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PREFACE

This lecture notes is an extended version of my lecture series given at the workshop that
took place at the Department of Mathematics, Seoul National University, in Seoul in 2009.

It will survey the theory of proper holomorphic mappings between balls and its past and
recent development. This theory was originated from Poincaré’s work in 1807: any non-
constant holomorphic map f : U - V satisfying f(U ndB?) VdB? is a map in Aut(dB?),
where U,V are open subsets of C2. Over time many mathematicians made contribution to
this theory.

In Chapter 1, we introduce some background information and introduce one problem:
the first gap theorem. This theorem started from 1979 by Webster, and is an accumulative
result by many mathematicians over 20 years. There are two approaches for this theorem:
analytic one and geometric one. We shall discuss the analytic approach in Chapter 1.

In Chapter 2, from the first gap theorem, we introduce the second and the third gap
theorem, and also a lots of specific examples of proper holomorphic mappings between balls,
from which a general conjecture about gap phenomenon is formulated. All constructed
examples seem to be all polynomial maps, nevertheless, not every proper rational map
between balls are equivalent to polynomial maps. A criterion, which tells when a proper
rational map can be equivalent to a polynomial one, is introduced. As a result, explicit such
examples will be provided. Although general classification seems to be far from reaching,
there are complete classification for such rational maps from B2 to BN with degree 2. To
illustrate the method that used to study such classification, we shall show a new proof for
Faran’s theorem on classification of maps from B? to B2.

In Chapter 3, we shall start with a result on maps from B" to B2"1. We list main
ingredient of the proof, and discuss its generalization for higher codimensional case. As a
result, we shall demonstrate applications of these generalizations, including the rationality
problems, and the proof of the second gap theorem. Besides the analytic approach, we also
introduce a geometric approach, namely, the Cartan’s moving frame theory in di[erkntial
geometry, as well as its applications.

The author thanks the Department of Mathematics, Seoul National University, for the
wonderful hospitality during the workshop. The author is particularly indebted to Professor
Chong-Kyu Han for his kind invitation to attend the workshop.
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Chapter 1

Earlier Result: The First Gap
Theorem

1.1 Domains and Their Boundaries

Geometry on a domain in C" and on its boundary are closely related. We start with several
theorems concerning domains in C" and their boundaries.

Theorem 1.1.1 [Fe7//[B43] Let D;,D,  C" be smooth strongly pseudoconvexr domains
with C* boundaries. Then the following statements are equivalent:

(i) There exists a biholomorphic map T : D; - Ds,.

(ii) There is a C*=° CR isomorphism F : 0D, - 0Ds.

Theorem 1.1.2 (i) [CJ96] If Q is a bounded simply connected domain in C"** with con-
nected smooth spherical real analytic boundary, then Q s globally biholomorphic to the unit
ball B"*1.

(11) [HJ98] The “simply connected” condition can be dropped if the boundary is defined
by a real polynomial.

Let us denote by
B"={z=(z1,...20) C" ||z =|z)*|+ ..+ |z+n? <1}
the unit ball, denote by
n={(z,w) C"!xC: Im(w)>|z|’}

7
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the Siegel upper-half space and denote by
oH" :={(z,w) C"!xC: Im(w)=|z|*}
the Heisenberg hypersurface. By the Cayley transformation, a biholomorphic map,

2z 1+iw
1—iw’ 1—iw

pn:H" - B", pn(z,w) = (
we can identify B" with H" and identify 0H" with 0B".
Also we have Aut(dB™) = Aut(dH"). Denote
Autg(0H") ={F Aut(oH") | F(0) = 0}.

it is known that any F = (f,g) Auty(dH") is of the form

f2) = )\Sz+)U |
1—-2iz,a+(r+ &8)w)
2
0(2) = OA“W

1—2iz,8a+(r+ &a)w)
where 0 =+, A>0,r R,&81 C" % U isan (n—1)x (n—1) unitary matrix.
Let us verify (f,g9) Autg(dH"), i.e., to verify

Im(g) = [f]>,  Im(w) = |z]%,

i.e. to verify that for any Im(w) = |z|?,

oW 3 oN’W
1-2iz, 8- (r+i LW 1+2iz,8+(r—i &)W
B Az + aw)u ?

i _— — )
1-2iz,&8a+(r+i &)W
i.e., to verify

ONW([1+2i Z, &+ (r — i & B)W| —oNW([1—2i z, &+ (r +i & D)W

= Zi})\(z + aw)u }2, Im(w) = |z|2. (1.1)

Notice B
ANz +&mU|* = Az + aw)U, Az + amu .
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Motivated from the equation Im(w) = |z|?, we define the weighted degree:
deg(z’) = deg(z) =j and deg(w*) = deg(w*) = 2k.

To prove the equality in (1.1), we first prove the equality involving all terms of weighted
degree 2 (i.e., the z2,7%,w and W terms) in (1.1):

ON*W — OA’W = 2iA? zU, ZU , Im(w) = |z|%.
Since U is unitary, we need to show
oN*w — ON°W = 2iN%0 z, 7, Im(w) = |z|?,
which is true.
Secondly, we prove the equality involving all terms of weighted degree 3 (i.e., the zw, Zw,
Zw and zw terms) in (1.1):
ON*W2i Z, 8+ oN®W(—2i) z,a8 1= 2i AczU,\&mU + 2i A&wlU, AzU ,  Im(w) = |z|?,
Since U is unitary, the above is equivalent to
ON*W2i Z, 8+ oN*W(—2i) z,8 1= 2iN%0 z,&W +2iA%c aw, z, Im(w) = |z|?,
which is true.
Finally we prove the equality involving all terms of weighted degree 4(i.e., the ww terms)
in (1.1), which is the highest weighted degree case:
—oN*(r — i|&@)|w|? + oA (r + i|a]A)|w|? = 2i AaulU, \awU |, Imw) = |z|%,
Since U is unitary, divided by |w|?, the above is equivalent to
—oN2(r —i|&d) + oA’(r +i|&) = 2ioA?|a@  Im(w) = |z]?,

which is true.
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1.2 CR Geometry

CR geometry originated from a work by Poincare in 1907[P07]: any non-constant holomor-
phic map f : U - V satisfying f(U n dB?) VAB2? is a map in Aut(dB?), where U,V
are open subsets of C2. N. Tanaka [T62] extended this result to high dimensional case.
Poincaré-Tanaka theorem could be regarded as a CR analogue of the following classical Li-
ouville’s Conformality Theorem. In the Euclidean space E" with n = 3, the only conformal
mappings are inversions, similarity transformations, and congruence transformations. More
precisely, let U, V be open subsets in R" with n = 3, equipped with the flat metric w, and
f: U - V asmooth map. Then f is conformal(i.e., if f'(t) = eYw for some continuous
function u) if and only if T is a Mobius transformation: A composition of the following type
of transformations: (i) translations, (ii) rotations, (iii) scalings and inversions.

By E. Cartan [Ca32]-Chern-Moser[CM74]’s work, complete invariants for local Levi non-
degenerate real hypersurfaces are constructed.

These two pieces of work laid down the foundation of CR geometry.

A CR manifold is a di [erentiable manifold together with a geometric structure modeled
on that of a real hypersurface in C". More precisely, a CR manifold is a dilerkntiable
(2n + 1)- dimensional manifold M together with a subbundle of the complexified tangent
bundle CTM =TM  C such that

[L,L] L, and LnL={0}.

1.3 CR Submanifold in a Sphere

{CR submanifolds in hyperquadratic} [{Hmbeddable CR manifolds} [{@GR manifolds}

It has long been known that generic 3-dimensional CR manifolds are locally not embed-
dable, and that all strictly pseudoconvex CR manifolds of dimension 7 and higher are locally
embeddable, but the 5- dimensional strictly pseudoconvex case remains open.

ForstneriC [Fo86b] and Faran [Fa88] proved the existence of real analytic strictly pseudo-
convex hypersurfaces M2"*1  C"*1 which do not admit any germ of holomorphic mapping
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taking M into sphere aBN** for any N. We may compare this with the Cartan-Janet the-
orem which asserted that for any analytic Riemannian manifold (M", g), there exist local
isometric embeddings of M" into Euclidean space EN as N is su [ciehtly large.

On the other hand, by Webster [W78b], any Levy-nondegenerate real-algebraic hyper-
surface is holomorphically embeddable into a nondegenerate hyperquadric. Here by nonde-
generate hyperquadric, We mean

[ n—1
OHR = {(z,w) C™txClImw) == |z + > |z,-|2}.
=1

j=m81

We can assume [ < ”T_l and ([h — 1 — Dlis called the signature. When ¥ 0, it is the
standard Heisenberg hypersurface dH".

From above, it leads us to concentrate on a subclass of the set of all CR manifolds:
{CR submanifolds in a sphere aBN**}

S.-Y. Kim and J.-W. Oh [KOO06] gave a necessary and su [cieht condition for local em-
beddability into a sphere 0BN*! of a generic strictly pseudoconvex pseudohermitian CR
manifold (M2"*1,8) in terms of its Chern-Moser curvature tensors and their derivatives.

Zaitsev [Za08] constructed explicit examples for the Forstneric and Faran phenomenon
above.

Ebenfelt, Huang and Zaitsev [EHZ04] proved rigidity of CR embeddings of general M2"*+1
into spheres with CR co-dimension < 7, which generalizes a result of Webster that was for
the case of co-dimension 1 [W79]. Here by rigidity, we mean that for any two smooth CR
immersions £ and f : M2M*1 _, gBM+d+1 with d < 2, there exists ¢ Aut(9B"***?) such

thatfzwof.

Very recently, Ji and Yuan [JY09] proved that if a CR submanifold M with hypersurface
type of 90BN and with zero CR second fundamental form, then M is the image of a sphere
by a linear map.

The most basic and non-trivial example of CR submanifolds in a sphere dBN*! is the
image M = F(8B"*1) where
F:B"™ - oBN™
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is a proper holomorphic map that is C2-smooth up to the closed ball B"*1. Here the C2-
smooth condition allows the map F restricted on the sphere to become a CR mapping

F:oB"* _, 9BN*L,

1.4 Proper Holomorphic Maps Between Balls
It leads us to concentrate on a subclass of the set of CR submanifolds in a sphere:
Prop(B"*!, BN*1) := {proper holomorphic map F : B"** - BN*1},

Prop(B"t, BN*Y) := Prop(B"*!, BN*1) n CK(B*D),
Rat(B"**, BN*1) := Prop(B"*?, BN*1) n {rational maps}.
Poly(B"*!, BN*Y) := Prop(B"**, BN*1) n {polynomial maps}.

We say that F,G  Prop(B",BN) are equivalent, denoted as F = G, if there are au-
tomorphisms ¢ Aut(B™) and T Auto(BN) such that F = 1 - G = g, i.e., the following

diagram commutes
G

Bn - BN
tro LIt
B -, BN,

H. Alexander [A77] further proved that any proper holomorphic map from B" onto B"
must be an automorphism when n = 2.
The condition that n = 2 is crucial. In fact, when n =1,

m
Z — a; .
Prop(B,BY) = {F(z):l‘[1 T_JZ, with |a,-|<1}.

i=1 J

Bochner and Martin [BM48] found a necessary and su [cieht condition for mappings
in Prop(B",BN) in terms of its power series centered at the origin. More precisely, if
F = (fy, ..., Tn) Is written as power series

fi2) =) ad) 2z, j=1,..h,
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then F maps dB¥ into aB" if and only if
h ) -
> a®) al)n, =0, for (Mg —ny)?+ ..+ (M —ny)? >0,
j=1

and
2 _ (N + ..+ ny)!

a®
Nyl ny!

Ny--Ngk

ny+-+nNgs
Jj=1

where Ay are suitable nonnegative numbers.
It was discovered in the early 80’s (cf. [Fo93][H99]) that P rop(B", BN) is much larger than

Propk(B", BN) in general. In fact, there are some mappings F P rop(B",B"*) n C°(B")
but they are neither in P rop,(B", B"*?) nor in Rat(B", B"*1).

For any F Prop,(B™?, BN*1), it induces a C? smooth CR map from dB"*! into
OBN+1.

Webster was the first to investigate the geometric structure of proper holomorphic maps
between balls in complex spaces of dilerkent dimensions. In 1979, he showed [W79] that
a proper holomorphic map F Props(B™, B"*!) with n > 2 is indeed a linear fractional
embedding.

Forstneric€ shown [Fo86] that
P ropn—n+1(B", BN) = Rat(B", BM).
Moreover, such F has no poles on dB" by Cima-Su [ridige [CS90].

J.P. D’Angelo did lots of work on polynomial and monomial mappings in P ropy(B", BN)
[DAB8B][DA92][DA93], in particular he found the structure of proper holomorphic polynomial
mappings between balls.
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1.5 The First Gap Theorem

Theorem 1.5.1 (The First Gap Theorem) ForN <2n—1, any map F  Prop,(B", BN)
is equivalent to the linear map (z,0,w).

2n—1
0 )EI 0 I ]
2n

—
—
’-Dj
I

This theorem is a result by many mathematicians over 20 years.

In 1979, S. Webster proved [W79] that any mapping in P rops(B", B"*1) with n = 3 must
be equivalent to a linear map (z, 0, w).

In 1982, J. Faran [Fa82] proved that there are exactly four maps in P rops(B?, B®), up to
equivalence class.

Next year, A. Cima and T.J. Sulritige [CS83] improved the above results of Webster
and Faran by replacing “P rops” with “Prop,”. In the same paper [CS83], A. Cima and T.
J. Sulritlge conjectured that any mapping in Prop,(B",BN) with n =3 and N < 2n—2
should be equivalent to the linear map (z, 0, w).

In 1986, Faran [Fa86] proved the Cima-Su Lritige’s conjecture under the assumption that
F is holomorphic in a neighborhood of B".

In the same year, F. Forstneri¢ [Fo86] proved P ropy—n+1(B", BN) = Rat(B",BN) and
later Cima and Su [ritige [CS90] shown that any mapping in Rat(B",BN) must be holo-
morphic on the boundary. As a consequence, the First Gap Theorem is proved for any
F  Propn—n+1(B",BN) with N < 2n —1.
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In 1999 X. Huang [Hu99] proved that any mapping in P rop,(B",BN) with N < 2n —2
is equivalent to the linear map (z, 0, w).

Outline of the Proof for the First Gap Theorem:
Step 1. if N <2n —1, it implies that its geometric rank Ko = 0.

e (analytic proof) Use Uniqueness theorem (see Corollary 1.15.1 and Theorem 1.15.2
below).

e (geometric proof) Use the formula

N (2n — Ko — 1)Kg

N =n
2

forany F Prop,(B", BN) with geometric rank k,. In fact, if N < 2n — 1, the above
inequality forces Ky = 0.

Step 2. Show: Ko =0 F is a linear fractional map.

e (analytic proof) The first order PDE argument (see Theorem 1.14.1 below).

e (geometric proof) Ko =0 the CR second fundamental form I, =0 Fisa

linear fractional map. [ 1

We need to explain the following:

1. What is the geometric rank Ko of a map F ? (see (1.71) below, or [HJ01])
2. Why N = n + @229~ 9 (see Corollary 3.2.2, or [H03])
3. Why Kq if and only if 11y, =0 ? (see Corollary 3.14.3, [JY09][HJ09])

4. Why 11y, =0 if and only if F is a linear fractional map (see Theorem 3.8.1, [JY09]).
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1.6 Passing from 0B" to dH"

Recall the Heisenberg hypersurface
OH" :={(z,w) C"txC: Im(w)=|z|*}

and the Cayley transformation

+
oib 80 = (25 1),

We can define the space P rop(H", HN), Prop,(H", HY) and Rat(H", HN).

We can identify amap F P ropy(B", BN) or Rat(B", BN) with py' < F = p, in the space
Propx(H", HY) or Rat(H", HN), respectively.

We say that F and G Prop(H", HN) are equivalent if there are automorphisms o
Aut(H") and T Aut(HY) such that F =1 -G~ 0.

F

Bn —— BN
1 Pn 1 upyt
Hoo T g,

1.7 Dilerdential Operators on oH"

The vector fields {Lg, ..., Ln—1}, where L := 2iz; %ﬁ%, form a global basis for the complex

tangent bundle CT%%9H" over dH", and their conjugates {L, ..., Ln—1}, called CR vector
fields, form a global basis for the complex tangent bundle CT%9H" over dH". Recall that
for z; = x; + iy; and for w = u + iv, we have

and

T==—=—=— 4+ —. (12)
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which is called the Reeb UGCtOT field.
The vector fields {Lg, ..., Ln—1, L1, ..., Ln—1, T} forms a basis of CTdH,.

Lemma 1.7.1 (i) TL;j = T, TL; = T, and LjL, = LyLj forall1<j,k<n—1.

(ii) For any continuous CR function h over an open subset My~ OH", T h is a CR
distribution over My. For any 1 < J,k =n—1, Ly(Ljh) = —[L;, Lk]h = 2id;T h.

(iii) Let h be a C? CR function over OH" and X a C function over dH". Then for any
integer K >0, we have

L (L2()X) = 4iLi(T ()X + LEMTX),
Ce(Li(T ()X) = 2iT2(h)X + Li(T ()Li(X)

in the sense of currents.
(iv) For any K, 1,j and any C? CR function h, we have

— 0%h 0%h .. 0%h a°h
LkL|Ljh = —22|5kja > 2216k|6 > 2|6kj aua + 2i 5k|a a

in the sense of currents. In particular, we have

2iT(Lh), when k
2iT(Ljh), when k
4iT (Lxh), when k

0, whenk=1and k
L_kL|Ljh: z

Proof of Lemma 1.7.1 : () For any dilerentiable functionf(z.z, w, W),

o o of __of _ PF __of of __ of
TGN =Gy + 5w oz +255w) = awaz, * 2 hawz * awaz; + PG awaw

9 o . of 0°f 2f  f o°f
L (TF) = (-2 +2iz; 2 +2i 0L+ O iy 0T
i(TH) = (55 + 275, G * —) owaz;  “Jow? " owaz; < owow

Then TL; = L;T. Similarly, LjLy = L, 1=j,k=n—-1
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(i) The first statement follows from (i): Th is CR because L;Th = TLjh = 0. The
second statement follows from the following calculation:

1T .1— (.0 i>— 0 2 i, 0 0 i, 0 2 i>— 0
[Li, Ld = (55 * 2iZi5w) (57 — 2izeaw) — (53 — 2izkaw) (53 + 2iZi5)
= —Ziéjk% - 2|61k% = —Ziéij.

