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Chapter 2 Error Analysis

2.1 Floating p oin t arithmetics

De�nition 2.1 Normalized represen tation in 
oating p oin t arithmetics

The normalized 
oating p oin t represen tation of a n um b er x of 'real t yp e' with L �gures and

basis B 2 l N ; B � 2 ; is giv en b y

x = a B

E

The man tissa a and the exp onen t E are of the form

a = v

M

L

X

� = 1

a

�

B

� �

( a

1

6= 0 or a

�

= 0 ; 1 � � � L ) ;

E = v

E

N � 1

X

� = 0

e

N � �

B

�

with L ; N 2 l N . The sym b ols v

M

2 f + ; �g and v

E

2 f + ; �g are called the sign of the man tissa

and the exp onen t, a

�

2 f 0 ; 1 ; :::; B � 1 g ; 1 � � � L ; are the �gures of the man tissa and

e

�

2 f 0 ; 1 ; :::; B � 1 g ; 1 � � � N ; the �gures of the exp onen t . The n um b er L 2 l N is referred to

as the length of the man tissa.
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De�nition 2.2 Co ded form

The co ded form of a n um b er in normalized 
oating p oin t represen tation is giv en b y

v

M

a

1

a

2

� � � a

L

v

E

e

1

e

2

� � � e

N

| {z }

man tissa

| {z }

exp onen t

De�nition 2.3 Mac hine n um b ers

The set of all normalized 
oating p oin t n um b ers in co ded form is called the set of mac hine

n um b ers and will b e denoted b y M ( B ; L ; N ) .

Lemma 2.3 Prop erties of the set of mac hine n um b ers

Die set of mac hine n um b ers M ( B ; L ; N ) is �nite with

card M ( B ; L ; N ) = 2 ( B � 1 ) B

L � 1

| {z }

man tissas

( 2 B

N

� 1 )

| {z }

exp onen ts

+ 1

|{z}

zero

:

The set M ( B ; L ; N ) con tains a smallest p ositiv e elemen t x

min

and a largest p ositiv e elemen t x

max

:

Setting E

max

= � E

min

=

N � 1

P

� = 0

( B � 1 ) B

�

= B

N

� 1 , w e ha v e

x

min

= B

� 1

B

E

min

= B

E

min

� 1

; x

max

=

L

X

� = 1

( B � 1 ) B

� �

B

E

max

= B

E

max

� B

E

max

� L

:
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Example 2.4 Represen tation of n um b ers of t yp e 'REAL'

Represen tation in the dual system , i.e., B = 2 .

(i) 4 Bytes (= 32 Bits) storage:

1 Byte for v

M

; v

E

and the �gures of the exp onen t

3 Bytes for the man tissa .

(ii) T otal n um b er of �gures (man tissa)

L = 24 ; 2

24

= 10

~

L

= )

~

L = 24 log2

:

= 7 : 2

(corresp onds to a man tissa with 7 �gures in the decimal system)

(iii) Exp onen t

2 Bits for the sign = ) N = 6 = ) E

max

=

5

P

� = 0

2

�

= 63 .

Standardization (IEEE) B = 2

Single precision (32 Bits): L = 23 ; N = 7 ,

Double precision (64 Bits): L = 52 ; N = 10 ,

Register (80 Bits): L = 64 ; N = 14 .
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Rounding error and 
oating p oin t arithmetic

Appro ximation of real n um b ers b y mac hine n um b ers: Giv en r 2 l R , determine

x 2 M := M ( B ; L ; N ) suc h that j x � r j is as small as p ossible.

De�nition 2.5 Absolute and relativ e error, b est appro ximation

Let x 2 l R and ~x 2 l R b e an appro ximation of x . Then,

�x := x � ~x

is called the absolute error and

"

x

:= ( x � ~x ) = x ; x 6= 0

is referred to as the relativ e error of the appro ximation of x b y ~x .

Let A � l R and r 2 l R . An elemen t x 2 A satisfying

j x � r j � j y � r j ; y 2 A ;

is called the b est appro ximation of r in A .



Univ ersit y of Houston, Departmen t of Mathematics

Numerical Analysis, F all 2005

Example 2.6 A = M ( B ; L ; N ) with B = 10 ; L = 2

(i) r = 0 : 124 = ) x = 0 : 12 ('round do wn')

(ii) r = 0 : 127 = ) x = 0 : 13 ('round up')

(iii) r = 0 : 125 = ) x

1

= 0 : 12 or x

2

= 0 : 13 ('round up' o der 'round do wn')

De�nition 2.7 Correct rounding

Let B 2 l N ; B � 2 ; L ; N 2 l N and r 2 l R ; r 2 [ � x

max

; � x

min

] [ [ x

min

; x

max

] with

r = � B

E

1

X

� = 1

r

�

B

� �

;

where � 2 f + ; �g ; E 2 Z with j E j � E

max

and r

�

2 f 0 ; 1 ; :::; B � 1 g . Then,

rd ( r ) =

8
>

>
>

>
<

>
>

>
>

:

� B

E

L

P

� = 1

r

�

B

� �

; r

L + 1

< B = 2 ;

� B

E

(

L

P

� = 1

r

�

B

� �

+ B

� L

) ; r

L + 1

� B = 2

is called the rounded v alue of r 2 l R up to L �gures.
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Lemma 2.8 Absolute and relativ e rounding errors

Let B 2 l N ; ; B � 2 ; L ; N 2 l N and r 2 l R ; r 2 [ � x

max

; � x

min

] [ [ x

min

; x

max

] suc h that r = � B

E

P

1
� = 1

r

�

B

� �

;

� 2 f + ; �g ; E 2 Z ; r

�

2 f 0 ; 1 ; :::; B � 1 g ; � � 1 . Then, there holds:

(i) There exist n um b ers E

0

2 Z ; r

0
�

2 f 0 ; 1 ; :::; B � 1 g ; 1 � � � L , suc h that

rd ( r ) = � B

E

0

L

X

� = 1

r

0
�

B

� �

:

(ii) The absolute and the relativ e errors satisfy:

j rd ( r ) � r j �

1
2

B

E � L

; j rd ( r ) � r j = j r j �

1
2

B

1 � L

:

Pro of: Homew ork

De�nition 2.9 Mac hine accuracy

The n um b er eps :=

1
2

B

1 � L

is called the mac hine accuracy .
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De�nition 2.10 Signi�can t �gures

Let x = � a 10

E

; 10

� 1

� a < 1 ; � 2 f + ; �g ; E 2 Z ; and assume that ~x = � ~ a 10

E

; ~ a 2 l R ;

is an appro ximation x . ~x is said to ha v e s � 1 signi�can t �gures with resp ect to x , if

s = max f j � j j � 2 Z ; j a � ~ a j �

1
2

10

1 � �

g :

Example 2.11 Signi�can t �gures

x = 0 : 12345 � 10

2

; ~x = 0 : 12415 � 10

2

; = )

0 : 5 � 10

� 3

< j a � ~ a j = 7 : 0 � 10

� 4

< 0 : 5 � 10

� 2

= ) s = 3 :

~x has s � 1 = 2 signi�can t �gures.

Remark 2.12 Under
o w and o v er
o w

( i ) Under
o w: r 2 ( � x

min

; + x

min

) = ) rd ( r ) = 0 = )

j rd ( r ) � r j = j r j < x

min

; j rd ( r ) � r j = j r j = 1

( ii ) Ov er
o w: j r j > x

max

= ) rd ( r ) = sgn ( r ) x

max

= )

j rd ( r ) � r j can b ecome arbitrarily large ; j rd ( r ) � r j = j r j = ( j r j � x

max

) = j r j < 1 :
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Problem: If x ; y 2 M ; then w e do not necessarily ha v e x � y 2 M with � 2 f + ; � ; � ; = g .

Example 2.13 M ( 10 ; 3 ; 2 )

x = 0 : 123 � 10

2

; y = 0 : 456 � 10

� 1

= ) x + y = 0 : 123456 � 10

2

=2 M :

De�nition 2.14 Floating p oin t op erations

The 
oating p oin t op erations 
 : M

2

! M ; � 2 f + ; � ; � ; = g are de�ned using correct rounding

x 
 y := rd ( x � y ) ; x ; y 2 M :

Example 2.13 (revisited):

x � y := 0 : 123 � 10

2

;

If y = 0 : 546 � 10

� 1

= ) x � y := 0 : 124 � 10

2

:

Remark 2.15 Prop erties of 
oating p oin t op erations I

The addition � and the m ultiplication � are comm utativ e.

Lemma 2.16 The error in 
oating p oin t op erations

Let x ; y ; x 
 y 2 M . Then, there holds:

x 
 y = ( x � y ) ( 1 + " ) ; j " j � eps :
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Remark 2.17 Prop erties of 
oating p oin t op erations I I

The op erations 
 : M � M ! M are neither asso ciativ e nor distributiv e, i.e., ( M ; 
 ) is not a group.

Example 2.18: B = 10 , t = 4

x = 0 : 2537 � 10

� 2

; y = 0 : 3784 � 10

2

; z = � 0 : 3785 � 10

2

;

x + y + z = � 0 : 7463 � 10

� 2

;

( x � y ) � z = y � z = � 0 : 1000 � 10

� 1

;

x � ( y � z ) = x � ( � 0 : 1000 � 10

� 1

) = � 0 : 7463 � 10

� 2

;

j x j � j y j � j x + y j = ) Loss of information for the addition (not comp ensable) :
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Error propagation in elemen tary 
oating p oin t op erations

Problem: Let x ; y 2 l R and

rd ( x ) = x ( 1 + "

x

) ; rd ( y ) = y ( 1 + "

y

) ; rd ( x ) 
 rd ( y ) = ( x � y ) ( 1 + � ) :

Is the relativ e error � of the same magnitude as "

x

; "

y

(Errors in the input data)?

Example 2.19 M ( 10 ; 3 ; 2 )

x = 0 : 9995 � 10

0

; rd ( x ) = 0 : 100 � 10

1

; j "

x

j � 5 � 10

� 4

(Error: 0.05 %) ;

y = � 0 : 9984 � 10

0

; rd ( y ) = � 0 : 998 � 10

0

; j "

y

j � 4 � 10

� 4

(Error: 0.04 %) ;

x + y = 0 : 110 � 10

� 2

; rd ( x ) � rd ( y ) = 0 : 200 � 10

2

; j � j � 0 : 82 � 10

� 4

(Error: 82 %) :
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In the sequel w e assume that there is neither under
o w nor o v er
o w.

Theorem 2.20 Addition and subtraction

Let x ; y 2 l R ; rd ( x ) = x ( 1 + "

x

) ; rd ( y ) = y ( 1 + "

y

) . Then there holds:

rd ( x ) � rd ( x ) = ( x + y ) ( 1 + � ) ; rd ( x ) 	 rd ( x ) = ( x � y ) ( 1 + � ) ;

j � j �

j x j

j x

+
�

y j

[ eps + ( 1 + eps ) j "

x

j ] +

j y j

j x

+
�

y j

[ eps + ( 1 + eps ) j "

y

j ] :

Pro of: The assertion will only b e pro v ed in case � :

rd ( x ) � rd ( x ) = rd [ rd ( x ) + rd ( y )] = [ x ( 1 + "

x

) + y ( 1 + "

y

)] ( 1 + " ) =

= x + y + x ( " + "

x

( 1 + " )) + y ( " + "

y

( 1 + " )) :

In view of j " j � eps w e conclude .
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Remark 2.21 Error ampli�cation and error cancellation, error damping

F or the addition and the subtraction, w e consider the follo wing cases:

(i) Error ampli�cation

j x

+
�

y j < max ( j x j ; j y j ) = ) In general: j � j > max ( j "

x

j ; j "

y

j ) :

Let sign ( x ) = � sign ( y ) (in case � ) resp. sign ( x ) = sign ( y ) (in case 	 ) as w ell as j x j � j y j .

