
On The Representation and Chara
terization of Fullerene C60Siemion Fajtlowi
zTo the memory of Paul Erd�os.Abstra
t. An operation on trivalent graphs leads from the trun
ated 
ubeto bu
kminsterfullerene, and C60 is the only fullerene with disjoint pentagonswhi
h 
an be obtained by this method. The 
onstru
tion and the proof em-phasize maximal independent sets that 
ontain two �fths of the verti
es oftrivalent graphs. In the 
ase of C60, these sets de�ne the stru
ture of the exper-imentally obtained bromofullerene C60Br24 and presumably also the fullerolC60(OH)24. These spe
ial independent sets seemed to be related to the Golay
ode, and the fullerol is studied in on
ology.The 
onstru
tion and 
hara
terization of the i
osahedral C60 is a resultof work on 
onje
tures of GraÆti.1. Let G = (V;E) be a graph with the vertex set V and the edge set E. Agraph aligning or simply aligning is a system (G; l), where G is a graph and lis an adja
en
y relation of a graph whose vertex set is the set of edges of G, i.e.,(E; l) is itself a graph. Two edges of G adja
ent in (E; l) will be 
alled aligned.Given an aligning (G; l), we de�ne Gl to be the graph with the vertex set V [ Eand the edge set de�ned as follows: v is adja
ent to u if and only if v is a vertex ofG in
ident with the edge u of G, or v and u are aligned edges of G.We shall assume that our graphs are simple, trivalent, and that every edge xof G is aligned with a unique edge y di�erent from x. Su
h alignings will be 
alledperfe
t. This spe
ial 
ase is often easy to visualize. The graph Gl is obtainedfrom G �rst by the subdivision of its edges, i.e., by pla
ing a new vertex on ea
hof them, and then by linking pairs of new verti
es residing on aligned edges of G.By a fullerene we shall mean here a trivalent planar graph in whi
h every fa
ehas �ve or six sides, though this term is also used for more general stru
tures. In themid-sixties, David Jones suggested that so

erball-shaped, hollow trivalent graphs
an be realized as 
arbon mole
ules, and he 
onje
tured that the stability of thesemole
ules would require at least several hundred atoms. The work of Curl, Kroto,and Smalley led eventually in 1985 to the synthesis of the �rst stable form with60 atoms - bu
kminsterfullerene. Chemists think that pentagonal fa
es of stable1991 Mathemati
s Subje
t Classi�
ation. Primary 92E10, 68T35; Se
ondary 05C25, 05C75.Key words and phrases. 
ubi
 graphs, independen
e number, fullerenes, Golay Code.1
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Figure 1. The Petersen graph is obtained by a perfe
t alignmentfrom the 
omplete graph k4.fullerenes must be disjoint 1. Using the Euler polyhedral formula, one 
an showthat the number of pentagonal fa
es of fullerenes is exa
tly 12, so C60 is the smallest
andidate for a stable mole
ule. Many properties of C60, some of whi
h re
e
t onits stability, are dis
ussed in [2℄. So far, C60 appears to be the most stable of thenew 
arbon forms. Similar stru
tures o

