Chapter 7 Mixed finite element methods
7.1 The membrane problem revisited

We recall from Chapter 1 that the computation of the equilibrium
state of a clamped membrane amounts to the solution of the convex
minimization problem

(7.1) Ty =t @),

where J : H} () — IR stands for the convex functional

(7.2) J(v) /|a grad v|* dv — /fvdx . vE H(Q).

As we observed in Chapter 1, (7.1) is a particular example of a more
general convex optimization problem of the form:

Given a Hilbert space V' and a convex functional J : V — IR, find
u € V such that

(7.3) J(u) = inf J(v) .

veV
The optimization problem (7.3) can be given a dual formulation by
means of the Fenchel conjugate of the functional J.
Definition 7.1 Fenchel conjugate

Let V' be a Hilbert space with the dual space V* and assume that
J 'V — IR is a convex functional. Then, the Fenchel conjugate
J*:V* —= 1R of J is given by
(7.4) J*(v*) = sup ( <vu> — J(v)) :

veV
where < -,- > denotes the dual pairing between V' and V'*.

Remark 7.1 The Fenchel conjugate in case V =R

If V=R, then J*(v*) is the intercept with the v-axis of the tangent
to .J of slope v*.

Theorem 7.1 Characterization of the Fenchel conjugate

Let V' be a Hilbert space with the dual space V* and assume that
J 'V — IR is a convex functional with J* : V* — IR denoting its
Fenchel conjugate. Then, there holds
(7.5) J(v) = sup (<v*,v > — J*(v*)) :

v*eV*

Proof. We refer to [3]. O
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In view of (7.5), the optimization problem (7.3) can be written as the
saddle point problem

(7.6) inf sup << v > — J*(v*)) :
’UGV ’U*GV*

Interchanging inf and sup, we obtain the dual problem to (7.3).

Definition 7.2 Dual problem

Let V' be a Hilbert space with the dual space V* and assume that
J 'V — IR is a convex functional with J* : V* — IR denoting its
Fenchel conjugate. Then, the dual problem of (7.3) is given by

(7.7) sup inf ( <vtu> — J*(v*)) .
eV VeV
Remark 7.3 Characterization of the dual problem

Under some regularity assumptions (cf., e.g., [3]), there is no duality
gap, i.e., inf and sup can be interchanged, and the dual problem (7.7)
and the saddle point problem (7.6) are equivalent.

Now, focusing again our attention to the membrane problem (7.1),
denoting by H(div,2) the Hilbert space of square-integrable vector
fields q € L?(£2)? such that div q lives in L*(Q) (cf. Section 7.2 below),
we have that the dual formulation of (7.1) is given by

1
(7.8) inf sup (— /a‘l lq|? dz + /fv dr + /v divq dx) )
q€H(div,Q) ,er2(Q) \2 ) J J

The necessary optimality conditions give rise to the saddle point
problem:

Find (p, H(div, Q) x L*() such that

u) €

/a p- qu—i—/udiqux:() , q€ H(div,Q) ,

Q Q

/dlvpvdx :—/fvda: . veL}Q).
Q

7.2 The Hilbert space H(div, Q)

The dual problem associated with the membrane problem (7.1) involves
the Hilbert space H(div, (2), which is defined as follows:

Definition 7.3 The Hilbert space H(div, (2)
Let w C IR? be a Lipschitz domain. The space H (div; () is defined by

(7.10) H(div;Q) = {qe L*(Q)®|divqe L*(Q) }.
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It is a Hilbert space with respect to the inner product

(7.11) (j,Qawe = (§,9o0 + (divj,divg)oa , Jj.qe€ H(div;).
The associated norm will be denoted by || - || 4iv.-

We set D(Q) = {p|a | ¢ € D(RY)}. For vector fields q € D(Q)? we
consider the normal component trace mapping
(7.12) m(a) = mn-qlr.

