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Convergen
e analysis of the 
g - iterationTheorem 1.76 Representation of the iteration errorLet (x(k))k2lN0 be the sequence of cg-iterates. Then, for all 0 � j � k there exist polynomials pj 2 Pjwith pj(1) = 1 such that e(k) := x(k) � x� = pk(I � A) e(0) :Proof: In view of Lemma 1.73:(+) x(k) � x(0) 2 span fp(0); :::;p(k�1)g = span fr(0); :::;Ak�1r(0)g :Moreover, we have:A(x(k) � x(0)) = b � Ax(0) � (b � Ax(k)) = r(0) � r(k) :Taking (+) into account, it follows that:r(k) � r(0) 2 span fAr(0); :::;Akr(0)g =) r(k) = r(0) + kXj=1�j Ajr(0) =)r(k) = rk(A)r(0) ; where rk(�) := kXj=0�j �j with �0 = 1 ; i.e., rk(0) = �0 = 1 :
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We de�ne:pk(�) := rk(1 � �) =) pk 2 Pk ; pk(1) = 1 and (�) r(k) = pk(I � A)r(0) :On the other hand, we havee(k) = x(k) � x� = A�1 (Ax(k) � Ax�) = A�1 (Ax(k) � b) = � A�1r(k)Observing (�), we obtaine(k) = � A�1r(k) = � A�1 pk(I � A)r(0) = � A�1pk(I � A)(Ax� � Ax(0)) == A�1 pk(I � A)Ae(0) = pk(I � A)e(0) :Corollary 1.77 Error estimate for the 
g-iteration IFor ea
h polynomial pk 2 Pk with pk(1) = 1, the iteration errors e(k) = x(k) � x� satisfy the estimateke(k)kA � max f jpk(1 � �)j j � 2 �(A) g ke(0)kA :



University of Houston, Department of Mathemati
sNumeri
al Analysis, Fall 2005

De�nition 1.78 Chebyshev polynomialsThe Chebyshev polynomials Tk of degree k 2 lN0 are given byTk(x) := � 
os ( k ar
 
os x ) ; x 2 [�1;+1℄
osh ( k Ar
osh x ) ; x 2 lR n [�1;+1℄ ; k 2 lN0 :They satisfy the three-term re
ursionT0(x) = 1 ; T1(x) = x ; Tk+1(x) = 2 x Tk(x) � Tk�1(x) ; k 2 lN :For x 2 C , we have the representationTk(x) = 12 [ ( x + (x2 � 1)1=2 )k + ( x + (x2 � 1)1=2 )�k ℄ :
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Theorem 1.79 Minimax - problemLet [a;b℄ � lR su
h that �1 < a < b < 1 and ~Pk := fpk 2 Pk j pk(1) = 1g. Then, the minimax -problem minpk2~Pk max�2[a;b℄ jpk(�)jis uniquely solvable with the solution given bypk(�) = Tk(2� � a � bb � a )=Ck ;1Ck := 1Tk(2 � a � bb � a ) = 2 
k1 + 
2k ;


 := p� � 1p� + 1 ; � := 1 � a1 � b :
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Proof: We have Ck := Tk(2�a�bb�a ) 6= 0, sin
e 2�a�bb�a =2 [�1;+1℄ and 
osh x > 0. Moreover,� 2 [a;b℄ =) 2� � a � bb � a 2 [�1;+1℄ =) max�2[a;b℄ jTk(2� � a � bb � a )j = 1 :In order to prove that pk is the unique solution of the minimax - problem, letqk 2 ~Pk ; max�2[a;b℄ jqk(�)j � 1=Ck ; z(�) := pk(�) � qk(�) ; � 2 [a;b℄ :In view of Tk(
os(��=k)) = (�1)� ; � = �k;�k + 1; :::;0, there holds:pk(��) = (�1)�=Ck ; �� := 12 [a + b + (b� a) 
os(��=k)℄ =) z(��) = � � 0 ; � = 2� ;� 0 ; � = 2� + 1 :Sin
e z is 
ontinuous, in ea
h interval [���1; �� ℄ ; 1� k � � � 0, z has a zero(eventually a double zero in ��), and hen
e at least k zeroes in [a;b℄. In view of pk(1) = qk(1) = 1,z admits a (k + 1)-st zero. In view of z 2 Pk, it follows that z = 0, i.e., qk = pk.The representation of 1=Ck results from the de�nition of Tk for jxj > 1 .
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Theorem 1.80 Convergen
e rates for the 
g - iterationLet A 2 lRn�n be spd with � := �min(A) and � := �max(A). Moreover, let� := �(A) := ��be the spe
tral 
ondition of A. Then, there holds:ke(k)kA � 2
k1 + 
2k ke(0)kA ; 
 := p� � 1p� + 1 :Proof: A

