Chapter 2 Sobolev spaces

In this chapter, we give a brief overview on basic results of the theory
of Sobolev spaces and their associated trace and dual spaces.

2.1 Preliminaries

Let € be a bounded domain in Euclidean space IR?Y. We denote by Q
its closure and refer to I' = 9€2 := () \ 2 as its boundary. Moreover, we
denote by Q. :=IR?\ Q the associated exterior domain.

We consider functions u : {2 — IR and denote by
olely

Oz 0xs?...0xy"
its partial derivatives of order |a|. Here, a = (o, ...,aq)" € INZ is a
multiindex of modulus |o| = Z?Zl Q.
We define by C"(€)), m € INy, the linear space of continuous functions
on {2 whose partial derivatives Du, |a| < m, exist and are continuous.
C™(€) is a Banach space with respect to the norm

D% . =

ul|lom = max sup |D%u(x)]| .

Jullcme =, max sup|D*u(o)
We refer to C"*(€2),m € INy,0 < a < 1, as the linear space of func-
tions in C"™(§2) whose m-th order partial derivatives are Holder con-
tinuous, i.e., for all 3 € IN¢ with |3] = m there exist constants I's > 0
such that for all =,y € Q

DPu(z) — DPu(y)] < Ty lo—y|* .
We note that C"™(Q)) is a Banach space with respect to the norm

DB — DB
|B]=m z,y€Q ‘SL - y‘

Moreover, C"(€2) and C;""(Q) are the subspaces of functions with
compact support in ).

Finally, C'>°(2) stands for the set of functions with continuous partial
derivatives of any order and C§°(€2) denotes the set of C'°°(£2) functions
with compact support in 2.

In the sequel, we will mainly deal with Lipschitz domains which are
defined as follows.

Hu’ C'm‘a(Q) = Hu‘

12
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Definition 2.1 Lipschitz domain

A bounded domain Q ¢ IR? with boundary I is said to be a Lipschitz
domain, if there exist constants o« > 0,3 > 0, and a finite number
of local coordinate systems (z7,23,...,275),1 < r < R, and local
Lipschitz continuous mappings

ap » {2"=(ah,..,2) e R 2! <o, 2<i<d} - R
such that

= U {12 |af = a(@) , 3] <a},

r=1
{(21,2") [ a,(2") < 2] <a, (&) + 5, [#"| <a}CQ, 1<r <R,
{(21,27) | a;(2") = B <2} <ar(@), [#"] <a} CQe, 1<r <R,
In particular, the geometrical interpretation of the conditions is that
both 2 and (), are locally situated on exactly one side of the boundary
r.
Definition 2.2 (C™-domain and C™“-domain

A Lipschitz domain Q ¢ IR? is a C"-domain (C"*-domain), if the
functions a,,1 < r < R, in Definition 2.1 are C™-functions (C"*-
functions).

2.2 Sobolev spaces

We refer to LP(Q2),p € [1,00), as the linear space of p — th order inte-
grable functions on () and to L>°(Q)) as the linear space of essentially
bounded functions which are Banach spaces with respect to the norms

1/p
[vllpe = ()P dz)
([ vior )

[l = ess sup,eq [v(@)] -

Note that for p = 2, the space L?(Q) is a Hilbert space with respect to
the inner product

(v, W) = /UZU dx .
Q

Sobolev spaces are based on the concept of weak (distributional) deriv-
atives:
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Definition 2.3 Weak derivatives

Let u € L'(Q) and o € IN{. The function u is said to have a weak
derivative D%u, if there exists a function v € L'(Q) such that

/uDanp de = (=1)k /vgp dr , e CF(Q).

Q Q

We then set Dju = v.

The notion 'weak derivative’ suggests that it is a generalization of the
classical concept of differentiability and that there are functions which
are weakly differentiable, but not differentiable in the classical sense.
We give an example.