ur in biology on the 
ellular level, and deDuve also re
ognized their similarity to works and ideas of Bu
kminster Fuller, [4℄.If T is the tetrahedron in whi
h two edges are aligned if and only if theyhave no 
ommon verti
es, then T l is the Petersen graph, whi
h is the smallesttrivalent graph 
ontaining no 
y
les of size less than 5, Fig 1. The operationGl will always produ
e su
h graphs, unless two of the aligned edges are in
ident.The Petersen graph is not planar, but it is a 
lose relative of the other graphsdis
ussed here be
ause it 
an be obtained from the standard spheri
al representationof the dode
ahedron by identi�
ation of its antipodal verti
es, [10℄, p. 280. Thedode
ahedron is the unique smallest fullerene. The operation of aligning 
an lowerthe girth of a graph, as one 
an see by aligning antipodal edges of a large 
y
le.In general, there are many inequivalent ways to align a graph, and in parti
ular,1This hypothesis was proposed by Harold Kroto, [17℄ and independently in [18℄. The originalJones' arti
le is a prologue to [21℄.
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Figure 2. The axial aligning of the 
ube remakes it into the dode
ahedronaligning non-in
ident edges of C4 in
reases the girth. The 
onstru
tion is of interestfor its own sake, and in parti
ular, it would be of interest to �nd 
onditions onalignings of (arbitrary) graphs whi
h generate graphs of larger girth.Let C be the 
ube, and let l be an aligning of C whi
h asso
iates with everyedge of C a non-in
ident edge belonging to the same fa
e in su
h a way thatea
h fa
e 
ontains exa
tly two aligned edges. Su
h an aligning is unique up toC's symmetries, and we will refer to it as the axial aligning of the 
ube. Cl isisomorphi
 to the dode
ahedron, Fig. 2.Let Q be the graph obtained from the 
ube by trun
ating its verti
es, and letl be an extension, or to be more pre
ise, a lifting of the axial aligning of the 
ubeto Q su
h that Ql is a planar triangle-free graph, Fig. 3. Again it is easy to seethat su
h an aligning is unique up to Q's symmetries. Ql is isomorphi
 with C60,be
ause it is a planar trivalent graph 
overed by 12 disjoint pentagons in whi
hevery fa
e is a pentagon or a hexagon. The pi
ture of this representation in
ludedhere was designed by Tomaz Pisanski and Matjaz Zaversnik, and the drawing ofthe fullering was made with the help of Star Motry. The remaining illustrations ofthis paper were prepared by Craig Larson.We will show that C60 is the only fullerene with isolated pentagons whi
h isof the form Gl for a perfe
t aligning l. This 
on
lusion is a result of the studyof several 
onje
tures of the Dalmatian version of the 
omputer program GraÆti,developed jointly with my former student Ermelinda DeLaVina. This version of theprogram is des
ribed in [6℄. The 
onje
tures of the program are listed in [7℄. I amgrateful to Darko Babi
, who sent me examples of 10 fullerenes whi
h he 
onsideredas the 
andidates for the most stable mole
ules and to Gunnar Brinkmann for hisfullerene generating program Fullgen. Babi
 also sele
ted for me 9 examples of lowenergy fullerenes mat
hing the size of stable examples, to take the advantage ofGraÆti's heuristi
 E
ho. I also used my own spiral algorithm and for generatingfullerenes.
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Figure 3. Bu
kminsterfullerene obtained from an axial aligningof the trun
ated 
ube2. Out of about twenty fullerene 
onje
tures of the program in
luded in [7℄, sofar only one has been settled 
ompletely 2. Fowler found a fullerene with 628 verti
eswhi
h refutes the 
onje
ture that the number of positive eigenvalues of a fullereneis greater than or equal to the number of negative eigenvalues. Nevertheless, hesuggests that from a 
hemist's point of view the 
onje
ture seems to be essentially
orre
t, [8℄. The physi
al meaning of the 
onje
ture is that the highest o

upiedmole
ular orbitals of fullerenes have an ele
tron de�
ien
y.Some of the fullerene 
onje
tures of the program are about stable mole
ules,but it should be mentioned that stability of fullerenes is itself a matter of 
hemi
alguesswork and spe
ulation at the moment. One of the 
onje
tures, whi
h led to
onsidering perfe
t alignings in 
ubi
 graphs, states that the independen
e numberof a stable fullerene with n atoms is n=2 � 6, (or at least n=2 � 6, dependingon the interpretation, sin
e GraÆti may underestimate the independen
e number,[5℄.) It probably would be possible to make sure that the program 
omputes the2Sin
e the �rst version of this paper was written, one more 
hemistry 
onje
ture of GraÆtiwas refuted, and three were proved.



ON THE REPRESENTATION AND CHARACTERIZATION OF FULLERENE C60 5independen
e number of graphs up to 100 verti
es, but the 
orre
tness of 
onje
tureswas hardly ever the main issue in the development of the program 3.We shall prove a stronger result than the one stated in the abstra
t.Theorem. If F is a fullerene of the form Gl for a perfe
t aligning l, then Fhas at most 60 verti
es.Proof: If G is a trivalent graph with n verti
es and a perfe
t aligning l, thenGl is again trivalent, and sin
e the number of edges of G is 3n=2, it follows that(i) Gl 
ontains a maximal independent set P su
h that every vertex of Glwhi
h is not in P is adja
ent to a unique pair of elements of P .Indeed, we 
an take as P the set of verti
es of G, and property (i) followsby 
onstru
tion. Note that both (i) and the 
onstru
tion show that P has 2=5 ofthe number of verti
es of Gl, be
ause the latter has 5n=2 verti
es. Sets satisfyingproperty (i) will be 
alled pentagonal. A property similar to (i) was studied byAlexander, Hopkins and Staton, but rather than maximal they 
onsidered maxi-mum (i.e., having the largest number of elements) independent sets, [1℄.In view of (i), to prove the theorem it is enough to show that fullerenes withpentagonal sets 
an not have more than 60 verti
es.Let P be a pentagonal set of a fullerene F . If F hasm verti
es then the numberof elements of P is 2m=5, and sin
e trivalent graphs have an even number of verti
es,the number of verti
es of F is of the form 10k, and the number of verti
es of G is4k. Let fj , j = 0; 1:: be the number of fa
es of F 
ontaining j elements of P . Sin
eevery fa
e of F has 5 or 6 sides, and sin
e every vertex of G whi
h is not in P hasexa
tly two neighbors in P , it follows that(ii) f0 = f1 = 0 = f4 = f5 = ..Otherwise, a vertex of a fa
e 
ontaining at most one element from P wouldhave at most one neighbor in P . Moreover,(iii) 2f2 + 3f3 = 12k, and(iv) f2 + f3 = 5k + 2:The �rst of these two formulas is valid be
ause P has 4k elements, and everyelement of P o