We recall that the space D(2)? is dense in H(div, Q) (cf., e.g., [2]; Thm.
2.1) and show:

Theorem 7.2 The normal component trace mapping
The normal component trace mapping 7, can be extended by continuity
to a continuous linear mapping

(7.13) Ne @ H(div;Q) — HY*D) .
Proof. (cf. [2]; Thm. 2.2): Let g € D(Q2)? and ¢ € D(Q). By Green’s

formula

/q-gradgodx + /divqc,odx = /n-qgadcr.
Q Q r

Since D() is dense in H'(f2), the equation remains valid for ¢ €
H'(), whence

7.14) | [wapdo] < alawa el + a€ D@, o€ H'(@).
r

Now, for € H'?(T") there exists p € H'(Q) such that ¢|r = u and
lolle < |lillij2,r- Then, (7.14) implies

!/n-q o do| < llalawa lller » aeD@, ue HYAT).
r

Hence,
|/ n-qdol
H’?n(Q)Hfl/zl‘ = sup L < |ldlaiv0
peH/2(I) HSOHI/ZF
which proves the continuity of 7, with respect to the || - |4 o-norm.

Since D(Q)? is dense in H(div, ), 1, can be extended by continuity
to H(div, ) such that

(7.15) (D120 < llalawe ,  a€H(div,Q) .
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Denoting by < -,- > the dual pairing between H~'/%(T") and H'/*(T),
Green’s formula now reads as follows:

Theorem 7.3 Green’s formula
For q € H(div,Q) and ¢ € H'(Q) there holds

(7.16) /q-gradgpdx—l—/divqudX:<n-q,g0>p .
Q Q

Defintion 7.3 The subspace Hy(div; (2)

We define H(div, (2) as the subspace of vector fields with vanishing
normal components on I

(7.17)  Ho(div,©) := {q € H(div,) [ 7m(q) =n-qlr =0} .
Remark 7.3 Characterization of Hy(div, (2)
Note that Hy(div, Q2) is the closure of D(2)? with respect to the ||| gv.0-

norm.

We have Ker 1, = Hy(div,2). On the other hand, we can show that
Nn 1S surjective.

Lemma 7.4 The range of the normal component trace map-
ping
The normal component mapping 7, is surjective, i.e., Imn, = H~/ 2(T).

Proof. For given u* € H~'/%(T) the inhomogeneous Neumann
problem

—Ap + ¢ = 0 inQ,
n-grady = g onl

has a unique weak solution in H*(€2).
Setting q = grad ¢, we have q € H(div, Q) and n,(q) = p*. O
Lemma 7.5 Properties of the normal component trace map-
pmg
The mapping 7, is an isometry from H(div,2) onto H~/*(I) i.e.,

||77n||L(H(dw,9);H—1/2(r)) = 1.
Proof. The proof is left as an exercise. U

7.3 Abstract saddle point problems

Let V' and @ be Hilbert spaces with inner products (-, )y , (-, ")
associated norms || - [|v , || - |l¢ and assume that a(-,-) : V x V — R
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and b(-,-) : V x @@ — IR are continuous bilinear forms. We denote by
V* and Q* the dual spaces and further suppose that bounded linear
functionals [ € VV* and g € Q" are given.

In this section, we investigate the existence and uniqueness of a
solution to the saddle point problem:

Find (u,p) € V' x @ such that

(718) (Z(U,U) + b(U,p) = < fvv >yvxv o, UVE V )
b(u, q) = <9.q¢>¢q , 1€Q.

Denotingby A: V — V*and B : V — * the bounded linear operators
associated with the bilinear forms a(-,-) and b(-, -) according to

< Au,v >y y = alu,v) , wveV,
< Bv,q>gq = alu,v) ., veV 6 qe@,

the saddle point problem (7.18) can be equivalently written as the
following system of operator equations

(7.19) Au + B'p = f in V",
Bu = g inQ".

Let us first discuss an intuitive way how to solve (7.19):
If g € Im(B), there exists u, € V such that Bu, = ¢g. Then, setting
u=uy+u, , uy € Ker(B), the first equation in (7.19) reads as

Aug + B'p = f — Ay, inV"*,
Observing
< B'p,vg >v«y = <p,Bvg >g0-= 0 , € Ker(B),
in variational form we obtain
(7.20) a(ug,v9) = < f,vo> — alug,v9) , vy € Ker(B) .

If Ker(B) C V is closed and af(-,-) is Ker(B)-elliptic, then the Lax-
Milgram lemma asserts the unique solvability of (7.20).
Once we know u = ug + 14, we have to determine p € () according to

(7.21) Bp = f — Au.
From (7.20) we know that
f — Au € (Ker(B))" .
where
(Ker(B))? = {v* e V*||[v ;v >y-y = 0, vEKer(B)}.
Hence, if
(7.22) (Ker(B))" = Im(B*),



6 Ronald H.-W. Hoppe

(7.21) admits a solution p € () which is unique up to Ker(B*).
On the other hand, (7.22) holds true, if Im(B*) is closed in V* as follows
from the following functional analytic result.

