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1. Introduction

By the Cartan-Chern-Moser theory [CM], the germ of a strongly pseudoconvex
real analytic hypersurface M C" is determined, up to a local biholomorphic
map, by a set of complete invariants which can be expressed hihe curvatures of a
connection or the coe cients in a normal form.

When n 3, the fourth-order pseudoconformal curvature tensorS of Chern-
Moser [CM] is of fundamental importance because it generatother invariants by
di erentiation. It is known that S 0 if and only if M is locally biholomorphic
to the sphere @". When n = 2, the fourth-order curvature tensor vanishes iden-
tically and its role is played by the Cartan six-order invariant curvature tensor P
[Car]. Similarly, P 0 if and only if M is locally biholomorphic to the 3-sphere
@82. In both cases, a point onM, at which the Chern-Moser tensor S (or the
Cartan curvature tensor P for the case ofn = 2) vanishes, is called a CR umbilical
point, or brie y, an umbilical point ([CM]). CR umbilical po ints are biholomorphic
di erential invariants of M.

The study of CR umbilical points on a compact strongly pseuda@onvex hyper-
surfaceM provides useful information for the holomorphic structure of its enclosed
domain, as well as the intrinsic CR structure ofM itself. However, di erent from the
situation in the classical Di erential Geometry, except in the trivial spherical case,
whereS or P 0, computing umbilical points seems to be a very di cult prob lem.
This is because the explicit formula for the fundamental Catan-Chern-Moser cur-
vature tensions is too complicated. Indeed, the situation $ already non-trivial even
in the simplest non-spherical case| where M is a real ellipsoid. Recently, based
on his previous work on the complex dynamics property of reakllipsoids, Webster
proved the following: (Seex3 for the de nitions)

Theorem 1.1. (Webster [We2]): A generic real ellipsoid in C" with n 3 does
not admit any umbilical point.

Umbilical points on a certain class of real hypersurfaces ofevolution were also
studied by Webster [We3].

A natural question arising from [We2] is then to ask whether ageneric real
ellipsoid in C? shares the same property as its analogy in higher dimensionsit
is indeed this problem that motivated our present work, and we provide, in this
paper, the following:

Theorem 1.2. Every real ellipsoid M C? admits at least four umbilical points.

The rst author was supported in part by NSF-0200689.
1



2 XIAOJUN HUANG AND SHANYU JI

Theorem 1.2 resembles the classical result for the umbilidgoints on the ellip-
soids inR3 [pp222, Spv]. A famous theorem of Hamburger [Ham] states thiaevery
compact real analytic convex surface inR® admits at least two umbilical points.
We do not know if there is a CR version of the Hamburger theorem More precisely,
it is an open question to us if every compact strongly convex yipersurface in C?
admits at least two CR umbilical points. Notice that only for n = 2, the funda-
mental curvature tension reduces to a function. It may not be surprising that it is
more likely to nd umbilical points on a hypersurface in C? than to nd umbilical
points for a hypersurface inC" (n  3).

The proof of Theorem 1.2 uses Chern's inhomogeneous coordies for the pro-
jective G-structure bundle of the Segre family of a real analytic strangly pseudo-
convex hypersurface [Ch] [CJ], and a formula derived in Huag-Ji-Yau [Theorem
3.1, HJY] for the complexi ed Cartan fundamental curvature tension represented
under these coordinates. The formula of [HJY] seems to t paticularly well with
the computation here.

In the classical Dierential Geometry [Spv], surfaces in R® without umbilical
points must be di eomorphic to a torus. The boundary of a small thickening of the
unit circle in R? provides examples of closed surfaces without any umbilicgboint.
However, this type of examples does not give compact CR marufds without CR
umbilical points. The following theorem gives a precise dexiption for the set of
umbilical points for the thickening of a closed real curve. tis not clear to us if
there is any embeddable three dimensional compact CR manifd which has no CR
umbilical points.

Theorem 1.3. Let M C? be the boundary of the -thickening of the unit circle
fizj = 1;w = 0gin C?, de ned by the equation(1 j zj)? + jwj> = 2, where is a
su ciently small positive number. Then the set of all umbilical points of M forms
a disjoint union of a closed real analytic curve and two two-@mensional totally real
analytic tori.
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2. Umbilical Points of Real Hypersurfaces In C?

