Chapter 6 A posteriori error estimates for finite
element approximations

6.1 Introduction

The a posteriori error estimation of finite element approximations of
elliptic boundary value problems has reached some state of maturity,
as it is documented by a variety of monographs on this subject (cf.,
e.g., [1, 2, 3, 4, 5]). There are different concepts such as

e residual type a posteriori error estimators,

e hierarchical type a posteriori error estimators,

e error estimators based on local averaging,

e error estimators based on the goal oriented weighted
dual approach (cf., in particular, [3]).

In this chapter, we will focus on residual type a posteriori error
estimators and follow the exposition in [5].

We shall deal with the following model problem:

Let €2 be a bounded simply-connected polygonal domain in Euclidean
space IR? with boundary I' = I'p UT'y , I'p N 'y = 0 and consider
the elliptic boundary value problem

(6.1) Lu = —div(agradu) = f inQ,
u = 0 onIp,
n-agradu = g only,

where f € L*(Q), g € H'*(I'y) and a = (a;;)7,_, is supposed to be
a matrix-valued function with entries a,; € L*>(€2), that is symmetric,
ie.,
Clij(ﬂf) = CLJ'Z‘(JI) fa.a. r e y 1< Z,j <2 s
and uniformly positive definite in the sense that for almost all x € Q
2
doay@) &g = a |[EF  EeR a>0.
ij=1
The vector n denotes the exterior unit normal vector on I'y. We further
set a = maxj<; j<2 ”&Z]”oo
Setting
Hyr,(Q) = {veH(Q) | v|r,=0},
the weak formulation of (6.1) is as follows:
Find v € Hjp (€2) such that

(6.2) a(u,v) = £(v) ) veE Hyr (Q),
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where

a(v,w) = / agrad v-grad wdr , v,wéeE H&FD(Q) ,

Q
l(v) = / fovde + / gvdo , wveH;p (Q).
Q Iy
Given a geometrically conforming simplicial triangulation 7, of 2, we
denote by

Sirp(7h) = {wn€ Hyp (Q) | vn|x€ PIK), K€Ty}

the trial space of continuous, piecewise linear finite elements with re-
spect to 7. Note that Py(K) , k > 0, denotes the linear space of
polynomials of degree < k on K.

In the sequel we will refer to AV, (D) and &,(D) , D C Q as the sets of
vertices and edges of 7;, on D.

The conforming P1 approximation of (6.1) reads as follows:

Find w, € Sy, (2; 7)) such that

(63) a(uh,vh) = E(Uh) TS SLFD (Q,'];L) .
Now, assuming that u, € 51 r,(€;7,) is some iterative approxima-
tion of u, € Sy, (€2;7;,), we are interested in the total error

e ‘= u — U,
which is the sum of the discretization error e; := u — u; and the
iteration error e; := u, — uy,. It is easy to see that the total error e
is in V := Hjp (Q) and satisfies the error equation
(6.4) ale,v) = r(v) , veV,

where 7() stands for the residual with respect to the computed ap-
proximation 1y,

(6.5) r(v) == [ fvdex + [ gvdo — a(up,v) , veEV.
[ ]

We are interested in a cheaply computable a posteriori error estima-
tor 7 of the total error e consisting of elementwise error contributions
i, K € T, and edgewise error contributions 7z, F € &, in the sense
that

(6.6) o= Dk + D e
KeT, Eegy,

which does provide a lower and an upper bound for ¢ according to

(6.7) vn < el < 'y
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with constants 0 < v < I' depending only on the ellipticity constants
and on the shape regularity of the triangulation 7.

We may use the local error terms 7, and ng as a criterion for local
refinements of the elements X' € 7,. Among several refinement
strategies, the so-called mean-value strategy is as follows:
Compute the mean values

1
(6.8) Nk == — Z Nk
K KeTy,
1
g ‘= — Z ne
22 E€e&,

where ng := card 7;, and ng := card &,.
Mark an element K € 7, and an edge F € &), for refinement, if
(6.9) Nk > 00Kk ,
NE >0 ne
where 0 < ¢ < 1 is some appropriate safety factor, e.g., o = 0.9.
Definition 6.1 Efficient and reliable a posteriori error estima-
tors
An a posteriori error estimator 7 satisfying

(6.10) lellie < T'n

is called reliable, since it ensures a sufficient refinement in the sense
that the H'-norm of the total error e will be bounded by a quantity
of the same order of magnitude as a user-prescribed accuracy, if this
accuracy is tested by 7.