Lemma 7.6 Properties of closed operators

Let V' and () be Hilbert spaces with inner products (-,-)v ., (-.)o
and associated norms || - ||y , || - || and assume that A : V — V*
and B : V — )* are bounded linear operators. Then, the following
statements are equivalent:

(i) Im(B) is closed in Q*,

(ii) Im(B*) is closed in V*,

(iii) (Ker(B))? = Im(B*),

(iv) (Ker(B*))" = Im(B),

(v) There exists [ > 0 such that for any ¢ € Im(B), there exists
v, € V with By, = g and

1
(7.23) [vgllv < 3 lglle-

(vi) There exists # > 0 such that for any f € Im(B*), there exists
qr € Q with B*qy = f and

1
(7.24) laslle < 3 If]

Proof. We refer to [5]. O

Lemma 7.7 inf-sup conditions

V* o,

Under the assumptions of the previous lemma, there holds:
Statement (v) in Lemma 7.6 is equivalent to the inf-sup condition

b
(7.25) inf sup 00
vEV\Ker(B) ¢eQ HUHV\KeT(B)HQHQ

Statement (vi) in Lemma 7.6 is equivalent to the inf-sup condition

b(?},q) Z ﬁ .
9€Q\Ker(B*) vev ||V|lv|1allo\ker(B)

(7.26)

The conditions (7.25),(7.26) are also known as Brezzi conditions.

Proof. The proof is left as an exercise. O

Putting the previous results together, we arrive at the following exis-
tence and uniqueness result.
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Theorem 7.3 Existence and uniqueness result

Let V' and @ be Hilbert spaces and let a(-,-) : V x V — IR and
b(-,-) : V. x @ — IR be bounded bilinear forms with associated
operators A:V — V*and B : V — )" such that there holds:

(i)  The bilinear form af(-,-) is Ker(B)-elliptic, i.e., there exists a
constant a > 0 such that

(7.27) a(ve,vo) > allwlly , wo € Ker(B) .
(ii) The bilinear form b(-, -) satisfies the Brezzi condition
(7.28) inf  sup v, 9) > 0.

g€Q\Ker(B*) vev ||0||v |||l o\ker(B)

Then, for any f € V* and g € Im(B), the saddle point problem
(7.18) admits a solution (u,p) € V x @, where u € V is uniquely
determined and p € () is unique up to an element of Ker(B*).

7.4 Approximation of saddle point problems

Let V' and ) be Hilbert spaces and assume that a(-,-) : V' x V — IR
and b(-,+) : V x @ — IR are continuous bilinear forms with associated
bounded linear operators A : V — V* and B : V — Q*.

In this section, we consider the approximation of (7.18) by means of
finite dimensional subspaces V;, C V and @), C Q:

Find (uy, pn) € Vi x Q) such that

(7.29) a(up,vp) + b(vn,pn) = < f,o Syey o, vp €V
b(un, qn) = <9.9.>0 0 » qn€Qn.

We denote by Ay, : Vj, — V" and B, : V), — @)} the operators associated
with (), v;, and () lv; xc,

In contrast to variational equations considered before, the existence and
uniqueness of a solution (uy, p,) € Vi, x @y, of (7.29) does not follow from
the corresponding result for the infinite dimensional problem (7.18).
The reason is that the operator B) in general does not correspond to
the restriction of the operator B to V}, i.e., in general

BV, £ @ -

In order to establish the relationship between the operator B : V' —
Q" and By, : V), — @}, we denote by Py, : () — @), the orthogonal
projection onto (). Then, we may identify (); with a subspace of
according to

< gnq>0+0 = <09nPoa>00 , 9n€EQ)
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which means we extend g; by zero on @i, the orthogonal complement

of Q, in Q.