(iii) It is su [cieht to prove (iii) for any holomorphic polynomial h by a lemma below.
By (ii), we know that Th is CR and that L L h = 2iTh. This follows the second identity.
To prove the first identity, it is su [cieht to prove

L¢L2h = 4iL,Th, C? CR function h. (1.3)
In fact, LyL2h equals to

([L_k, Lk] + LkL_k)Lkh =2iTLh+ Lk([L_k, Lk] + LkL_k)h =2iTL¢h+2iL,Th+ 0 = 4iT L¢h.

(iv) It is su Lcieht to prove (iv) for any holomorphic polynomial h as above.
Consider

LiLchjh = (L, Lh+ Lk ) Ljh
= 2id T Ljh + L(LyLj)h = 2id T Ljh + L{[Ly, Lj] + LjLi)h
= 2idcF Ljh + LZid;Th+ 0 = 2idc T Ljh + 2id; TLH

0, if k=j,k="01

2QiTLp  ifk=j,j=[1

2iTLellh if k = &,

4iTLh  k=j=1

by using the similar computation. [1

1.8 Equations Associated with F

Let F = (f,9,9) = (f,g) : My n dH" — AHN be a non-constant C2- smooth CR map
with F(0) = 0, Wh~ere M; is an open subset of dH". We denote T = (fy,...,f—1), ¢ =
(¢1, ..., 0n—n) and T = (f, @). The basic equation is

Ir:ingv-?z 1?? (z,w) M,
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i.e.,

n—1 N—n

J 2ig =S IR+ oY (zow) My with Im(w) = |z]?, (1.4)
i=1 i=1

By the Lewy Extension Theorem, F extends holomorphically to a certain pseudoconvex side

of M; denoted by Q.

Let us dilerentiate (1.4) by L; and T. First we consider the first order dilerkntial
~ =
operators: Lyand T,1<l<n-—1: % = L,f - f where we denote by * the transport, i.e.,

=Y LG Y Lo e, @w) My, (1.5)
j j

—Ta - = .~ —=t
Tg2iTg:Tf-ft+f-Tf, @w) M. (1.6)

We also apply L, to (1.5) and use L,L;, = 2iT to obtain

Tg=2i Tf,f +|Lf% (@Zw) M. (1.7)

We consider the second order di[erential operators LyL,, TLyand T?, 1<k, I<n—1.

LyL —
k2i'g =Y Lwh-f, @w M (1.8)
J

1 =t . —=t
STLO=TMLH F +L@E TF, @w) M (1.9)
Im(T2g) = 2 Im(iT2f - F) + 2TF2, (zw) M. (1.10)
%L_ijg =Lf fr+Lf Lft,  zw) My (1.11)

Next we consider the third order di[erential operators LyL;L;, 1 <k, j, I <n—1:
1 _ ~ —=t ~ _ =t

ZLK(Lj(LIg)) = Li(Lj(Lif)) - £ +L(Lif) - LifF . (1.12)

When k = j and k = |, by Lemma 1.7.1(iv), (1.12) becomes

~ __ =t
Lj (L|f) : ka =0. (113)



20 CHAPTER 1. EARLIER RESULT: THE FIRST GAP THEOREM

When k = j =1, by Lemma 1.7.1 (iv), (1.12) becomes
~ =t ~ _ =t
T(Lg) =2iT(Lf) - f +L(Lf) Lf.

When k =1 =j, by Lemma 1.7.1 (iv), (1.12) becomes
=t =t
T(ng) = ZIT(LJf) -+ |_|(|_jf) : Ljf .

When k = j =1, by Lemma 1.7.1(iv) again, we have

~ =t ~ __—t
2T (Lkg) =4iT (ka) - + Lk(ka) . ka .

Since F(0) =0, by (1.5) and (1.8), we obtain

99, _ 0%
62,— 0 azk62|

|0=0.

1.9 The Associated Map F of F

From (1.11), since F(0) = 0, we have

1 . ——=
sznglo = L flo - LiFlo.
By Lemmal.7.1, we have

1 1._.
szng|0 = 52l5ijg|0 = Ayj

where
A= Tglo > 0.

In fact, by (1.7), Tglo=2i TF,f |o+ Lif 2o= Lif 2o>0.
Then we have the orthogonal property:

Liflo - LiFlo = Ay.

Denoting
afl afn_l 6(p1

El = (£)|=(— e a(pN_n)‘o'

62. 62. T 62. ’ 62. ’ 62.

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)



1.9. THE ASSOCIATED MAP F-OF F 21

Then it has orthogonal property: o
Ej Elt< = )\6kj. (119)

V_ V_
We extend {Ei/ A,...,En—1/ A} to a certain orthonormal basis of CN~1:
{5@,...,5?;1,01,...,%_”}. (1.20)
A A

Now we define a new map F-= (f5p 9% = H - F where H  Aut(HV), which is
equivalent to F, defined by

— 1

F Sdatisfies some initial conditions at O:

__ 0f; L 00,1 g o9
F ) = O—ITO SJ’O—ATO 062|0 oﬁ =1. (1.22)

It is not good enough because we need to take care of the terms ﬁ' and a(pl . We need
further normalization.
Taking di[erkntial and by the chain rule, we have

- 1 = —¢ 1 —=t K
5 lo=5Lf - Erlo = 5Le(F) - Li(F) o = 3,

Zk

(BN

(ﬂabz—arE%ZEUﬁ¢Wﬁh
(@6 lo = ALka C |o =0,

>

(69 o= 3 (Lo-2LF- 7)o =0. @y @5)
0
(o9 lo=5(To-aimf ¥ )o=1. @y @)
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Then (1.22) has been proved. Besides, other formulas up to degree 2 are given as follows

m 1 [ m 1 N 4
<fj[3 lo = XLKL|f LT o, (f,% lo = XLjT(f) - Ly(F) o,
ZkZ) Zjw
m m
1 .~ —=t -
<fj3 lo = XTZf LT o, ((PS lo = %%Lkhf : Cjt|o,
w2 ZkZ)

w2

[ [
(@ |0:A}§Tka- G 'lo. (@ |0=*%T2f'c_jt|o,

ZxW

= 1
(9% <|—|Lk9 —2iL L F - f )|o =0, (By(1.8))

Z)Zk X

. lo = E Tg—2iTf- fj aLf Tf|
g ZWo )\ g —)\ [ 0y

|

= 1
(gla lo = —< g—2IT2f f —2iTFf - Tf)|0.

w2 A

of F

1.10 The Associated Map F
We want to define F ™= (fyT = (f'ﬂ,jcpﬂ?b”f = (FHoHS =G - F_'?'for some

G Aut(@HVN), such that this normalization F "™&atisfies the following properties

of L7 of 5! ap™ g™ g gL w
F ™) =0, 37, |o—a |o—-a—zlo aW|o az|o— lo=1, (1.23)
and 62 111 62
g g
aZj aZk |0 Re—— w2 |0 =0. (124)

This can be done by defining (cf. [H99])
(z- aw5 Wb N
=137 258 + (=1 a Hwi Auty(0H™) (1.25)
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where
" TF. L TF,C'
a:= (fﬁ :<’7j’,’#,) ,
wi0 A A 0
[
ri= SRe g | = Lre(T 2g — 2iT?F . 7 (1.26)
T2 el 2N . '

Taking di[erkntial and by the chain rule, we have

i m
fﬁﬂj o = (f'a lo — 2idkay — 2id)ax
( ! Zk2| ! ZkZ| ! (127)

= ILLf. i Jo— PNTE L — 2T L Y.

1 m _
f.mj h—(ﬁ |—a.<g§ Io—B}[Zi(f%|0-3+(r—ia2) o
[ID W ZjW
f.ﬁ —a.( ﬁ o= 8l a 2+l
- A 2|ZjW ~t .~ —=t
LT Lif fo— AZ(Tf L|f)(Ljf-Tf)|o

~ ~ =t
TF 2o — 2’}'\Re<T2g —2iT2f - f )|0.

<
o

_i%
A

We can say more about this important formula which will be used to define geometric
rank Ko. Applying T2 to the basic equation Im(g) = [f|2, we get 0 = 2ilm(iT2f - ft) +
2i|TF|> —i Im(T?g) on dH" by (1.10). Combining this to the above, we get

m . —t /L —=t . —=t
(fF:B | :%LJTfL|f |0—§—£<TfL|f)(LJfo)|0
Zjw (128)

(T g(—2iT2f . f)|o

M M M
<f|ED> lo = (fe lo — ay (9‘3 lo
v 2\ Jw . (1.29)

= LT2f. L f |o—%(TfV-E)<T2g—2iT2f~-¥ —2i Tf2)|0.
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1 [m [m _ ;
= —h(@HE, = = LL LGl
<(p'm>z,-zk|° <(p'%z,.zk|° 1€z <(p'%z,.zk|° abibd - Crlo- g g9

Here we used the fact that (g '%]?zdo =0.

[ [
<<pFD> |0=<(P||3 lo = bi(@)Zwlo

s ~t

~ o~ =t
NLXTLjf-C|t|o—)\3—1,2 Tf C Lj<Tg—2|Tf-f)|o (1.31)

- . ~ ~ —=t
= LTLF C'lo— & (TF T <Ljf-Tf>|o.

m m m
<(P|EE5 lo = <(P|I3 lo —bj (g% lo
w2 w2 w2 (1.32)

~ ~ ~ =t ~
- :.Fl_XTZf-C|t|0—}\3—1,2(Tf-C|t) <TZg—2iT2f f —2i T 2) lo-

[
<9D:3 lo =0,
ZjZk

e - 2 oo 2_s A
g lo=19 |o_2'aT—X|—jf'Tf |0_X-|-f'|—jf lo,

ZjW ZjW
[m [m
(gmj o = (gﬁ |0—2li a 2+r}|o
w2 w?2
~ —=t ~ ~ =t
= %(ng—ZiTzf-f)b—;[i Tf 2+%Re<ng—2iT2f-f)]|ozo.

m
This implies Re (gm) l[o = 0. Then (1.23) and (1.24) are proved.

w2
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1.11 The Cheren-Moser Operator
If F = F™ Propy,(@H",0HN), then we have

92§ 92§
agzkl = Re —|0 =0. (133)

f=z+f, g=w+§ Wlthf 3,0 =0O(|(z,w)|?,

Then we obtain
n—1 N N—n
Imw+3)=> |z + 7+ ) lol, (z,w) oH". (1.34)
j=1 j=1

Let M; dH" be an open subset. For a function f on My, we denote h  0(S) if

. h(tz, 2w, tz, t°w)
lim
t- 0+ ts

-0

uniformly with respect to (z,w) = (050) C" x C. In other words, we define weighted
degree by
degwi(z“W') = k + 2.

We write F as

3
i

m

fi=> f7+0u(m=-1), =) §9+ou(m), ¢;= Zcp<s>+owt(m—l>, | =2, (1.35)

S s=3

Il
N

where we denote by h® the homogeneous polynomial of (z,w) of weighted degree s.
Substituting these into (1.34), we obtain

Im(w) + Im(§) = Z(z,+f,><z,+f,)+2 Zcp@ Zcpm
=|Z|Z+Z(ij- +f-Z+Iij2)+Z Zcp(s’ Zcp“’
|z|2+ZIm(2| 7. f; )+Z|f1|2+z Z(p(s) Z(p(‘), Im(w) = |z|2.

Here we used the fact a+a = Im(2ia) forany a C. Then

Im(@G) = Im(2|zf)+|f|2+z Zq@ Zcp“), Im(w) = |z
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Then for any | < s < m, we collect terms in the above equation of weighted degree s to
obtain the following equation:

N—n s—I
Im@® —2i ) =3 S fF PP + GO, (z,w) oH" (1.36)
i=1 p=lI

where G® is weighted homogeneous polynomial of weighted degree s contributed by (=9
and g©@, 0 < s — 1. Here we denote ¢©® =0 if s < 0. The operator

L(f,g):=Im(@—2iz,f)
is called the Chern-Moser operator.

We notice G® =0 if f©D =g© =0 for 6 <s— 1. Let us consider the following two
cases.

Case 1: s = 2k We suppose s = 2k < m. If the following additional conditions are
satisfied R
fOD =9 =0, foro=<2k-—1, (1.37)

then
IMm@G?(z,w) — 2i z, F&*D(z,w) ) = Z(pj(k)(pj(k), (z,w) M. (1.38)

Case 2: s=2k+1  We suppose s = 2k + 1 < m. If the following conditions are satisfied
fOD =@ =0 for o < 2k, (1.39)

then
IM@G@®*D(z,w) —2i z,f®@z,w) ) =0, (z,w) M. (1.40)

Lemma 1.11.1 Let F Propy(@H",0HN) be as above. Then

(Z) f(2) =0, f(3) = a(l)(z)w (p(z)(z W) = (p(z)(z)’ g(3) = g(4) = 0.

(ii) —2i a®(2),Z 12 = 33} o) (2) 2.

Proof-  Consider s = 2 and (1.38). since f(°) = ¢ =0, 5, <0, 0, < 0 always hold, the

both sides of the identity (1.38) are zero as k = 1. So the equation (1.36) is trivial.
Consider s = 3 and m = 3 in the identity (1.40):

Im@® —2i z,f? )=0 on oH". (1.41)
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We claim R

§g®=0and f® =0. (1.42)
In fact, write f®@(z,w) = a@(z2) and §®(z, w) = c¢®(z) +c®(z)w. Substituting into (1.40),
we have

Im(c® () + cP@)w —2i z,a®(z) ) =0, Im(w) = |z]2.
Since w = u + i|z|?, it follows that ¢c®M(z) =0, ¢®(z) = 0 and a®(z) = 0. Hence Claim is
proved.
Consider s =4 and m =4 in (1.38):
. N—n
Im@E® —2i 2,9 ) => "o, Imw) = |z|> (1.43)
j=1

— 2) _ 2 —

N—n
—2i a®(@2),z 127 = Y 16 @)%, (1.44)
j=1

where a®(z) is a certain holomorphic polynomial of degree one. In fact, write
fOz,w) =a®@w +a® @), ¢z w) =bP(2)

and g(z,w) = c®(z2) + c@(z)w + cow?. Substituting into (1.38),
N—n

Im(c®(2) +cP @)W +cow? —2i Z,aP@) w—=2i 2.a®%@2) ) = Y bP@)P, (zw) My
j=1

Since w = u+i|z|? and z, u are independent variables, we consider u®, u and u? terms to get
three identities:

N—n
Im(c®(z) +icP@)|z|* — colz|* + 2 2,aP(2) w = 2i Z,a®¥(z) ) = Y b2 @),
j=1
Im(c@®(z) + 2ico|z]? — 2i Z, A®(2) )Ju =0,
Im(co)u® = 0.
Then ¢o =0 and ¢®@(z) = 0 and Im(2i z,a®(z) ) = 0. Thus from the first one, ¢c™®(z) =0
and a®(z) = 0 so that the claim is proved. [

By considering the weighted degree 4 in the equation (1.36) and by the property of F "
we obtain:
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Theorem 1.11.2 (/H99], Lemma 5.3) Let F be a non-constant map in P rop(H"*1, HN*1),
1< n <N with F(0) = 0. Then there is an automorphism T Auto(HN) such that
F = 1M F = (fT ™y ™Y satisfies the following normalization:

fL 7 + %am)(z)w +0ut(3), OSTE P (2) + 0ue(2), 9TE W+ 0 (4), (1.45)

72,20 (2) |z = o, @) .

1.12 The Associated Map F, of F

Let
F= (f1 (p1 g) = (f, g) = (fl1 ey fl’l—l! (p].! ey (pN—I’h g)
be a non-constant C? smooth CR map from M; 0H" into M, 0HN as above.

For any point p  M;, we have an associated CR map F, from a small neighborhood of
0 A9H" to aHN with F,(0) =0, defined by

Fp = ‘[5 o F o 0’8’ (1.46)
D aOHn £, AHN FF(p)
1 Op i l Tp
0 oHM PRI GHN

where ) Aut(H"), p = (20, Wo), given by
03(z,W) = (2 + 2o, W +Wo + 2i 2,75 ), (1.47)
and t;  Aut(H") is given by
T 25WY'= (25 F(20, Wo), WL g(Zo, Wo) — 2i 25 (20, Wo) ). (1.48)

Notice that F (0) may not be 0, but we always have F,(0) = 0. By the similar calculation
of Fand F™w have the following formulas.
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O
(fp> lo = Li(F)(p) := Ei(p),

z

O
(f'p) lo = T()(p) := Eu(p),
Ap) = L FP(p), foranyj {1,..,n—1},
(@p)o1lo = Lug(p) — 2iLiF(p) - F(p) =0 (because (1.5)),

@)do =To(p) = 2ITF() - T(p) = ILHOP, 1<j<n-1

~ D]:’ ~
<fp) lo = LiLk(F)(p),

Z)Zk

~ m] ~
<fp) lo = TLi(F)(p),

(f})m lo = T3()(p).

w2

@)™, o = LiLkg(p) — 2iL Ly F(p) - () =0, (By (L.8))
@)% o =L, (Tg(p) —2iT(p) - %) = 2iL,F(p) - TF(P)

t
1

(@)%l = T2g(p) — 2iT2F(p) - F(p) — 2TF(p) - TF() .

