Chapter 1 Foundations of Elliptic Boundary Value
Problems

1.1 Euler equations of variational problems

Elliptic boundary value problems often occur as the Euler equations of
variational problems the latter representing the optimality conditions
of minimization problems.

As a simple example let us consider the computation of the stationary
equilibrium of a clamped membrane (cf. Figure 1).

X2

Figure 1: Deflection of a clamped membrane

A membrane is a surfacic, in its ground state plane, elastic body, whose
potential energy is directly proportional to the change of the surface
area. Thus, the ground state can be described by a bounded domain
Q) C IR? with boundary T' = 9 which we assume to be piecewise
smooth.

Under the influence of a force with density f = f(z),z € €2, which acts
perpendicular to the (z1, z5)-plane, the membrane is deflected in the z3
direction. The deflection will be described by a function u = u(xy, z5).
Since the membrane is clamped at its boundary I, there is no deflection
for x € T, i.e., we have u(xy,25) = 0,2 = (21, 29) € I

The equilibrium state is characterized as the physical state, where
the total energy of the membrane attains its minimum. The total
energy J = J(u) consists of the potential energy J = J, and the
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energy J = Jy associated with the exterior force f according to
(1.1) J=J, — Jy.

As said before, the potential energy is proportional to the change in

surface area
/(1 + |Vu»)Y? de — /dm :

Q Q

where Vu := (0u/0xy, 0u/0xs).
If we restrict ourselves to small deflections, i.e., |Vu| < 1, we obtain

1
/(1 + |Vu)V? dz = /d:v +5 / |Vul? dz + o |[Vul?) .
Q Q Q
This results in

(12) () = ';L/\VU\Q d
Q

where the quantity ;4 > 0 ia a material constant that reflects the elastic
response of the membrane.
On the other hand, we have

(1.3) Jp(u) = /fu dx .
Q
Consequently, using (1.2) and (1.3) in (1.1) yields

(1.4) J(u) = ;/\vuﬁ dr — /fu iz
Q Q

We refer to L?(€2) as the Hilbert space of square integrable functions
with the inner product

(u,v)o0 = /uv dx .
Q
We equip the function space C}(Q) with the inner product

(u,v)10 = /uv dr + /VU-VU dx .
Q 0

However, the space V := (C}(Q2) | || - [|1.2) is not complete. We denote
its completion with respect to the ||-||; o-norm by HJ(€2). (A systematic
introduction to Sobolev spaces will be provided in Chapter 2).

Assuming f € L*(12), the determination of the stationary state of the
deflected membrane amounts to the solution of the unconstrained
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minimization problem:
Find u € H}(Q) such that

(1.5) Jw) = inf ().

Minimization problems such as (1.5) can be shown to admit a unique
solution under more general assumptions. We assume V' to be a Hilbert
space with inner product (-, )y and consider a functional J : V' — IR :=
[_007 +OO]'

Definition 1.1 Lower semicontinuous functionals

A functional J : V — IR is called lower semicontinuous [weakly
lower semicontinuous| at u € V, if for any sequence (u,),en such
that

Up, — u (n—00) [u, = u (nelN)
there holds

J(u) < liminf J(u,) .

n—0oo

Example 1.2. Examples of lower semicontinuous functionals
(i) Let V:=IR and
o +1 , v<0
J(v) = { 1 w0

Then J is lower semicontinuous on IR.
(ii) Let K C V be a closed, convex set. Then, the indicator function
of K as given by

0 , vekK
Ix(v) = {—i—oo , vE K

is lower semicontinuous on V.

Lemma 1.3 [[1]] Properties of convex sets
Assume that K C V is a closed, convex set. Then K is weakly closed.