Likewise, for g € ()* we define its projection onto (); by
<Pe:9:9>00q=<9Po.q>0g0=< F, 9.4>¢q » 9EQx.
~—
= Py:
Hence, we obtain
< Buon,q >q-.q = < Brvn, P4 >q-.q = blun, Po,4) =
=< th,Pth >0 = < PQ;*LBUhyq >0*Q , UnE Vi, .
from which we deduce
(7.30) By = Fg;Bly, -

Consequently, the existence and uniqueness of a solution (uy,p,) €
Vi, x Qp, of (7.29) require a proper balancing of the subspaces V}, and
Q.-

Theorem 7.4 Existence and uniqueness result

Let V' and @ be Hilbert spaces and let a(-,-) : V x V — IR and
b(-,-) : V x @ — IR be bounded bilinear forms with associated
operators A:V — V*and B:V — Q".

Moreover, let V,, C V and @), C () be finite dimensional subspaces
and Ay, : V), — V)" and B, : Vj, — @)} the operators associated with
a('v ')’VhXVh and b('v ')’VhXQh‘

Suppose that the following conditions are satisfied:

(i) The bilinear form a(-, -)|v, xv;, is Ker(By,)-elliptic, i.e., there exists
a constant «j, > 0 such that

(7.31) alvp,vp) > o |lvnll? . v € Ker(By) .

(ii) The bilinear form b(-, )|y, «xg, satisfies the Babuska-Brezzi-
Ladyzhenskaya condition

b
(7.32) inf (v, 1)
an€Qu\Ker(B}) v,evi, |Vnllvi, 1anll Qu/xer(sy)

Then, for any f € V* and ¢ € Im(B), the saddle point problem
(7.29) admits a solution (up,py) € Vi, X Qp, where u;, € V, is uniquely
determined and pj, € ()}, is unique up to an element of Ker(B;).

Proof. We refer to [1]. O

> B > 0.

The following result establishes an a priori error estimate for the
global discretization error.
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Theorem 7.5 A priori error estimate

Suppose that the assumptions of Theorem 7.3 and Theorem 7.4 are
satisfied. Let (u,p) € V x @ and (up,py) € Vi, X @ be the solutions
of (7.18) and (7.29), respectively. Then there holds

(7.33) |u—up|ly <

< (2 (e B g ol + B o

(7.34)

o= pillosmerisy < (14 000) int flp—gillg + 1A u—
e Br 7 an€Qn B

Proof of (7.33). In view of the Babuska-Brezzi-Ladyzhenskaya
condition (7.32) and Lemma 7.6 (v), the set

Zn(g) == { vn € Vi | blon,qn) =< g,an >0Q  qn € Qn }

is non empty. For w;, € Z,(g) we have w;, — u;, € Ker By, and hence,

(7.35) aplwp —uplly < sup altn = tn, Un)
vpeKer By, [[vnllv

a(wh —u, Uh) + CL(U — Up, Uh)

= sup

vpEKer By ||Uh||V
~ a(wy, — u,v) — b(vp, p — pr)
vpeKer By, HUhHV

Since v;, € Ker By, for any ¢, € @y,

(7.36)  [b(vn,p —pu)| = [b(vn,p —aqn)| < [0l [lonllv [Ip — anllq -
Using (7.36) in (7.35) yields
apllwn —unlly < lall flu —wrllvy + (bl Ip = anllq
whence
37 lu—wly <
all 0]

< <1+—> inf U —w + — inf — .
< ” whezh(g)H nllv ” qhthHp anllq

It remains to estimate

inf |lu—wplv -
wpEZ(g)

For any v, € Vj,, we have B(u — v,) € Im(B), and hence, in view of
Lemma 7.7 (v) and Lemma 7.8, there exists 7, € ' such that

(738) b(?"h, Qh) - b(u — Up, qh) ) an € Qh
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satisfying

1 b(u — v, qn 1
(739)  rally < ~ sup ETUmB) o Lo

ﬁh an€Qp HQhHQ h

In view of Bu = g, (7.38) tells us that wy, := r, + v, € Z,(g). Conse-
quently, using (7.39) we obtain

L]

(7.40) |lu —wplly < |lu—wvrllv +[lrallv < (1+
h

) llu=ally
From (7.40) we readily deduce

. bl
(7.41) inf  u—waly < <1+Hﬁ_hH> inf [lu — vally -

wpEZR(g) v €VhY
Finally, using (7.41) in (7.37) gives (7.33).

