— —_——— —_——
= f(xx) by (2.48) = f(z*) by KKT =0 by KKT
1
+ 5 (@ = 27)" Low(@™, A 07 (wx —27) + offlex — 27[l3) =
1
= f(@") 4 5 (@ = 2")" Laa(@™ N i) (e — %) + oflwn —273) -

Taking (2.46) and (2.47) into account, (2.49) results in

1t2

T * oy kK 2
Loo(x*, N 15w + o(ty) . 2.50

flzr) = f@") +

Now, w! L. (z*, \*, u*)w < 0 would imply that f(zx) < f(z*) for sufficiently
large k € IN, which contradicts the assumption that x* is a local solution of the
NLP (2.1a)-(2.1c). Consequnetly, (2.44) must hold true.

If we require L, (z*, A*, *) to be uniformly positive definite on Fo(\*, p*), then
this constitutes a sufficient condition for optimality. Note that the LICQ con-
dition is not required.

Theorem 2.21 Second order sufficient optimality conditions

Assume that z* € F is a feasible point and there exist Lagrange multipliers
A" e IR™ and p* € IR? satistying the KKT conditions (2.37a)-(2.37e). Further,
suppose that

w! Lop(x*, N, 1w > 0, we B\, pu*) . (2.51)
Then, x* is a strict local solution of the NLP (2.1a)-(2.1c).

Proof: We will show that for any feasible sequence {xy}n € 7 (z*) with
z — =* (k — 0o0) we have that

f(zx) > f(x¥) for sufficiently large k € IN . (2.52)
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By Lemma 2.13 (i) and Definition 2.14 we have that all limiting directions d of
{zx}n satisfy d € Fy. Let d be a limiting direction and N’ C IN such that for
all k e IN'

r, — 2" = |y — 2o d + o||lzxy — x7|2) - (2.53)
For the Lagrangian we have
Llm Npwt) = flon) + Y wglae) < fla) . (2.54)
i€Zqc(x*)
We will prove (2.52) for the two cases d ¢ Fo(A*, u*) and d € Fo(\*, u*).
Case I: d ¢ Fyo(\*, 1*)
In view of (2.41) there exists an index j € Z,.(x*) such that

1w;Vgi(z)'d < 0, (2.55a)
wiVgi(x)d < 0, i€ Tp(a*)\ {5} . (2.55b)
Observing (2.53), by Taylor expansion we get for k € IN'
pigi(ee) = 1595(z") + piVgi(a) (wn = 27) + ol|ak —2*||2) =
-0

= |log — 22 1}V (x")"d + of[lzr — 2*|2) -
Consequently, (2.54) infers

LlzpXopt) = flo) + Y wola) < (2.56)

iGIac(x*)

< flaw) + lloe—all2 15V (") d + ol|la — 27]2) -

On the other hand, using the Taylor expansion (2.49) in the proof of Theorem
2.20, we have

Llxp, N p1) = f(@") + O(fax —27|3) - (2.57)
Combining (2.56) and (2.57) yields
flar) = f@*) — llox — 2"l 15Vg;(z)"d + ofllar — 272) -
Observing (2.55a), we deduce (2.52).

Case II: d € Fo(\*, p*)
In this case, the Taylor expansion (2.49) and (2.53),(2.54) imply

fl) 2 1)+ g (= ) Ll X — ) + ol — ") =

* 1 * * * * *
= @) + 5 e =27l & L (@™, A p7)d + of [l — 27J3)
> 0 by (2.51)
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from which we deduce (2.52).

Finally, since each x; , £ € IN, can be assigned to one of the subsequences
IN' € IN such that {z;}n converges to a limiting direction d, we have that
f(zx) > f(z*) for sufficiently large k € IN.

Example 2.22 Second order optimality conditions
We reconsider Example 2.6 where the Lagrangian is given by
L(z,\) = (v1+33) + A (27 +25—2).

The KKT conditions (2.37a)-(2.37e) are satisfied for z* = (=1, —1)7 and \* =
0.5. The Hessian of the Lagrangian at (z*, A*) is given by

. 2N 0 10
Laa(2™ A7) = ( 0 2)\*> - (0 1)‘

Obviously, w! L, (z*, \*)w > 0 for all w # 0, and hence, it follows from Theo-
rem 2.21 that z* is a strict local solution.