This is called cancellation . Cancellation should b e a v oided!

(ii) Error damping

j y j � j x j or j x j � j y j

The error is essen tially determined b y "

x

resp. "

y

( error damping ).
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Theorem 2.22 Multiplication and division

Let x ; y 2 l R ; rd ( x ) = x ( 1 + "

x

) ; rd ( y ) = y ( 1 + "

y

) . F or the m ultiplication � w e ha v e:

rd ( x ) � rd ( y ) = ( x � y ) ( 1 + � ) ;

j � j � eps + ( 1 + eps ) [ j "

x

j + j "

y

j + j "

x

jj "

y

j ] :

F or the division � w e obtain:

rd ( x ) � rd ( y ) = ( x = y ) ( 1 + � ) ;

j � j � [ j "

x

� "

y

j + eps ( 1 + eps ) ] = ( 1 � eps ) :

Pro of: Homew ork
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2.2 Analysis of the condition of a problem

Problem: Consider a function

' : D � l R

n

! l R

m

; x = ( x

1

; :::; x

n

)

T

7� ! y = ( y

1

; :::; y

m

)

T

;

where y

i

= '

i

( x

1

; :::; x

n

) ; 1 � i � m . What is the impact of errors in the input data on the

output data, if the function v alues are ev aluated exactly?

The accuracy of the input data can b e measured with resp ect to a norm k � k on l R

n

or

comp onen t wise : Giv en input data x 2 D with the absolute resp. relativ e tolerance � > 0 , then

the input data sets are giv en b y

E

�

( x ) := f ~x 2 D j k ~x � x k � � g (absolute norm wise)

E

�

( x ) := f ~x 2 D j k ~x � x k � � k x k g (relativ e norm wise) ,

pro vided the input errors are measured norm wise. In the comp onen t wise case w e ha v e instead

E

�

( x ) := f ~x 2 D j j ~x

i

� x

i

j � � ; 1 � i � n g (absolute comp onen t wise)

E

�

( x ) := f ~x 2 D j j ~x

i

� x

i

j � � j x

i

j ; 1 � i � n g (relativ e comp onen t wise) .
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Assume E := E

�

( x ) � D . Then, the input data set E is mapp ed b y ' on to the output

data set R := ' ( E ) .

jR = (E)

RE:j

E = Ed(x)

The condition of the problem, describ ed b y the pair ( ' ; x ) , is an appropriate c haracterization

of the relation b et w een R and E . In doing so, the error in the output data is also measured

either norm wise or comp onen t wise.
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2.2.1 Norm wise analysis of the condition

De�nition 2.23 Norm wise w ell-p osed problems

The problem ( ' ; x ) is called absolutely resp. relativ ely norm wise w ell-p osed in

E

�

( x ) = f ~x 2 D j k ~x � x k � � g resp. in

E

�

( x ) = f ~x 2 D j k ~x � x k � � k x k g ;

if there is a constan t L

abs

� 0 resp. L

rel

� 0 suc h that

( � ) k ' ( ~x ) � ' ( x ) k � L

abs

k ~x � x k ; ~x 2 E

�

( x ) resp.

(+) k ' ( ~x ) � ' ( x ) k = k ' ( x ) k � L

rel

k ~x � x k = k x k ; ~x 2 E

�

( x )

Otherwise, the problem is said to b e norm wise ill-p osed.

Assume that ( ' ; x ) is w ell-p osed. Then, w e de�ne:

L

abs

( � ) := min f L

abs

j ( � ) is satis�ed g ;

L

rel

( � ) := min f L

rel

j (+) is satis�ed g
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Problem: F or nonlinear problems, the quan tities L

abs

( � ) and L

rel

( � ) dep end on the accuracy of

the input data. Therefore, w e de�ne:

De�nition 2.24 Absolute and relativ e norm wise condition

The absolute resp. relativ e norm wise condition �

abs

resp. �

rel

of a problem is de�ned b y means of

�

abs

:= lim

� ! 0

L

abs

( � ) ; �

rel

:= lim

� ! 0

L

rel

( � )

A problem ( ' ; x ) is called absolutely resp. relativ ely norm wise w ell conditioned , if �

abs

resp. �

rel

is 'small'. Otherwise, it is said to b e absolutely resp. relativ ely norm wise ill conditioned.

The notion 'small' has to b e understo o d in a problem orien ted w a y .

Lemma 2.25 Computation of the absolute/relativ e norm wise condition

Assume that ' : D � l R

n

! l R

m

is con tin uously di�eren tiable with the Jacobi matrix J

'

( x ) .

Then, the absolute resp. relativ e norm wise condition is giv en b y:

�

abs

= k J

'

( x ) k ; �

rel

:=

k x k

k ' ( x ) k

k J

'

( x ) k :
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Pro of: In order to v erify �

abs

= k J

'

( x ) k , the mean v alue theorem implies:

' ( ~x ) � ' ( x ) =

1

Z

0

( J

'

)( x + t ( ~x � x )) ( ~x � x )) dt = )

k ' ( ~x ) � ' ( x ) k �

1

Z

0

k ( J

'

)( x + t ( ~x � x )) k dt

| {z }

= L

abs

( � )

k ( ~x � x )) k :

Since x + t ( ~x � x ) ! x ( � ! 0 ) , w e get the assertion.

Example 2.26 Norm wise condition of the addition

In this example, w e use the k � k

1

-norm, i.e., k x k

1

=

n

P

i = 1

j x

i

j ; x 2 l R

n

.

' : l R

2

! l R ; ' ( x ) := x

1

+ x

2

; x = ( x

1

; x

2

)

T

= ) J

'

( x ) = ( 1 ; 1 ) 2 l R

1 � 2

= ) k J

'

( x ) k

1

= sup

y 2 l R

2

k J

'

( x ) y k

1

k y k

1

= 1 = ) �

abs

= 1 :
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F or the relativ e norm wise condition w e th us obtain:

�

rel

=

j x

1

j + j x

2

j

j x

1

+ x

2

j

:

The subtraction of t w o n um b ers x

1

; x

2

2 l R with sign ( x

1

) = sign ( x

2

) ; j x

1

j � j x

2

j is relativ ely

norm wise ill conditioned (cancellation) .