~ =t
Here for the second equality about (gp)ajﬂzl, we used the fact that g — g = 2if - ¥ and then
=t ~
TLig=2iTL,f-f +2iL,f Tf' Notice that there are two formulas for (gp)EEZJO.
We define F,—= (f-05) given by

Fo= (fo 105, 85)'= <fp? Op e 95 (1.49)

where . .
o —t - =t
fii=—f - E@,. o= %LX fo-C(@) . 9, = O (1.50)
p p P

pyl_)\
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wherelslsn—landl<k<N —n. Fp@atisfies the following properties:

O ] ] ]
F,(0) =0, (fp?) lo =3, (qﬁ) lo =0, (gp lo =0, (gp lo=1. (1.51)
Z) Z) Z) w

As before, we can choose vectors C1(p), ..., Cn—n(p) CN71 so that

{ Ewlfg)t, E“«‘fx(p)t, Ci(), .. CN_n(p)t} (1.52)

form an (N — 1) x (N — 1) unitray matrix.

O
(fp?) Z |o=ﬁka<p) E® —%Lk(fxm LE®) =5,

a t
(fp?) o= ﬁa«m EQ) = WT(f)(p) LE@),

O
(R p—
cpﬁ') lo = Lif(p) - Ci(p) =0,
Zk

- 1 ——t 1 = ==t
cpp?'k) o= ——Eu(®) -G = ———TH®) - T

A(p) VAP)

o t
(g@ o = i(L.g(p) 2-L.?<p)-?<p))=o, (By (15))

Q)
O — %
gpﬁwb ﬁ To(p) - 2-Tf<p)-f<p))=1, By (L.7))
[ | _ t
(fp?)”k, mLkL.f(m LT, (15 o= A()L THE LOO).

t

LLif(p) - Ci(p) ,

lo =

] . 1 2 ]
(fp,,-) o= —T2F(p) - L,T() . (cpp, 0

A(p)

07 o= L TLE® GO (05) b= T GO
) A )T Ry
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o t
(85) o= s (Lo - 2-L.Lk?(p)-f(p))=o, (By(1.8))

M
(gpﬁ o= ot (Tg(p) 2T (p) - f(p)) —mLuf(p) ),

m =t —t
(65) =55 (90 ~2iT260) T 2070 - TFG) ).

We define
(2"t a(pyw W

P 1421 208G) + (1) — i@

where

O
a(p) = (f}ﬁ o = (a(), BE)) = (@(P)s -+ An1.0), b2 (B)s s br—n(P)) =

:< TR LTe) . TE® -G )
B RO A
M
0):= 3Re (o) o= pyoRe( 0 ~2TR) - FR) ).
In particular, because A = (5%, Cy) is a unitary matrix,
2 -+ 2__ 2
la(p)I? = A(IO)|EW<|o)| oL

We then define the normalization

Fpl = (ﬂtlj'jgﬁ: (o950, =Gy o Fp

. - aeg”
"1+ 2i £ERp) — (—r(p) +ila@))gL”

o i i)Yy _
Pl 1+ 2i £RA@p) — (—r(p) + ila)) g

31

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)

(1.59)
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(|
g% : . (1.60)
1+2i f7a(p) — (=r(p) +ila(p))1*)g;-

The purpose of this normalization is that Fpmjmust satisfy the following properties:

o) (o) 00 00 ) o)

I
and (gpm) all vanish at (z,w) = 0. (1.61)

w2

From (1.58) (1.59) and (1.60), we have

(000 =8}, (Flo = (F)%lo — a5(p) = 0,
(@p)zlo =0, (cp”]i'mlo @55 —bi(p) =0,
(gﬁf.lo 0, (@)l =

[ [ L
(fpﬂ-jj o= (fp?) lo — 2i8¥a;(p) — 2i3}ax(p)
2 X2 (1.62)

6 6
= ALLFE) - LT0) - 25TFp) - Lf(e) - 25T - LF @) =

Here we used the fact that (gﬁ‘zrjﬂzklo = 0. The last equality holds because of Lemma 1.11.1

().
D:D ~
(fp?ﬁj |o—< ?) —a.(p)<g$_ o — 3! {2i<f5v'i|o-a+(r(p)—i|a<p)|2)}

- (ff') lo = a(p) 5 lo = gjlila(e)l* + r(p)]

J

L i L) - 2 (Tf(p) uf(p))(Ljf”(p)-Tf“(p)t)

A(P) AP
—%lﬁ(mﬁ T (ngqo) —2T*F(p) - F(p) )
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We can say more about this important formula which will be used to define geometric
rank Ko. Applying T2 to the basic equation Im(g) = [f|?, we get 0 = 2ilm(iT2f - ft) +
2i|TF|> — i Im(T?g) on 0H" by (1.10). Combining this to the above, we get

m . _ L ) )
(fp?lj) lo = ﬁ'—ij(p) : L,f~(p) - ﬁ (Tf(p) L F(p) ) (I_jf(p) - Tf(p)

Zjw

— s (ng(p) — 2iT?F(p) - f (p)t) .

m
(59, = (1

[ [
) b—a.(p)(g@ o
w? o (1.64)

t

~ ~ g = £
= LT L) ﬁ(Tf-L.f)(ng—ZiTzf-f —2i|Tf|2)(p).

) (1.63)

m i m
(97) 1= (o) o-b@DEn = (0h) o= VigLLEG) OO

ZjZk ZjZk ZjZk

(1.65)
Here we used the fact that (g, z,-zk|0 =0.

[m [m
(cppﬂ,.ﬂ) o= (cpﬁ) o — ()G, lo

Zjw Zjw

= %TLij(p)-T(p)t—W B{ORAONIE (Tg(p)—Zin(p)-f(p)t)

= MTLTE) - CE) — 57 (TTE) - e <L,-F(p).T?(p))_

[ M [
(cppﬂ,.ﬂ) 1o = (cpﬁ) 2|o—b,-(p)(g$ I

= VATHG)-CO) — s (TF)- ) ) (T70(p) — 2T ) F0) ~ 2TFO )
(1.67)

(1.66)
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m
<9pm) lo =0,
ZjZk

m m
(6 o= (6] lo—2im® = 5o O TE0) — 5o TFE - LifG) =0

(gpmj mz|0 - (gpﬁih —2 [ila,- (o) + r(p)}

T2g(p) — 2iT?F(p) - f(p))

o
A(p)

2 1 ~ —t
Y )[IITf(p)|2+ Re(T g(p) — 2iT*F(p) - f(p) )} =
The above two equalities equal to zero because of Lemma 1.11.1 (i).

By the similar calculation of F~and F "'we can define F,—-and F ™with the following
theorem.

Theorem 1.12.1 (/H99], Lemma 5.3) Let F be a non-constant map in P ropy(H"*1, HN*1),
1<n<N with F()=0. For eachp 0H"", there is an automorphism TpDI' Auty(HN)
such that F, [TH= T, (L E satisfies the following normalization:

F 7+ Ll @ + 03, 075 0fP(2) + 0@, MW+ 0n(®),  (168)

7,3, (2) |2 = o™ P @) . (1.69)

1.13 Geometric Rank of F

We denote ap )(z) = zA(p) where

o2F 11T
A(p)=—2i( 2 |0)
aZjOW 1<j,I=n—1
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isan (n — 1) < (n — 1) hermitian matrix. This matrix is semi-positive because of (1.69).

We define [HO3]
Rke (p) := Rank(A(p)), (1.70)
which is called the geometric rank of F at p and is a lower semi-continuous function on p.

We also define
Ko = Ko(F) := maX, ramn RKr (p) (1.71)

which is called the geometric rank of F.
Remarks (i) ko(F) is an invariant.

(iD0=ky(F)=sn—1
(iii) Ko(F) = Kq if and only if at a generic pointp OH", F = Fpm?chat satisfies

0= 7j + @70 +0,(3), 1=<j <Ko, j(p) >0

fjl:jp]j: Zi +owt(3), Ko+l=sj=n-—1,

OIT= of™Z) + 0we(2),
ngED: w + Owt(4)'

(iv) When ko(F) = n—1, the image submanifold F (0H") “occupies more room” in the
target space OHN so that it is the most complicated case. In fact, when Ko(F) =<n—2, F
has “semi-linearity” properties.

1.14 Maps With Geometric Rank Ky =0

Theorem 1.14.1 (Linearity Criterion, [H99])

Ko =0 F s equivalent to the linear map.

To prove this theorem, let us first prove two lemmas.

Lemma 1.14.2 Let m and n be any positive integers. Let X = (Fq,...,fm) be a vector-
valued differentiable function defined in a neighborhood of 0 in R"™ satisfying

DX = A(X)X!, X(0) =0,

where D = (%, . %) and A(X) is a matriz of continuous functions. Then X =0 holds
in some neighborhood of 0 in R".
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Proof of Lemma 1.14.2: For any p near 0 in R", we denote X,(t) := X(tp) for 0=t =< 1.
Then d% = pA(tp) X, (t)t. Since X,(0) = 0, we get Xy(t) = fot PA(TP)X,(T)'dT. Hence
Xp = C p X, for some constant C > 0 which is independent of p.It follows that

Xp=0once p <i. [

Lemma 1.14.3 We have
(i) For anyp oH",

" S v = - v = -
LeLif(p) - Lif(p) =2 —15‘k<f Dw(p)-Luft(p)> +2 -1 (f Dw(p)-kat(p))

(ii) For any fized j and K, if ((ppEE?ZE]Zkh =0 for anyp OH", then

v__
-1

L = 2 (Fm) - e | Lde) + 25 (Fie) - o)) LT

m
Proof (i) By the construction of F "™Pwe know that (prP) l[o = 0. By (1.62), we have

ZjZk

= 1 _ =t 2i5k__ —— 28] I
(fp'ﬂ])“ lo = Wl—kl—lf(p) Lif(p) — mTf(D) -Lif(p) — WTf(D) -Lkf(p) =0.

Then (i) follows.

~ =~ t
(ii) By the construction of F "we see that (@)}, lo = 0 if and only if LyLf(p)-C(p) =
0. Then L¢L,f(p) is perpendicular to the subspace span{C(p)} so that they are linear
combination of the vectors Es(p): LiLif(p) = S0 Es(p), and hence LLF(p)- E; (p)t =

2;11 MyEs(p) - Ej (p)t = )\)\f(,. Here we have used the orthogonal property: Es - E_jt = Nsj
in (1.19). Finally we use (i) to obtain the desired identity. [1

Proof of Theorem 1.14.1:  If we can show ¢ = 0, then (f,g) : dH" - OH" is a C2-
smooth CR map. By Poincaré-Tanaka theorem, (f,g) Aut(H") so that (f,g) must be
linear fractional. By the normalization condition, we assume F = F ™ This implies that
F(z,w) = (z,0,w).

Since @(0) = 0, it su Lced to show X¢ = 0 for any vector field X T (0H"). Since L;
and T form a basis for T(dH") and ¢ is CR, it su [ced to show that Ljg =0and T =0
foralll<sj<n-—1.
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By applying Lemma 1.14.2, it is enough for us to prove

Li(Lk(@) = A;j(z, W)Lk(0) + Ac(z, W)L;(9);
TLyo = Bk,1(z, W)L (@) + By 2(z, W) T (9); (1.72)
T2g = Cx1(z, W)Lk (9) + Cy 2(z, W)T (@),

where Ay, Bk 1, Bk 2, Ck.1 and Cy , are continuous function defined in a neighborhood of 0 in
oH".
Notice Ko =0 (@595 =0, p 9H". From Lemma 1.14.3(ii), we obtain

L (Lk(9)) = Aj(z, w)Li() + Ax(z, W)L; (@), (1.73)

where Ay Z'ff(z(i';v")ﬂ which are C1(@H"). Then the first equality of (1.72) is proved.

Puttlngj =k in (1.73), we get LZ(9) = 2A«L«(®). Applying Ly and by Lemma 1.7.1(ii),
we have

TA
TLe® = —X14(0) + AT (0) = Bi1Li(9) + B 2T (), (1.74)

where By 1= % CO(@H") and By, := Ay CY(@H™). We have proved the second
equality of (1.72).
Applying L, again to (1.74), we obtain

2iT2(9) = (LkBr1)Lk(@) + (B 12i + LBy 2) T (9) = Ci1Li(@) + Ck 2T (9), (1.75)

where Cy, 1= By 12i + LBk, CP°(0H") because of By, C*(@H"), and Cy; := LBy 1.
It remains to prove the following claim: Cy ; is continuous. In fact, when j = k, apply

Lemma 1.14.2(ii) and take the component Ty, as we did for (1.73), we get Ay = ka((f;k)).
Then
Brk1 = tLi(A) = 5L« <._k(fk)) LE(f) + ey T Lk(Fi)
1.76
~ G L * e TLR) (1.76)
= b1 LE (Fic) + b2 T Lic(Fio),
where by 1,bx>,  CH@H"). Thus
Ck1 = LBk = Li(bi 1 L (Fi) + bic 2T Lic(Fi))

= Lkbk,]_ Lkak —+ 2Ika1T fk + Lkbkyz Lz(fk) —+ Zibksz Lk(fk) (177)

CO(aHM).

Hence the claim is proved so that the third equality in (3.11) is proved. [1
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1.15 Analytic Proof Of The First Gap Theorem

By Theorem 1.14.1, in order to complete the proof of the First Gap Theorem, we need to
show

Corollary 1.15.1 Let F Prop,(B",BN) with2<n<N <n—2. Then F has geometric
rank Ko = 0.

Proof: Let F Propy(B",BY) with2<n<N =<n—2. Thenforanyp oH", F/™
satisfies the normalization condition in (1.69) and

7,8, (2) I2” = l9,"P ().
Since n < 2n — 2, by a uniqueness theorem 1.15.2 below, it implies
¢;® =0 and '™ =0. (1.78)

Thus Ko(F) =0. [

Theorem 1.15.2 ([H99], [EHZ05]) Let @j,Wj be holomorphic function near the origin of
C",1<j =<Kk, n=>1 Suppose that H(z,Z) is a real analytic function defined in a
neighborhood of 0 C" such that

K
H(z,2) 2,2 1= ) _j(2)¥j(z) forz C"near0,. (1.79)

j=1

Suppose K <n—1. Then H(z,2) =0 and Y_{_, 0;(2)¥;(z) =0.
Proof: ~ Complexifying the identity, we have

k
HZ 0 z.01=)_ @0 (1.80)
1

j:

where z,  are independent variables. Assume that @; = 0 for each 1 < j < k. We can find
a point zo near the origin such that @;(z,) = [J= 0 for each j.

Consider the complex variety V,, = {z | 9;(z) = ¢j(20), 1 =J <k}. Sincek=n—1,
this variety V,, has complex dimension at least 1. For each z™' V,,, there exists a complex
hyperplane K= {Z| z5¢ = 0}. Then for any {  Kpwe have 35 Gi(Q) = 0.
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Since dim¢V,, = 1 and dime¢ K;oo= n — 1, such ( fills in an open subset of C". Hence
E, GW;(Q) =0, or Yy(z) + Zf f %Lp, = 0. Multiplying with Yk (z) and subtracting this
to (1.79 ), we obtain

k—1 |I_| L
H@?) 2,2 o Y (1@ - Hi) 5
i=1

Then applying an induction argument, it follows easily that >" ¢;y; =0and H=0. [
Theorem 1.15.2 can be extended into a more general version by induction as follows.

Corollary 1.15.3 Let @jp,Yjp, 1 = j =n—1,0<p =< q, be holomorphic functions near
the origin of C™ with n > 1. Suppose that H(z,Z) is a real analytic function defined in a
neighborhood of 0 C" such that

q
H(z,0) z,{ " =) (Z¢,p(z)w,p(z)) forz 0Oandl O.

p=0 *j

Then H(z,2) =0 and ;=) 0;p(2)jp(Q) =0, 1<p=<q.
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Chapter 2

Construction and Classification of
Rational Maps

2.1 Gap Phenomenon

A map F  Prop(B",BN) is called minimum if F is not equivalent to a map of the form
(G,0) where G Prop(B", BN} with N"< N.
Recall the First Gap Theorem in Lecture 1:

Any F Prop,(B", BN) where N < 2n — 1 is equivalent to a linear map
(z,w) - (z,0,w).

This theorem can be restated as
Theorem 2.1.1 (The First Gap Theorem) There is no minimum map in Propy(B", BN) if

N IL={fmZ"|n<m<2n—-1}

0 1 2 n 2n—1 3n 4n —6
0 0 0 (EI [ 1 N ¢ [ [l )EI 0 0 (CI [ [l )EI | |
2n 3n—3

Furthermore, we have

41
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Theorem 2.1.2 (The Second Gap Theorem) (Huang-Ji-Xu, [HIX06]) There is no mini-
mum map in Propz(B", BN) ifn =4 and

N IL={mZ"|2n<m<3n-3}

Theorem 2.1.3 (The Third Gap Theorem, Huang-Ji-Yin, preprint) There is no minimum
map in Props(B",BN) if n =7 and

N I;={mZ"|3n<m<4n—6}.

In general, we formulate the following: Consider P rop,(B", BN). For the integer n > 0,

let
K(n) :=max{t Z" | (e+1)

For integer k with 1 < k < K(n), let

<n}.

I = {m Z' | kn<m<(k+1)n—k(k2+l)}
[Example]
Ifn=2, then K(n)=1. Takek=1land I, ={m Z"|n<m<2n-1}
Ifn=4, then K(n)=2. Takek=2and I, ={m Z*|2n<m<3n—3}.
Ifn=7 then K(n)=3. Takek=3and I;={m Z*|3n<m<4n—6}.

Theorem 2.1.4 (Huang-Ji-Yin, [HIY09]) For n > 2, let K(n) be as above. For each K
with 1 < k < K(n), let Ik be as above. Then for each N > n with

NP,

there exists a minimum monomial map in Rat(B", BN).

Conjecture: Forn > 2, let K(n) be as above. For each K with 1 < k < K(n), let I be as
above. Then for each N > n, the following two statements are equivalent:
(i) There exists no minimum maps in Propy(B", BN).

(ii) N 1 for some k with 1 < k < K(n).

Recently, D’Angelo and Lebl (2007) found out that there is no gap phenomenon for
mappings in Rat(B",BN) when N = T(n) = n? —2n + 2.

Based on the above conjecture, it would imply that there is no gap phenomenon for
mappings in Rat(B",BN) when N > n3/2,
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2.2 Construction of Minimum Maps
The proof of Theorem 2.1.4 is based on the construction of following minimum maps.