urs in three fa
es of F . The se
ond formula is a 
onsequen
e of(ii), and using the Euler polyhedral formula, one 
an show that the number of fa
esof an n-vertex fullerene is n=2 + 2.Let us 
all a fa
e round if it 
ontains 3 elements of P and slim, otherwise.Clearly round fa
es are hexagons, though some of the hexagons may be slim. Astraightforward 
onsequen
e of (i) is that(v) no two round fa
es share a side.3By now, GraÆti indeed has independen
e algorithms whi
h 
ompute exa
tly the indepen-den
e numbers of fullerenes with up to 100 verti
es.



6 SIEMION FAJTLOWICZSin
e every edge of a round fa
e 
ontains a vertex from P , the last relationimplies that(vi) every slim fa
e shares at most two sides with round fa
es.Otherwise, two out of three round neighbors of a slim fa
e would have to sharean edge, whi
h is in
onsistent with (v).Let R and S denote the sets of round and slim fa
es, respe
tively. Multiplying(iv) by 2, and subtra
ting the result from (iii), we get that(vii) R has 2k � 4 elements.By (vi), every slim fa
e 
onsidered as a vertex of F � - the dual of F - has atmost two dual edges (i.e., edges of F �) in
ident with elements of R. Sin
e roundfa
es are hexagons, therefore the degree of every element of R in F � is 6. By (v), Ris an independent set in F �, and hen
e (vii) implies that the number of dual edgesbetween R and S is 12k� 24. Sin
e the dual of F has 5k+2 elements, by (iv) and(vii), S has 3k+ 6 elements. In view of (vi), every vertex of S has at most two F �edges in
ident with verti
es of R. Thus, 12k � 24 � 2(3k + 6), i.e., k � 6, whi
hproves our theorem.3. The proof of the theorem suggests a 1-1 
orresponden
e - a duality - be-tween systems 
onsisting of graphs with alignings and systems 
onsisting of graphswith a distinguished pentagonal set. This duality is des
ribed in [7℄, but it is notelaborated on here, sin
e we are mainly interested in C60. Pentagonal sets of C60play a role in the 
hemistry of fullerenes by de�ning the stru
ture of bromofullereneC60Br24. Bromine atoms are too large to be atta
hed to adja
ent 
arbon atoms,and 
onsequently they de�ne a 24-element independent set in C60, [12℄. Bu
k-minsterfullerene has many 24-element independent sets, but bromine atoms of thismole
ule have a de�nite predile
tion for the property (i). Holloway and Taylor alsoobtained C60Cl24, and they are sure that the mole
ule is also de�ned by a pentag-onal set. It would be interesting to �nd out whether some 
ombinatorial prin
iplesexplain the stru
ture of bromofullerenes in terms of pentagonal sets 4.Perhaps these properties are related to the Golay 
ode, whi
h was inventedto transmit information in a manner minimizing the 
han
e of unre
overable er-rors. This possibility o

urred to me be
ause fullerene-like proteins play a role in
ommuni
ation between 
ells: a fullerene-shaped protein 
lathrin and related mi-
rotubules are dis
ussed in [4℄. A