Example 2.27 Av oidable cancellation

F or the computation of ' ( x ) =

1 � cos x

x

; j x j � 1 , the represen tation of the cosine as an in�nite

sum has to b e used:

1 � cos x

x

=

1

x

1

X

i = 1

( � 1 )

i + 1

x

2i

( 2i )!

=

x

2

[ 1 �

x

2

12

+
�

::: ] :

F or x = 10

� 4

, w e ha v e

x

2

12

< 10

� 9

. Using Leibniz' theorem on alternating sums , w e �nd that

x

2

is an appro ximation of ' ( x ) with eigh t signi�can t �gures .
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Example 2.28 Condition of a linear algebraic system
Consider Ax = b with A 2 lRn� n ; b 2 lRn, where we assume A :

' : lRn ! lRn ; ' (b) := A � 1b =) (J' )(b) = A � 1 =)

� abs = kA � 1k ; � rel =
kbk

kA � 1bk
kA � 1k =

kAx k
kxk

kA � 1k � k A k kA � 1k :

De�nition 2.29 Condition of a matrix
Assume A 2 lRn� n to be regular and let k � k be a matrix norm. Then, the quantity

� (A ) := kA k kA � 1k

is called the condition of the matrix A which describes the relative normwise condition
of a linear algebraic system with respect to errors of the right-ha nd side.
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The notorious example : Hilbert - matrix
The Hilbert - matrix H n 2 lRn� n is de�ned by h ij = 1=(i + j � 1) ; 1 � i ; j � n:

H n :=

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1 1
2 � � � 1

n
1
2

1
3 � � � 1

n+ 1
� � � � � �
� � � � � �
1
n

1
n+ 1 � � � 1

2n� 1

1

C
C
C
C
C
C
C
C
C
C
C
C
A

:

The condition � 2(H n) = kH nk2 kH � 1
n k2 grows exponentially with n:

� 2(H n) � exp(3:5n)

n 2 3 4 5 8 10 12 14 16
� 2(H n) 1.9281E01 5.2406E02 1.5514E04 4.7661E05 1.5258E10 1.6026E13 1.7132E16 1.8534E19 2.0223E22
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2.2.2 Analysis of the componentwise condition
Example 2.30 De�cits of the normwise condition
Consider the decoupled linear algebraic system Ax = b with

A =
0

B
@

1 0
0 "

1

C
A ; A � 1 =

0

B
@

1 0
0 " � 1

1

C
A ; 0 < " � 1 :

We expect: Same condition as for a scalar linear equation. But:

� 1 (A ) = kA k1 kA � 1k1 = " � 1 ! 1 (" ! 0) :

De�nition 2.31 Componentwise well-posed problems
The problem (' ; x) is called componentwise well-posed in E� (x) = f ~x 2 D j j~x i � x i j � � ;
1 � i � ng, if there exist numbers L ij � 0 ; 1 � i � m ; 1 � j � n, such that

(� ) j' i(~x) � ' i(x)j � L ij j~x j � x j j ; 1 � i � m ; 1 � j � n ; ~x 2 E� (x) :

We de�ne L ij (� ) := min f L ij j (� ) is satis�ed g and set L(� ) := ( L ij (� ))m n
i= 1;j= 1.
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De�nition 2.32 Absolute and relative componentwise condition
Assume that the problem (' ; x) is componentwise well-posed. Then, the quantities

� abs := lim
� ! 0

kL(� )k1 ; � rel := lim
� ! 0

kL(� ) jx jk1

k' (x)k1

are referred to as the absolute and relative componentwise condition of (' ; x).
Here, jx j has to be understood as the vector with the components jx i j ; 1 � i � n.
If ' i(x) 6= 0 ; 1 � i � m, the relative componentwise condition can be alternatively
de�ned by

~� rel := lim
� ! 0

max
1� i � m

(L (� ) jx j)i

j' i(x)j
:

In contrast to � rel , the quantity ~� rel is submultiplicative in the sense that for

' 1 : D 1 � lRn ! lRm ; ' 2 : D 2 � lRm ! lR` with ' 1(D 1) � D 2 there holds:

~� rel (' 2 � ' 1; x) � ~� rel (' 2; ' 1(x)) ~� rel (' 1; x) :
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2.3 Numerical Stability of Algorithms
The numerical evaluation of (' ; x) is done by means of a partition of ' into �nitely many ele-
mentary 
oating point operations. According to Chapter 2.1, these ope rations involve errors,
i.e., as a result we obtain ~' (~x) where ~' denotes a perturbation of ' . The mapping ~' consists
of perturbed elementary operations.
De�nition 2.37 Algorithm
Let ' : D � lRn ! lRm be a given mapping. An algorithm for the computation of ' (x) ; x 2 D ,
is a sequence of �nitely many elementary arithmetical operati ons

' i : D i � lRn i ! D i+ 1 � lRn i+ 1 ; 1 � i � r with

' = ' r � ' r � 1 � ::: � ' 1 ; D 1 := D ; D r+ 1 � lRm :

The perturbed mapping ~' admits an analogous decomposition involving the perturbed
mappings ~' i ; 1 � i � r ,
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Problem: Let ~' (x) � ' (x) be the error caused by an algorithm and let ' (~x) � ' (x) be the
error due to incorrect input data. Are these errors of the same order ?
If so, the algorithm is said to be stable. The stability can be investigated by means of two
tools: the forward analysis and the backward analysis .
2.3.1 Forward Analysis

(x)

j : E R

x

dE = E

~

(E)

~j (
~
x )

~

R = j (E)

~
R = j

Set of all errors in the input data and all errors caused by the algor ithm: ~R = S

~' 2�
~' (E),

where � denotes the set of all perturbed mappings.

