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We define:
pell) = r(1 — ¢ = pe€Px ., px(l) =1 and (¥ ¥ = pi(l - A)r(o).
On the other hand, we have
el = xM — x* = AT (AxY - Ax) = AT (AxY — b) = — AT
Observing (), we obtain

ef) = — ATl = — AT p T - Al

= —Ap (I - A)Ax" - AXO) =
= A7 pi(l - A)JAe” = py(T - A)e”.
Corollary 1.77 Error estimate for the cg-iteration I

W) _ K

For each polynomial py € P, with py(1) = 1, the iteration errors e' — x" satisfy the estimate

Je®a < max {[pu(l = X [Aea(A)} e ]a.
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Definition 1.78 Chebyshev polynomials

The Chebyshev polynomials Ty of degree k € N, are given by

cos (karc cosx) , x€[-1,+]1]

) = {cosh(kArcoshx) , xeR\[-1,41] kel

They satisfy the three-term recursion
Tox) =1 , Ti(x) = x , Tiulx) = 2x Ty(x) — Txq(x), keIN.

For x € C, we have the representation

Tux) = 5 (x4 (2~ 1F ¢ (x + (2 1) 4],
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Theorem 1.79 Minimax - problem

Let [a,b] C R such that —0 < a <b <1 and Py := {py € Py | pi(1) = 1}. Then, the minimax -
problem

min- max [p(A)
pk€Py Aclab)

is uniquely solvable with the solution given by
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Proof: We have Cy := Ty(2:22) # 0, since 222 ¢ [-1,+1] and cosh x > 0. Moreover,

tclab = 227D o wmEdsh

=1.
b - a €E[a,b] b -a )‘

In order to prove that py is the unique solution of the minimax - problem, let

G €Py , max [qul€) < 1/Cx |, 2(¢) = pil€) — (). E€fab].

€lab]

In view of Ty(cos(vm/k)) = (-1)¥ | v =—k,—k+1,...,0, there holds:

péy) = (FD)Y/Cy . & = %[a+b+(b—a) cos(vm/k)] = z(&y) = {zg Z z ;Z 7+ |

Since z is continuous, in each interval £, ;.| ., 1-k <v <0, z has a zero
(eventually a double zero in £;,), and hence at least k zeroes in [a,b. In view of py(1) = qx(1) =1,

z admits a (k + 1)-st zero. In view of z € Py, it follows that z = 0, i.e., qx = pi.
The representation of 1/Cy results from the definition of Ty for |x| > 1.




University of Houston, Department of Mathematics
Numerical Analysis, Fall 2005

Theorem 1.80 Convergence rates for the cg - iteration
Let A € R™" be spd with A := A\y(A) and A := A\pay(A). Moreover, let

A
= Kk(A) = —
kK = K(A) X
be the spectral condition of A. Then, there holds:
2ck -1
< e e = U
1 4 c* Ve +1

Proof: According to Corollary 1.77, we have:

[e¥ s < max { [pe(1 = p)| | pea(A)} ey,
A<pup<A = 1-A=a<l-pup<b=1-2X.

Applying Theorem 1.79 with

gives the assertion.
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Remark 1.81 Growth of the spectral condition
Consider the tridiagonal matrix A € R"™" with

2 -1 0 - 0
A—p2| b2 h =1/ + 1)
0 -1 2
A has the eigenvalues:
MA) = 4h s T 1<i<
(A) sin TSI <i<n =
Apac(A) = Ay(A) = 4h 2 cos? — Auin(A) = A(A) = 4h 2sin? ——
( ) < ) Cos 2(n+1) ) ( ) ( ) Sin 2(n+1>
It follows that:
bAuax(A) 1 - sin’ 2(r?—r+1) -2 2
K(A) = - = 0(h™*) = O(n")
Amin(A) sin’ 2(an
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Remark 1.82 About preconditioning
Let A, W e R™ be spd and assume that 0 < 4 < T satisfy

Amn(A) v and T < Apx(A), such that

F maxA — —
L <>:n(A) — Al <WWPAWY2<TI.

v >‘min<A>

Idea: Apply the cg - iteration to the transformed linear system:

WIZAW2 Wi = W2y

= A =X = b
Initialization: %0 = W20 = 0 —f — Az® 0 = §0
Iteration loop: For k=0.1.2,... do:
i) 5K
(k1) _ g LAl s (0 DY)
(1) x =x"Y +ap¥ , &= o0 o)
(Apt), plk)