In this section, we brie y review the Cartan-Chern-Moser theory (cf. [C][HJ]
[Hu]). We restrict ourselves to the case ofn = 2. Let

(2.1) M = f(z;w) 2 C?: r(z;w;Z;w) =0g

be a Levi non-degenerate smooth real analytic hypersurfaceith (zo;wp) 2 M. Its
complexi cation, called the Segre family of M, is then the complex three-fold

M =f(z;w;; )jr(z;w;; )=0g C*

Clearly (zo;wWo;Z0;Wp) 2 M . Assume that

r
(2.2) r'w(2Zo; Wo; Zo; Wo) = g Zo;Wo; Zo;, Wp) 6 O
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De ne
2.3)
s:M! M =sm) Cc2 P (ziw;; )T zZw; %; g\:’(z;w;; )

S is locally biholomorphic by the Levi non-degeneracy condiion. (See Proposition
4.1 of [CJ]). With the assumption in (2.2), we can regard ¢;w; ) as a local non-
homogeneous coordinates system foM , and we can writeS(z; w; ) =(z;w; rr—vzv).
Then we use ¢;w;p) as a local coordinates system, called the Chern coordinase
system, forM , where
2.4) p= rr—Z:
w
Making use of the implicit function theorem, we can nd a unique holomorphic
function (in its argument) h(z;z;w) near (zo;Zg; Wo) with h(zp;Zg; Wo) = Wp such
that w = h(z;z;W) solves the equation:r(z;w;z;w) =0. Thenfor(z;w; ; )2M ,
we have
@lz; ; ).
@z

We havedp = py;dz+ pid + p2d , wherepy; = %, pl = @@%Zand W = g—&i

and we have the following identity:

(2.5) p(z;w; )=

(2.6) pdz+ dw p'd p?’d =0

wherep=py = &5 pt = @"and > = SN Therefore, we obtain
_— pip: 0 TN

2.7) dpim = pu F dz + EdW"' p1 02 d:

Hence, we have the following holomorphic coframe ot :

dw pdz=dw p;dz;
= dgz
1T = = ﬁ + pi —p%pl
4 4
We emphasize again thatp;; is a holomorphic function in (z; w; p) near (zo; Wo; Po)
with (zp;wWp) 2 M and pp = p(zo; Wo; Zg); and p11 is given by the following formula:

d =dp pndz:

_ @h
P11 = L
De ne the holomorphic coframes overM :

(2.8)

(2.9) t=u;tt=ut +ullry=v +vig

where u; ui; ut;v; are holomorphic functions with u = iuivi 6 0.

Now, the fundamental Cartan-Chern-Moser theory [CM] givesthe following:

Let M = fr =0g C2?, (zo;Wp) 2 M such that (2.2) is satis ed and let 1
be as in (2.3). Lete : ¥ ! M be the corresponding holomorphic projective
structure bundle. Then besides the 3 holomorphic 1-forms in(2.9), there exist

5 more holomorphic 1-forms ; 1; ; ;, , dened over ¥, with holomorphic
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coordinates z; w; p, u; u};ul;vy;t; with u;ul 6 0. These holomorphic 1-forms are
C - linearly independent, and satisfy the following structure equations

d! =it inrg+r Ay
dl =11na %_'_!/\ 1;
- 1 .
dly = g~Mlg+1gr +1A g
- 1 i1 .
(2.10) d S LRI I I AU S A
' di =it~ 1 2 gn1t LAy
dl! = A~ 14 1na % % /\!1+Lll!/\!l;
- 1 1 1.
di1 = 17 1 5 Mg+ P! MY
d = A 420 1A J4H ATTERE AL

All of these forms!;! L;14;; 1, 1 ;and , as well as all of the curvature func-
tions L'1;P11;H; and K1, have been calculated explicitly in [Theorem 3.1, HJY].
In particular, we have