[Example A][HIY09] Let

;

LIJ]. = (le _\/2221 y _\/zzky Zk+11 hy Zn)’
LIJZ = (22! 2231 RARR] 22k1 Zk+11 hy Zn)’

Wk—1 = (Zk-1, 22, Zkr 1, - Zn),
LIJk = (Zk1 Zk+1, ey Zn)1
\LIJk+l = (Zk+l1 rany Zn)

Let
Whk(Z1, .-s Zn) = (2aW1, vy ZkWi, Wi -
This map, called generalized Whitney map, is a quadratic polynomial minimum map in

Prop(B", BN) where N = (k + 1)n — &,

[Example B] [HIY09] Let Let ; be defined as above. Let T be an integer with1 <t <K
and A;  (0,1) with 1 = j < 1. We define

Wik, o Ad) := (2aW1, -, ZkWi, W MZa, ooy AcZy)
where

’lEl = (/1= N2y, /1= N+ 225, ..., /1= N+ N2k, /1 — N2, oy /1 — N22Z),
Wy = (V1= Nzo, /1= N+ pdszs, o, /1 — N3 + Mo 2k, /1 — NiZirt, ooy /1 — NB2p),
U = (/1= Nz, \/1 — N+ Zerts oo /I N A N2, /T = R, o

WV 1—MAz,), fort<k
W = (V1= N2, /1= N2ra, .o, /T — N22,),  For T =Kk,
yj =y if T<j<k

where pj; = /1= A forj<l<Ttand p;; =1 for | > 1.
This map is a quadratic polynomial minimum map in P rop(B", BN) where

N = (k+1n— KD o
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[Example C] [HIY09] Let F : B" - BN"'be a proper polynomial minimum map
with F(0) = 0. Then we define a new map Wy k(Aq, ..., Ar, F) by modifying the map
\/an,k()\l, ..., A7) in the following way: while keeping all other components the same, replacing

l]Jvl = (\/1 - )\%Zﬂ:, \/l - )\% + U%ZZL ey mzk, 71— )\%Zk+1; r/1— )\%Zn)-

This map is a polynomial minimum map in P rop(B", BN) where

k(k2+ D, .

N=N-1+k+1Dn-—

Lemma 2.2.1 [HJY09] Let F : B" - B"&7K0) pe q minimum proper polynomial map with
k>ky>0 and F(0) =0. Then a new map

_ ko(ko +1)
2

WAz, oo A, F) 1 B" = BN, with N =(k+1)n ,and0<st<ky<n

1S a proper polynomial minimum map.

Proof of Theorem 2.1.4: \We need to construct minimum proper monomial map from B"
into BN under the assumption that either (k + 1)n — k(k + 1)/2 < N,/= (k + 1)n with
k< K(n)or N = (K(n) +1)n— K(n)(K(n) +1). Apparently, K(n) < 2n.

Let kK < n. By Example C, we see the existence of minimum proper monomial maps
from B" into BN when (k+1)n—k(k+1)/2<N < (k+1)n—k(k—1)/2. Ifk—1> 0,
applying Lemma 2.2.1 with kg =k—1and t =0, ..., k—1, we see the existence of minimum
proper monomial maps from B" into BN with (k + Dn—k(k —1)/2 < N < (k+ 1)n—
(k —1)(k —2)/2 — 1. Again, applying Lemma 2.2.1 with ko = k —2 (if k —2 > 0) and
T =0,..k—2, we see the existence of minimum proper monomial maps from B" into
BN with (k+1)n—(k—1Dk—-2)/2—1<N<=(k+Dn—(k—-—2)(k—-3)/2—-1. By
an inductive use of Lemma 2.2.1, we see the existence of the required maps for N with
(k+1)n—kk+1)/2=<N < (k+1)nfork=n.

Next, letting k = n+ 1 in Lemma 2.2.1 and inductively applying Lemma 2.2.1 with
Ko = n,n—1,...,, we conclude the existence of the required maps when (n +2)n — n(n +
1)/2—-1<N < (n+2)n. In particular, this would give the existence of the required maps
when (n+1)n < N < (n+ 2)n. Applying an induction argument, we easily conclude the
existence of the required maps forany N = (n+1)n. [ 1
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2.3 Some Important Maps

Let us survey some important maps.

0 1 2 n
0 0 0 A1 [ RERY 0 O N1 0O [0 710 O N1 I
\ 7\ ) i\ Y
2n 3n—3

e N =n =2, Alexander’s theorem. [A77], Prop,(B", B") = Aut(B").
*n <N <2n-—1, the first gap theorem, the linear map.

e N =2n—1 with n = 3, Huang and Ji (2001) [HJO01], F = Id, or F = Whitney map.
Here Whitney map is the map as in Example A:

Wp1 = (z7z,2) where z=(zw) C".

e N =2n—1=3with n = 2, Faran (1982) [Fa82], four equivalent classes of maps:

V_ _
(z,w,0); (z,zw,w?), (z% 2zw,w?); (z3, 3zzw,wd).

* N = 2n, D’Angelo maps [DA8S].
Fe = (z,wcosh, z;wsing, ..., z,_1wsind, w?sind), with 0<6 < g

is a monomial map from B" into B2". In other words, such Fg = W,,1(8,2) as in Example
C. Itis called the D’Angelo family.

e 2n < N < 3n—3 with n = 4, the second gap theorem, [HJX06] Any F P ropz(B", BN)
is equivalent to a map (W, 1(A, z),0) where A [0, 1].
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2.4 Rational and Polynomial Map

All examples above are polynomial maps. Nevertheless, not every map in Rat(B", BN) can
be equivalent to a polynomial map.

Let us introduce a criterion which tells whether or not a rational map can be equivalent
to a polynomial one as follows.

Let F = ’;’ = w be a non-constant rational holomorphic map from B"  C" into

BN CN, where (PJ)jzl, g are holomorphic polynomial functions and (P4, ...,Pn,q) = 1.
We define deg(F) = max{deg(P;)N;=1,deg(q)}. Then F induces a rational map from CP"
into CPN given by

Ea: iz t]) = {tkw )i tq( )}

where z = (z3, ..., 2,)C" and deg(F) = k > 0. F may not be holomorphic in general. Denote
by Slng(F) the singular set of F, namely, the collection of points where F fails to be (or
fails to extend to be) holomorphic. Then Slng(F) is an algebraic subvariety of codimension
two or more in CP".

Theorem 2.4.1 [FHJZ2010] Let F be a non-constant rational holomorphic map from B"
into BN with N,n = 1. Then F is equivalent to a holomorphic polynomial map from B" into
BN, namely, there are ¢ Aut(B") and T Aut(BN) such that T o F © G is a holomorphic
polynomial map from B" into BN, if and only if there exist (complex) hyperplanes H — CP"
and HY®  CPN such that H nBY = |, HPnBY = and

F(H\Sing(F)) HU ﬁ(cpn\(H Sing(ﬁ))) CPN\H"

v_ _ \/l—|a|2w
Example D[FHJZ2010] Let G(z,w) = (22, 2zw, w?(Z=2 — 7)), |a] <1, be a map

l—-az’ l—az
in Rat(B?, B*). G is equivalent to a proper holomorphic polynomial map in Poly(B?, B4) if
and only ifa=20

In fact, we have

V_
(t—az)z?: (t—az) 2zw:w?(z —at):w?\/1—|a]2w: (3 —atzz)] :
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Suppose there exist hyperplanes H = {pyz; +pow+pot = 0} CP2 and H™= {3°7_, Ajzi+
Aot"=0} CP?* such that

HnBZ= , H'BY = , G(H\Sing(G)) HY é(CPZ\(H Sing(é))) CP\H"
Then

V_
M(t—az)z? + N (t—az) 2zw + AW?(z — at) + Aw? /1 — |a]2w
+Ao(t2 —at?z) = (Wyz + oW + wot)®*  [z:w:t] CP2

Apparently Ag = 0. Hence we can assume that A\g = 1, 4o = 1. By comparing the coe [cieht
of z3, w3, wt?, zt?, z2t, zwt, z?w, zw?, w?t, respectively, in the above equation, we get

ui = —a)\lvug =MyV1— |a|\2/ 3y =0, 3y = —7, 3[1% = A,
Blip, = 2Az, Wi, = — 2A.@, 35 = A, 3p5 = —aks.

We then have A, = A3 = Ay = 4 = 0. If a =0, then py, Ay = 0. From p$ = —a\; and
32 = Ag, we get gy = —3a. Since 3y, = —a, we get @ = 0. This is a contradiction. Notice
that when a = 0, F is a polynomial. By Theorem 2.4.1, we see the conclusion. [1
v
1—-la]2zY \y—a
l—aw ' l1—aw

Example E[FHJZ2010] Let F(z5w) = (ZD,WZD,WZ( ) with Ja] < 1 be a

map in Rat(B",B*"2). F is equivalent to a proper polynomial map in Poly(B", B3"?) if
and only if a=0.

By the criterion in Theorem 2.4.1, it is also proved that

Theorem 2.4.2 [FHJZ2010] A map F Rat(B?,BN) of degree two is equivalent to a
polynomial proper holomorphic map in Poly(B?, BN).

Recently, J. Lebl claimed in a preprint ([Le09], theorem 1.5):

Theorem 2.4.3 Let F  Rat(B",BN) with n = 3 and deg(F) = 2. Then F is equivalent
to a monomial map.
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[Example F][FHJZ2010] Let F Rat(B?, B®) be a rational mapping given by F =
(F, 01, 02, 03,9) defined as follows:

z+ (3 —i)zw z?
—1 Z1W - -
1—iw—3w? 9:(2,W) 1—iw—

1—32W \/§ 2 w2
12 TW W — IwW

®3(z,w) = T—%WZ’ g(z,w) = m

f(z,w) =

12
3W

Zw)y= —~—
92(2, W) 1—iw—2w?

Then this mapping F is indeed equivalent to the polynomial map

_ _ V_ Voo vV

_ 3, o 6 3 6 , 13.
G(z,w)—(T( 2+ 4z +z7°), 9 1+z+7z%), 12(5+3z)w, 6w, 1 i(1 z)w).

2.5 Classification of Maps from B? to B®

Theorem 2.4.2 is proved based on the classification of maps of Rat(B?, BN) with degree 2
(see Theorem 2.6.1).

To illustrate techniques used to study the classification problem, we first give a proof for
the following Faran’s theorem [Fa82]: Any map F  Rat(B?, B®) must be equivalent to one
of the following maps:

degree 1: (z,w,0);
degree 2 : (z,zw,w?), and (z%, 2zw,w?);
degree 3: (z3, 3zzw,wd).

The proof here is given in [J09] which is dilerent from Faran’s original Proof. The
di Cculty to study Rat(B?, B®), comparing study Rat(B", BN) with high n and N, is that we
have less numbers of equations.

It can be shown (by a similar argument as in the proof of Theorem 2.11.3) that deg(F) <
3. Since maps in Rat(B?, BN) with degree < 2 can be classified (see Theorem 2.6.1), it su Lced
to show: there exists exactly one map F  Rat(B?, B®) with degree 3.



2.5. CLASSIFICATION OF MAPS FROM B? TO B? 49

The normal form F "bf F, still denoted as (f, ¢, g), becomes

_ z — 2iby12% + (iey + i/2)zw — 4byz8 + E112%W + ApzW? + Agsw?
1 — 2iby1z + iegw — 4bpz2 + Eq1zW + Eguw? + Ep 22w + Eppzw?2 + Egaws’
0= 22 + b]_]_ZW + bon2 + Bz]_ZZW + B;|_22W2 + B()3W3
1-— 2|EZ + ie]_W - 4b0222 + E]_]_ZW + Eon2 + E2122W + E122W2 + E03W3’
g = W — 2ibi1zw + iegw? — 4bgoz?w + Ej1zW? + Cogw®
1 — 2iby1z + ieqw — 4bgyz2 + Eq1zw + Eguw? + Ep 22w + Eppzw? + Egaw8’

with bgp >0ande; R.

Consider the basic equation: Im(g) = |[f|>+]o|?>, Im(w) = |z|?, we obtain all algebraic
equations about the parameters. Among these equations, we find

erIm(b3,) = 0. (2.1)
By (2.1), we consider

Case A;: Im(by;) =0;

Case A: e1 =0
Case A, : Re(byy) =0.

Case B :e; =0.

In Case Ay, we list all the equations about the parameters:

1 5 1 .
A =Egp — g~ Zel — Eb2, by, = b is a real parameter,

. 1
bo2 determined by Se1+ 4e1h? + €2 + 12b3, + 4bgh* = 0,

B, = |(% + gel + bz), B, = |(%b + gbe + bs),

. 1 3 e .
Bos = 'bOZ(Z + §e1 + %), Cos=Egp— 51 e; = 0 is a real parameter,
1 .
Eq = éb + elb + 2b3 - 8bb02, E, = —l(eb + beoz),
. 1 5 1 5

1
Eopz = |(§ei - |b02|2).
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From the equation for by, above, we obtain

(3 +A02) £ /(5 + A02)2 — 4(1203, + Abool?)
€, =
2

Since e, is a real number, we must have (3 + 4b?)? — 4(12b3, + 4bpob?) =0, i.e.,

1 2 4 b2 ?
(5 + 4b2> + §b4 > 48 <b§2 + E) :

Hence all of the coe [ciehts of F are bounded when |b] = |by1] is bounded.
Similar conclusion holds for Case A, and Case B.
Then we take a sequence p,, dH? so that the associated map F, Matisfies

lim b pm) = inf (b

Then we show N
F is equivalent to F = lim (F,, )™
m — oo

Here we have to take care of the facts that p,, could go to co: [0 :a:b] 0H? and the
equivalence is not obvious. But this can be done because all other parameters are dominated

by [b11].
The limit map F has the minimum property for its parameter by;, namely, if we denote
by b1 (p) the corresponding coe Lcieht of the map (F,) "™ we find
b11(P)[? = [byz|® — i(bey + 2byses + 12b13bor + 4byg|bie]?)Zo
+i(byy + 2bise; + 120110z + 4by1[011]%)Z5 + 32bgz2Re(b11) I m(byr)uo + o(1).

Since the critical point of the function by;(p) is zero by the minimum property, it gives the
desired extra equation:

Im(by1)Re(biy) =0, and byy + 2e1byy + 4by|bys|? + 12bghy; = 0. (2.2)

It leads us consider Case(C): b;; = 0 and Case(D): by; = 0.
Finally we consider all cases:

Case A1 C | cannot occur
Case A2 C | cannot occur
Case B C a unique map
Case A1 D | cannot occur
Case A2 D | cannot occur
Case B D cannot occur




2.6. CLASSIFICATION OF MAPS FROM B? WITH DEGREE TWO o1

The only map in Rat(H?, H®) of degree 3 is of the normalized form F = F ™= (f, ¢, g):
f_Z"'%ZW_l_leZWZ _ 2+ 172w g_W+l—16W3
= T T atwz 9T T

1+ 55wW2 1+ 55w? 1+ 55w?

(2.3)

We notice that it is too complicated to find (2.3) directly by the definition of F "0

2.6 Classification of Maps from B? With Degree Two

The classification problem for maps in Rat(B?, BN) with degree 2 has been solved.

Theorem 2.6.1 [JZ09] (i) Any nonlinear map in Rat(B?, BN) with degree 2 is equivalent
to a map (F,0) where F Rat(B?, B®) is of one of the following forms:
(I): F = (Gy, 0) where Gy \R/at(B% B*) is defined by

Gi(z,w) = (z?, 1+cos2t zw, (cost)w?, (sint)w), 0<t<n/2. (2.4)
(IIA): F = (Fg,0) where Fg  Rat(B?, B*) is defined by

Fo(z, W) = (z, (cosB)w, (sin8)zw, (sinB)w?), 0<B < g (2.5)
(IIC): F = F¢, caere, =Ps o F opy = (F,01,02,03,9) Rat(H?, H%) is of the form:
f 2% (3 +iey)zw _ 22
T 1+iew+ew?’ P =17 ie;w + e,w2’
C1ZW CaW? W + ieqw?
02 Qs = =

T 1+iew +ew?’ 1+ ieqw + eow?’ g_1+ie1w+e2w2’

where C1,C3 > 0,—e;,—€, =0, €16, = C3, —; — €, = % +C2, satisfying one of the following
conditions: either

_ ZGreD- GrRP—ad | —Grehr (Gred)P—dc
e1_2 L 2,5 » €2 = 2 ’ (2.6)
0 <4c5 = (7 +c7),
or - -
6, = —+c)+  (R+c2)2—4c3 e, = —(3+c))—  (5+c})2—4ck (2 7)
2 ! 2 ! .
sc+cf =4cf = (5 + D)

(ii) Any two maps in Rat(B?,B®) in the form of types (I), (IIA), and (IIC) above are
equivalent if and only if they are identical.
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In Faran’s Theorem on Rat(B?, B®), there are four maps, up to automorphisms, which are
isolated. Nevertheless, for Rat(B?, BN) with N > 3, there exists a continuous family of maps,
up to automorphism. For example, D’Angelo constructed Fy = (z,w cos t, (w sin t)z)
Rat(B",B?") with t (0, Z) satisfies: F; is equivalent to Fs if and only if t =s. To classify
continuous family of maps, we have to use di[erknt technique.

2.7 Proof of Theorem 2.6.1 - Part 1

As a reduction in the proof of Theorem 2.6.1, Huang-Ji-Xu [HJX06] proved: Any map F in
Rat(H2, HN) with deg(F) = 2 is equivalent to a map (G, 0) where G = (f, ®1, >, ¥3,9)
Rat(H?, H) is of the form (see also Lemma 2.3 below)

z — 2ibz? + (3 +iey)zw

f(z,w) = . —,
(z,w) 1+ ie;w + eow?2 — 2ibz
W) = 22 + bzw
Pulz. W) =17 ie;w + e,w2 — 2ihz’
_ CoW? + CrZW
92(2, W) = 1+ ieqw + e;w?2 — 2ibz’
CaW?
Z,W) = - o
93(z, W) 1+ ie,w + e,w?2 — 2ibz
+ ie;w? — 2ib
oz w) = W+ ieqw ibzw

1+ ie;w + e,w?2 — 2ibz’

where b, —e;, —€5, C1, Cy, C3 are real non-negative numbers satisfying e;e, = c3+c3, —e;—e; =
T +b?+ci, —be, = ciCp, and c3 =0 if ¢, = 0.