If ~R is of the same order as R := ' (E), the algorithm is called stable with regard to the for-
ward analysis .
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Quantitative consideration: Let � i ; 1 � i � r , be the relative componentwise conditions of the
mappings ' i as given by

max
1� j � n i+ 1

j' i(~u) � ' i(u)j j
j' i(u)j j

�
�

� i max
1� j � n i

j~u � uj j
juj j

; u; ~u 2 D i :

Theorem 2.38 Componentwise forward analysis
De�ne E� (x) = f ~x 2 D j j~x � xj i � � jx j i ; 1 � i � ng and assume that for the relative component-
wise error of the mappings ' i ; 1 � i � r , there holds

(+) j ~' i(u) � ' i(u)j j � � j' i(u)j j ; 1 � j � n i+ 1 :

Then, at �rst approximation, for the total error we have

(� ) j ~' (~x) � ' (x)j �
�

~" j' (x)j ; (� ! 0) ; ~" := (1 + � r + � r � 1� r + ::: + � 1:::� r ) � :

Proof: For the ease of notation assume that all mappings ' i : D i � lR ! lR; 1 � i � r ; are scalar.
We set ~x1 := ~x ; ~x i+ 1 := ~' i(~x i) ; 1 � i � r , and x1 := x ; x i+ 1 := ' i(x i); 1 � i � r .
The proof will be achieved by induction on r .
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(i) Step 1 of the induction: r = 1

j ~' (~x) � ' (x)j = j~x2 � x2j = j ~' 1(~x1) � ' 1(x1)j � j ~' 1(~x1) � ' 1(~x1)j + j' 1(~x1) � ' 1(x1)j �
�

�
�

� j' 1(~x1)j + � 1 j~x1 � x1j j ' 1(x1)j=jx1j �
�

(� + � 1 j~x1 � x1j=jx1j) j' 1(x1)j �
�

(1 + � 1) � j' 1(x1)j :

(ii) Step 2 of the induction: Assume that the assertion holds true for r � 1.
(iii) Step 3 of the induction:

j ~' (~x) � ' (x)j = j~x r+ 1 � x r+ 1j = j ~' r (~x r ) � ' r (x r )j � j ~' r (~x r ) � ' r (~x r )j + j' r (~x r ) � ' r (x r )j �
�

�
�

(� + � r j~x r � x r j=jx r j) j' r (x r )j �
�

(� + � r [(1 + � r � 1 + ::: + � 1:::� r � 1) � ]) j' r (x r )j :

Remark 2.39 Derivation of a stability indicator
On the other hand, for the error caused by incorrect data there hold s:

j' (~x) � ' (x)j �
�

" j' (x)j ; " = � � :

Consequently: Characterization of the stability by means of

~"
"

=
1
�

(1 + � r + � r � 1� r + ::: + � 1:::� r ) :
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Considering the indicator

~"
"

=
1
�

(1 + � r + � r � 1� r + ::: + � 1:::� r ) ;

it would be appropriate to eliminate the total condition � . Since the conditions � i are submul- ,
tiplicative , we may estimate the total condition according to

j' (~x) � ' (x)j �
�

� � j' (x)j � � 1� 2:::� r| {z }
=: �"

� j' (x)j

and obtain:

~"
�"

= 1 +
1
� 1

+ ::: +
1

� 1:::� r
� 1 :

De�nition 2.40 Stability indicator
Let ' = ' r � ::: � ' 1 be a partition of the problem (' ; x) into mappings ' i ; 1 � i � r ; whose errors
behave according to (+) like the input errors. Moreover, let � i ; 1 � i � r , be the relative compo-
nentwise conditions of the subproblems (' i ; x i). Then, the quotient � := 1 + 1

� 1
+ ::: + 1

� 1:::� r
is

called the stability indicator of the algorithm .
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Corollary 2.41 Estimation of the total error
Under the assumptions of the previous de�nition, the total error can be estimated according to

j ~' (~x) � ' (x)j �
�

� 1:::� r �� j' (x)j ;

re
ecting the in
uence of the conditions of the subproblems and th e stability of the algorithm.
De�nition 2.42 Stability of an algorithm
An algorithm ' = ' r � ::: � ' 1 with r subproblems and stability indicator � is called

8
>>>>><

>>>>>:

stable
weakly stable

instable

9
>>>>>=

>>>>>;

if

8
>>>>><

>>>>>:

� � 1
� � r + 1

� � r

9
>>>>>=

>>>>>;

:

Remark 2.43 Weak stability
A weakly stable algorithm is characterized by the fact that for e ach subproblem an error is ad-
mitted that is of the same order as the input error.
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Example 2.44 Weak stabilty of the addition

' : lR � lR ! lR ; (x; y) 7�! ' (x; y) = x + y

According to Example 2.26, for the relative condition of the addition th ere holds

� =
jxj + jy j
jx + y j

� 1 =) � = 1 +
1
�

= 1 +
jx + y j

jx j + jy j
� 2 :

Hence, the addition is weakly stable.
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Example 2.45 Weak stability of the inner product

' : lRn � lRn ! lR ; (x; y) 7�! < x; y > =
nX

i= 1
x i y i :

Partition of ' into n steps according to:

' : lR2n !|{z}
' 1

lRn !|{z}
' 2

lRn� 1 ! ::: !|{z}
' n

lR

' 1(x; y) := ( x1y1; x2y2; :::; xnyn)T

' 2(z1; :::; zn) := ( z1 + z2; z3; :::; zn)T

::::::::::::::::::::: ::: :::::::::::::::::::::::::::::

' i(z1; :::; zn� i+ 2) := ( z1 + z2; z3; :::; zn� i+ 2)T ; i � 2 :

In view of � 1 = 2 and � i � 1 ; i � 2, it follows that:

� = 1 +
nX

i= 1

iY

j = 1

1
� j

� 1 +
1
2

+
nX

i= 2

1
2

= 1 +
1
2

+
n � 1

2
=

n + 2
2

:

The computation of the inner product is weakly stable.
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Example 2.46 Loss of information in case of substeps with � i � 1

' : [� � =2; + � =2] ! lR ; x 7�! ' (x) := cos x

We have:
� abs = jsin x j ; � rel = jx tan x j :