(2.11)
L = i(u1)?® @pu
6u3 @ ’
Py = i @pn 1@m @pu + 2 @@ @pu + Pu @ pn
1= Wwh? @w 2 @w @F 3 @ @p@w 6 @Few
1@wm  @pu 4 p@Pn 2 _@pu p @pu p@Pn
6 @0 @p@z Fe@pew 3 @zewep "l@pew’ Fepew

dp dp 1@pu  @p @p
@:* Pasezaw T 5 @ @z ' Pon

+ Pu @Pu + pll@pll + p@Pu + P @pu

Pu P _@pu Bpu
6 @20 @p @faw ' 6 @epew’ Pllgsew’ Pesew

On the CR structure bundle ¥ over M = S(f(z;w;Z;w) @ (z;w) 2 Mg), there
are R-linearly independent 1-forms!;! %11, 1, = 1+ I 1.1 gatisfying
the structure equations

d! :||1/\|1+|/\;
it =11na %_,_!/\ 1;
(2.12) di =it~ 1 20 a1l 1 Ay
dl = A~ 14 1na % % /\!1+C11!/\!_1;
d = A 420 1ATTH( Al AL

li is known that the projective connection underlines the CR connection [C]
[F]. Hence the structure equations (2.10), when restrictecon ¥, reduce to (2.12).
Consequently, C1* = L%, = Pyjy. £, when pulled back to (Y; ;M ), is the
Cartan fundamental curvature function. Hence, (zo; Wp) 2 M is an umbilical point
if and only if L'1j, =0 along the ber » 1(zo;wo), where ~: ¢ 1 M is the natural
projection. Notice that (zp; W) is an umbilical point of M if and only if there is a
biholomorphic change of coordinates under which %p; wp) is mapped to the origin
and M is de ned by an equation of the form: Im(w) = jzj2 + o(jzj®). (See [CM]).

From (2.11), we notice that L!! vanishes at a point in the ber * 1(S(zo,
Wo; Zo; Wp)) if and only if L*! vanishes along the whole ber ~ 1(S(zo; Wo; Zg; Wo)).
Sinceu 6 0;ul 6 0 in (2.11), we obtain

Theorem 2.1. Let M = fr =0g C2 Letr and (zo;Wp) 2 M be as in (2.1).
Assume that (2.2) is satis ed. Then (zp;wp) 2 M is an umbilical point if and only
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@pu
Zo; Wo; =0
@p (Zo; Woj; Po)
wherepo = 72(2o; Wo; Zo; Wo).
3. Umbilical points of ellipsoids in C?

Recall that a real ellipsoid M C" is the image of the unit sphere@" under
a real-a ne transformation of R2" := C". It is known [We1] that after a holomor-
p,hlc a ne transformation, any real ellipsoid is given by an equation of the form:

21 (Ajxf + Bjyf) = 1 where Aj  Bj > Oandz = x + iy;. The complex
structure of ellipsoids was rst studied by Webster in his famous paper [Wel]. He
showed that whenn 2, two ellipsoids are biholomorphically equivalent if and amly
if the set of ratios (A; B;)=(A; + B;) is the same for the two. Hence any ellipsoid
M can be made into the form:

X
(3.1) (1+g)x’+y? =1

j=1
wherea; 0. Notice that M is spherical if and only ifa; = O forall j. In particular,
after a holomorphically linear change of coordinates, any kipsoid M in C? can be
given by

(3.2) (L+a)xi+yi+(1+ a)xz+ys=1; aja O;
or equivalently,
(3.3) a1z’ + a1Z?2 + 22+ a1)zZ+ apyW? + ap,W? + 2(2+ ap)Www = 4:

We notice from (3.2) that M can be parameterized by three real parameters
7 21]0;2 ]; c¢2 [0;1] through the following equation:
(34) z=p———cos +icsin; w —p—pl © cos +ip1 c2sin
' 1+a; ’ 1+ a

In fact for any c 2 [0; 1], considerw = X5 + iy, with (1 + ag)x2+ y% =1 2. Then
w = pﬁcos +i 1 c2sin for 2 [0;2 ]. Since (1+a;)x3+ y? = 2, the

formula for z= x; + iy; = pﬁcos + icsin follows.