On the other hand, an a posteriori error estimator 7 for which

(6.11) v < lellig

is said to be efficient, since it underestimates the H'-norm of the total
error e and thus prevents too much refinement.

6.2 Residual based a posteriori error estimators

The residual based a posteriori error estimator can be derived by view-
ing the residual as an element of the dual space V* and evaluating it
with respect to the dual norm.

6.2.1 Upper bound for the total error

An important tool in the construction of an upper bound for the to-
tal error is Clément’s interpolation operator which is defined as
follows:
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Definition 6.2 Clément’s interpolation operator

For p € N, (2)UN,(T ) we denote by ¢, the basis function in S 1, (£2; 7,)
with supporting point p and we refer to D, as the set

(6.12) D, = |J{KeT | peN(T)}.0

D, /P

Fig. 6.1: Clément’s interpolation operator (definition)

We refer to 7, as the L*-projection onto P;(D,), i.e.,
(ﬂ.p(fv)7w)07DP = (U7w)O7DP ) w E Pl(Dp) Y

where (-, ) p, stands for the L*-inner product on L*(D,) x L*(D,).
Then, Clément’s interpolation operator FP. is defined as follows

(6.13) Pe @ LX(Q) — Sir,(Q,T5) ,
Pov = Z mp(v) op -

PENL (QUN(TN)

In order to establish local approximation properties of Clément’s
interpolation operator, for K € 7, and £ € &£,(Q2) U &,(I'y) we intro-
duce the sets

(6.14) Dy = |J{K €T | Na(K)NNW(K) # 0},
(6.15) DY = |J{K €T | Nu(E)NNG(K') # 0}
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Fig. 6.2: Clément’s interpolation operator (properties)

Using the affine equivalence of the elements and the Bramble-
Hilbert Lemma one can show:

Theorem 6.1 Approximation properties of Clément’s inter-
polation operator

For K € 7T, and E € &,(Q)UE,(Ty) let Dg) and Dg) be given by (6.14)
and let Po be Clément’s interpolation operator as given by (6.13).
Then, there exist constants C), > 0,1 < v <5, depending only on the
shape regularity of 7;, such that for all v € S1 1, (Q;7}):

1Pe vllox < Cu vl

(6.16) < 0,00 >
(6.17) 1P vlloe < Callolly o s
(6.18) lgrad Po vlox < Cj5 |grad UHQD;) ;
(6.19) lv = Fovllox < Cuhx ol o s
(6.20) lv — Peovllos < Cs by 1oll, po

where hy = diam K and hp :=| ' |.
Further, there exist constants Cg, C'; > 0 depending only on the shape
regularity of 7;, such that

(6.21) (K;r [l po)* < Collolue » 0<p<1,
h
620 Y Il < Crlla . 0<p<1l
Begn(@)Uen () :
Proof. We refer to [5]. O

We have now provided all prerequisites to establish an upper bound
for the total error e measured in the H'-norm. For functions v, €
Wo(82;7;,) we further refer to [vy,]; as the jump across the common
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edge F € &,(Q2) of two adjacent elements K, Ky € 7},

[l = vn |k, — v Ky

Theorem 6.2 Upper bound for the total error

There exist constants ['g, [',s. > 0 and [';; > 0 depending only on the
elipticity constants and the shape regularity of 7, such that

(623) ”6”1,9 < FR Nr + 1—‘osc 0sC + My ||€it||1,Qa

where the element and edge residuals are given by

3
Nr ‘= an)7
v=1

1 i

e = (D0 W llm f = L3 )2 |
KeTy,

12 = (3 b llmg — g a grad )2
Ee&,(Ty)

i = (Y he e o grad )3 )
EES;L(Q)

and osc stands for the data oscillations

osc = (Z 0sCh + Z osc)V?
KeT, Ee&,(TN)
osck = hy ||f —mnfllox , osceg = hgl|lg—mgllor -
Proof. Setting v = e in (6.4), we obtain
(6.24) a HGH%Q < a(e,e) = r(e) = r(Pee) + r(e— Pce) .

Taking advantage of (6.3), for the first term on the right-hand side of
(6.24) we get

r(Pge) = /f Pce dr + /g Pce do — a(ty, Pce) =
Q

I'n

= Z a|K(uh—&h,Pce) .