Example 2.1 Example of a weakly differentiable function

Let d = 1 and Q := (—1,+1). The function u(z) := |z|,z € Q, is
not differentiable in the classical sense. However, it admits a weak
derivative D! u given by

—1 x <0
1 . 9
Do = {+1 , >0

Indeed, for ¢ € C°(Q2) we obtain by partial integration

+1 +1

/U(I)Dl (x) de = /Ou(x)D1 (x) dz + /u(x)Dlgo(x) de =
/D1 ) dz + (ugp)] /D1 ) dx + (up)|y =

- / Dlu(z)p(z) de — [u(0)]p(0)

where [u(0)] := u(0+) — u(0—) is the jump of w in z = 0. But u is
continuous and hence, [1(0)] = 0 which allows to conclude.

Definition 2.4 The Sobolev spaces W™?(Q),p € [1, 0]
The linear space W"P((Q) given by

(2.1) WmP(Q) == {ueLP(Q)| Doue LP(QY) , |of <m }
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is called a Sobolev space. It is a Banach space with respect to the
norm

1/p
22 olwpe = (X IDmla) " . pEllon),
|oo| <m
23)  lvllmeon = max|[Dyvfecg -
Note that 17/™2(€2) is a Hilbert space with respect to the inner product
(2.4) (U, V) oo = Z DéuDSv dx .
la|<m

The associated norm will be denoted by || - ||,,,2.0. We will simply write
(*, )0 and || - || .0, if the context clearly indicates that the W"?(Q)-
inner product and the 7W™?(Q2)-norm are meant.

A natural question is whether C"(€) is dense in W"™?(Q)). To this end,
we consider the linear space

Q) = {ue Q) | ullmpo <oo}.

It is a normed linear space with respect to | - |, .0, but not complete,
i.e., a pre-Banach space. We denote its completion with respect to the
| - [|mpo-norm by H™P(Q), i.e.,

(2.5) H™(Q) = mll~\\m,p,g.

We note that for p = oo we have H™>(Q)) = C™(Q2) and hence,
Wmee(Q) # H™>(Q). However, a famous result by Meyers/Serrin
(cf., e.g., [1]) states that for a Lipschitz domain and p € [1,00) the
spaces WP (Q) and H™P(€)) are equivalent.

Theorem 2.1 Characterization of Sobolev spaces

Let Q C IR? be a Lipschitz domain and m € INy. Then, for p € [1, o0)
there holds

(2.6) WmP(Q) = H™P(Q) .

Remark 2.1 Remark on Meyers/Serrin

The result (2.6) actually holds true for any open subset 2 C R?. How-

ever, C"™(Q)) is dense in WP (Q), if 2 satisfies the so-called segment
property (cf., e.g., [1]). In particular, Lipschitz domains have this

property.

Theorem 2.1 asserts that for Lipschitz domains and p € [1, c0) the space
C™(Q) N W™P(Q) is dense in W™P(Q). A natural question to ask is
whether or not functions in W™?(Q),m > 1, belong to the Banach
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space L7(€2), or even are continuous. As we shall see, the latter only
holds true, if m is sufficiently large (Sobolev imbedding theorem).
However, let us first give an example which shows that in general we
can not expect such a result:

Example 2.2 Example of a weakly differentiable, but not es-
sentially bounded function

Let d >2, Q:={z € R’ | |z| < 3} and consider the function
u@) = In(lin(jal))

The function u has square-integrable first-order weak derivatives

m()c

Du(zx) = |2 In(fz])

|&|:17

since in view of

1
[Du(@)|* < plle]) = g ame o lal=1,
|z [In(l])]?
it possesses a square-integrable majorant.
On the other hand, v obviously is not essentially bounded.