Proof of (7.34). If we subtract the first equation in (7.29) from the
first equation in (7.18) (choosing v = v, € V},), we get

a(u —up,vp) + blop,p—pr) = 0 |, v, €V .
Then, for any ¢, € Q)

b(vn, qn —pn) = — alu —up,vp) — b(vn, p —qn) -
The Babuska-Brezzi-Ladyzhenskaya condition (7.32) implies

1 b(Vh, qn — Pn)
lan — pullQ/kersy < B su blon, n = pn) =

vREVY, ”vhHV
1 b(vn, qn — p) + alun — u, vp)
= — sup ;
B vREV HUhHV
whence
1

7:42) lan =iy < 5 (101 =il + ol Ju=wilv)
Then, (7.34) follows by the triangle inequality. O

Theorem 7.5 is a Céa like result which tells us that the discretization
errors u — uy, and p — p;, are bounded by the best approximations of
the solutions v € V and p € @ of (7.18) by functions in V}, and @,
respectively. However, in terms of the constants oy, and (3, the bound
still depends on h.

If we require the bilinear form a(-, )|y, xv;, to be uniformly Ker(B},)-
elliptic and the bilinear form b(-,)|y, «, to satisfy the Babuska-
Brezzi-Ladyzhenskaya condition uniformly in A, the dependence on
h can be removed:

Theorem 7.6 A priori error estimate
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In addition to the assumptions of Theorem 7.5 suppose that there exist
constants o > 0 and 3 > 0 such that:

(i) The bilinear form a(-, )|y, «v, is uniformly Ker (B}, )-elliptic, i.e.,
(7.43) alvp,vp) > alluplly , v, € Ker(By) .

(ii) The bilinear form b(-,-)|v, «xg, satisfies the Babuska-Brezzi-
Ladyzhenskaya condition

b
(7.44) inf s (v, ) >8> 0.
am€Qn\Ker(B}) v, eV, ||UhHVh,||qh||Qh/K6r(B;;)

Then, we have

(7.45) u—willy <

ol 16l ol .

< (1—|——> <1+—) inf ||lu—wv + — inf — ,
- o ﬂ v VY || h||V (6] Grh€Qn ||p qhHQ

(7.46)
— gy < (1—1——) inf — + — |lu—1

Proof. The proof follows directly from Theorem 7.5. U

7.5 Finite dimensional subspaces of H(div, )

We consider conforming finite element approximations of the space
H(div, Q) based on both simplicial and rectangular triangulations 7,
of a simply-connected Lipschitz domain Q € R? in case d = 2 and
d=3.

For D C Q, we denote by Py(D) , k € Ny and Py(D) , k € IN, the set
of polynomials of degree < k and the set of homogeneous polynomials
of degree k on D. Moreover, Qg .(D) , {,m,n € IN; refers to the set
of polynomials in (1, 29, 23)7 € D the maximum degree of which are £
in xy, min xy, and n in z3. If £ =m = n = k, we simply write Qx(D)
instead of Qx(D). Obvious modifications apply in case D C IR”.

7.5.1 Conforming elements for H(div, {2)

Let 7, be a triangulation of (2 and

(7.47) P = {a=(q,-q)" |¢:K—-R,1<i<d},
(748) Vh(Q) SZ{thQ—>]R|qh|K€PK,K€'Th}.

The following result gives sufficient conditions for V,(2) € H(div, Q).
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Theorem 7.7 Sufficient conditions for conformity
Let 7, be a triangulation of Q) and let Px , K € 7, and V,(Q2) be
given by (7.47) and (7.48), respectively. Assume that

(7.49) Py CH(div;K), K €T, ,
(7.50) (n-ql] =0 foralle = K;NK; € &(Q), q e Vi(Q),d=2,

(7.51) In-q|;] =0 forall f = K;NK; € F(), g€ V,(Q),d=3,
where [n-ql.] and [n-q|] denote the jump of n-q across e and f, i.e.,
(7.52)

m-qly ==n-qlynx, —n-dlynx; , gi=e(d=2)and g:=f (d=3) .
Then V,,(Q) ¢ H(div, Q).

Proof. We prove the result in case d = 3. The case d = 2 can be
shown in literally the same way.