Complexifying (3.3), we obtain the Segre familyM  C? C? of M, de ned by
the equation:

(3.5) a1z?+ a; 2422+ a))z + aW?+ a, 2+2(2+ a))w =4:

Choose the de ning function of M to ber := a;z%+ a;7°+2(2+ a1)zZ+ a,w?+ ap,W2+
2(2+ax)ww 4. Then a point (z; w) satis es (2.2) if and only if a,w+(2+ az)w 6 0.
By (3.4), this is equivalent to the condition that ¢ 6 1, or equivalently, w 6 0. We
assume

(3.6) c61l; ice;; w60:

Then making use of the implicit function theorem, we have a unque function w =
h(z;z; W), which solves the the equationr = 0 near the point under study. Applying

& and @@g to (3.5), we getayz + 2+ a) + aw3h+(2+ a) 9" =0 and
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2
a; + ap %2 +a2W%§+(2+ ay) %}:O. Since p = %*Z‘andpllz %EonM,

we obtain
(3.7) a;z+(2+ a;) +awp+(2+ a)p =0 and
(3.8) a + app? + awpi +(2+ a) p11 =0:

At the point ( z;w;Z;W) 2 M , we then have

auz+(2+ a1)z

(3.9) P= aw+(2+ a))w’

Now, we can use (3.5) (3.6) (3.7) and (3.8) to cancel out; as follows:
Multiplying (2 + a;)? to the equation (3.5) and making use of the equality:
2+a1) = az awp (2+ ap)p from (3.7), we have
2
(2+ a)?az? + & az+ awWp+(2+ a) p

(3.10) +2(2+ a1)?z az awp (2+a)p

+a(2+ a1)?w? + a2+ a1)? 2
+2(2+ a1)%(2+ a))w =42+ a)Z:

Multiplying (3.10) by (2 + a,)?p?, and making use of (3.8): 2+ax) p11 = &
axp?> axwpy1, we obtain the following

(3.11)
2

a;(2+ a1)?(2+ a)z%pf; + a2+ @)® aizpu  ap  ap’

2(2+ a1)?(2+ a)’puz(aszpun ap  azp) ,
+a(2+ a1)?(2 + ap)?pf, W + ax(2 + a1)? ag + axp? + apwpn

22+ a1)?(2 + a2)®wpii(ag + @p? + apwpi1) = 42+ a1)?(2 + a2)?pi:

Write (3.11) as

(3.12) Rp2, +2Bpy; + € =0; where
(3.13)

R = da(l+ an)(2+ ap)?z® dap(l+ ap)(2+ an)®w? 42+ a1)?(2+ ap)?;
(3.14) B =4(a;+ ap?) 1+ a))+ a)?zp (2+ a1)?(L+ a)w ;
(3.15) € =(a + ap’)® a(2+ a)’p’ + a2 + &) :

Assume that & 6 0 at the point ( z;w) 2 M with w 6 0. We can then solve p1;
from (3.12):
B 8

(3.16) P11 = s
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where
192 =182 &E=4(a;+ ap?)?
4 (1+a)2+ a)’zp (1+ a)(2+ ar)’w 2
@.17) + a2+ ap)?p?+ a2+ &)? a(l+ ay)(2+ ap)?z?
+ay(l+ a)(2+ ar)’w? + (2+ a1)?(2+ ap)®
After taking out the common factor 2(a; + a»p?), (3.16) can be simpli ed as

(3.18) P11 = % 2(a1 + azp?)

where 2@, + a,p?)B = B, and

(3.19)
2

H2=4 (1+ a))2+ a)?zp (1+ a)(2+ a1)w
+ ar(2+ ap)?p? + ax(2+ ay)?

ap(l+ ar)(2+ a2)%z2 + ap(1+ a2)(2+ ay)?w? + (2 + ap)?(2+ ax)? :

Write
(3.20) 12 = Ap?+ Bp + C; where

A=4(1+ a)?(2+ ap)*z% + a(2 + ap)® a(l+ a1)(2+ ap)?z?
(3.21)

+ay(l+ @)(2+ ar)’w? +(2+ ar)’(2+ a)? ;
(3.22) B= 8(1+a)(l+ a2+ a1)?(2+ ax)?zw;

C=4(1+ a)?(2+ a)*w? + ap(2+ a1)® ay(1+ a1)(2+ ap)?z?
(3.23)

+ap(l+ a)(2+ a)?w? + (2+ ag)?(2+ ax)? :

Assume that H2 = Ap2+ Bp + C 6 0 at the point ( z;w) 2 M with p being
given as before. Notice that® is independent ofp and that the degree ofB in p is
1. From the formula of p;; in (3.18), it follows that at ( z; w;Zz;W);

@pu _ @ 2 -0-

@b =0, @b (a1 + apP) =0:

Assume that 1 (z ;w ;p)=0with (z ;w )2 M andp = p(z ;w ;Z ), where
w; A(z ;w );&(z ;w )60:

Since p11(z;w; p) is a holomorphic function for (z;w;p) (z ;w ;p), we eas-
ily see from (3.18) that J(z;w;p) := B (a1 + axp?) is also holomorphic for

(3.24)
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(z;w;p)  (z ;w ;p). In particular, J(z ;w ;p) is holomorphic in pforp p.
Now, suppose that 2A(z ;w )p + B(z;w) 6 0. Then B = (p p)¥2h
with h 6 0 holomorphic for p p, by (3.20). This clearly contradicts the
fact that J(z ;w ;p) is holomorphic in p for p p . Hence, we conclude that
B (z ;w ;p ) =0 can only occur at the point where
(3.25) 2A(z ;w )p +B(z ;w)=0

Next, we have

% @ég+832p@gg+(al+ azp)@gg

Sincet2 = Ap2+ Bp+ C, we get 1 %p =2Ap+ B. We continue to di erentiate

(3.26) (a1 + apP)H =12a,

2
itto get @1 +I4@}'4—A Hence

@p
@n — A (2)? _ 4AAR? (2Ap+B)?
(3.27) @ R 23
— 4A(Ap%+Bp+C) (4A2%p2+4 ABp +B?2 ) — 4AC B2.
JILE FLE

2
Continuing di erentiation on %p +H @m = A, we obtain 3 %@%_4. A
0 and thus

e

(3.28) _@f; 2AWerB@p 4/\%)_'3_52 ) N
TR A Cr- = s (2Ap+ B)4AC B?):
Again from the equation B%p% + B %i 0, we get by di erentiation
el > @t en  ,aH
3 +4—=—+ H—=— =0; and thus
@p @p@p p
2
(3.29) @~ A @F @p @B
' 2
= % B2 4AC +4(2Ap+ B)? :

By Theorem 2.1, (3.24), (3.26), (3.27), (3.28) and (3.29), £;w) 2 M is an
umbilical point if and only if

ax(4AC  B?) ayp(2Ap + B)(4AC B?)

13 Hs
(4AC  B?)[B? 4AC +4(2Ap+ B)?] _ .
1617 ’

which amounts to say that either 4AC B2 =0 or

+ o+ app?

(3.30) a,* a,p(2Ap + B)H?+ %S[a1 + ayp?][B2 4AC +4(2Ap+ B)?]=0

SinceM2 = Ap2+ Bp + C, it follows from (3.30) that
4a(Bp+2C)? +4a1(2Ap + B)? + (a1 + ap)(B* 4AC)=0

Hence, we have proved the following criterion on umbilical pints.
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Theorem 3.1. Let M C? be as in (3.2). Let (z;w) 2 M be such thatw 6 0,
&(z;w) 6 0 and ¥ (z; w; p(z; w;Z)) = Ap2+ Bp+ C 6 0. Then (z;w) is an umbilical
point if and only if either 4AC B2 =0 or

(3.31) 4a,(Bp +2C)% +4a,(2Ap + B)? + (a3 + ap)(B2 4AC)=0
at (z;w;p). Here pis as in (3.9); A;B and C are as in (3.21), (3.22) and (3.23).

4. Proof of Theorem 1.2

Lemma4.l. LetM be asin (3.2). Assugle thata; > 0. If 16a;+16aya,+3a1a3
432 > 0, then M is umbilical at (pli—al;i 1 c?)2 M for a certain ¢2 (0;1).

Proof: Consider the curve M with the parameter c 2 [0; 1], de ned by:

c
4.1 = —;
(4.1) 2(9 F;“—al
4.2) wc) = i 1 ¢ 0 c<1lL
Then along , from (3.9), we have
o P
_ az+(2+ )z _ i( 1+ a)c,

By (3.21),(3.22) and (3.23), we have

A(C) =41+ a))2+ ax)*c®+ a1(2+ a2)? a1(2+ ax)’c?