Theorem 2.2 Sobolev imbedding theorems

Let Q C IR? be a Lipschitz domain, m € INy and p € [1, 00]. Then, the
following mappings represent continuous imbeddings

N 1 1 m d
2.7 WwmP(Q) — LP Q) , —=-——,ifm<—,
(2.7) () @ . =s- ;
(28)  WTPQ) - LYQ) ., qelloo), ifm=",

p

_ d
(2.9) W™Q) — CYTR@Q) it <m < g+ 1,

_ d
(2.10) WmP(Q) — C**Q) , O<a<l,ifm=-+1,
p
m 0,1/ : d
(2.11) wWmP(Q) — C*(Q) , ifm>-—+1.
p

Proof. For a proof, we refer to [1]. O

In the following chapters, we will frequently take advantage of com-
pact imbeddings of Sobolev spaces.
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Theorem 2.3 Kondrasov imbedding theorems

Let Q € IR? be a Lipschitz domain, m € INy and p € [1, 0c]. Then, the
following mappings are compact imbeddings

11 d
(212) W™ (Q) — L9Q) , 1<q<p', —=-—— ifm<=,
p p

d p
_ d
(2.13) WmP(Q) — LIQ) , qe[lyo0), ifm=—,
p
m (Ure} : d
(2.14) wmrQ) — C°(Q), ifm>—.
P
Proof. The interested reader is referred to [1]. O

We finally deal with restrictions and extensions of Sobolev func-
tions:

If u € W™P(IRY),p € [1, 00],, then for any domain Q C IR? the restric-
tion Ru of u to €2

Ru(z) := u(r) faa. xel

belongs to W#(Q) and R : W™P(IR?) — W™P(Q) is a bounded linear
operator.

Conversely, it is in general not possible to continuously extend a func-
tion u € WP(Q) to a function in W?(IR?) as the following example
shows:

Example 2.3 Counterexample (Extension of Sobolev functions)
Let d =2, Qo= {z = (z1,20) € R* | 0 < 2y < 1, |za] < 27},7 > 1,
and consider the function

u(z) == x,7 , 0<e<r.

We note that {2 has a cusp in the origin and hence, is no Lipschitz
domain.
For ¢ < r + 1 — p, we have that u € WP(Q), since

On the other hand, u is not in L>°(2). Choosing ¢ such that p > 2
is possible, we see that a Lipschitz domain is necessary for the
Sobolev imbedding theorem to hold true. Since the Sobolev imbedding
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theorem is valid on IR?, we can not extend u to a function in W?(IR?).

However, in case of a Lipschitz domain we have the validity of the
following Sobolev extension theorem.
Theorem 2.3 Sobolev extension theorem

Let Q C IR? be a Lipschitz domain, m € INy, and p € [1,00]. Then,
there exists a bounded linear extension operator E : W™P(Q) —
WP (IRY), ie., Bu = u for all u € WP (Q) and there exists a constant
C' > 0 such that for all u € W™P(Q)

[Eullmpe < C lullypme -
Proof. We refer to [3]. O

We recall that the algebraic and topological dual V* of a Hilbert
space V is the linear space of all bounded linear functionals on V' which
is itself a Hilbert space with respect to the norm

l
e = sup‘ Ol .
w0 [|v]lv

We may thus define the dual spaces of the Sobolev spaces WP (Q), p €
[1, 00].

1]

Definition 2.5 Sobolev spaces with negative index

Let QO ¢ IR? be a bounded domain, let m be a negative integer and
suppose p € [1,00]. Then, the Sobolev space W"?()) is defined as the
dual space (W ~"4(£2))*, where ¢ is conjugate to p, i.e., % + ]13 =1.
Remark 2.2 The Dirac /-function

The Sobolev spaces W™P(€)),m < 0, are proper subspaces of LF(€)).
For instance, for m < —d + %, if p < oo, and m < —d, if p = oo, they
contain the Dirac J-function considered as a linear functional

b W) — R
u — Og(u),

where x is some given point in ().
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2.3 Sobolev spaces with broken index

For Q = IRY, we define Sobolev spaces with broken index H*(IR?) ,
s € IR, by using the Fourier transform ¢ of a function v € C5°(IR?)