ording to Corollary 1.77, we have:ke(k)kA � max f jpk(1 � �)j j � 2 �(A) g ke(0)kA ;� � � � � =) 1 � � =: a � 1 � � � b := 1 � � :Applying Theorem 1.79 with � = 1 � a1 � b = �� ;gives the assertion.
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Remark 1.81 Growth of the spe
tral 
onditionConsider the tridiagonal matrix A 2 lRn�n with
A := h�2 0BBBBBBBB� 2 �1 0 � 0�1 2 �1 � �� � � � �0 � � �1 2

1CCCCCCCCA ; h := 1=(n + 1) :

A has the eigenvalues:�i(A) = 4 h�2 sin2 i �2(n + 1) ; 1 � i � n =)�max(A) = �n(A) = 4 h�2 
os2 �2(n + 1) ; �min(A) = �n(A) = 4 h�2 sin2 �2(n + 1) :It follows that: �(A) = b�max(A)�min(A) = 1 � sin2 �2(n+1)sin2 �2(n+1) = O(h�2) = O(n2) :
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Remark 1.82 About pre
onditioningLet A ; W 2 lRn�n be spd and assume that 0 < 
 � � satisfy�min(A) � 
 and � � �max(A) ; su
h that�
 � �max(A)�min(A) = �(A) =) 
 I � W�1=2 A W�1=2 � � I :Idea: Apply the 
g - iteration to the transformed linear system:W�1=2 A W�1=2| {z }=: ^A W1=2x| {z }=: ^x = W�1=2b| {z }=: ^b :Initialization: ^x(0) := W1=2x(0) ; ^r(0) := ^b � ^A^x(0) ; ^p(0) := ^r(0) .Iteration loop: For k = 0;1;2; ::: do:(1) ^x(k+1) := ^x(k) + ^� ^p(k) ; ^� := (^r(k) ; ^p(k))(^A^p(k) ; ^p(k)) ;(2) ^r(k+1) := ^r(k) � ^� ^A^p(k) ;(3) ^p(k+1) := ^r(k+1) � ^� ^p(k) ; ^� := (^A^p(k) ; ^r(k+1))(^A^p(k) ; ^p(k)) :
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De�nition 1.83 Pre
onditioned 
g - iteration (p
g - iteration)With ^x(k) = W1=2x(k) and ^p(k) = W1=2p(k) there holds:W�1=2r(k) = W�1=2(b � Ax(k)) = ^b � ^A^x(k) = ^r(k) =)(^r(k) ; ^p(k)) = (W�1=2r(k) ; W1=2p(k)) = (r(k) ; p(k)) ;(^A^p(k) ; ^p(k)) = (W�1=2Ap(k) ; W1=2p(k)) = (A^p(k) ; ^p(k)) ;(^A^p(k) ; ^r(k+1)) = (W�1=2Ap(k) ; W�1=2r(k+1)) = (Ap(k) ; W�1r(k+1)) :Therefore, the 
g - iteration 
an be performed w.r.t. the original variables requiring onlyone additional matrix inversion of W ( W is 
alled the pre
onditioner):Initialization: Choose a start ve
tor x(0). Compute: r(0) := b�Ax(0) ; p(0) := W�1r(0) ; �0 := (p(0) ; r(0)). Iteration loop: For k = 0;1;2; ::: do:(1) a(k) := Ap(k) ; x(k+1) := x(k) + �p(k) ; � := �k(a(k) ; p(k)) ;(2) r(k+1) := r(k) � � a(k) ; q(k+1) := W�1r(k+1) ;(3) p(k+1) := q(k+1) + �k+1�k p(k) ; �k+1 := (q(k+1) ; r(k+1)) :