For x ! 0 there holds � rel ! 0, i.e., the problem is well conditioned for small x.
On the other hand, for the stability indicator � we have:

� = 1 +
1

� rel
! 1 (x ! 0) :

All algorithms, where the i-th substep involves the evaluation of t he function x 7�! cos x for
small x, are instable , unless the loss of information is compensated by the previous substeps
in the sense that � 1:::� i � 1� i � 1.
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Example 2.47 Evaluation of trigonometric polynomials

 (x) :
NX

k= 1
(ak cos(kx ) + bk sin(kx ))

Computation of cm := ' (x) := cos(mx ) by means of the addition theorem

cos((k + 1)x) = 2 cos x cos(kx ) � cos((k � 1)x)

results in the following three-term-recursion
ck+ 1 = 2 cos x ck � ck� 1 ; k � 1 ; c0 = 1 ; c1 = cos x :

For small x, the algorithm based on the three-term-recursion is instable , since each term of the
stabilty indicator contains the non-compensable factor 1=jx tan x j.
Remedy: Stabilized recursion after Christian Reinsch
Using the trigonometric relationship

cos(2� ) = 1 � 2 sin2�
the three-term-recursion implies

ck+ 1 = 2 (1 � 2 sin2x
2

) ck � ck� 1 =) ck+ 1 � ck| {z }
= �c k

= � 4 sin2x
2

ck + ck � ck� 1| {z }
= �c k� 1

:
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We obtain an equivalent system of two two-term-recursions

�c k = � 4 sin2(
x
2

) ck + �c k� 1 ;

ck+ 1 = ck + �c k ; k � 1

with initial values c0 = 1 and �c 0 = � 2sin2(x
2).

If we take account of
1

� rel
=

j' (x)j
j' 0(x)j jx j

=
jtan (x

2)j
jx j

!|{z}
x! 0

1
2

;

the evaluation of ' (x) = sin2(x
2) is stable for small values of x.



University of Houston, Department of Mathematics
Numerical Analysis, Fall 2005

Example 2.48 Dependence of the stability on the ordering of the opera tions
Computation of the variance according to

(1) ' (x) =
1
n

nX

i= 1
(x i � �x )2 ; (2) ' (x) =

1
n

(
nX

i= 1
x2

i � n �x 2) :

where x 2 lRn and �x = 1
n

nP

i= 1
x i stands for the mean value.

The stability indicators are given by

� (1;2) = 1 +
rX

i= 1

iX

j = 1

1

� (1;2)
j

:

The subtractions in (1) and (2) are ill conditioned, i.e., � sub � 1, if �x � x i .
If we compute the variance according to (1) and perform the subtractions �rst, each term in
� (1) contains the factor 1

� sub
� 1; and we obtain � (1) � 1.

On the other hand, if we use version (2), this factor only occurs in the last term and hence,
it follows that � (2) � 1. Consequently, version (1) is numerically more stable than version (2).
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2.3.2 Backward Analysis
Idea: Interpretation of the error, caused by the algorithm, as an additi onal input error.

j
~x

(x)
(

j

)x~

dEE = (E)jR = 

:
x̂)(j

j

Ê

RE:

=j~

RE
(

x̂
)x

~

Interpretation of the result ~' (~x) ; ~x 2 E as the exact result ' (x̂ ) of perturbed input data x̂ ,
i.e., ~' (~x) = ' (x̂ ).
We have to assume that ~' (E)� ' (D ). If ' is not injective, there may exist more than one x̂
with x̂ = ' � 1(~' (~x)). We then choose that x̂ with minimal distance to the unperturbed element,
i.e.,

(+) kx̂ � xk = min
z2 ' � 1( ~' (~x))

kz � xk :
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j
~x

(x)
(

j

)x~

dEE = (E)jR = 

:
x̂)(j

j

Ê

RE:

=j~

RE
(

x̂
)x

~

For ~x 2 E and ~' 2 � ; we set:

Ê(~x; ~' ) := f x̂ 2 lRn j ' (x̂ ) = ~' (~x) ; kx̂ � xk = min
z2 ' � 1( ~' (~x))

kz � xk g ;

Ê :=
[

~x2E; ~' 2 �
Ê(~x; ~' ) :

If Ê is of the same magnitude as the input set E, the algorithm is said to be stable in the sense
of the backward analysis .
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De�nition 2.49 Backward Error
Given ~x 2 E and ~' 2 � , let

~� (~x; ~' ) = min f k x̂ � xk j ' (x̂ ) = ~' (~x) g :

The quantity
~� = sup

~x2E�
sup
~' 2 �

~� (~x; ~' )

is called the backward error of the algorithm.
Theorem 2.50 Absolute normwise backward error
Let the algorithm be given by ' = ' r � ::: � ' 1 : D � lRn ! lRm . Assume that the mappings
' i : D i � lRn i ! D i+ 1 ; 1 � i � r , are continuously di�erentiable with invertible Jacobians (J' i

)(x i),
where x1 = x and x i+ 1 = ' i(x i) ; 1 � i � r . Moreover, let the condition numbers be given by
� i = k(J' i

)(x i)k ; 1 � i � r , and let � be the associated stability indicator.
Let E� = f ~x j k~x � xk � � g be the input set and � � = f ~' = ~' r � ::: � ~' 1 j k ~' i(u) � ' i(u)k � � ; u 2 D i ;
1 � i � rg the set of perturbed mappings, whose error is bounded by � .
Then, at �rst approximation, the error ~� with respect to E� ; � � satis�es:

~� �
�

� � (� ! 0) :

2
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Proof: Induction on r :
(i) Step 1 of the induction: r = 1
x̂ � x = ' � 1

1 (' 1(x̂ )) � ' � 1
1 (' 1(x)) := ( J' � 1

1
)(' 1(x)) (' 1(x̂ � ' 1(x)) = ( J' � 1

1
)(' 1(x)) ( ~' 1(~x � ' 1(x)) :