o) = ()" / exp(—i€ - 2)u() da |

]Rd
The associated Sobolev norm is defined according to

(2.15) [vllgge == NA+1- )5 )lopa -
and we set
(2.16) HY(RY = C(RY ™

If O ¢ IR? is a Lipschitz domain, the space H S(Q) can be either defined
implicity by means of

(2.17) lolls@ == inf 2] g,
z=EveH?s(R%)

where Fv is the extension of v to H*(IR?), or - for s = m + \,m €
INg, 0 < A\ < 1, - explicitly by

218)  lolla = (G o + o) "
where | - [, o stands for the seminorm
(2.19) [vf2q =

a a 2

Z Do + Z // |D% |x ~ |i2§(y)| dx dy .
1<]al<m lal=m &
If X CT' = 09, we define the spaceH*(3) as follows
(2.20) H*(Z) = {ve L) | |lv)ss < oo},
equipped with the norm
1 25 (1|2 2 \V?

@21 eles = ()™ s + leks)
where
(2.22) v]iy =

o |Dv(x) — D*(y)|?
> ey + Y [ / |x_y|d_1m Ao do,

1<[al<m laf=m ¥,
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Incase ¥ C 'and v € H*(X), s < 1,, we define 0 as the extension by
zero of v, i.e.,

(2.23) B(a) = {““‘3 ' Ter\m

We define H{,(¥) according to
(2.24) Hi(X) == {ve l*(X) |oe H )},
equipped with the norm

1/2
(2.25) vl 502 = (HUHS,E + |U|H50(2)> )
where
2
, o v*(z)
(2.26) [Vl = ols + / dist(a, %)
b))
and
[v(z) —v(y)”
(2.27) olis = / To — gl do doy .

DINEDY

For s < 0, we define H°(G),G € {%,Q}, as the dual of H%(G),
equipped with the negative norm

<1 >
(2.28) [v]s,c = sup e
weH—5(G),w#0 H’was,G

where < -, - > stands for the dual pairing.

Moreover, if —1 < s < 0, we define H*(G),G € {3,Q},X C I, as the
dual of H,’(G). For s = —1, we further define H (@) as the dual of
H; (@), whereas for ¥ = I and —1 < s < 0 we define H*(I") as the
dual of H*(I").

For details we refer to [2].

2.4 Trace spaces
For a bounded domain @ C IR? with boundary I and a function

u € C(S), it makes sense to define the restriction of u to the bound-
ary I' simply by considering the pointwise restriction. In view of the
Sobolev imbedding theorem, however, the pointwise restriction does
not make sense for functions u € W™ () unless m is sufficiently large.
Therefore, we have to find appropriate means to specify the trace u|r
of a function v € W™?(Q)). The following example suggests how to

proceed.
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Example 2.4 Trace of smooth functions
Let Q2 C IR? be the unit disk which in polar coordinates reads as follows

Q={(rd)|0<r<l,0<0<2r}.

For u € C''((Q2), the restriction to 9§ can be expressed according to
1 1

u(1,0)* = g(T’QU(T, 0)*) dr = /2<r2uur+ru2)(r, 0) dr =

r
0

2<r2uVu ) + ru2> (r,0) dr <

r

2<T2|u||Vu| + ru2>(r, 0) dr <

2(|u\|w\ + u2>(r, 0) rdr .

O\H O\H O\H o\

Integrating the previous inequality over # and applying the Cauchy-
Schwarz inequality as well as Young’s inequality results in

/u2 o < 2 /<|u||Vu|+u2> dxy dry <

o0 Q

2 </u2 d$)1/2</|Vu|2 dx)l/Q + 2 /u2 dr <
Q

Q Q
1/2 1/2
< VB |l llullie -

The example can be easily generalized to give the following result.