Example 2.23 Second order optimality conditions

Consider the inequality constrained NLP

minimize f(x) := —0.1(x; — 4)* + 23 (2.584a)
over z € IR?
subject to g(x) :=1— (22 +23) <0, (2.58b)

Obviously, the objective functional f is not bounded from below on the feasible
set F, and hence, no global solution exists.
For the associated Lagrangian we obtain

o —02(zy —4) — 2pxy
ﬁx(%ﬂ) - ( 233,2 _ 2,LL.§L’2 ’ (259&)
—0.2 -2 0

The pair (z*, 1*) with z* = (1,0)7 and p* = 0.3 satisfies the KKT conditions
(2.37a)-(2.37e). In order to check the second order sufficient optimality condi-
tion (2.51), we note that

ourr - (1) - (7).

() = {w=(w,w)" €R* |wy; =0} .

whence
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Consequently, it follows from (2.59b) that for w € Fy(u*)

T
S A ~08 0 0\ _ .,
W' Lo (", p)w = (w2 0 14 w ) = ldw; > 0.

Hence, (2.51) is satisfied and thus, z* is a strict local solution for (2.58a),(2.58b).

2.4 Projected Hessians

The second order conditions (2.44) and (2.51) are now stated in a weaker form
that can be checked numerically in an easier way. We assume that the triple
(x*, \*, *) with uniquely determined Lagrange multipliers A* , p* fulfills the
KKT conditions (2.37a)-(2.37¢) and distinguish the two cases where either strict
complementarity (2.39) is satisfied or does not hold true.

Case I: KKT & Strict complementarity

We assume that the KKT conditions (2.37a)-(2.37¢) are fulfilled and strict com-
plementarity (2.39) holds true. In this case, the definition of Fy(\*, u*) (cf.
(2.42)) reduces to

Fy(A\*,u") = Ker A,

where the matrix A is given by (2.27). It follows that the matrix Z defined
by (2.28) has full column rank (since A*, u* are uniquely determined), and its
columns span the space Fy(\*, 1*). Hence, w € Fy(\*, 1*) if and only if w = Zu
for some u € IR"™7 . Consequently, the conditions (2.44) in Theorem 2.20 and
(2.51) in Theorem 2.21 can be written as follows

U ZT Lop(2*, N ) Zu > 0, ueR™Y : (2.60a)
W' Z Lo (z*, N 0) 2u > 0, uelR™7 \ {0}, (2.60Db)

which means that Z7 L, (x*, \*, u*)Z is positive semidefinite and positive defi-
nite, respectively.

Case II: KKT without strict complementarity

We suppose that the KKT conditions (2.37a)-(2.37¢) with uniquely determined
Lagrange multipliers \*, u* are satisfied, but do not assume strict complemen-
tarity (2.39). In this case, Fy(\*, u*) is not a subspace but the intersection
of the planes defined by the first two conditions in (2.41) and the half-spaces
defined by the third condition in (2.41).

We introduce F, and F5 according to

Vhiz)Td=0 , 1<i
Fy={deh| { Vgigx*de:O i €

T Vhi(z)Td=0 , 1<i<m
F2 — {d - Fl | { vgl(x*)Td —_ O ’ i c Iac(x*> or ﬂ: > O }} . (261b)
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Note that Fj is the largest-dimensional subspace that is contained in Fy(\*, "),
whereas F'y is the smallest-dimensional subspace that contains Fy(\*, p1*).

As in case I we construct matrices A and A as well as Z and Z whose columns
span Ker A = F, and Ker A=F,.

Now, if (2.44) in Theorem 2.20 is satisfied, due to Fy C F»(\*, p*) we have

w! Lop(z*, N, 1w > 0, we Fy,

i.e., Z' Lop(x*, \*, u*)Z is positive semidefinite.
Likewise, the condition

W Lop(x*, N, 1w > 0, weFy,

ie., ZTﬁm(x*, N, *)Z is positive definite, implies (2.52) in Theorem 2.21.
Definition 2.24 Projected Hessians

The matrices Z7 Lo, (2*, \*, 1) Z and Z7 L. (", N, u*) Z
are called projected Hessians.

ZTﬁm(x*, N7

The matrices Z and Z, 7 can be computed by a QR-factorization of the matrices
AT and A, A. If A € IR *" has full row rank ¢*, we obtain

AT:ce[g}::%hQﬂ{§]:=@ﬂh (2.62)

where R € IR? %7 is a regular upper triangular matrix and Q € IR™" is or-
thogonal. Moreover, Q; € R™? | Q, € R™*" 7). Since

AQ = [RT 0] Q"Q = [R" 0]

and R is nonsingular, we find Z = @)s.
If A has row rank ¢ < ¢*, we perform column pivoting during the QR-factorization
of AT. This means that we get a QR-factorization

ar—q | ¢ el | §] - ar (2.63)

where P € IRY *" is a permutation matrix, R € IR™Y is upper triangular and
regular, and Q; € R™7 | Q, € R™ ™% have orthonormal columns. Again, we
obtain Z = ()».