KeTy,
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Using (6.19), the Schwarz inequality, and observing (6.22), it follows
that

(625)  r(Pee) < a@Cs Yy |lun—inlix lell, o <

KeTy,

< @Gy (Y llun =l )2 (S el )

KGTh KEIZ—h
< @ C5 Gy [leallia llellie -

On the other hand, for the second term on the right-hand side of (6.24),
Green’s formula yields

r(e — Pce) = /f(e—Pce)da:+/g(e—Pce)d0+

I'n
+ Z /le a grad uy, (e — Pee) do —
\—,_/
KGThK _ —Luh
- Z /n3K~agradah (e — Pee) do =
KEThaK
= Z /(th — Luy,) (e — Pee) dx +
KGIZ—}LK
+ Z /[nE-agradﬂh}J (e — Pce) do +
EGgh(Q)E
+ Z /(ﬂhg —ng-agrad 4y) (e — Poe) do +
Ee&(I'n) B
+ Z / —mnf) (e — Pee) dx +
KeTy,
+ Z / —mng) (e — Pee) do
E€&L(TN) %

In view of (6.17),(6.18) and (6.22),(6.23), it follows that
(6.26) r(e — Pee) <

< O Gy (X W llmaf = LanlB ) llellia +
KeT,

+Cy Cr (Y hp g - agrad a3 2)" el +
EGgh(Q)
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+CCr (Y hpllmug —np-a grad @2 )" flellin +

Ee&n(Tn)
+C1 Co (Y W5 If = mflg )" Nlelhe +
KeTy,
+CCr (> hellg—mglls )" lleliq -
Ee&,(TN)
Using (6.25),(6.26) in (6.24), the assertion follows with I'p = ' 1=
a ' max(C1Cg, CyCy) and Ty := o=t @ C3C. O

For the construction of a lower bound we will now show that the local
contributions

nf:Z)K =0k , KeT,,1<v<3

of the residual based error estimator 7z do locally provide lower bounds
for the total error e.

For this purpose we need appropriate localized polynomial functions
defined on the elements K of the triangulation and the edges E €
En(Q)U E € &,(T'y), respectively. Such functions are given by the
triangle-bubble functions i and the edge-bubble functions 5.
In particular, denoting by A\*,1 < i < 3, the barycentric coordi-
nates of K € 7),, then the triangle-bubble function ¢, is defined by
means of

(6.27) Vi = 27 MO NE

Note that supp wK = K, i.e., LDK |8K: 0, Ke 7.

On the other hand, for £ € &,(Q2) U &,(I'y) and K € 7, such that
E C 0K and p* € N,(T) , 1 < i < 2, we introduce the edge-bubble
functions ¢ according to

(6.28) Yp o= 4NN

Note that g |p= 0 for £’ € &,(K), E' # E.

The bubble functions i and )5 have the following important proper-
ties that can be easily verified taking advantage of the affine equivalence
of the elements:
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Lemma 6.1 Basic properties of the bubble functions. Part I

There exist constants €}, > 0,8 < v < 12, depending only on the shape
regularity of the triangulations 7;, such that

620  Imlix < Cs / Pk de . € PI(K)
K

(6.30) s < Co / P dndo . pueP(E)
E

Cio hi lpnllox 5 pn € Pi(K),
(6.32)  |lpn Yillo.x Cui llprllox 5 pn€ Pi(K)
(6.33) \pn YElo.E Ci lpnllo,e , pn € Pi(E) .

For functions p, € P(E) , E € £,(2) U &,(I'v) we further need an
extension p? € L?(K) where K € 7}, such that £ C K.

For this purpose we fix some £’ C 0K , E' # FE, and for x € K denote
by xp that point on E such that (v —zp) || £

For p, € P,(F) we then set

(6.34) pE = pu(ze) .

(6.31) | pn ¥k |1k

IA NN

E’ E

Fig. 6.3: Level lines of the extension p”

Further, for £ € £,(Q)U&,(I'x) we define Dg) as the union of elements
K € 7, containing E as a common edge

(6.35) DY = |J{KeT, | E€&(K)}.
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E

Fig. 6.4: The set Dg)

We have the following properties of the extensions:

Lemma 6.2 Basic properties of the bubble functions. Part I1

There exist constants C,, > 0,13 < v < 14, depending only on the
shape regularity of the triangulations 7, such that

(6.36) | pr vp ’LDS) < Ci3 hém lonlloe » pn€ Pi(E),
(637) lInf dellypw < Cua b Ipnlos o pre PAE).

Further, there exists a constant C5 > 0 independent of hx, hg such
that for all v € V and =0, 1:

1— 1—
(638) (> hy " HU|\Z7D<2>)I/2 < Cis (D b o)z )2
EE&,(QUEL(TN) e KeTh

We are now able to prove that up to higher order terms the estimator
1 also does provide a lower bound for the total error e:

Theorem 6.3 Lower bound for the total error

There exist constants vz, 7z > 0, depending only on & and on the
shape regularity of 7, such that

(6.39) YRR — YEo0sc < leflia

where 7z and osc are given as in the previous theorem.