/15 0

IN

Lemma 2.1 Trace of Sobolev space functions. Part I

Let Q C IR* be the unit disk and u € W2(2). Then, the trace u|sq
can be interpreted as a function in L?(99) satisfying

1/2 1/2
(2.29) lulloe < V8 ullya lulle -

Proof. Since C'(Q) is dense in W'?(Q)), there exists a sequence
(up)n € CH(Q) such that |lu — w10 < 1/k,k € IN. Applying the
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inequality derived in Example 2.4, we obtain

lui — urllope < V8 llus — urllly lus — welley <

I 1
V8w —wlha < V8 (- +7) -

Consequently, (u;)n is a Cauchy sequence in L?(9€)) and hence, there
exists v € L?(09) such that u, — v (k — oo) in L*(09).
We define the trace of v on 0f) according to

A

Up — U .

We have to show that uyq is well deﬁne(L i.e., it does not depend on
the particular choice of a sequence of C''(€))-functions. To this end, let

(i), v € CH(Q), k € IN be another sequence satisfying ||u — uy|| 1.0 —
0 (k — o00). We find

v —vellooe < lv—urlloge + |lux — villogn <
< v —willope + V8 llur — villie <
< o= wllooe + V8 (llue —ulia + Ju=vellio)
— 0 (k— o).

Finally, the validity of (2.29) follows by a density argument:
luloo = lolloon = Jim flugloon <

. 1/2 1/2 1/2 1/2
< lim VB [lullgpe llurllys = V8 llulldag lullyg - O

The previous result can be generalized to arbitrary Lipschitz domains.

Theorem 2.4 Trace of Sobolev space functions. Part II
Let Q C IR? be a Lipschitz domain and p € [1,00]. Then, the trace
mapping
Whr(Q) — LP(09)
u —  ulag

is a bounded linear, injective mapping.
Proof. We refer to [2]. O

However, the trace mapping considered as a mapping from W7 (Q) in
LP(0S) is not surjective, i.e., there exist functions v € LP(0S2) such
that we can not find u € W'?(Q) with u|yq = v.

In particular, for p = 2 we have the following result.
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Theorem 2.5 Trace of Sobolev space functions. Part II11
Let Q € IR? be a Lipschitz domain and 1/2 < s < 1. Then there holds:

(i) There exists a unique linear bounded trace mapping
(2.30) Y @ HY Q) — HYAT)
v — (v) :=vlp
such that
(2.31) o(@)lls=1/2r < C lvllse
Y0(0)]s—12r < C vfsa -
(ii) The trace operator 7y has a bounded right inverse

(2.32) v o HTVAD) — H5(Q),

ie., Y, w=w,w € H*Y%(T), and

(2.33) 7 (Wllse < Clwlls—12r,
o ()]s < C |w|s—1/2,r .

(iii) In case X C I, the results in (i) and (ii) hold true with H*~'/%(T")
replaced by HSO_I/Q(E) and H*(€2) replaced by Hp (92), where I'p :=
['\ ¥ and

(2.34) Hp (Q) = {ve H(Q) | ywv=0o0nTp} .

Proof. We refer to [2]. O

Definition 2.6 Dirichlet data
For uw € H*(Q), the trace yyu is called the Dirichlet data.

Definition 2.7 Normal component trace mapping
Given a Lipschitz domain Q ¢ IR? with boundary I, we denote by
n = (ny,..,ng)"

the unit exterior normal vector which is well defined at almost all

x € I'. For a vector field q € C*(Q)¢, we refer to
(2.35) Mm(q) = n-qr.

as the normal component trace mapping. It can be extended by
continuity to a linear continuous mapping

(2.36) e @ HY Q)Y — HYX(T) .
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Definition 2.8 Normal derivative and Neumann data

Within the notations of Definition 2.7, for u € C°(Q2) the normal
component trace of Vu

(2.37) Ontt == Nu(Vu) = n-Vu

is called the normal derivative of w.

The mapping 0, can be extended to a linear continuous mapping
(2.38) da : H*(Q) — HY*D).

In particular, for v € H?(2) the normal derivative d,u is called the
Neumann data.
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