Since b and ¢, are determined by c4, c3,e; and e,, a map in the above form is determined
by cq,c3,€; and e,. We denote a map of the above form, which is determined by cq, c3, €1
and e,, to be

F(Clyc3yely92) K. (2.8)

It was unclear which of the coe Lciehts ey, e,,¢; and cs of F are independent parameters.

2.8 Proof of Theorem 2.6.1 - Part 2

IN[CJIXO06], by obtaining an extra equation, we got a more clearer picture on the maps as
above.



2.8. PROOF OF THEOREM 2.6.1 - PART 2 53

Let us describe how to obtain this extra equation.

For any F  Rat(H?, H®) with deg(F) = 2, F is equivalent to another map F ™
Rat(H?, H®) of the above form. Also we can associate a family of maps F,  Rat(H?, H®)
forany p  dH?, as well as the associated maps (Fp) ™ that is of the above form.

We define a real analytic function

W (F, ™= c1(p)* — e1(p) — e2(p)
where c¢;(p), e1(p) and e,(p) are the coe Lciehts of F, ™

z —2ib(p)z* + (5 + ies(p))zw

fo W) = e w T ea(pyw? — 20z @9
91plz W) = 7 iel(pz)\z/v:bés\?vzzw— 2ib(p)z’ (2.10)
RN = T s e G @)
) = T s e 20 (242
o w) = — fex(p)w” = 2ib(p)zw (2.13)

1+ie(p)w + e,w2 — 2ib(p)z”

Here b(p), e1(p), €2(p), c1(p), c2(p), cs(p) satisfy
e2(p)es(p) = c5(p) + c5(p), —ex(p) = % + ey (p) + b*(p) + ci(p),

and —b(p)e2(p) = ca(p)c2(p), cz3(p) = 0 if ca(p) = 0, with
c1(p). c2(p), b(p) = 0, e2(p), e1(p) = 0.
We observe that as long as W (F,™)'is bounded, all

el(pm)1 e2(pm)1 Cl(pm)1 CZ(pm)1 C3(pm) b(pm)

are uniformly bounded for all m. In fact, since ¢1(Pm), —€1(Pm), —€2(pm) are non-negative,
c1(pm), e1(pm) and e (pm) are uniformly bounded for all m. From —ei(pm) — €2(Pm) =
7 +b%(Pm) + c2(pm), b(pm) is uniformly bounded for any m. Finally, from e (pm)e2(pm) =
c2(Pm) + ¢3(Pm), C2(Pm) and cz(pm) are uniformly bounded.
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The desired extra equation is obtained by moving up p to the extremal value as follows.
We choose a sequence of p,, dH? such that

Pm - Po  OHZ and limW(F ™= inf {W(F, )} (2.14)
m pIE]HIZ—EF
Then F is equivalent to F EIII¥Nh|ch is of the above form and with the minimum property
W (FTY = infy ez, W(F, T3

A key lemma used to prove convergence of the limit map is the following result.

Lemma 2.8.1 (/CJX06] lemma 2.5) Let F Rat(0H?, dH®) with F(0) = 0 and deg(F) =

2. Suppose that pm  OH? is a sequence com}erging to 0, Fpm is of rank 1 at O for any m
a (Pl m a (Pz m a (P2 m
0zow |0’ ow? |0’ 0zow

and Fp?njjjconverges such that
Then

(i) F is of geometric rank 1 at 0: RKg(0) = 1, and hence F "™ His well-defined.

(i) Fort F O

(111) If we write F = sz °Tp, ©F o0y, © Glm where Op,, and Ty, = Tme are as in
[CIX06, (3)], Gim and Gom are as in [CJX06, (7)], then Gym and Gam are convergent to
some Gy Auty(0H?) and G, Auty(0H®) respectivelsy.

lo and 2 a —2m |0 are bounded for all m.

The minimum property for W(Fpm? implies the vanishing of derivatives of the function
W(FpDIP at po, which derives the extra equation.

In order to get this extra equation, we have to compute the first order derivatives of the
function W(Fpm% which is done by the following lemma. The proof of this lemma used the
di Lerkntial formulas for chénd FpEDJisted in Chapter 1. Although the computation is long,
since every time it only counts for derivative at 0 so that lots of higher order terms can be
dropped, the calculation is manageable.

Lemma 2.8.2 (/CJX06], lemma 3.1) Let F = Fe, ¢y 6,6, and Fy T be as above. Then for
P = (20, Wo) = (2o, Ug + i|20|?)  OH? near 0, we have real analytic functions

b*(p) = b* — 4b(2e1 +¢f) (20) +0(1), ci(p) = cf + dca(bes +2c2) (20) +0(D),
e2(p) +e1(p) = ez + ey +8b(es +e2) (20) +0(),

C0) —ex(p) — ea(p) = 2 — & — & + (4c1<bc1 + 20) — Bh(es + ez)) (20) + (1)

where we denote 0(K) = 0(](2o, Uo)|X).
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If ¢c; = 0, by the minimum property, it implies that the coe [cieht of (zp) must be zero.
Then we obtain
—8b(e1 + ez) =0.

Since —e; —e, =  +b? =0, it implies b = 0.
If c; > 0, by the minimum property of F = F/it implies that
4cy(cib + 2¢,) — 8b(ey +e,) =0.
Since —e; —e; = 7 +b?2+cZ =0 and cy,b, ¢, —e;, —€, = 0, it implies b = ¢, = 0.
To study F, we distinguish two cases:

Case (1) c; =bh=0;
Case (I)c; =0and b=c, =0.

It was proved in [CJXO06] that F is equivalent to a new map Fc, c,e e, that is of the
form in one of the following types (from Case (1), we obtain (I); from Case (II), we obtain
(IHA)(11B) and (11C)):

(1) Fooere. = (F, 01,92, 03, 9) is of the form

f= z+(5+ie1)zw 0 = 22
T+ieqw+e,w2? Y1 7 ThjewHe,w2!? (2.15)
— Cow =0 — _ wiegw?
?2 1+iepw—+e,w?2!’ @3 9 1+ie;w—+epw?

where e;e, = ¢3 and —e; —e, = % Here e, [—%, 0) is a parameter. It then corresponds to
the @mily {Gi}o<t<ns2 In (2.4). When e, = —%, Fo.0.e,.e, COrresponds to G, i.e. (z,w) —
(z?, 2zw,w?,0); when e; — 0, Foge, e, J0€S t0 Gryo = Fryo, ie., (Z,W) — (z,zW, W?).

(1A) Feioe,0 = (f, 01, 02, 03, 9) is of the form

2+ (5 +iedzw oz CLZW

lriew " T ITriew ®2 T Txiew BT 9=V (2.16)

f - - )
1+ie;w

where —e; = % +c2andc; [0, o0) is a parameter. It corresponds to the family {Fe}o<e<n/2
in (2.5). When c¢; = 0, Fc, 06,0 COrresponds to Fy/,; when ¢; — oo, F¢, 0e,0 g0es to the
linear map, i.e., (z,w) - (z,w,0).

(11B) Fe, 006, = (F, 91, 92, 93, 9) is of the form:

_z+ 37w z2 CLZW w

=—= = = _ - :O’ =
1+ e,w? 1 1+ e,w? ¢z Ps g 1+ e,w?

= , 2.17
1+ e,w? (2.17)



56 CHAPTER 2. CONSTRUCTION AND CLASSIFICATION OF RATIONAL MAPS

where —e, = % +c2 and ¢; (0,00) is a parameter. Notice that when c¢; — 0, the map

Fc, 0,06, g0es to the map Gy, i.e. the one in type (I) when e, = —%.

(11C) Fecaere, = (F, 01, 92, @3, 9) is of the form:

f = z+(4+ie1)zw _ 22
T 1+ieqw+eyw?2? 1= 1+ie1w+e22w2’ (2 18)
— C1ZW — Caw — _ wHiegw? :

62 T+ieqw+e,w2 ! @3 T+ieqw+e,w2 ! g T+ieqw+e,w2?

where ¢1,c3 > 0,—e;,—€, =0, ee; =¢3, —e; —e, =3 +ci.

For any map F¢, ¢, e, e, iN ONe of these four types, we denote Fc, ¢, e;.e,, OF (C1,Cs, €1, €2),
Ki, Kiia, Kiis, and Ky, respectively.

At this moment, it is not clear whether diLerkent such maps are not equivalent.

2.9 Proof of Theorem 2.6.1 - Part 3

It is proved by Ji-Zhang [JZ09] that the case (11B) never occur.

We denote by K the collection of all such maps Fc, c;e,e,- VWe may identify a map
Fe, caere, With @ point (cy, ¢z, €1,€2) in R%.

The set K is equal to a disjoint union

K=K, Ky

where K; = {F¢, cse1eo K| Fepcoere, 1S OF Form (1)}, etc. The set K is also equal to a
disjoint union

K= KI,II,1+4e2+2c§>0 K|,||,1+4e2+2c§>0 KI,II,1+4e2+20§>01
where Ky 1+4e,+2¢250 = (Ki - Kii) n {(C1,cs,81,€2) | 1+ 4e; + 2¢% > 0}, etc.

Lemma 2.9.1 ([JZ09], lemma 3.1)

(a) If (C1,C3,€1,€2) K|,||,1+4e2+2c§>0; then locally the function W((F01,C3,el,62)F|J:D:P is
increasing as p moves along any ray from 0 in OHZ.

(b) If (C1,C3,€1,82) K1 1+se,+2c2=0, then locally the function W((Fe,caere0)p ) is
constant as p mowves along any ray from 0 in OH? .

(c) If (C1,C3,€1,82) K1 1+se,+2c2<0, then locally the function W((Fe,caere0)p ) is
decreasing as P moves along any ray from 0 in AH? .
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Lemma 2.9.2 (/JZ09], lemma 3.2) (i) Kii e;<e, K|,||,1+4e2+2c§>o; and
Kitei=e, K A+4ex+2¢2>0-

(ii) Let (C1,C3,€1,€2)  Kiyjey>e,- Then

(a) (C1,C3,€1,€2) K 1 144e,+2c2>0 if and only if 301 +¢f < 4c§ < (5 +cD)? holds.
(b) (c1,C3,€1,€2) Ky 1y 11ae,v2c2=0 f and only if 3¢5 + cf = 4c§ holds.

(c) (C1,C3,€1,€82) Ky 11 1+se,+2c2<0 if and only if 0 < 4¢3 < 3¢z +cf holds.

By last section, we can consider F¢, ¢, e, e, Satisfying the minimum property (2.14). Such
map Fc, c;e e, Will contradict with the statement in Lemma 2.9.1(c). Therefore, it follows:

Lemma 2.9.3 (/JZ09], lemma 3.4) Let (C1,C3,€1,82) Ky K. Then Fe, cye,e, Satisfies
(2.14) if and only if Fe, cqe1,e0 KH=K, K- K|,||,1+4e2+2c§<0-

This proves the part (i) of Theorem 2.6.1. From the definition of K, e; and e, are
determined by c; and cs through a quadratic equation. This show how we obtain the
domain of the parameters c; and cz in Theorem 2.6.1.

We may outline the idea for the proof of Lemma 2.9.1 here. The monotonicity in Lemma
2.9.1 (a) means

dW(Frg W(FrE(E]At)) — W(Frg
—— = lim =0, t [0,9]. 2.19
dt At At 10.9] (2.19)
For any 0 < t < and su Lciehtly small At > 0, if we can write
11T
FrE(EE]At) = (FFD(% (2.20)
q(t,At)

for some di [erkntiable map q(t, At) dH?, then from Lemma 2.8.2 we should have

W (FThy) = W(F Y+ {4C1(bcl+202)—3b(91+92)} (F(®) (@®)AL+o(|At),

(2.21)
where we write q(t, At) := (qu(t), 2(t))At + o(JAt|). Notice that [4c,(bcy + 2¢;) — 8b(ey +
e,)](I(t)) = 0 always holds because ¢y, c,, —e; — e, = 0. Then (2.19) follows if (qy(t)) =0
holds. In particular, if [4cy(bc; + 2¢,) — 8b(e; +€,)](I(t)) =0 for any fixed t [0,d), and if
the following condition is satisfied:

(qu(®)) >0, t [0,9], (2.22)

then the strict inequality (2.19) holds. To prove (2.19), it su [ced to prove (2.22). (2.22) is
proved by local calculation of (gi(t)).
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2.10 Proof of Theorem 2.6.1 - Part 4

As the final step to complete the proof of Theorem 2.6.1, it is proved by Ji-Zhang [JZ09] that
the cases (1)(11A) and (11C) indeed give a complete classification for mappings in Rat(B?, BN)
with degree 2, up to equivalent classes.

To solve the classification problem, by Lemma 2.9.3, we need to show: for maps Feocterer
and Fememememin K5 we have

Feicelles IS equivalent to Fempmemm (et cseney) = (clcselledy. (2.23)
We first prove a local version of (2.23).

Lemma 2.10.1 For any P© = (cf’), Cgo), ef’), ego)) K5 there is a neighborhood U of P ©
in K=and a constant ¢ > 0 such that for any point (cpcsered), clciellely U with
Fempmemem= (Fcltgcggelqezm)pmjjluhere p=(ab+ila? adH%, a C,b R,]|p|:=max{|al,|b}
< ¢, we have

(cficsieler) = (cfics en ey). (2.24)

To prove this, we use the monotone property in Lemma 2.9.1 to show:

W(FcEcEeEeZD = W((FcEcEeEeE‘)% = W((FcEcEeEeE‘)P(jt:l%) = W(Fc:'fﬂcgﬂefjég@’ (2.25)

and
W (Fopiogiemen) = W ((Foiopiemen) o)) < W ((Fepegererary) = W ((Fepegepes).  (2.26)

By (2.25) and (2.26), it follows that the function W ((Fcpcreties)r)' = constant. Then it
implies that (Fclzgcgelzgezm)ﬁ'%']is constant. Since Femmemem= (Feocperes), ' Lemma 2.10.1 is
proved.

Next, we prove the global version of (2.23). We need to show: if F o © .o , and

: . 1 b3 »F1 82
F.0 <0 ;0 s in K ™are equivalent, then
1 3 1 F2
@, e, 80,&) = (. ¢, el e”). (2.27)

Let E :={(c1,c3,e1,82) Ki Kyt | (Feycsenen)p = Feycseresr P OH? near 0} We
assgme that (CEO),cgo),ego),eéo)) E ; otherwise FC§0>'C§O>'E§O>£§0) and F6‘1°’,6§°’,é‘1°’,6§°’ cannot be
equivalent.
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Since FC§0)YC50)’e§0)Ye50) and FéO)’EgO)Yé(lO)’égO) are equivalent,

FEEO)’EgO)Yé(lO)’égO) =WYo FCEO)’C§0)Ye50)’eg0) °c @ (2.28)

where @  Aut(H?) and ¥  Aut(H>).
We take a real analytic curve L = L(s) K-E, 0 <s <1, where E is a such that
L) = (cgo), cgo), e§°>, ego)). In fact, since (cgo), cgo), e§°>, ego)) E and E is closed, L could be

taken in a neighborhood of (c}o), cgo), ego), ego)).

We shall use some deformation. By using automorphisms of balls, we can take a real
analytic family of automorphisms ©s  Aut(dH?), Ws  Aut(d0H®), s [0,1], such that
when s =0, ©p = O, Wy = W; whens (0,1), ©5(0) = oo, W o Fi(5) = Os(0) = 0; when
s=1,0;=1d, W, = 1d. Then we define

Lo(s) :=Ws o Fie °Os  Rat(H?, H®%), 0<s<l,

such that I:O(s)(O) =0 forall s, Fy ) =W °Fi@ °© and I:o(l) = L(1). Our goal is to

show: Lo(s) =L(s), s [0,1], so that Lo(0) = L(0), i.e., (2.27) holds.
Even though (F,:O(S))E'Eis in K for any s (0,1], it may not be in K~because the
minimum property (2.14) may not be satisfied. We claim that (Fp ) s equivalent to

another map Fp K ' More precisely, we want to find q(s) 9dH? so that
Fre = (Fto(s))(f(ms? K5 s (0,1]. (2.29)

As points in K, we show

dist(F,:(S), F,:O(S)) -0, ass - 1, (2.30)

Since both Fr, K™and F sy K™-E wheres (so, 1] for some sy > 0 such that
0 <1 — s is su Lciehtly small, by the local version of Theorem 2.6.1, we conclude

Fie =FLe, s (So, 1]

Repeating this process. Finally by continuity Fre = Fue, S [0, 1]. When restricted at
0, Fro0) = Fiy = FL(0), S0 that (2.27) is proved.
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2.11 Degree of Rational Maps between Balls

i = i — (P1,-,Pm)
For any rational map H = 0, write H = ===

and (Py, -+ ,Pm,R) = 1. We then define

, Where Pj, R are holomorphic polynomials

deg(H) = max(deg(P;)j=1,..m. deg(R)).

(When H =0, we set deg(H) = —o0).
D’Angelo raised a conjecture [DKR 03]: For any F  Rat(B?, BN), does it satisfy

2N —3, ifn=2,
deg(F) < {'23111 — (2.31)

Both of the above bounds are sharp. In fact, when n = 2, the degree bound 2N — 3 is
achieved (see p.173 and p. 189 in [DA93]) for the polynomial map F  Rat(B?, B?*")
defined by F(z,w) = (22", ..., csz?("=Sws, ..., w2 +1) where ¢ are certain constants. When
n = 3, we consider the Whitney map h(z,w) = (z,w(z,w)) : B" - B?"~! with degree 2. By
letting (z,w) — (z,wh), we get a proper polynomial map from B" into BN with N =3n—2
of degree 3. Inductively, we can construct a proper polynomial map from B" into BN with
N =kn — (k — 1) of degree k. Hence % = k so that the bound in (2.31) is sharp.