Definition 1.4 Proper convex functionals

We recall that a functional J : V — IR is called convex, if for all
u,v € V and A € [0, 1] there holds

TJOw+ (1= M\o) < M) + (1—NJ(),

provided the right-hand side in the above inequality is well-defined.
A convex functional J : V' — IR is said to be proper convex, if
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J(v) > —oo,v €V, and J # +oo.
A convex functional J : V' — IR is called strictly convex, if

JAu+ (1 =Nv) < A(u) + (1 =X)J(v)
for all u,v € V,u # v, and A € (0,1).
Lemma 1.5 [[1]] Properties of convex functionals
Assume that J : V' — IR is a lower semicontinuous, convex functional.
Then J is weakly lower semicontinuous.

Definition 1.6 Coercive functionals
A functional J : V — IR is said to be coercive, if

J(v) — 400 for |jv]|y — o0 .

Theorem 1.7 Solvability of minimization problems

Suppose that J : V' — (—o0,400],J # +o0, is a weakly semicon-
tinuous, coercive functional. Then, the unconstrained minimization
problem

(1.6) J(u) = inf J(v)

veV

admits a solution v € V.

Proof. Let ¢ :=inf,cy J(v) and assume that (v,),en i @ minimizing
sequence, i.e., J(v,) — ¢ (n — 00).

Since ¢ < +o0 and in view of the coercivity of J, the sequence (v,,),en
is bounded. Consequently, there exist a subsequence N’ C IN and
uw € V such that v, = u (n € IN'). The weak lower semicontinuity of
J implies

J(u) < inf J(v,) = ¢,

T nelN’

whence J(u) = c.

Theorem 1.8 Existence and uniqueness

Suppose that J : V — IR is a proper convex, lower semicontinuous,
coercive functional. Then, the unconstrained minimization problem
(1.6) has a solution u € V.

If J is strictly convex, then the solution is unique.

Proof. In view of Lemma 1.5 the existence follows from Theorem 1.7.
For the proof of the uniqueness let u; # u, be two different solutions.
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Then there holds

J(%(ul—i—uQ) < %J@Ll) + %J(uz) ~ inf J(v) |

veV

which is a contradiction.
[ ]

We recall that in the finite dimensional case V' = IR", a necessary opti-
mality condition for (1.6) is that V.J(u) = 0, provided J is continuously
differentiable. This can be easily generalized to the infinite dimensional
case.

Definition 1.9 Gateaux-Differentiability

A functional J : V — IR is called Gateaux-differentiable in v € V,
if

(s 0) — /\111161 J(u—l—/\i/)\)—J(u)
—U+

exists for all v € V. J'(u;v) is said to be the Gateaux-variation of
J in u € V with respect to v € V.
Moreover, if there exists J'(u) € V* such that

J(u;0) = J(u)(v) =< J'(u),v>yy,veV,
then J'(u) is called the Gateaux-derivative of J in u € V.

Theorem 1.10 Necessary optimality condition

Assume that J : V — IR is Gateaux-differentiable in u € V with
Gateaux-derivative J'(u) € V*. Then, the variational equation

(1.7) <J(u),v>ysy =0 , veV

is a necessary condition for v € V' to be a minimizer of .J.
If J is convex, then this condition is also sufficient.

Proof. Let u € V be a minimizer of J. Then, there holds
Juxtv) > Ju) , A>0,veV,
whence
<J(u),tv>yy >0, veV,
and thus
< J'(u),
If J is convex and (1.7) holds true, then
Ju+Av—u) = JAw+(1-=Nu) < AJ(v)+(1-N)J(u),

U>V*,V:0 , velV.
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and hence,

Ao — u)) —
0 = <J(u),v—u>ypy = lim J(u+ Aw = w)) = J(u)

<
AA’O* A -
< Jw) = J(u) .