(2) pltl) . gk g Af,(k)7

I e e N
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Definition 1.83 Preconditioned cg - iteration (pcg - iteration)
With £ = W12 and p*) = W'/2p¥ there holds:

w2k — W‘1/2(b AX(k)) b — A k) _ sk
(f.(k) 7 f)(k)) _ (W—1/2 (k) Wl/2 ) _ ( )7
ApY, p) = (W 2apH W2l > = (A 15 15 ),
( Apl f,(k+1)) — (W 2Ap0  WU2lk ) — (Ap¥, W~ r(k+1)>

Therefore, the cg - iteration can be performed w.r.t. the original variables requiring only
one additional matrix inversion of W ( W is called the preconditioner):

Initialization: Choose a start vector x*. Compute: r'” :=b—Ax©  p0 = W10 p = (pl® 1)

Iteration loop: For k=0.1,2,... do:
(1) a¥ = Ap el oyl o

)

(2) pltt) k) (k) (kﬂ) — W~ I.(k+1)

p
3) p*Y = ¢+ %p“‘) P = (q“‘“) )
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Theorem 1.84 Convergence rates for the pcg - iteration
Let A, W e R™™ be spd withy W<A<T W, 0<+<T. Then, the iterates (x<k))de0 of the

pcg - iteration (with W as the preconditioner) satisfy:

Ji-1 T

2ck

1+ c* Hem)\

el <

, €= . K :
4 Ve + 1 v

Proof: The proof follows readily by applying Theorem 1.80 to the matrix W-1/2AW-1/2

Remark 1.85 Choice of preconditioners

1
2
3
4

) W :=6I RCG : Richardson accelerated cg - iteration ,

) W =D JCG : Jacobi accelerated cg - iteration

] W:=(D-ED"'D-F) SGSCG : symmetric Gauss Seidel accelerated cg - iteration ,
)

(
(
(
(4 W :=w!D-wED 'w'(D-wF) SSORCG : symmetric SOR accelerated cg - iteration
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1.3 Linear least squares problems

1.3.1 The Gauss method of least squares
Remark 1.85 Problem

Assume a functional dependence between a measurable quantity b and the variables t

b<t) - (,O(t;Xl,...,Xn),

where the function ¢ depends on n parameters x; , 1 <j <n.

For the determination of the parameters, perform m > n
measurements in t; , 1 <i<m,, providing data b; , 1 <i<m..
Compute the deviations

0; = by — (t;xg,...Xy), 1<i<m.
Compute x1, ..., X, in such a way that

2
is minimized. This technique is called the Gauss method of
least squares.
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Definition 1.86 Linear least squares problem

If the function ¢ is linear in the parameters x; , 1 <j <, ie.,

Q(t: X1, Xy) = ay(t) x; + ... + ay(t) x,(t)
then the problem is called a linear least squares problem.
Setting A € R™" with aj;:=a;(t;, 1<i<m, 1<j<n, and b:=(by,...b,)", we have

mn Y (b — @(tixy,...%,))° = (+) min b - Ax]|,,
o xelR™

where || - |2 denotes the Euclidian norm on R".

Remark 1.87 Similar problems

If we choose in (%) the /;-norm | - [|; instead of the Euclidian norm, the problem is called a
linear optimization problem. If the maximum - norm | - . is chosen, the problem is called a
Chebyshev least squares problem.
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1.3.2 Normal equations

Definition 1.88 Orthogonal projection

Let U C IR™ be a subspace and v € R™. Then, Pv € U is called
the orthogonal projection of v onto U, if

(+) Pv-v,u =0, uel.

The mapping P : R™ — U, which satisfies (1), is called the
orthogonal projection of R™ onto U.

Lemma 1.89 Characterization of the orthogonal projection
Given v € R™, the vector Pv € U is the orthogonal projection of v onto the subspace U C R",

if and only if

++ v — Pvly = min|lv — ul.
Proof: For u € U we have: (+4) | | wel | 2

Iv-ul5 = (v-u,v-u) = (v-Pv+Pv-u, v-PviPv-u) =
= |v-Pv|; + 2(v-Pv,Pv—u) + |[Pv—ul;.

If Pv is the orthogonal projection of v onto U, then (v —Pv , Pv—u) =0 and hence,

Iv=uls> [v-Pv|y, ucU.
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On the other hand, suppose that (++) holds true. Then, we obtain:
(v-Pv,Pv-u) >0 , uelU.
Choosing u=Pv * z , z ¢ U, it follows that
v-Pv, 72)0,2eU = (v-Pv,z)=0,z€U.

Lemma 1.90 Characterization of the solution of the linear least squares problem
x € R" is the solution of the linear least squares problem (), if and only if Ax € R™ is the

orthogonal projection of b € R™ onto R(A), i.e.,
(b—Ax, Ay) =0 , yeR".

Theorem 1.91 Normal equations
x € IR" is the solution of the linear least squares problem (), if and only if x satisfies the

normal equations
ATAx = A™p.