[Example] We can show that any F  Rat(B?, B®) has degree deg(F) < 7. We have
classified all degree 2 maps in F Rat(B?,B®). For higher degree maps, the situation
should be very complicated. D’Angelo classified all monomial maps in F Rat(B?, B®). He
find out

'degree 3: 3l isolated maps or continuous families;

degree 4 : 47 isolated maps or continuous families;
degree 5: 24 isolated maps or continuous families;
degree 6 : 5 isolated maps or continuous families;
| degree 7 : 3 isolated maps;

For example, maps with degree 7 in Rat(B?, B®) are
va v_ v_

L @' w', 4wz®, Awz, “wz)
V_ V__ V_

2. (z',w', Twz® 14w?z3, Twiz)

V_ VooV
3. (z',w’, 7w3z®, T7wz® T7w3z)
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= ForstneriC proved that for any F  Rat(B",BV), its degree deg(F) < N?(N —n + 1)
in [Fo86].

Theorem 2.11.1 [HJX06] Let F Rat(B", BN) with geometric rank Ko = 1 and n = 3.
Then deg(F) < N

-1
n—1"

Proof::  Foreach N = n = 3, there is a unique positive integer k such that k(n—1)+1 <
N < (k +1)(n —1). We use induction on k. When k = 1, F  Rat(B",B>"2), by the
first gap theorem, so that deg(F) = 1 < % holds. Assume deg(F) < % holds for
any k. Consider k + 1, by Theorem 3.5.1 below [HJX06], F is equivalent to (z, wh) where
h  Rat(B",BN~"*1). Then by the assumption, deg(F) < 1+deg(h) < 1+ ®=0*D=1 = N1
1

To illustrate the idea how to deal with degree deg(F ), we present a lemma and a theorem
below.

Lemma 2.11.2 ([HJ01], lemma 5.4) Let H = w be a rational map from C" into C™,
where Pj, R are holomorphic polynomials with (P1,--+ ,Pm,R) =1 (m >n > 1). Assume
for each p  OH" close to the origin,

deg(H|g,) =k

with K > 0 a fized integer, where Qe = {(z, W) | WZ—_Iﬁ = >z} is the Segre family of
OH". Then deg(H) < k.

Theorem 2.11.3 ([HJ01], lemma 5.2) Let F Prop,(B",B*"™Y) with n = 3. Then F is
rational and deg(F) < 2.

Proof: By Cayley transformation, we consider F P rop,(H", H>""1). By Lemma 2.11.2,
it su [ced to prove that deg(F|q,,) =2 forany po 9H".
It is equivalent to show that for every p  0H,, we have

Fo o, < 2. (2.32)

Here Qo = {w = 0}.
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By the normalization, for any F Prop,(Hn, Hon—1), we knew that Fpm: (f,0,9)

satisfies
FAO,w) = O,w),
L=z, + %le +2;aW(Z)w + 0y (4),
fi=z+o0t(4), 2=<l=n-1, (2.33)

05 = 2125 + byzaw + bV (2) +oue(3), 1=<j=n-—1,
g =w+o(|(z,w)]).

g(z.w) — 9@ ) _ = = s
o = ) i@ wREGn + ) ez wen). (2.34)

Applying L; and L;L; to the above equation, using (2.33) and letting (z,w) =0, n =0, we

get B
G

- (I(n—l)X(n—l) 0 ) (f(Z,O))
(-1 An-nxn-1) Bm-nxn-1/ \0(,0)/ "
0

Here 1h—1)x(n—1) is the identical (n — 1) < (n — 1) matrix,

24 0 0
An-nxmn-n = A= _Zz 8 8 and
—Ch-1 O 0
2+4inl  4ib G .. 4ibal
Bin-yxmn-1 =B = 2iby G,  1+2ibG, .. 2ibn—102
2inln1  2iblny ... 1+ 2iby1lny
This implies
£ YAVA
f(z,0) = <z, T zlj21b_,-z,-)' (2.35)

Finally, by putting z = w =n = 0, we get g(¢,0) = 0 by (2.33). Hence, it is clear that
F (z,0) can be written as the quotient of a vector-valued quadratic polynomial with a linear
function. Hence (2.32) is proved. [1

By similar method, the following results are proved.
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Theorem 2.11.4 (1) [JX04] Let F Rat(B", BN) with geometric rank Ko, 1 < Kg < n—2,
and with N = n + @K™ e deg(F) < Ko + 2.
(2) [HIX05] Let F Rat(B*, B®) with geometric rank Ko(F) = 2. Then deg(F) < 4.
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Chapter 3

More Analytic and Geometric
Approaches

3.1 A Model Case for Further Generalization

Theorem 3.1.1 [HJ01] Let F Prop,(H",H?"). Then F is equivalent to a map that is
either linear, or Whitney map: Wp 1(z, W) = (z,wz) where (z,w) C" xC.

Here is the main ingredient of the proof:

1. F™tan be further normalized into F "= (F, @, 9):

fi=z,+ %le + 0wt (3),

f; =z; +ow(3), 2<j <=nl,
@j = 21Zj +0w(2),2<j = nl,
g = W + OWt(4)1

2. Show: The geometric rank Ko = 1.

3. Furthermore,

fi=z+ %le + 0wt (3),
fi=1z, 2=<j=nl,

0j = 21Zj +0yt(2),2=j = nl,
g=w,

65
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4. F is equivalent to a map that satisfies
F = (Zlﬁl 221 ey an1 Zlall ey Zlanli W)
Here ® = (ﬁ, 61, ...,]@11) defines a biholomorphic map from H" and B".

5. In particular, the restriction F |, =g} is linear fractional.

3.2 Generalization of Five Facts

The above five facts are generalized into the following results:

1. Theorem 3.2.1 ([H03]) Let F Prop,(H",HN). Then F is equivalent to a map
FpDID: (pr:':!j(pEI,DngIF of the following form.:

fipo= 22z fz W), fijtz,w) = 5 + ia{T”'w +0(|(z, W)?), I < ko;
fj%uj: Zj +04t(3), Ko+1l=j=n-—1,

Pikp = MikZiZk + 0we(2), (Ik) S;

g =W+ owi(4),

where
So={g,):1=<j=kKp,J=ll=<sl=sn-—-1}

is the index set for those Q. p that have non-zero coefficients of the 2z terms,

(2n — Ko — 1)K0}

S =5 {(j,l) |j:K0+1,K0+1S|SN_n_ 2

is the index set for all Qi p, and

. . 3.1
1, if j<skoand | >k or if j =1 =KkK,.

\/p-+u for j,1 <Ko, J =1

uj| — {_\/_j I 1 —_ 0 1

2. Due to the existence of the non-zero z,zy terms of (p,E?gjabove, which “occupy the room”

in aBN, as application of Theorem 3.2.1, we immediately obtain the following result,
which generalizes the second fact of the above five ones.
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Corollary 3.2.2 [H03] Let F Prop,(H", HN*Y) with geometric rank Ko. Then

K0(2n — Ko — 1)

N=n+
2

This inequality vs sharp.

[Example] If F Prop,(B", B?") with n = 3, then Ky < 1. In fact, this follows
from the inequality 2n — 1 = n + @k -

. Theorem 3.2.3 ([H03] and [HIX06], theorem 3.1) Let F Propg(H"*, HN*1) with

geometric rank Ko <N —2. Then F is equivalent to a map Fpm: (prED,j(ppm%IOEE';I of
the following form:

(0= 5% 7iF 0z, w), Fiz,w) =8 + Bty +0(](z, WD), 1< Ko;
fJEg'I':zJ, Ko+1l<j<n-—1;

(plkp HikZiZx + Z =1 Z_](plkj D (P|Ik:jl,p(Z1W) =owt(2), for (k) So;
Oijp = ZJ 1Zi0ig o = O((z, w)®) for (I,Lk) S —Sy;

(g=w

Theorem 3.2.4 [HJX06] Let F Props(B",BN) with 3 < n < N and geometric
rank Ko <N —2. Then F is equivalent to a proper holomorphic map of the form

H = (Zl, seay Zn_K()1 Hl, sany HN_n+KO)l
where Hj = Z|n=n—;<o+1 zjH;j 1 with Hj, holomorphic over B".

Theorem 3.2.5 Let F Props(H", HN*Y) with geometric rank Ko < n —2. The
p B", affine (N —Kp)-dimensional complex subspace S5 containing p such that

Flsg is linear fractional.
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3.3 How to Construct F ?

Recall for any F P rop,(H", HV), F is equivalent to F ™= (f ™™y ™ such that
i
f=z+ Qam)(z)w + 0uwt(3), (PpDII: (Pp (@) +0wi(2), 9"E W+ 0,4(4), (3.2)

72,20 (2) |z = o, P @) .

We can further normalize this map to get more properties while it preserves the above
properties of F ™

How to define F "™ n Theorem 3.2.1 from the map F "preserving the property (3.2) ?

Consider 0 Auty(H,) and T Auto(Hn):

_ Az +aw) U, A2w)
q(z, w)

: (3.3)
where q(z,w) =1—-2ia,z +(r—ila®)w,A>0,r R, aisan (n—1)-tuple and U is an
(n—1) x (n— 1) unitary matrix. Let

= Oy

where g"z5WH'= 1 —2i abzH+ (r*ija)whAFS 0, rY R, alHs an (N — 1)-tuple
and UHs an (N — 1) < (N — 1) unitary matrix.

(3.4)

Theorem 3.3.1 [H03] (A) Let F = (f,9,9) and F== (F5954Y be C2-smooth CR map
from a neighborhood of 0 in Hp into HN (N =n > 1), satisfies the condition (3.2). Suppose
that F== 1 F = 0 where 0 and T“re as in (5.4) and (5.4). Then it holds that

-1
A=A al=E—-Atalu, af=o, r =AUt E U OD (3.5)
where a== (a8 with aHts first (n—1) components, Uy is an (N —n) < (N —n) unitary
matriz. Conversely, suppose T=and G, given as above, are related by (5.5). Suppose that F
satisfies the condition (3.2). Then F Ci= 1A F o 0 also satisfies the (3.2).

(B) Let F and FY= 1" F = 0 both satisfy the condition (3.2). Let us denote

f(z,w) =z + izAw + 128 |0w2 + o(|(z, W) [2),

iz, w) =z + LZAW + 190 w2 + o(|(z, W) [?).

2 ow2
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and
_ - 92
o(z,w) = 3z(B%, ...,, BNz + zBw + %a—w‘gbzwz + 0(|(z, W)|?),
oz, w) = 2z(BT...,, BTzt + zBW + %%V‘Vﬁowz + o(|(z, W)[?),
where
02f, . 0%Fn_1
0z10wW 0Z10wW
A == _2i : :
26, 0% 0
0Zn—10W 0Zn—10W

is the (N — 1) % (n — 1) matriz,

020 9290 o 0290
0z3 071022 0210Zn—1
02030 02030 o %9
Bk — 072021 62% 0220Zn—1 1 < k < N -n
: : : 0
%939 %9 L %9
0Zn—10z1 0Zn—10Z2 0z2_,;
are (N — 1) % (n — 1) matrices, and
9291y o 920n—n)
0Z10W 0z10wW
B= : :
9291 . 92Q(N—n) 0
0Zn—10W 0Zn—10W
is an (N — 1) x (N — n) matriz. ASB™ B™ure defined similarly. Then
A= NUAUT,
0’ f™ 0°f
0) = iANZaUAUt + A*— (0)u .
aw2( ) aw2( )
z(B® ..., BM™Mzt = \zU(B?, ..., BN"MUZtUL]
BE=AU(BY, ..., BN MUtatU L+ AU BU,, (3.6)
1950 1, = 1AaU (B, ..., BN MU UL Y AaUBU L+ IA3 29 |,u L)

(C) Let Fy be a non-constant C?> CR map from M 0H, into OHN. Assume that
Fo=t1eFi o0 witha Aut(H,) and Tt Aut(Hy). Then

Rkg, (p) = RKe, (o(p))-

The normalization F™Xn Theorem 3.2.1 is constructed by t™% F - ¢ for appropriate
choice of t-and o.



70 CHAPTER 3. MORE ANALYTIC AND GEOMETRIC APPROACHES

3.4 Where is the Condition Ko <n—2 used ?

In Theorem 3.2.3 above, a very crucial condition is K, < n — 2. This condition indeed
produces exact equations for the map F. In fact, by the normalization F "“we have the
curvature information:

7,a50@) |2 = lo5" @)% (37)

Ay = —2i( s
P I(aZjaW 0

isan (n— 1) x (n — 1) Hermitian matrix.

Write apm])(z) = zA, where

Remarks
= The matrix A, is semi-positive because of (3.7).

e (3.7) can be written as
2AZYz1” = 195" P (@)1,

Then for a non zero vector z, we have

lo!™ P (2)|2 =0 ZAZ' =0
zA, =0  (because A, = 0)
0@ (@) =0

= We define a vector space E, :={&(p) C"'|&(p)-A,=0}= . Then

&p) E 0 P(EP) =0

From these equations, it derives more equations by taking di[erkntiation that make
Theorem 3.2.3 possible.

3.5 Structure Theorem For Rank 1 Maps

As an application of Theorem 3.2.3, we have the following structure theorem on maps with
geometric rank one. The key condition here is Ko < n—2, which allows the maps have more

rigidity property.
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Theorem 3.5.1 ([HJX06], theorem 1.2) Let F Props(B",BN) with 3 < n <N and
geometric rank 1. Then F is equivalent to a proper holomorphic map of the form

H = (le e 1ZI’I—11 H11 T, HN—n+l)1

where (Hy, -+ ,Hn—n+1) =W-h with h  Rat(B",BN™"*1). Both H and h are affine linear
maps along each hyperplane defined by w = constant.

In fact, from Theorem 3.2.3, when Ky = 1, we have

M= 20 F iz, w), iz, w) = 1+ Bw +0(|(z, w)]?),

fiil=z, 2<j=n-1;

Olicy'= HkZ1Zk + 2101y, Orip(Z W) = 04t(2), for lsks=n-—1;
0505 = 29505 = O(I(z, W)°) for 2< [N —2n+1;

g=w.

(

By Cayley’s transformation to obtain a new map H : B" - BN:
H = (H11 221 y Zn—l; Hm y HN—I”HW)-

We can make change on variables in the following way:

Zl Ed Zn
{25,...,2n-1} - {z1,...,Zn—2}
W P Znh—1

so that
H = (le rny Zn—11 H11 H21 ey HN—n+l)-

As an application, Theorem 3.5.1 is used in the proof of Theorem 2.11.1

3.6 Proof of the Second Gap Theorem

The second gap theorem can be restated as

Theorem 3.6.1 [HJX06] Let F Propz(B",BN) with4 < n <N <3n—4. Then F is
equivalent to (Fg, 0) where

Fe = (z,wcos 8,z,wsin 8, ..., z,_1wsin 8, w?sin 8)

for some 8 [0, 3].
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= In 2005, Hamada proved that any F  Props;(B", B?") is equivalent to Fg for some
8 [0,Z]

Ko(2n—kp—1)
2

e By the inequality N = n+ , under the condition N < 3n—4, it implies that

the geometric rank ko of F is < 2.

e Applying the structure theorem 3.5.1 for rank 1 maps, we can write
H:=(z1, - ,Zn-1,H1, -, Hnonet),
where (Hy, -+ ,Hn—n+1) =W -h with h Rat(B",BN""*1). Here
N—-—n+1<3n—4—n+1=2n-3.

Then we ca apply the first gap theorem to implies h is linear map.

3.7 Rationality Problem

In 1989, ForstneriC proved [Fo89] that if F P ropy—n+1(B™, BN), then F must be a rational
map with degree deg(F) < N?(N —n +1).

Theorem 3.7.1 ([HJX05], Corollary 1.3) If F Props(B", BN) with either ko <n—1 or
N < @, then F must be rational.

e In order to prove that F is rational, by a theorem of Frostneric, it su [ced to prove
that F is smooth on 0H,,.

e Under the hypothesis, F has partial k-linear property: for any point Z B" —E
where E is an a [nelsubvariety, there is a unique k dimensional complex subspace S»
on which F is linear fractional.

e Assume that0 B"—E and So ={z | zx+1 = ... =z, = 0}.

e Construct a holomorphic map W from a neighborhood of a rectangle (—1 — [ 1 + D)Ix
(—CIdin C* < C"X to a neighborhood of (—1 — 1 + D3 {0} in CK x C" K such that
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- Y5, =1d. (= Wis locally biholomorphic when Cis small)

— For each line segment L ) that (i) passes through the point (t, T) and (ii) L 1)
and Sy are parallel, we have

WY(Leo) Seon)-

Cn—k
1
L 0.1) 1\ Seo
K/ o |
-
1
(t,T)
H — K

dh
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e For each fixed T, since
Flse., = linear fractional,

we have

FO)+ 2 AMY
1+ 35 b0y

On the other hand, we take a power series at the origin:

FeoWtT)=

FoW(t1) =) Co(t)t* is holomorphic near (0,0).
a

Calt) fs polomorphic AL (1), b; (1) and F (1) are holomorphic of T near 0.

e F o Y(t, 1) is holomorphic of (t,t) whenever T 0 and for any t.

e By the construction, F - ¥(t, 1) is holomorphic is holomorphic of (t, T) whenever (t, 1)
in the rectangle (—1 — [ 1 + DIx (LI

e Choose Z; in the rectangle such that F(Z,) 0B". Then
F=(F-we-w
is holomorphic near F (Zo).
e Fis C* near F(Zy), so is on dB".

e By ForstneriC Theorem, F is rational.

3.8 Flatness of CR Submanifolds

In Euclidean geometry, for a real submanifold M"™ E"*2 M is a piece of E" if and only if
its second fundamental form 11y, = 0.

In projective geometry, for a complex submanifold M™  CP"*@ M is a piece of CP" if
and only if its projective second fundamental form 11y, = 0 (c.f. [ILO03], p.81).