University of Houston, Department of Mathemati
sNumeri
al Analysis, Fall 2005

Theorem 1.84 Convergen
e rates for the p
g - iterationLet A ; W 2 lRn�n be spd with 
 W � A � � W ; 0 < 
 � �. Then, the iterates (x(k))k2lN0 of thep
g - iteration (with W as the pre
onditioner) satisfy:ke(k)kA � 2
k1 + 
2k ke(0)kA ; 
 := p� � 1p� + 1 ; � := �
 :Proof: The proof follows readily by applying Theorem 1.80 to the matrix W�1=2AW�1=2 .Remark 1.85 Choi
e of pre
onditioners(1) W := � I RCG : Ri
hardson a

elerated 
g - iteration ;(2) W := D JCG : Ja
obi a

elerated 
g - iteration ;(3) W := (D� E)D�1(D� F) SGSCG : symmetri
 Gauss Seidel a

elerated 
g - iteration ;(4) W := !�1(D� !E)D�1!�1(D� !F) SSORCG : symmetri
 SOR a

elerated 
g - iteration
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1.3 Linear least squares problems1.3.1 The Gauss method of least squaresRemark 1.85 ProblemAssume a fun
tional dependen
e between a measurable quantity b and the variables tb(t) = '(t;x1; :::;xn) ;where the fun
tion ' depends on n parameters xj ; 1 � j � n.

t

b For the determination of the parameters, perform m � nmeasurements in ti ; 1 � i �m;, providing data bi ; 1 � i �m;.Compute the deviationsÆi := bi � '(ti;x1; :::;xn) ; 1 � i �m :Compute x1; :::;xn in su
h a way thatmPi=1 �2iis minimized. This te
hnique is 
alled the Gauss method ofleast squares.
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De�nition 1.86 Linear least squares problemIf the fun
tion ' is linear in the parameters xj ; 1 � j � n; i.e.,'(t;x1; :::;xn) := a1(t) x1 + ::: + an(t) xn(t) ;then the problem is 
alled a linear least squares problem.Setting A 2 lRm�n with aij := aj(ti ; 1 � i �m ; 1 � j � n; and b := (b1; :::;bn)T, we haveminx1;:::;xn mXi=1(bi � '(ti;x1; :::;xn))2 =) (�) minx2lRn kb � Axk2 ;where k � k2 denotes the Eu
lidian norm on lRn.Remark 1.87 Similar problemsIf we 
hoose in (�) the `1-norm k � k1 instead of the Eu
lidian norm, the problem is 
alled alinear optimization problem. If the maximum - norm k � k1 is 
hosen, the problem is 
alled aChebyshev least squares problem.
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1.3.2 Normal equations

v

U

PU v

De�nition 1.88 Orthogonal proje
tionLet U � lRm be a subspa
e and v 2 lRm. Then, Pv 2 U is 
alledthe orthogonal proje
tion of v onto U; if(+) (Pv � v ; u) = 0 ; u 2 U :The mapping P : lRm ! U; whi
h satis�es (+), is 
alled theorthogonal proje
tion of lRm onto U.Lemma 1.89 Chara
terization of the orthogonal proje
tionGiven v 2 lRm, the ve
tor Pv 2 U is the orthogonal proje
tion of v onto the subspa
e U � lRm,if and only if (++) kv � Pvk2 = minu2U kv � uk2 :Proof: For u 2 U we have:kv � uk22 = (v � u ; v � u) = (v �Pv +Pv � u ; v �Pv +Pv � u) == kv �Pvk22 + 2 (v �Pv ; Pv � u) + kPv � uk22 :If Pv is the orthogonal proje
tion of v onto U; then (v �Pv ; Pv � u) = 0 and hen
e,kv � uk2 � kv �Pvk2 ; u 2 U :
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On the other hand, suppose that (++) holds true. Then, we obtain:(v �Pv ; Pv � u) � 0 ; u 2 U :Choosing u = Pv +� z ; z 2 U, it follows that(v �Pv ; +� z) 0 ; z 2 U =) (v �Pv ; z) = 0 ; z 2 U :Lemma 1.90 Chara
terization of the solution of the linear least squares problemx 2 lRn is the solution of the linear least squares problem (�), if and only if Ax 2 lRm is theorthogonal proje
tion of b 2 lRm onto R(A), i.e.,(b�Ax ; Ay) = 0 ; y 2 lRn :Theorem 1.91 Normal equationsx 2 lRn is the solution of the linear least squares problem (�), if and only if x satis�es thenormal equations ATAx = ATb :