Exercise 1.11 Application to the membrane problem

Show that the membrane problem (1.5) has a unique solution u €
H}(Q) that is the solution of the variational equation

(1.8) ,u/Vu-Vvdx = /fvdx . vE H(Q).
Q Q

Let us assume that f € C'(Q2) and that the solution u € Hj(S2) of (1.8)
has the regularity property u € C?*(Q2) N Cy(Q2). Then, Green’s
formula

/u v dx:—/avvd:l:—k/niuvda , 1<i<2,
0 T

Q

where n := (ny,n,)7 is the exterior unit normal vector, yields

/Vqud:p = —/Auvdw+ /%vda.
on
r

Q Q
—_——
=0

Consequently, (1.8) can be written as

(1.9) /(—uAu — flvde =0 , veH)(Q).
Q
Since (1.9) holds true for all v € H} (), we conclude that
—u Au(z) = f(z) ffa.zeQ.
By continuity, we find that u satisfies the boundary value problem
(1.10) —u Au(z) = flx) , z€Q,
uwz) = 0 , xzel.

Definition 1.10 Euler equation

The boundary value problem (1.10) is referred to as the Euler equa-
tion associated with the minimization problem (1.5).



Finite Element Methods 7

1.2 Existence and uniqueness results for variational
equations

In this section, we are concerned with a fundamental existence and
uniqueness result for variational equations in a Hilbert space setting.
We assume that V' is a Hilbert space with inner product (-,-)y and
associated norm ||-||y and we refer to V* as its algebraic and topological
dual. Given a bilinear form a(-,-) : V' xV — IR and an element ¢ € V",
i.e., a bounded linear functional on V', we consider the variational
equation:

Find uw € V' such that

(1.11) a(u,v) = Lv) , veV.

Definition 1.11 Bounded bilinear forms
A bilinear form a(-,-) : V' x V' — IR is said to be bounded, if there

exists a constant C' > 0 such that
(1.12) la(u,v)] < C |lullv vy , wveV.

Definition 1.12 V-elliptic bilinear forms

A bilinear form a(-,-) : V' xV — R is called V' - elliptic, if there exists
a constant a > 0 such that

(1.13) la(u,u)] > « Hu||%/ , uevV.

The following celebrated Lemma of Lax-Milgram is one the funda-
mental principles of the finite element analysis and states an existence
and uniqueness result for variational equations of the form (1.11).
Theorem 1.11 Lemma of Lax-Milgram

Let V' be a Hilbert space with dual V* and assume that a(-,-) : V' x
V' — IR is a bounded, V-elliptic bilinear form and ¢ € V*. Then, the
variational equation (1.11) admits a unique solution u € V.

Proof. We denote by A : V' — V* the operator associated with the
bilinear form, i.e.,

(1.14) Au(v) = a(u,v) , w,veV.

We note that A is a bounded linear operator, since in view of (1.12)

Au(v
vr = sup‘ ()| < C ullv.

[ Aul <
vr0 [0llv
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and hence,

VI < (.

|| Aul
|Al = sup
w0 |ully
In order to state the variational equation (1.11) as an operator equation
in V', we further consider a lifting from V* to V' provided by the Riesz
map

TV >V
{ — 70,
given by
(1.15) l(v) = (tlv)y , velV.
It is easy to verify that the Riesz map is an isometry, i.e.,
(1.16) v = [y , LeV™.

In terms of the Riesz map, the variational equation (1.11) can be equiv-
alently written as the operator equation

(1.17) T(Au—10) = 0.

We prove the existence and uniqueness of a solution of (1.17) by an
application of the Banach fixed point theorem. to this end we
introduce the map

(1.18) T:V -V
Tv =v — p(r(Av—=10)) , p>0.

Obviously, u € V' is a solution of (1.17) if and only if v € V' is a fixed
point of the operator 7. To prove existence and uniqueness of a fixed
point in V', we have to show that the operator 7" is a contraction on
V, i.e., there exists a constant 0 < ¢ < 1 such that

(1.19)  [|[Tv; —Twslly < qlvi —wallvy , v, €V .
Indeed, setting w := v; — vy we have
[Twllf = lw—p7 Awlf}, =
= |wlla = 2p (TAw,w)y + p* |[TAw|} <
—— ——

= a(w,w) ~ [l Aw|2.
< (1 =200+ 22 C) Julf.
Clearly, we have

(1—2pa+p202> <l = p<H5,
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which gives the assertion.