Given q; € V,(Q), we have to show that divq, is well defined and
divgy, € L?(Q). In other words, we have to find z;, € L?(2) such that

/qh-gradde:—/zhwdx , €D .
Q Q
In view of (7.49), Green’s formula can be applied elementwise:

/qh-gradgodx = Z/qh-gradgodx =

Q KeTn

= — Z/diV(lh@dX + Z/H'Qh\aKSOdU:
KEThK KETh,aK

= — Z/divqhgpdx + Z /[n-qh|f]gpda.
KET, 5 feFn(2) %

Taking advantage of (7.51), the assertion follows for z;, with zj|x =
divqh, K e1T,.
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7.5.2 Raviart-Thomas elements RT(K)

Let us first consider the case of simplicial triangulations 7;, of . For
K € 7, and k € IN; we set

@]eePk(e), eGEh(K) , d
d

2
oly € P(f), f€FuK) 3 )

RiL(OK) = {p € L*(0K) | {

Definition 7.4 Raviart-Thomas elements RT(K)

Let K be a d-simplex. The Raviart-Thomas element RT(K), k €
INg, is defined by

(7.53) RT,(K) = Pu(K)? + x Py(K) .

For q € RT(K), the degrees of freedom Yy are given by

(7.54) /q-npk do , pr€ Rp(0K) ,
oK

(7.55) /Q'Pk—l dx , pr-1 € P1(K)?
K

We have

(7.56) dim RT4(K) = {

X KD

!

Fig. 7.1: RTo(K) , d =2 Fig. 7.2: RTo(K), d =3
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NN\ I
[ ]
S~ v
Y Y
Fig. 7.3: RT{(K) ,=2 Fig. 7.4: RT(K) , d =3

Lemma 7.8 Range of the discrete divergence operator
For q € RT\(K) we have

(7.57) div q € Py(K) |

(758) n- q|aK c Rk(éK) .

Proof. According to (7.54), q can be written as

(7.59) q =pe +xpr , Pr€P(K), pr€Pu(K) .
Then

(7.60) divg = divpy + x-grad px + 3 pr = divpr + (E+3) p

which gives (7.57).

Further, for n = (nq,...,n4)" we get
d
n-q = n-py + pi anmz
i=1

Since Zle n; x; = const. on e C 0K resp. [ C 0K, this shows
(7.58). 0

Lemma 7.9 Auxiliary result for unisolvence
Let q € P,(K)? and assume

(7.61) /q-npk do = 0 , pr € RL(OK),
oK

(762) /q “Pk-1 dx = 0 , Pr-1 € Pk_l(K)d
K

Then
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Proof. We apply Green’s formula

/divqpkl dx = — /q'gradpkl dx + /rrqpkl do ,
K K P 0K D
=0 =0

Pre-1 € Poo1(K) .

Since div q € P,_1(K), we may choose p,_; = div q which gives the
assertion. U

Theorem 7.8 Unisolvence of the RT(K) element
The element (K, RTy(K), Xk) is unisolvent.

Proof. We have to show that the relations (7.61) and (7.62) imply
q=0.

Due to (7.57) we have n-q € R;(0K) and hence, (7.61) implies n-q = 0
on each edge resp. face.

In the same way as in Lemma 7.9 we deduce div q = 0. Observing
Lemma 7.9 and (7.60), we get p; = 0.

Taking advantage of the affine equivalence, we consider the reference
tetrahedron (cf. Figure 7.5).

T3
(0,0,1)
f4 (Oa 170)
T2
(1,0,0)

X1
Fig. 7.5: The reference tetrahedron
In lights of the results obtained so far, we may assume

g = fﬂzh ; i)iepk_ﬂf{), 1<:<3.
If we choose Py_1 = (11, 1y, 15)" in (7.60), we obtain

3
Z/@H&fdx =0
izlf(
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Whence@izo,1§i§3,andthusq:0. O
Definition 7.5 The Raviart-Thomas finite element space RT(£2, 7;,)
The Raviart-Thomas finite element space RTy ({2, 7}) is given by

(7.63) RTy(Q,7,) = {qe H(div;Q) | q|x € RT(K), K €T, }.
It is a finite dimensional subspace of H(div;(2).
7.5.3 Raviart-Thomas elements RT;(K)

Let 7, be a rectangular triangulation of €). In much the same way as
before we define

(7.64)

- dle € Pi(e)? , e € &E(K) , d=2
Qk(aK) = {QGLz(K)| { Q|f€Q:(f>, fEFZ(K) Cd=3 } .
Moreover, we set
(7.65)

U (K) = Qr1x(K) X Qria(K) , d=2,
' . Qr-1kk(K) X Qrp1x(K) X Qprr(K) , d=3

Definition 7.6 Raviart-Thomas elements RT;(K)