The theorem can be proved by a series of results which establish upper

bounds for the local contributions 77%/7)]“7 < v < 3 of the estimator 7ng.

Lemma 6.3 Upper bounds for the local contributions
(i) Let K € 7;,. Then there holds:
(640) hK H7Th f — L &hH&K S

< aCs Cy llellix + Cs Cia hie || f — 7 fllox -
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(ii) Let E € &,(Q). Then there holds:

(6.41)  hyl*||ng - a grad @), llor < @CoChs lell, pe» +
+CoCuhp| f —mn fHong) + CoCrahgp||m, f— LﬁhHO,D? :

(iii) Let F € &,(I'y). Then there holds:

(6.42)  hyl*|mh g — np - grad dyllos <
aCoCsllell, per + CoCizhg”llg = mh gllos +
+CoCrahpllf —mn fll, po + CoCrahel|mn [ — L, po -
B " E

Proof of (i) For the proof of (6.40) we set p, := m,f. Observing
Yilox = 0, by Green’s formula

(643) a\K(ah,ph 1/1[() = — /le (CL grad ah) Ph 1/)[( dx -+
K
+ /yaK-agradﬂhph 1/1;(/ do .
oK =0

Then, using (6.30),(6.32) and (6.33) and taking advantage of (6.4),(6.43),
it follows that

Imf — Ll < Ci / (tof — L @) 7 v da =

K
= (g (/f T Vi dr — a|g(Un, T YK) +
K
+ [ (mnf = f) Yk dr) =
fes-none
= Cg <a|K(€,7Th Vi) + /(th—f) T VK dx) <
K

< Cs Cro @ hi' |lellux llenllox + Cs Cua lmnf — fllosx lpallo.x

from which (6.40) can be easily deduced.
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Proof of (ii) We set p¥ := [np - a grad ;|;. Again, in view of
Vel =0,E" # E,, Green’s formula gives

(6.44) / n, e - grad iy, py Yp do =

)
BTl

= a!Dg>(ﬂh,phE VE) + / div a grad ;, py Vg dv .
——— ——
D<EQ> = 7L1~/4h

If we use (6.31),(6.37) and (6.38) and observe (6.4) and (6.44), it follows
that

||[naD§32) e grad ah]JH%E <

S Cg/[naDg) - a grad ﬂh]J pf @ZJE do =

B
= / [naD? -a grad ]y pf g do =
ap
= G (el (s ve) — [ f 9 vpdo +
D
[ md) of vede & [ (muf — L) of vrde) =
D D'

- - C’9 a|Dg)(€7pE wE) +

sl [ =mb)of veds + [ (mf ~ L) of weds) <
D DY

< Gy Cis @b el e P llos +

+ Co Cua hif” |If = wuflly pr 198 o +

+ Cy Cua hig” N — Ll p 197 llo.s

from which we readily deduce (6.41).
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Proof of (iii) We set p¥ := 1,9 — ng-a grad 1y,. Observing p|p =
0, £ # FE, by Green’s formula we obtain

(6.45) /nE -a grad @y, py Vg do =
E

= / Nype) @ grad uy, pf Vg do =

oDy

= a|D§32) (ﬂh,pg @DE) + / div a grad ﬂh pg @/}E dx .
~—_—

D<EZ> = —Luy

Now, using (6.31),(6.34),(6.37) and (6.38) and taking advantage of
(6.4),(6.45), we get

|mhg — ng - a grad 4,5, <

< Cy /(ﬂhg—nE-agrad ap) pf Vg do =

E
=G ([ ok vede + [opk vedo ~ alyp (st ve) +
P B
+ /(th—f)pf?/fE dx + /(Whg—g) f oy g do —
DJ(E‘Q) E
- /(th — Lay) py, ¥ df) =
D
= Co alpple.pf ve) + Co ([ (s = 1) o v do +
D
+ /(Whg—g) f oy g do — /(th—Lﬁh) Py VB de") <
B e

< Cy @ hi" llell, pe oK llos +

+ Cy Cha h;lu;/Q |\ 7nf — f||07Dg> ||PE||0,E +

+ Cy C1z ||mhg — gllo.e |Ipr llo.p +
+ Cy Cuy hif® ||mnf — LﬂhHO,Dg 2% llo,



14 Ronald H.W. Hoppe

from which (6.41) follows easily. O
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