In CR geometry, we prove the CR analogue of this fact in this paper as follows:
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Theorem 3.8.1 (Ji-Yuan [JY09]) Let H : MP o 0BN*1 be a smooth CR-embedding of a
strictly pseudoconvex CR real hypersurface MY C"*1. Denote M := H(MY. If its CR
second fundamental form llyy =0, then M F(@B"*1)  aBN*! where F : B! _, BN*1
is a certain linear fractional proper holomorphic map.

It was proved by P. Ebenfelt, X. Huang and D. Zaitsev ([EHZ04], corollary 5.5), under
the above same hypothese, that M“and hence M are locally CR-equivalent to the unit
sphere 0B"*! in C"*1, This result allows us to consider

G=SU(N +1,1)
S I
F:oH™ L M=F@H") O  0BN*'=G/H

There are several definitions of the CR second fundamental forms 11y, of M. We have
to prove that the above theorem is true for all of these definitions.

e Definition A, intrinsic one (Webster).
e Definition B, extrinsic one (cf. Ebenfelt-Huang-Zaitsev(2004)).
 Definition C, Cartan moving frame theory, with the group G = GL?(CN + 2).

e Definition D, Cartan moving frame theory, with the group G = SU(N + 1,1).

3.9 Definition A, the CR Second Fundamental Form

Let (M, 0) be a strictly pseudoconvex pseudohermitian manifold where 6 is a contact form.
Associated with a contact form 6 one has the Reeb vector field Rg, defined by the equations:
(i) dB8(Rq, ") =0, (ii) 8(Ry) = 1.

If there are n complex 1-forms 8% so that {6, ..., 8"} forms a local basis for holomorphic
cotangent bundle and

n
do=i ) hgo* 6F (3.8)
a,p=1

where (h,g), called the Levi form matriz, is positive definite. Such 8 may not be unique.
Following Webster (1978), a coframe (8, 8%) is called admissible if (3.8) holds.
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Theorem 3.9.1 (Webster, 1978) Let (M 20+10) be a strictly pseudoconvex pseudohermitian
manifold and let 8 be as in (3.8). Then there are unique way to write

n
de® =) 6" wf+8 1% (3.9)

where T% are (0, 1)-forms over M that are linear combination of 8% = 8%, and wE are 1-forms
over M such that

0 = dhog — hy500Y — Naywy. (3.10)
We may denote w,g = h g% and Wpg = havcog. In particular, if
hag = 60([3, (311)
the identity in (3.10) becomes 0 = —w .5 — Bpaq, i.€.,
0= wf +nl (3.12)
a B

Lemma 3.9.2 ([EHZ04], corollary 4.2) Let M and M be strictly pseudoconvez CR mani-
folds of dimensions 2n + 1 and 2n + 1 respectively, and of CR dimensions N and N respec-
tively. Let F : M - M be a smooth CR- embedding. If (8,0%) is a admissible coframe on
M, then in a nezghbm”hood of a point p F(M) in M there ezists an admissible coframe
(9 BA) (9 6¢, G“) on M with F% 6¢, G”) (8,89,0). In particular, the Reeb vector field
R is tangent to F(M). If we choose the Levi form matriz of M such that the functions hyg

in (3.8) with respect to (8,0%) to be (85), then (8,6") can be chosen such that the Levi form

matriz of M relative to it is also (Bag)- With this additional property, the coframe (9 BA)
is uniquely determined along M up to unitary transformations in U(n) x U(n —n).

If (8,0%) and (6, 6”) are as above such that the condition on the Levi form matrices in
Lemma 3.9.2 are satisfied, we say that the coframe (9 BA) IS adapted to the coframe (6, 09).
In this case, by (3.12), we have 8 = F ', 69 = F %, and

dG“:ZOV wl+0 1% 0= wl+wd I1<opB<=n,

Bl
and

n
d6h=>"6° @g+6 T, 0= G +ap, 1<AB<N.
B=1
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For simplicity, we may denote F '@% by wg. We also denote F '@ .5 by 0,5 Where 0,5 = 058,
Write 0 = wy g0, The matrix of (0" ), 1 <a,B <n, n+1<p=<A, defines the CR
second fundamental form of M. It was used in [W79] and [Fa90].

3.10 Definition B, the CR Second Fundamental Form

Let F : M — M be a smooth CR-embedding between M C"™**and M CN** where M
and M are real strictly pseudoconvex hypersurfaces of dimensions 2n + 1 and 2n + 1, and
CR dimensions n and n, respectively. Letp M and p=F(p) M be points. Let p be a
local defining function for M near the point p. Let

Ex(p) = spanc{L’(pz= F)(p) | I (Z+)".0 <3| <k} T, N,

where pzo:= 9p is the complex gradient (i.e., represented by vectors in CN*1 in some local
coordinate system Z"near p). E.(p) is independent of the choice of local defining function
p, coordinates Z"and the choice of basis of the CR vector fields Ly, ..., L.

The CR second fundamental form 11y of M is defined by (cf. [EHZ04], §2)

L (Xp, Yp) 1= (XY (70 F)(P))  TEM/Ea(p) (3.13)

where pso= 0p is represented by vectors in CN** in some local coordinate system Z"near
p, X,Y are any (1,0) vector fields on M extending given vectors X, Y, Tpl'O(M), and

m: TW - TW/El(p) is the projection map.

3.11 Klein’s Erlanger Programn

Let G be a Lie group, and H G a closed Lie subgroup. Let X := G/H, the set of left
cosets of H, is a homogeneous space with the induced di Lerkntial structure from the quotient
map.

Klein’s Erlanger Programn \We’ll study geometry of submanifolds M X = G/H, where
two submanifolds M,M” X = G/H is equivalent if there is some g G such that
g(M) = M*

G
S I T
M B X=G/H
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To illustrate Cartan’s moving frame theory, we study real surfaces S & E3:

G = ASO0(3)
F I T
S B E3 =G/H

Here

G = ASO0(Q3)
= the group of motions
= the space of orientated orthonormal frames of E*
= the bundle of oriented orthonormal bases of E3
= All adapted coordinates.
H = SO(3)
= all rotations.
F = A first-order adapted lift
= A choice of adapted coordinates
= A normalized position

For high dimensional situation, we consider

1 0

G=ASO(n+s):{M = (t 5

),t R B SO(n+s)}

which is the group of Fuclidean motions,
H =SO(n+5s),
which is the group of rotation and
X = E"® = ASO(n +s)/SO(n + s).

Let M E"*S be an n-dimensional submanifold.
A map
s=(xc¢e5,6e):M -G (3.14)

is called a first-order adapted lift if x M, span{ej(X)} = TxM and e,(x) are normal to M.
Consequently,
stdx = 0 mod{x, e;}. (3.15)
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The Maurer-Cartan form on ASO(n + s) is defined to be w = s™ds, which is indeed
independent of choice of the first-order adapted lifts. wis of the form

0 0 0
w=| o (3.16)
w* o wf

Then ds = sw with (3.16) and (3.14), we have
dx = gjo + e,0?.
Then pulling back by s, by (3.15), we obtain s*w® = 0 so that
stdw?® = 0. (3.17)

Fromdw =—w w:

0o 0 0 0 0 0 0 0 0
do' doj dwy | =— (" o o oW ow . (3.18)
do? dof dof w? o} of w? of of

and by (3.17), we obtain _
—s'} w')=0.
By Cartan’s lemma 1, we write _
s'df = h§js'a!
where h{j = h%. This defines the second fundamental form of M
v = his'd's'd e, (M, ST'™M  NM)

where NM denotes the normal bundle of M.

3.12 Definition C, the CR Second Fundamental Form

We consider a real hypersurface Q in CN*2 defined by the homogeneous equation

Z,Z = ZzAﬁ + %(ﬁzNﬂ —7ZN+1) =0, (3.19)
A

LLet vy, ..., vk be linearly independent elements of a vector space V and let wa, ..., wy be elements of V
such that wy vi+...+wyx vk = 0. Then there exist scalars h;j; = h;jj, 1 <1i,j <k, such that w; = Zj hijvj.
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where Z = (Z°,zA,ZN*Ht  CN*2| et
Mo : CN*2— {0} — CPN*, (Z0,....Zn41) = [Z0 oo D Znwals (3.20)

be the standard projection. For any pointx ~CPN*! n;*(x) is a complex line in CN+2—{0}.
For any pointv.  CN*2 — {0}, mp(v) CPN*!is a point. The image mo(Q — {0}) is the
Heisenberg hypersurface aHN*  CPN*1,

For any element A GL(CN*?):

Q) o Q)

o A T
a, a Y
A= (ap,...,an+1) = | ° ! N+l GL(CN*?), (3.21)
(N'+1) (N.+1) (N'+l)
g a AN+

where each a; is a column vector in CN*2, 0 < j < N + 1. This A is associated to an
automorphism A= Aut(CPN*1) given by

N+1 N+1 N+1

A':é[zo 7y :zN+1}) = {Za}o)zj Y Az a}Nﬂ)zj]. (3.22)
=0 =0 =0

When a(()o) =0, in terms of the non-homogeneous coordinates (W4, ..., w,), AHis a linear
fractional from CN*1 which is holomorphic near (0, ..., 0):

N+1 _(1) N+1 _(N+1)
Ay Wi Yo A W Z:
— j=0 =3 " j=0 " J I
AWy, ..., Wn41) = < NF @ NTL 0 ) where w; = - (3.23)
im0 & W im0 & W 0

We denote A GLQ(CN*?) if A satisfies A(Q) Q where we regard A as a linear
transformation of CN*2, If A GL?(CN*?), we must have AK®OHN*)  gHN*? so that
AS Aut(@HNT1). Conversely, if A= Aut(@HN*1), then A GLP(CN*2).

We define a bundle map:

m: GL(CN*?) -~ CphN*t
A = (ag,as,...,an+1) — To(ap).

Then by (3.22), for any map A GL(CN*?), A n*(mo(ap)) A1:0:..:0) =
Mo(ag). In particular, by the restriction, we consider a map

m: GL?(CN*?) ~ oHN*

A= (ag,as,...,an+1) — Tpo(ap). (3.24)
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We get oHN*  GLQ(CN*2)/P, where P, is the isotropy subgroup of GLQ(CN*?). Then
by (3.22), for any map A GLQ(C"*?),

A 1 (mo(ap)) AN1:0:...:0]) = mo(ao). (3.25)

CR submanifolds of 0HN*!?  Let H : M” - dHN*! be a CR smooth embedding where
M Uis a strictly pseudoconvex smooth real hypersurface in C"*1, We denote M = H(MY.

Let Ry obe the Reeb vector field of M Pwith respect to a fixed contact form on MY Then
the real vector Ry,ogenerates a real line bundle over MY denoted by Ry Since we can
regard the rank n complex vector bundle T1°M as the rank 2n real vector bundle, over the
real number field R we have:

TMP=TM"” Rmo TYMY Ruo (3.26)

given by
0 0 .. 0
(aja_x,-’ bj6—yj) + cRmo - (a5 + 'bj)a—zj +cRmy @b, ¢ R (3.27)

Since H is a CR embedding, we have

H(@OMY=T*M  T@HN"),TM  H{T**MY  H(Rwm) T@HY*). (3.28)

Lifts of the CR submanifolds Let M =H(MY dHN*! be as above. Consider the
commutative diagram
GLQ(CN+2)
e LT
M & oHN*1

Any map e satisfying m e = Id is called a /ift of M to GLQ(CN*?),

In order to define a more specific lifts, we need to give some relationship between geometry
on dHN*! and on CN*2 as follows. For any subset X  dHN*!, we denote X := m;*(X)
where 1o : CN*2 — {0} - CPN*1 s the standard projection map (3.20). In particular, for
any X M, X is a complex line and for the real submanifold M?2"*1 the real submanifold
M21*3 s of dimension 2n + 3.

Forany x M, wetakev X=m;%(x) CN*2—{0}, and we define

M =T,M, THM =T*M, Rux:=Rg,

where Ry = |, Ry v~ These definitions are independent of choice of v.
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A lift e = (eo, €q, €y, en+1) Of M into GLR(CN*?), where l<a<nandn+1<p<N,
is called a first-order adapted lift if it satisfies the conditions:

eo(X) T (X), spanc(eo,eq)(X) = Tr°M, span(eg, eq, en+1)(X) = To'M  Rwx (3.29)
where
span(eo, eq, en+1)(X) := {Co€o + Cq€q + Cn+18n+1 | C0sCa C, Cn+1 R} (3.30)

Here we used (3.27) and the fact that the Reeb vector is real. Locally first-order adapted
lifts always exist.

We have the restriction bundle F2, := GL(CN*2)| over M. The subbundle m: F}, -
M of F, is defined by

Fu ={(eo. &, ep.en+1) Fi |l [ed] M, (3.29) are satisfied}.

Local sections of Fi, are exactly all local first-order adapted lifts of M.
For two first-order adapted lifts s = (&, €j, ey, en+1) and S = (€o, €j, €y, En+1), by (3.29),
we have
€0 = 9890,
5 — 0 k
€j = 0j€o * gjex,
€ = 0peo + gl "‘_gﬁev + g, en1,

~ — 0 j N+1
ENn+1 = ON+180 T ON+18 T On+1CN+1,

(3.31)

Notice that by (3.27), g1 is some real-valued function, while other are complex-valued
functions. In other words, S =s - g where

9% 9% 97 OGN

0 J j J+
0= (90,95, 0u ) = | o & 35 It (3.32)
u
0 0 g™ guin

is a smooth map from M into GLQ(CN*2). Then the fiber of m: F}, - M over a point is
isomorphic to the group

9 98 9% O+
— — 0 gg 93 gﬁ+1 QrN+2
G, = {g =0 % 0 0 GL~(C™ ™) ¢,

0 0 g i1
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where we use the index ranges 1< a,p<nandn+1<p,v<N.
We pull back the Maurer-Cartan form from GL?(CN*?) to F}, by a first-order adapted
lift e of M as
o wg W ol
G R

vl
Wo Wg Wf  WRg
N+1 N+1 N+1 N+1
Wo (*)[3 y WN+1

Since w = e~ tde, i.e., ew = de. Then we have
deg = eow + eqwd + e,wh + enr1wy . (3.33)
On the other hand, we claim:
dey = €] + eqwd + en+10p L. (3.34)

In fact, take local coordinates systems (Xy, ..., Xan+1) for the real manifold M, and (y1, y2, X4,

.» Xon+1) for the real manifold M where (y1,Y2) is the coordinates for fibers. By the first
condltlon in (3.29), fixing X1y oy Xj=1y Xj+1, -y Xon+1, eo(..., Xj, ...) Isa curve into M with pa-
rameter x;. Then 6eo TM is a tangent vector to this curve. Since span(eg, €q, en+1)(X) =

TIOM Ry in (3.29) and TM = T%M Ry;, we obtain

Z% —bJeo+bJeo,+bJN+leN+1, l<sj<s2n+1 (3.35)
]

for some functions b, bi, and b ,,. We also have

an

=0, fori=1,2, 3.36
EM (3.36)

because (yi1,Y,) are the coordinates for fibers. From (3.35) and (3.36), we get

oe ae j j j
deo - #d 1+ 0 Y2 + Z Z(b{)eo + bjaecx + bJN+]_eN+l)de
J

= (D _bhdxj)eo + (O bhaxj)ea + (O bhadxj)ena. (3.37)
] J ]

Since the 1-forms w3, w§, 0%, in (3.33) are unique, from (3.37), it proves Claim (3.34).
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By (3.33) and (3.34), we conclude wg = 0, . By the Maurer-Cartan equation dw =
—w ,onegets0=dwy =—wY OF—wY,; o)t ie,0=—-0y of mod(wy'™). Then

by Cartan’s lemma,
Wy = Gepwg mod(wy' ™),

for some functions qgs = dgq-

The CR second fundamental form  In order to define the CR second fundamental
form Iy = 11§, = ghgwded e, mod(w)'*™), let us define e, as follows.

For any first-order adapted lift e = (eo, €q, €y, en+1) With To(eg) = X, we have eq f)}'ol\/l.
Recall TeG(k,V) EY' (V/E) where G(k,V) is the Grassmannian of k-planes that pass
through the origin in a vector space V over Ror Cand E  G(k,V) ([ILO3], p.73). Then
<M ()™ (TxM/X) and hence the vector ey induces e, T °M by

eq =€ (eq mod(eo)),
where we denote by (e, e%, e*, eN*1) the dual basis of (CN*2)%Similarly, we let

e, =" (eymod TEOM)  NEOM, (3.38)

Il

where N%°M is the CR normal bundle of M defined by N}°M = T10(@HN*1)/T1O0M.
By direct computation, we obtain a tensor

r(M,S?T29 M N9

_ T B
v =11y = 0pp050; € To(e0) To(e0)

" M) mod(w' ). (3.39)

The tensor 11y is called the CR second fundamental form of M.

3.13 Definition D, the CR Second Fundamental Form

Q-frames  We consider the real hypersurface Q in CN*? defined by the homogeneous
equation )
2,z =% "7~ + %(ZN“? — 797N+ = g, (3.40)
A

where Z = (Z°,zA,ZN*Ht  CN*2, This can be extended to the scalar product

z,2":=3% z°z% + %(z““fﬁ — 707+ (3.41)
A
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for any Z = (2°,zA, zZN*Y)t, z0= (z©,z® z™* Nt CN*2 This product has the prop-
erties: Z,Z" is linear in Z and anti-linear in Z5% Z,ZV = Z9YZ ; and Q is defined by
Z,Z =0.

Let SU(N + 1, 1) be the group of unimodular linear transformations of CN*+2 that leave
the form Z,Z invariant (cf. [CM74]).

By a Q-frame is meant an element E = (Eo, Ea, En+1)  GL(CN*?) satisfying (cf.

[CM74, (1.10)])

{ det(E) = 1, (3.42)

EaEe =0as, Eo,En+1 =— En+1,E0 =—1,

while all other products are zero.

There is exactly one transformation of SU(N + 1, 1) which maps a given Q-frame into
another. By fixing one Q-frame as reference, the group SU(N + 1,1) can be identified
with the space of all Q-frames. Then SU(N +1,1) GL®Q(CN*!) is a subgroup with the
composition operation.