It follows that
kx̂ � xk �

�
k(J' � 1

1
)(' 1(x))k k~' 1(~x � ' 1(x)k � k (J' � 1

1
)(' 1(x))k [ k~' 1(~x � ' 1(~x)k + k' 1(~x � ' 1(x)k ] :

Observing (J' � 1
1

)(' 1(x)) = (( J' 1
)(x))� 1, we obtain

k(J' � 1
1

)(' 1(x))k �
1

kJ' 1
(x)k

=
1
� 1

:

Moreover, we have

k~' 1(~x � ' 1(~x)k � � ; k' 1(~x � ' 1(x)k � � 1 � ;

and hence,

kx̂ � xk �
� 1

� 1
(� + � 1 � ) = � (1 +

1
� 1

) :
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(ii) Assumption: Let the assertion be true for r � 1
(iii) Proof of the assertion for r

x̂ � x = ' � 1
1 (' � 1

2 � ::: � ' � 1
r (' (x̂ ))) � ' � 1

1 (' � 1
2 � ::: � ' � 1

r (' 1(x))) :=

(J' 1
)� 1[' � 1

2 � ::: � ' � 1
r ( ' (x̂

| {z }

= ~' (~x)

) � ' � 1
2 � ::: � ' � 1

r (' (x))] :

For ~' (~x), there exists x̂ 1 2 D 2 such that ~' (~x) = ' r � ::: � ' 2(x̂ 1). According to the assumption:

kx̂ 1 � ' 1(~x)k �
�

(1 +
1
� 2

+ ::: +
1

� 2:::� r
) � :

It follows that:

kx̂ 1 � ' 1(~x)k �
� 1

� 1
[ kx̂ 1 � ' 1(~x)k + k' 1(~x) � ' 1(x)k ] �

�
1
� 1

[ (1 +
1
� 2

+ ::: +
1

� 2:::� r
) � + � 1 � ] = � (1 +

1
� 1

+ ::: +
1

� 1:::� r
) = � � :
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Remark 2.51 Validity of the backward analysis
The preceding result does not only hold true for the absolute normwi se error concept, but for all
previously introduced error concepts (i.e., it also holds true f or the absolute componentwise and
the relative normwise error concepts). The submultiplicativi ty of the condition is not required.

Corollary 2.52 Estimation of the total error
Under the assumptions of Theorem 2.50, the total error satis�es

k~' (~x) � ' (x)k �
�

� �� (� ! 0) :
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2.4 Error analysis of the solution of linear algebraic systems
Reminder: Chapter 2.3 told us that for regular A 2 lRn� n the condition number

� (A ) = kA � 1k kA k

represents some measure of the relative normwise error of the solut ion of the linear alge-
braic system Ax = b with regard to perturbations of the right-hand side b.
The following argument shows that this also holds true with regar d to perturbations of the
coe�cient matrix A :
Let Gl (n) be the linear space of all invertible matrices A 2 lRn� n and

 : Gl (n) ! Gl (n)

A 7�!  (A ) := A � 1 :

Di�erentiation of the equation

(A + t C ) (A + t C )� 1 = I ; C 2 lRn� n

with respect to t yields:

C (A + t C )� 1 + ( A + t C )
d
dt

(A + t C )� 1 = 0 :
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Using
(A + t C ) (A + t C )� 1 = I ; C 2 lRn� n ;

for t = 0 we obtain
 0(A ) C =

d
dt

(A + t C )� 1jt = 0 = � A � 1 C A � 1 :

Now, de�ne the mapping
' : Gl (n) ! lRn

A 7�! ' (A ) := A � 1b :

With C 2 lRn� n it follows that

' 0(A ) C = � A � 1 C A � 1 b = � A � 1 C x (observe x = A � 1b) ;

and hence,
� abs = k' 0(A )k = sup

kCk= 1
k' 0(A ) Ck � k A � 1k kxk ;

� rel =
kA k
kxk

k' 0(A )k � k A � 1k kA k = � (A ) :
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Lemma 2.53 Properties of the condition number
The condition number � (A ) of a matrix A 2 Gl (n) satis�es

(1) � (A ) � 1 ;

(2) � (� A ) = � (A ) ; � 2 lR ; � 6= 0 ;

(3) A is singular () � (A ) = 1 :

De�nition: Numerically singular matrix
Let A 2 lRn� n and let � be the relative accuracy of A , i.e., EA = f ~A 2 lRn� n j k ~A � A k � � kA kg.
Then, A is said to be almost singular or numerically singular , if

� (A ) � � 1 :
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Example: Numerically singular coe�cient matrix
The following example shows that a linear algebraic system wit h a numerically singular matrix
can be numerically well posed:

0

B
@

1 1
0 "

1

C
A

0

B
@

x1

x2

1

C
A =

0

B
@

2
"

1

C
A ; 0 < " � 1 with the solution ' (" ) = A � 1b = ( 1; 1)T :

Since ' 0(" ) = 0, the problem is well conditioned for all " . On the other hand:

A � 1 =
0

B
@

1 � " � 1

0 " � 1

1

C
A =) � 1 = kA � 1k1 kA k1 =

2
"

� 1 :

Now, consider the linear algebraic system
0

B
@

1 1
0 "

1

C
A

0

B
@

x1

x2

1

C
A =

0

B
@

0
1

1

C
A ; 0 < " � 1 with the solution ' (" ) = A � 1b = ( � " � 1; " � 1)T :

The componentwise conditions are given as follows

� abs = k' 0(" )k1 = " � 2 ; � rel =
k j' 0(" )j j " jk1

k' (" )k1
= 1 :
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2.4.2 Backward analysis of the Gauss elimination
(i) Investigation of the basic steps: Staggered systems and LR dec omposition
Theorem 2.54 Staggered systems
Let L 2 lRn� n be a lower triangular matrix, b 2 lRn and let ~z be the solution of

L z = b ;

computed in 
oating point arithmetics.
Then, ~z is the exact solution of a perturbed system ~L~z = b with a lower triangular matrix ~L
for which there holds

j~̀ij � ` ij j � � (i � j + 2) eps j` ij j ; i > j :

Here, � � 1 is a constant which only depends on the arithmetics.