1.3 The Ritz-Galerkin method

In general, we cannot access the solution of the variational equation
(1.11) analytically. Therefore, we have to resort to numerical meth-
ods. A widely used approach is the so-called Ritz-Galerkin method,
where we are looking for an approximate solution in a suitable fi-
nite dimensional subspace of V}, C V:

Find u,;, € V), such that

(120) a(uh,vh) = E(vh) , Up & Vi .

If a(+,-) is a bounded, V-elliptic bilinear form, then the Lemma of Lax-
Milgram tells us that (1.20) admits a unique solution u; € V.

The appropriate choice of V}, is dominated by two important issues
that will be the focus of our analysis in the subsequent chapters:

e Construction of V}, such that the linear algebraic system
represented by (1.20) can be efficiently solved.
e Estimation of the global discretization error u — wy.

The first issue crucially hinges on the proper selection of a basis of the
finite dimensional subspace V},:
(1.21) Vi, = span {p1,....,0n,} , dimV, =n, .

We may represent the solution u; as a linear combination of the basis
functions according to

np

(122) Uup = ZOKJ' Pj -
j=1

Obviously, (1.20) is satisfied for any v, € Vj, if and only if it holds
true for all basis functions ¢;,= i < n;. Therefore, inserting (1.21) into
(1.20) and choosing v, = ¢;,i = 1,...,n,, we see that indeed (1.20)
corresponds to the linear algebraic system

Np

(1.23) Za(%‘a%) a; = Lp) . 1<i<ny,.
j=1
Motivated by applications in structural mechanics, we define:
Definition 1.13 Stiffness matrix and load vector
The matrix A, = (a;;);j_, with entries
(124) Q55 = a(@j?@?) 3 1 S Zu] S np .
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is called the stiffness matrix and the vector b, = (b1, ...,b,,)" with
components

is referred to as the load vector.

The unknowns in (1.23) are the coefficients a;, 1 < i < n;, which con-
stitute the solution vector ay, = (ay, ..., a, ) .

In summary, the linear algebraic system (1.23) can be concisely written
as

(126) AhOéh = bh.

The second issue about the accuracy of the Ritz-Galerkin approach
can be answered by an important orthogonality property of the error
which is called Galerkin orthogonality.

Lemma 1.6 Galerkin orthogonality

Under the assumptions of the Lax-Milgram Lemma, let v € V and
up € Vj be the unique solutions of (1.11) and (1.20), respectively.
Then, there holds

(1.27) alu—up,vp) =0 , v, €V

Proof. Since Vj, C V, (1.11) also holds true for all v, € V},. Subtrac-
tion of (1.20) from (1.11) gives the assertion.

Remark 1.1 Elliptic projection

The Galerkin orthogonality has an immediate and helpful geometric
interpretation. If we additionally assume that the bilinear form a(-, -)
is symmetric, it defines an inner product on V. Then, (1.27) tells us
that u, € Vj, is the projection of v € V onto V}. Since af(-,-) is V-
elliptic, u;, € V), is said to be the elliptic projection of u € V onto
Vh.

In lights of the preceding remark, we expect the error v — uy, in the
norm || - ||y to be related to the best approximation of the solution
u € V by an element in V.

This holds true in the general case and is the result of another funda-
mental tool in the finite element analysis, the Lemma of Céa:

Theorem 1.12 Lemma of Céa

Under the assumptions of the Lemma of Lax-Milgram let v € V' and
up € Vj be the unique solutions of (1.11) and (1.20), respectively.
Then, there holds

C
1.28 —uy < — Inf — vy, )
(1.28) lu —unlly < S o |u — vpllv
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Proof. Taking the V-ellipticity and the boundedness of a(-,-) as well
as the Galerkin orthogonality (1.27) into account, for any v, € V}, we
have

allu—upll} < alu—up,u—up) =

= a(u—up,u—uvp) + alu—up,vp —up) <

-

-~

=0
< Cllu=ullv lu—wvallv
which proves (1.28).
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