We define a bundle map:

m: GL(CN*+?) ~ CPN+
A= (ap,a1,....,an+1) — Tolao)’

By taking restriction, we have the projection
m:SU(N +1,1) - oHN™ (Zg, Za, Zn+1) — span(Zo). (3.43)

which is called a Q-frames bundle. We get dHN*Y  SU(N + 1,1)/P, where P, is the
isotropy subgroup of SU(N +1,1). SU(N + 1,1) acts on dHN*! e [edtively.

The Maurer-Cartan Form over SU(N +1,1) Consider E = (Eg, Ean, En+1) SU(N +
1,1) as a local lift. Then the Maurer-Cartan form ® on SU(N + 1,1) is defined by dE =
(dEo, dEA,dEn+1) = EO, or @ = E~1.dE, i.e.,

@8 OOA @0N+l
d (Eo EA EN+1) = (Eo EB EN+1) @g @E @E_,_l s (344)
o)™ oy el
where ©8 are 1-forms on SU(N + 1,1). By (3.42) and (3.44), the Maurer-Cartan form (®)
satisfies

0 N+1 N+1 _ N-+1 0 — 0
OO+@N+1_01 @0 _@0 ’ @N+1_@N+11

0 3.45
@/|21\+1 = 2i0A, @’lt\l+l — _%@%’ @é + @E =0, @8 + @ﬁ + @“I% =0, ( )
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where 1 < A < N. For example, from Ea,Eg = dag, by taking di Lerentiation, we obtain
dEA, EB + E/_\,dEB =0.
By (3.44), we have

dEy = ExO) + EgOF + En+100' 1,
dEa = EqOQ + EgOf + En+10% 1,
dEn+1 = E0@0N+1 + EB@E+1 + EN+1®“I%-
Then
EoOR + EcOf + En+1O8™, Eg + Ea, EqO + EpOf + En+1O5 ™t =0,
which implies ©% + @4 = 0. In particular, from (3.45), ©% = —2i©4,,. O satisfies

o=-0 o. (3.46)

Let M @ dHN*! be the image of H : MY~ aHN*! where M"Y C"*! is a CR strictly
pseudoconvex smooth hypersurface. Consider the inclusion map M & oHN*! and a lift
e =(eo,€1,..,en+1) = (€0, €0 €y, En+1) OF M Where l<a<nandn+1<v<N

SU(N +1,1)
e LT
M & OHN*1

We call e a first-order adapted lift if for any x M,
Mo (eo(X)) = X, spanc(eo, €a)(X) = T1OM, span(eo, €, en+1)(X) = TX°M  Rmx. (3.47)

Locally first-order adapted lifts always exist. We have the restriction bundle F2, := SU(N +
1,1)|m over M. The subbundle m: F}, — M of F is defined by

Fu ={(eo. &, ep.en+1) F | [ed] M, (3.47) are satisfied}.

Local sections of F, are exactly all local first-order adapted lifts of M. The fiber of m :
Fi, — M over a point is isomorphic to the group

90 93 90 OR1

_J 10 9§ oY 9N+
Gl—{g— 0 0 gbl 0 SU(N +1,l) ,

0 0 0 ouif
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where we use the index ranges 1< a,p<nandn+1<p,v<N.

By the remark below (3.31), gNi1 is real-valued. By (3.42), we have go,gn+1 = —3,
it implies g9 - m = 1. In particular, both g\1; and g are real. Since go,9, = 0 and
g9 = 0, it implies g)'** = 0. Since gq, g = dqp, it implies that the matrix (g5) is unitary.
Since deg(g) = 1, it implies g - det(gf) - det(g)) - g\i1 = 1, i.e., det(gl) - det(gy) = 1.

By considering all first-order adapted lifts from M into SU(N + 1,1), as the definition
of 11, in Definition 3, we can defined CR second fundamental form 11y, as in (3.39):

r(M,S2TH5M NES M), mod(w) ™), (3.48)

v =1 |,$,| = qgﬁwgwg § To(eo) To(eo)

il

which is a well-defined tensor, and is called the CR second fundamental form of M.
We remark that the notion of Il in Definition 4 was introduced in a paper by S.H.
Wang [Wa06].

3.14 Geometric Rank And The Second Fundamental
Form
Geometric Rank and 11y
Lemma 3.14.1 (i) ([JY09], theorem 7.1) Let F Propg(@H"*", dHN*) with k = 2 and
F(0) = 0. Then there exists a neighborhood of 0 in M = F(OH"*1) and a CK"*-smooth
first-order adapted lifte: U - SU(N +1,1)
e=(eo, €, epen+1) SUN+L1), 1<j<n n+l<b<sN-1 (3.49)

(ii) ([JY09], Step 8 of the proof of Theorem 1.1) Let F = FM= (F,9,9), the induced
first-order adapted lift S, and notation be as in Theorem 3.14.1. Then

h}.l,klo =

ik {1,2,..,n,N +1} (3.50)

where 1y = h}lkwju)" eu is the CR second fundamental form.
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Theorem 3.14.2 [HJ09] LetF Prop,(dH"1, dHN*Y). Then its geometric rank Ko equals
to
Ko= sup [n—dimc{v | llpmep(,v) =0}
pmn+l
where 1lm gy is the CR second fundamental form of the submanifold M at the point F (p).
Here {v | Hx g@)(v,V) = 0} is a vector space over C.

Corollary 3.14.3 Let F  Propy(H",HN). Then

K0:0 |||\/|:0

Going back to Theorem 3.8.1. We have a lemma:

Lemma 3.14.4 Let H : M 5 9HN* be a CR smooth embedding where Mis a strictly
pseudoconvex smooth real hypersurface in C'*t. We denote M = H(MY. Then the following
statements are equivalent:

(i) The CR second fundamental form 1l by Definition A identically vanishes.

(i) The CR second fundamental form 1l by Definition B identically vanishes.

(11i) The CR second fundamental form Vly by Definition C identically vanishes.

(iv) The CR second fundamental form Vly by Definition D identically vanishes.

Lemma 3.14.5 (c¢f. [EHZ04], corollary 5.5) Let H : MY M 3 0HN*! be a smooth CR
embedding of a strictly pseudoconvex smooth real hypersurface M C"*1. Denote by (wa”B)
the CR second fundamental form matriz of H relative to an admissible coframe (8,0%) on
OHN™ adapted to M. If w,'s =0 for all a,B and W, then M"is locally CR-equivalent to
OH"L,

To prove Theorem 3.8.1, we apply Lemma 3.14.4 and Lemma 3.14.5 and the hypothesis
that the CR second fundamental form identically vanishes to know that M is locally CR
equivalent to oH"*1,

Then M is the image of a local smooth CRmap F : U aH""* . M 9HN*! where
U is a open set in 0H"*! . By a result of Forstneric[Fo89], the map F must be a rational
map. It su [ced to prove that F is equivalent to a linear map. By the fact that F is linear
if and only if its geometric rank is zero, it is su [cieht to prove that the geometric rank of
F is zero: Ko = 0. This can be done by applying Theorem 3.14.2.

The third gap theorem can be restated as
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Theorem 3.14.6 (Huang-Ji-Yin, preprint, [HJY09]) If F Propz(B",B*"~") withn =7,
then F is equivalent to a map (G, 0) where G Rat(B", B3").

The dimension 4n—7 is the smallest integer that forces the geometric rank of F to satisfy
rank(F) < 2. The condition n = 8 is a necessary from the two target spaces B*"~" and B?":
4n — 7 > 3n, Also the target dimension 3n in Theorem above is sharp which is shown by
the example: F Rat(B", B®") given by

(21,23,24, ..., Zn, 1—0%2,,c2,H(2))

where |c] < 1 and
H(z) = (zl, woey Zn—1, (COS 0)z,, (sin 0)zyz,, ..., (sin 8)z,—1Z,, (SIN e)zg)

Rat(B", B2") is D’Angelo map with 0 <8 < % F has geometric rank Ko = 2.

e Forany F  Props(B", B*~7) with n = 7. Then the geometric rank of F is less than
or equal to 2. Assume that F has geometric rank 2.

e To prove local existence of first-order adapted lift s: M - SU(N +1,1).

« Since F has geometric rank 2, by normalization, F is equivalent to a new map in which
the initial terms of its power series at 0 are simplified. By this, it calculates the second
fundamental form of F(0H"*')  @HN*! at 0 with respect to the first-order adapted
lift e.

« \WWe generalize the above calculation from a point into an open set. What we do is to
modify the lift s.

e From the special CR second fundamental form, we determine other terms of the
Maurer-Cartan form o from the formula dw = —w w. In particular, vanishing of
certain items are proved.

e From w = s~ !ds, we have a complete di [erkntial system
ds =s w.

Due to certain terms vanishing, we replace s = (eo, €1, ...,€n+1) by @ new one € by
removing some components and replace w by a smaller sized new matrix @ by removing
some terms such that

dS=5®
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is also a complete di[erential system.
By the size of @, it implies dim(F) <3n. [1



Bibliography

[A77] H. Alexander, Proper holomorphic maps in C", Indiana Univ. Math. Journal,
26(1977), 137 - 146.

[B43] Bochner, S. Analytic and meromorphic continuation by means of Green’s formula.
Ann. of Math. (2) 44, (1943). 652-673.

[BM48] S. Bochner and W.T. Martin, Several complex variables, Princeton University Press,
1948.

[Bo75] Boutet de Monvel, L., Intégration des équations de Cauchy-Riemann induites
formelles, Seminaire Goulaouic-Lions-Schwartz 1974-1975; quations aux derivées par-
tielles lingaires et non linaires, pp. Exp. No. 9, 14 pp.

[Ca32] E. Cartan, Sur la géométrie pseudo-conforme des hypersurfaces de deuzx variables
complexes, 1. Ann. Math. Pura Appl., (4)11: 17-29, 1932; Il. Ann. Scuola Norm. Sup.
Pisa, (2) 1: 333-354, 1932.

[CJIX06] Z. Chen, S. Ji and D. Xu, Rational proper holomorphic mappings from B" into BN
with degree 2, Science in China: Series A Mathematics, 2006 Vol. 49 No. 11, 1504-1522.

[CJ96] S. S. Chern and S. Ji, On the Riemann mapping theorem, Annl. of Math., 144(1996),
421 - 439.

[CM74] S. S. Chern and J. K. Moser, Real hypersurfaces in complex manifolds. Acta Math.
133 (1974), 219-271.

[CS83] J.A. Cima, and T.J. Sulritige, A reflection principle with applications to proper
holomorphic mappings, Math. Ann. 265(1983), no. 4, 489 - 500.

[CS90] J.A. Cima and T. J. Sulritlge, Boundary behavior of rational proper maps, Duke
Math. J. 60(1990), 135 - 138.

91



92 BIBLIOGRAPHY

[DA88] J. P. D’Angelo, Proper holomorphic mappings between balls of different dimensions,
Mich. Math. J. 35(1988), 83 - 90.

[DA92] J. P. D’Angelo, Polynomial proper holomorphic mappings between balls, I1. Michigan
Math. J. 38(1991), no. 1, 53 - 65.

[DA93] J. P. D’Angelo, Several Complex Variables and the Geometry of Real Hypersurfaces,
CRC Press, Boca Raton, 1993.

[DA93b] J. P. D’Angelo, The structure of proper rational holomorphic maps between balls,
Several complex variables (Stockholm, 1987/1988), 227-244, Math. Notes, 38, Princeton
Univ. Press, Princeton, NJ, 1993.

[DKR 03] D’Angelo, John P.; Kos Simon and Riehl, Emily, A sharp bound for the degree of
proper monomial mappings between balls. J. Geom. Anal. 13(2003), no. 4, 581-593.

[EHZ04] P. Ebenfelt, X. Huang and D. Zaitsev, Rigidity of CR-immersions into spheres.
Comm. Anal. Geom. 12(2004), no. 3, 631-670.

[EHZO05] P. Ebenfelt, X. Huang and D. Zaitsev, The equivalence problem and rigidity for
hypersurfaces embedded into hyperquadrics, Amer. Jour. Math. 127, 1(2005), 169 - 192.

[Fa82] J. Faran, Maps from the two ball to the three ball, Invent. Math. 68(1982), 441 - 475.

[Fa86] J. Faran, The linearity of proper holomorphic maps between balls in the low codimen-
sion case, J. Dilerkntial Geom. 24 (1986), 15 - 17.

[Fa88] J. Faran, The nonembeddability of real hypersurfaces in sphere, Proc. A.M.S.
103(1988), 902-904.

[Fa90] J. Faran, A refiection principle for proper holomorphic mappings and geometric in-
variants, Math. Z. 203 (1990), 363-377.

[FHJZ2010] J. Faran, X. Huang, S. Ji, and Y. Zhang, Rational and polynomial maps between
balls, Pure and Applied Mathematics Quarterly, vol. 6, num. 3 (2010), p.829-842.

[Fe74] C. Felerman, The Bergman kernel and biholomorphic mappings of pseudoconvez do-
mains, Invent. Math. 26, 1-65, 1974.

[Fo86] [Fo86] F. ForstneriC, Proper holomorphic maps from balls, Duke Math. J. 53(1986),
no. 2, 427 - 441.



BIBLIOGRAPHY 93

[Fo86b] F. ForstneriC, Embedding strictly pseudoconvex domains into balls, Trans. A.M.S.
295(1986), 347-368.

[Fo89] F. ForstneriC, Extending proper holomorphic mappings of positive codimension, In-
vent. Math., 95(1989), 31-62.

[Fo93] F. ForstneriC, Proper holomorphic mappings: a survey. Several complex variables
(Stockholm, 1987/1988), 297-363, Math. Notes, 38, Princeton Univ. Press, Princeton,
NJ, 1993.

[KO06] S.Y. Kim and J.W. Oh, Local embeddability of pseudohermitian manifolds into
spheres. Math. Ann. 334 (2006), no. 4, 783-807.

[H99] X. Huang, On a linearity problem of proper holomorphic mappings between balls in
complex spaces of different dimensions, J. of Di L_Geom. 51(1999), 13-33.

[HO3] X. Huang, On a semi-rigidity property for holomorphic maps, Asian J. Math. Vol(7)
No. 4(2003), 463-492.

[HJ98] X. Huang and S. Ji, Global holomorphic extension of a local map and a Riemann
mapping theorem for algebraic domains, Math. Research Letter, 5(1998), 247 - 260.

[HJ01] X. Huang and S. Ji, Mapping B" into B*"~1, Invent Math, 145(2001), 219 - 250.
[HJ09] X. Huang and S. Ji, A linearity criterion for maps from B"*1 to B4"~3, preprint.

[HIX05] X. Huang, S. Ji, and D. Xu, Several results for holomorphic mappings from B"
into BN, Geometric analysis of PDE and several complex variables, 267 - 292, Contemp.
Math., 368, Amer. Math. Soc., Providence, RI, 2005.

. Auang, S. Ji an . XU, new gap phenomenon for proper holomorphic map-
[HIX06] X. H S. Jiand D. Xu, A h f hol h
pings from B into BN, Math. Research Letter, 13(2006), no.4, 509 - 523.

[HIY09] X. Huang, S. Ji and W. Yin, Recent prograss on two problems in several complex
variables, ICCM Proceeding (International Congress of Chinese Mathematicians), vol.
I, 563-575, 2009.

[HIYQ9] X. Huang, S. Ji and W. Yin, The third gap for proper holomorphic maps between
balls, preprint.

[ILO3] T.A. Ivey and J.M. Landsberg, Cartan for beginners: differential geometry via moving
frames and exterior differential systems. Graduate Studies in Mathematics, 61. Ameri-
can Mathematical Society, Providence, RI, 2003. xiv+378 pp.



94 BIBLIOGRAPHY

[JO9] S. Ji, A new proof for Faran’s Theorem, to appear in: Recent Advancs in Geometric
Analysis, ALM 11, p.101-127, 20009.

[JX04] S. Ji and D. Xu, Maps between B" and BN with Geometric Rank Ko less than n — 1
and Minimum N, Asian J. Math, Vol.8, N0.2(2004), 233-258.

[JY09] S. Ji and Y. Yuan, Flatness of CR submanifolds in a sphere, submitted.

[JZ09] S. Ji and Y. Zhang, Classification of rational proper holomorphic mappings from B2
into BN with degree 2, to appear in: Science in China: Series A Mathematics, vol.52,
20009.

[La01] B. Lamel, A refiection principle for real-analytic submanifolds of complex spaces, J.
Geom. Anal. 11, no. 4, 625-631, (2001).

[Le09] J. Lebl, Normal forms, Hermitian operators, and CR maps of sphere and hyper-
quadrics, preprint, 20009.

[PO7] H. Poincare, Les fonctions analytiques de deux variables et la representation conforme,

Ren. Cire. Mat. Palermo. Il. Ser. 23 (1907), 185 - 220.

[T62] N. Tanaka, On the pseudo-conformal geometry of hypersurfaces of the space of n
complex variables, J. Math. Soc. Japan 14(1962), 397 - 429.

[T75] N. Tanaka, A differential geometric study on strongly pseudo-convex manifolds. Lec-
tures in Mathematics, Department of Mathematics, Kyoto University, No. 9. Kinokuniya
Book-Store Co., Ltd., Tokyo, 1975.

[Wa06] S.H. Wang, A gap rigidity for proper holomorphic maps from B"™! to B3N1,
arXiv.math/0604382v1 [math.DC], 2006.

[W78] S.M. Webster Pseudo-Hermitian structures on a real hypersurface. J. Dilerkntial
Geom. 13 (1978), no. 1, 25-41.

[W78b] Webster, S. M. Some birational invariants for algebraic real hypersurfaces. Duke
Math. J. 45 (1978), no. 1, 39-46.

[WT79] S.M. Webster The rigidity of CR hypersurfaces in a sphere. Indiana Univ. Math. J.
28 (1979), no. 3, 405-416.

[Za08] D. Zaitsev, Obstructions to embeddability into hyperquadrtics and explicit examples.
Math Ann, 342(2088), 695-726.



BIBLIOGRAPHY 95

Shanyu Ji (shanyuji@math.uh.edu), Department of Mathematics, University of Houston,
Houston, TX 77204,