Let K be a d-rectangle. The Raviart-Thomas element RT,(K) , k €
INg, is defined by

(7.66) RTy(K) = Qu(K)? + x Qx(K) .
For q € RTy,(K), the degrees of freedom ¥y are given by
(7.67) /q~n do | pre QuIK) |
oK
(7.68) /q-pk dx , prp € V(K).
K
We have

2 (k+1)(k+2) , d=
3(k+1)2(k+2) , d

Theorem 7.9 Unisolvence of the RT;)(K) element

The element (K, RT,(K), Xf) is unisolvent.
Proof. The proof is left as an exercise. O

)

2
3

(769) dim RT[@(K) = {
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Definition 7.7 The Raviart-Thomas finite element space RT (€2, 75,)
The Raviart-Thomas finite element space RT ({2, 7}) is given by

(7.70) RTy(2, 7,) := {q € H(div; Q) | a|x € RTy(K), K € Tp} .

It is a finite dimensional subspace of H(div;(2).

7.6 A priori error estimates for Raviart-Thomas
approximations

The abstract a priori error estimates in Theorem 7.6 allow us to derive
a priori error estimates for Raviart-Thomas approximations by inter-
polation in H(div, Q).

We will also strongly take advantage of the affine equivalence of the
elements and therefore, we have to study how a vector field and its
divergence transforms under an affine mapping.

7.6.1 Change of variables

Let K be the reference d-simplex and K = F(K) under the affine
mapping F : RY — R?, F(&) = Bi + b, with B € R*? and b € R".
If q € L*(K)?, the transformation

¢ = GoF ' |, 1<i<d,
does not preserve normal components and does not map H(div, K ) into
H(div, K). Instead, we use the so-called Piola transformation.

Definition 7.8 Piola transformation

Let F: R — R, F(#) = Bi + b, with B € R and b € IR? be an
affine mapping such that K = F(K.

The mapping

(7.71) P LK) — LYK)

¢ — aq(x)=P(Q)(z):= Bq(z)

is called the Piola transformation.

Lemma 7.10 Properties of the Piola transformation, Part I
Let P be the Piola transformation as given by (7.71). Then, if q €
CHK)? we have q = Pq € C'(K)?, and there holds

1

72 Dq = B Dqg B!
(7.72) 9= Jei(B) q :
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7.73 div q = div ¢
(7.73) va = g diva,

where ]561 and Dq denote the Jacobians of q and q, respectively.

Proof. (7.72) can be easily established by elementary calculations,
whereas (7.73) follows from the fact that the trace of a matrix is in-
variant with respect to a change of variables. U

Lemma 7.11 Properties of the Piola transformation, Part 11

Let © € H(K) , § € H(c?@\v,f() and v := 0o ' ¢ := P(q). Then,
there holds

(7.74) /q-gradvdx - /q grad o di |
i %
(7.75) /diquda: - /cﬁvqadafs,
K K
(7.76) /q-n@da = /d n o do
oK ok
Proof. We refer to [4]. O

In particular, (7.76) shows that the Piola transformation preserves nor-
mal traces in H~'/2. In fact, the Piola transformation is suitable for
affine transformations involving vector fields in H(div):

Lemma 7.12 Properties of the Piola transformation, Part III

The Piola transformation maps H(JR/', K) isomorphically onto H(div, K)
and there holds

(7.77) lallox < [det(B)[* B lallox -

(7.78) lalloz < [det(B)"* B~ llallox

(7.79) ldiv qllox < |det(B)[72 [|div 4l

(7.80) Idiv allgz < |det(B)V? ||div qflox -

Proof. We refer to [4]. O
If we define

(7.81) H™(div,Q) = {q€ H™(Q)*|divqe H™(Q)} , mecIN,

we have the following transformation rules:
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Lemma 7.12 Properties of the Piola transformation, Part IV

The Piola transformation maps Hm(a;/, K ),m € IN, isomorphically
onto H”(div, K') and there holds

(7.82) lalms < ldet(B)~V2 |B7H™ 1Bl |l

(7.83) lall,z < ldetB)Y2 1BI™ 1B e -

(7.84)  |ldiv allmsc < [det(B)2 [BTH™ [ldiv all,, 4 -

(7.85)  |ldiv @l < |det(B)Y* | BI™ [[div aflmx -

Proof. We refer to [4]. O

7.6.2 Estimation of the local interpolation error

The degrees of freedom of a vector field q € RT,(K), k € INg, are de-
fined by means of functions p;, € Ry(0K) which belong to H*(0K), s <
1/2. Since n-q € H'/?(0k),q € H(div, K),, it is clear that for the
proper definition of a local interpolation operator we need some
more regularity.