University of Houston, Department of Mathematics
Numerical Analysis, Fall 2005

Theorem 2.55 Gauss' triangular decomposition
The Gauss triangular decomposition A = LR of a matrix A 2 lRn� n, computed in 
oating
point arithmetics, leads to triangular matrices ~L; ~R with ~L ~R = ~A , where

(� ) j~aij � aij j � � n � max eps ; 1 � i ; j � n ;

(?) � max = max
1� k� n

ja(k)
ij j :

Here, � � 1 is a constant which only depends on the arithmetics.
Remark 2.56 Impact of pivoting
The quantity � max as given by (?) depends on pivoting:

In case of complete pivoting , we obtain

� max � [ n � 21 � 31=2 � ::: � nn=(n� 1) ]1=2 max
1� i ;j � n

jaij j :

For column pivoting , it follows that

(� ) � max � 2n� 1 max
1� i ;j � n

jaij j :

The upper bound in (� ) is sharp (Example: aij = 1 ; i � j ; and aij = � 1 ; i > j ) .
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(ii) Investigation of the Gauss elimination
Theorem 2.57 Gauss' elimination
Let A 2 lRn� n ; b 2 lRn and let ~x be the solution of the linear algebraic system Ax = b,
computed in 
oating point arithmetics. Under the assumption n eps < 1, it follows that ~x is
the exact solution of a perturbed system ~A~x = b with

(� ) j ~A � A j � 
 n (2 + 
 n) j~L j j ~Rj ; 
 n =
n eps

1 � n eps
:

Remark 2.58 The relevance of (� )
The estimate (� ) does not imply the numerical stability of Gauss' elimination, s ince it is
possible that j~L j j ~Rj � j ~L ~Rj � j LR j = jA j.
Moreover, we observe that the condition of A is not involved (we only investigate stability!).
If A is ill conditioned, we are typically faced with cancellation le ading to 'small' j ~Rj. Together
with column pivoting ( j~L j � 1) this leads to a 'small' upper bound in (� ).
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(iii) Weak stability of the Cholesky - decomposition
Theorem 2.59 Cholesky - decomposition
The Cholesky - decomposition A = LL T of an spd-matrix A 2 lRn� n, performed in 
oating
point arithmetics, is weakly stable. It results in a lower tri angular matrix ~L, such that
for ~A = ~L ~L T there holds

j~aij � aij j � � n �� max eps ; �� max = max
1� i � n

aii ;

where the constant � � 1 only depends on the arithmetics.
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Relative backward error for the Gauss elimination
Problem: Quality assessment of the approximate solution ~x of a linear system Ax = b.
In general, the residual r (~x) = b � A~x does not represent a suitable tool for the quality of
the approximation of x = A � 1b by ~x (e.g., the residual can be arbitrarily modi�ed by row
scaling).
Appropriate concept: Relative backward error
Theorem 2.60 Normwise relative backward error
Let A 2 lRn� n be regular, b 2 lRn and let ~x be some approximation of the solution of Ax = b.
Consider ' (A ; b) := A � 1b and choose k(A ; b)k := kA k + kbk as the norm in the domain of
de�nition. Then, the normwise relative backward error is given by

~� (~x) =
kA~x � bk

kA k k~xk + kbk
:
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Theorem 2.61 Componentwise relative backward error (Theorem of Prager and Oettli)
Let A 2 lRn� n be regular, b 2 lRn, and let ~x be some approximation of the solution of Ax = b.
Then, for the componentwise relative backward error there holds

~� C(~x) = max
1� i � n

jA~x � bj i
(jA j j~xj + jbj)i

:

Example 2.62 Illustration of the theorem of Prager and Oettli
Consider the linear algebraic system
0

B
B
B
B
B
@

3 2 1
2 2" 2"
1 2" � "

1

C
C
C
C
C
A

0

B
B
B
B
B
@

x1

x2

x3

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

3 + 3"
6"
2"

1

C
C
C
C
C
A

; " = 3 � 10� 10 with the solution x 1 = " ; x2 = x3 = 1 :

Gauss elimination with column pivoting results in

~x1 = 6:20881717 � 10� 10 ; ~x2 = ~x3 = 1 =) ~� C(~x) = 0:15 :
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Theorem 2.63 Weak stability of Gauss elimination with column pivoti ng and one post
processing step (Theorem of Skeel)

Let A 2 lRn� n be regular, b 2 lRn, and let x 2 lRn be the solution of Ax = b. Moreover, denote by

� C(A ) = k jA � 1j jA j k1

the so-called Skeel condition and by

s(A ; x) =
max

1� i � n
( jA j jx j )i

min
1� i � n

( jA j jx j )i

some measure of the scaling of the problem. Assume that for some constant K n � n there holds

K n � c(A ) s(A ; x) eps < 1 :

Then, the stability indicator � of Gauss elimination with column pivoting and one post pro-
cessing step is given by

� � n + 1 :
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Example 2.62 (revisited) Illustration of the Theorem of Skeel
Consider the linear algebraic system
0

B
B
B
B
B
@

3 2 1
2 2" 2"
1 2" � "

1

C
C
C
C
C
A

0

B
B
B
B
B
@

x1

x2

x3

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

3 + 3"
6"
2"

1

C
C
C
C
C
A

; " = 3 � 10� 10 with the solution x 1 = " ; x2 = x3 = 1 :

For Skeel's condition and the scaling measure, we obtain

� C(A ) := 6 ; s(A ; x) = 2:0 � 109 :

Hence, the problem is well conditioned , but scaled very poorly . In case eps = 10� 14 it follows
that the condition K n � C(A ) s(A ; x) eps < 1 in Skeel's theorem is satis�ed.
Gauss elimination with column pivoting yields

~x1 = 6:20881717 � 10� 10 ; ~x2 = ~x3 = 1 =) ~� C(~x) = 0:15 :

After one post processing step, we obtain an approximation x (1) satisfying

~� C(x (1) = 10� 9 :