(4.4)
a(l+ a)2+ a1)’(1 )+ 2+ a)’(2+ ap)® ;
@5) BO= 81+ a1+ 2)2+ &) 2+ a)icrirss;
C(O= 4(1+a)*2+a)*(l &) + a2+ a)® a2+ &)’
(4.6)

a(l+ @)@+ a)’(1 A)+(2+ a)?(2+ ap)? :

By Theorem 3.1, it is enough to show that there is a certainc 2 (0; 1) such that
at the point (z(c); w(c); p(c)) 2 ¥

(4.7) R60;
(4.8) Ap?+ Bp+ C60; and

(4.9) 4a,(Bp +2C)? +4a;(2Ap + B)? + (a1 + axp?)(B2 4AC)=0:

We rst prove that (4.7) holds for any point in . By (3.13), A& = 0 at
(z(c);w(c)) 2 if and only if

4a;(2 + ap)2c +4ay(1+ a)2+ a1)?(1 ) 42+ a1)’(2+ a)? =0;

namely,
4212+ a2)2c?  4(2+ ay)?[4 +3a, + Cap + Cag] = 0:
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But this is a contradiction because the left hand side is strectly negative for any
c2 [0;1].

We also notice that A > 0 along , too.

Next, after restricted to , (4.9) can be written as

4a,B2 +16a;A% + a(B? 4AC)) p?+(16a,BC +16a,AB)p
(4.10)
+ 16a202+4a182+ a1(82 4AC) =0:

In order to solve the equation (4.9), by (4.3) and (4.10), it is enough to show that
there exists a pointc 2 (0; 1) such that K (c) = 0, where

2
K(): = 4a;B?2+16a;A%+ a(B2 4AC)) aiz+(2+ a1)z

(4.11) (16a;,BC +16a;AB) ai;z+(2+ a1)z aw+(2+ a))w
2
+ 16a,C2+4a;B%+ a;(B? 4AC) aw+(2+ a))Ww

By (4.11) (4.4) (4.5) and (4.6), K (c) is a real-valued function de ned on [G; 1].
When c=0, we havez =0, w= i and
A= a2+ a)®  a(l+ a)2+ a)®+(2+ a)*(2+ ap)?

= a(2+ a1)?(2+ a2)?(4+3ay); B =0;
C= 41+ a)?(2+a)*+ a2+ a)®> a(l+ a)2+ a)?

+H2+ a)?(2+ ap)? = (2+ a)(2+ ap)*:

Hence
(4.12) K(@0)= 16C(4a,C ai1A)<O(;
by noticing that C < 0 and A > 0.

When c=1, we havez = pli—Tl,W:Oand

A=41+ a)2+ a)*+ a2+ ap)? a2+ @)+ (2+ a1)?(2+ ap)?

=2+ a)*(1+ a)2+ a)?; B=0;

C= a2+ a)? a2+ ap)?+(2+ a)?’(2+ a)?

= a2+ a1)?(2+ a)*(1+ a1)(4 + ay)
Hence
(4.13) K1) =4A@aA aC)A(l+ a)
=d [4a1(2+ az)? a4+ a)l:
Hered > 0. Hence, when
4a;(2+ ap)? ai(4+ a;)=16a; +16ajay +3aas  4as > O

K@) < 0and K (1) > 0. Thus, K(c) = 0 for a certain ¢ 2 (0;1). Namely, we
showed that (4.9) holds for a certainc.
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It remains to prove that (4.8) cannot hold for the above c 2 (0;1). Suppose that
Iit(c)2 = 0. Since &(c) > 0 and A(c) > 0, w conclude by (3.25), that 2Ap + B = 0.
Making use of (4.3), (4.4) and (4.5), we thus have

P P

2 2iC ¢ _ 2 I+a)c
@18 B+ )+ w)E+ aer a) B = ZpD
This is a contradiction, for after dividing the fact i, the left hand side of (4.14) is
negative, while its right hand side is strictly positive. The proof of Lemma 4.1 is
complete.
Proof of Theorem 1.2: If M is spherical, then every point is umbilical point. We
assume thatM is not spherical. Thena; + a, > 0. We notice that (1 + al)xf +
y2 + (1 + ap)x3 + y3 = 1 is holomorphically equivalent to the ellipsoid de ned by
(1+ a)x3 + y?+(1+ a1)x3 + y3 =1 through the map (z;w) ! (w;z). Hence, we
need only to prove Theorem 1.2 for the case whea; a,. Then the assumption
in Lemmg 4.1 holds automatically and thus we have an umbilicapoint of the form

(plﬁ—TlH 1 ¢?)(c2 (0;1)). Notice that M has automorphisms sending £; w) to

( z; w). We easily conclude thatM possesses at least four umbilical points.