Definition 7.9 Local interpolation operator

Let K be a non degenerate d-simplex and k£ € INy. The local inter-
polation operator

(7.86) pr : H(div, K)NL*(K)* — RTw(K) , s>2,
is defined as follows:
(7.87) / (q—qu) npydo = 0 , pp€ROK),

0K

/(q— qu> pradr = 0 , pr1€ P (K)*.
K

Theorem 7.10 Estimation of the local interpolation error
Let K be a non degenerate d-simplex and let p, : H(div, K)NL*(K)? —
RT(K), k € INg, be the local interpolation operator. Then, there
exists a positive constant C'(k, K') such that for q € H™(K)? 1 <m <
k + 1, there holds

(7.88)  |la—pralex < C(k,K) b |dlmrx . 0<0<1.

Proof. The proof can be done using Lemma 7.12 and standard scaling
arguments. U
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In order to study the error in H(div, K'), we need the following impor-
tant commuting diagram property:

Lemma 7.13 Commuting diagram property

Let K be a non degenerate d-simplex, py the interpolation operator
given by (7.87), and 7y the L*-projection onto div RT(K).

Then, for all q € H(div, K) N L*(K)? s > 2, there holds

(7.89) div(q) = 7mx(div q) .
Note that (7.89) is equivalent to the commuting diagram property
(7.90) div
H(div, K) N L (K)* — L*(K)
pe | |l 7K
RT;(K) — div RTy(K)
div

Proof. Since 7 div(q) € div RT(K), it suffices to prove

/v div(pgq) de = /v div(q) dz , v ediv RTy(K) .
K K
Using (7.88), we find

/v (div(qu) - div(q)) dr =

K
= /gradv- (q—qu> dr — /n-v (q—qu> do = 0,
K oK
which gives the assertion. U

Theorem 7.11 Estimation of the local interpolation error
Let K be a non degenerate d-simplex and let p : H(div, Q)NL*(Q)? —
RT(K), k € INg, be the local interpolation operator. Then, there
exists a positive constant C'(k, K') such that for g € H”(div, K),1 <
m < k + 1, there holds

(7.91) [div(a — pxa)llox < Ok, K) hig |div(q)|m,x -
Proof. The proof can be done using Lemmas 7.11,7.12 and standard
scaling arguments. U

7.6.3 Estimation of the global interpolation error
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We are now in a position to estimate the global interpolation er-
ror. For that purpose, we have to specify the global interpolation
operator.

Definition 7.10 Global interpolation operator

Let 7,(92) be a shape regular simplicial triangulation of Q C IR?. The
global interpolation operator

(7.92) I, : H(div,Q) N L (Q)? — RTL(Q,Tn(Q)) , s>2,
is defined as follows:

(7.93) ((@)lx == prldlc) . K e€T(Q).
Lemma 7.14 Commuting diagram property

Let 7,(2) be a shape regular simplicial triangulation of Q ¢ IR? and
denote by II, the global interpolation operator and by P, the L*-
projection onto

(7.94)  WO(div RT4(Q,T5),7h) =
= {ve L*(Q) | v|g € div RTH(K) , K € T,(Q)} .

Then, the following commuting diagram property holds true

(7.95) div
H(div, Q)N L*(Q)¢ — L*Q)
I, | L Py
RT:(Q,7) — W°(div RT(2, 73), 7n)
div
Proof. The proof is left as an exercise. O

Theorem 7.12 Estimation of the global interpolation error

Let 7,(2) be a shape regular simplicial triangulation of Q ¢ IR* and
denote by II, the global interpolation operator. Then, there exists
a positive constant C, independent of the mesh size h, such that for
qe H(div,Q)and 1 <m < k+1

(7.96) la—Iwdlloe < CA™ |dlma ,

(7.97)  ||div(q — ) floo < CA*|div(q)|ra , (<k+1.
Proof. The proof follows readily from Theorems 7.10,7.11. O
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