A(c)

5. Proof of Theorem 1.3

The -thickening of the unit circle fjzj = 1;w = 0g is de ned to be the set
of points whose distance to the circle is less than. It is straightforward to verify
that the boundary M of is de ned by the following equation, which is strictly
plurisubharmonic when 0< < 1=4:

(5.1) izi> 2jzj+1+ jwj>= 2
Here and in what follows, we assume & << 1. Also, since is a Reinhardt
domain, we need only to study the points g;w) 2 M with z = x; 0 and

w= X, 0. Also, we assume thatx, > 0. Notice that when << 1,x, 1.
The complexi cation of (5.1) is given by

(5.2) r=z 2@z)¥?+1+w 2=0:
As we did in x3, we have

(5.3) r, = (z) ¥ +p =0; and
54 e = 5(2) % 24 pu =0
From (5.3), we have

(5.5) z (z)¥+pz =0:
Subtracting (5.2) from (5.5), we obtain

(5.6) (z)¥?=1 2+(w p2):
Returning to (5.4) and making use of (5.6), we get

(5.7) 1 2+(w pz) +2 2% =0:
Here, we remark that near the point under study, X2 6 0. Hence 1%y (w

pz) +27z%p11 = 0 and

@pu _ @}:
ap ° 0 @ 7

(5.8)
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SetX = 1. Substituting (5.6) into (5.2), we get
2
1 )+(w p2 21 ?%+(w pz) +1+w 2=0;o0r
(W pz)? 2+ 2(1 *)(w pz2) 2w p2+w +(1 27 201 %+ ?*)=0;

21 ?)X?%+ 22w pz)+w X+(w pz)?2=0:

Hence

_ (2%w pp+w) H
(5.9) X = 220 7
where

H2:=(2 ?(w pz) w?+4 21 ?H)(w p2)>%

Hence

@pu _ @_H -n-
(5.10) ap =0 ( @b_o.

Write H? = Ap? + Bp + C where

A =472722+4 21 ?z?=4 °z%
(5.11) B = 42z22%w) 8?1 wz= 43wz
C = 2w

By (3.29), we conclude that @@—pﬁ“ =0 if and only if
(5.12) either 4AC B?=0o0r B> 4A+4(2Ap+ B)?>=0:

Since AC B2=4 2(zw)?(1 4?2) 60, the rst equality in (5.12) never occurs.
The second equality in (5.12) is equivalent to AC B2 = 4(2Ap + B)?, namely,

[ I
(5.13) 2zw 1 42= 2(2Ap+ B):

At the pointin M with z=x; > 0andw = x, > 0, by (5.3), we nd x; 1+
px2 =0, or

1 x4
5.14 = :
(5.14) P=
Hence we get from (5.11)
(5.15) A=4 2x2; B= 42x;x;and C = 2x3:
Then (5.13) is equivalent to
p— 1
(5.16) 2x1x; 1 42= 2 82x2 X—Xl 4 2x1%5
2

Sincex; 1, we get from (5.16):

p
(5.17) x3 1 42=  8(xy x3) 4x3

Recallx3= 2 (1 x;)% LetT=1 x;. Thenx; x2=T T2andx3= 2 T2
Hence (5.17) is equivalent to

(5.18) (2 T2)p1 42= 4T T2 2
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f(T):=( 1 42 4)T? 8T+( 2 1 42 2)=0:
Notice that <T< . FFr)om the fact that
fqT)=2( 1 42 4)T 8=0(0j T 4

for << 1, we conclude that the real-valued functionf (T) is monotonic for T 2
( ;). We further compute

P—— P——
f( )=( 1 42 4)% 82+( % 1 42 4% 872

and p___ p___
f()=( 1 42 4)2 82+( 2 1 42 43 82

for << 1. Then we see that (5.12) has two solutions in ( ; ). A little more e ort
actually shows that these two solutions are di erent. Therefore, by Theorem 2.1, we
conclude that M admits two distinct umbilical points with z = x; > O;w = x, > 0.
One can similarly verify that points in M with w = 0 are umbilical points. The
statement Theorem 1.3 thus follows from the Reinhardt propety of
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