ording to one theory, they are linked to theorigin of eu
aryoti
 
ells, i.e 
ells with well developed nu
lei, [11℄ 5. Whether it issheer 
oin
iden
e or not, we will �nish showing that bu
kminsterfullerene 
ontains4Simi
-Kristi
 announ
ed in [20℄ that fullerol C60(OH)24 has properties similar to taxol - arare drug for treatment of breast and ovarian 
an
ers. Roger Taylor 
on�rmed that the stru
tureof the fullerol is almost 
ertainly determined by the same pentagonal independent sets. After�nishing the 
urrent version of this paper, I found on the internet reports of new studies of theimpa
t of C60(OH)24 on biologi
al a
tivities and, in parti
ular, on the growth of human tumor
ells.5Clathrin is built of triskelions 
ombined in an intri
ate manner a�e
ting its 
urvature. The
urvature is also one of the (hypotheti
al) predi
tors of stability of fullerenes.
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Figure 4. Pentagonal set, o
tet and tropi
s.a 
ombinatorial and, to a degree, even a geometri
 representation of a stru
turerelated to the Golay 
ode 6.The proof of the theorem implies that every pentagonal set P of C60 is 
ontainedin a union of 8 hexagonal fa
es whi
h will be 
alled o
tet. Indeed, if k = 6 then,by (vii), the number of round fa
es is equal to 8, and thus the o
tet of a pentagonalset 
ontains all its verti
es. An o
tet outlines a 
ube-like stru
ture on the surfa
eof the C60 mole
ule. In fa
t, an o
tet is formed from trun
ated verti
es of the 
ubein the pro
ess of taking the dual of the axial aligning of Q.6Following the dis
overy made in the sixties that many viruses have i
osahedral symmetry,Coxeter also linked their stru
ture to Fuller's work in [14℄.
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Figure 5. The fullering is a graph-theori
al and geometri
 (seethe previous illustration) interpretation of the Mira
le O
tad Gen-erator.A pentagonal set of C60 partitions its fa
es into the o
tet and three other
onspi
uous 8-element sets whi
h will be 
alled tropi
s. Ea
h of the tropi
s halvesthe o
tet and splits the bu
kyball into two hemispheres 
orresponding to the axialaligning of the 
ube determined by the o
tet. The graph indu
ed by the tropi
swill be 
alled the fullering.



ON THE REPRESENTATION AND CHARACTERIZATION OF FULLERENE C60 9The geometri
 representation of this stru
ture 
an be 
learly seen on some of theso

er ball models of C60 de
orated to display an o
tet. These models show also theinterplay of platoni
 solids akin to Kepler's famous drawing from his "MysteriumCosmographi
um". Ea
h tropi
 
ontains two duets of adja
ent hexagonal fa
es,ea
h of whi
h borders a duet of pentagonal fa
es. Every duet of a tropi
 formsa quartet with a unique duet of an opposite kind from another tropi
. Thus thefullering is a sextet of quartets. A reader familiar with the Mira
le O
tad Generator(MOG) will re
ognize this stru
ture in the fullering. MOG is a 4 by 6 array usedto fa
ilitate 
omputation with the words of the Golay 
ode and maximal subgroupsof the Mathieu group M24. The six quartets of MOG are paired into three 
ouplesmat
hed by the relation of antipodality. MOG (in
luding the name) was invented byRoger Curtis and then perfe
ted by Norton, Parker, Benson, Conway and Tha
krayin their work on the Janko group J4, [3℄.Apart from the edges joining verti
es of degree 4, the fullering is the graph ofthe trun
ated o
tahedron. If we add to this graph its 8 hexagonal fa
es, joining ea
hof them to ea
h of their verti
es, then the resulting graph is the dual of C60. Thus,bu
kminsterfullerene 
an be also des
ribed as a dual of the trun
ated o
tahedronendowed with 6 additional edges 
orresponding to the axial aligning of the 
ube.The properties of the Golay 
ode are a re
urring theme of Conway and Sloane's[3℄, where frequent appearan
e of numbers 8 and 24 is often a

ompanied by theword "mira
ulous." The subje
t is 
losely related to the problem of the densestsphere pa
king (whi
h naturally 
omes up in 
rystallography) and to the 
hara
ter-ization of sporadi
 simple groups. In the dis
overy of these groups, a signi�
ant rolewas played by 2-groups. Note that perfe
t alignings are �xed-point free involutionsa
ting on edges of a graph, whi
h may be another link between pentagonal sets ofthe bu
kyball and the Golay Code 7.This paper was presented at the DIMACS meeting on the Mathemati
al Chem-istry in '98. The 
urrent version is virtually the same, apart from minor 
hanges,some of whi
h were suggested by referees, new illustrations, footnotes and refer-en
es [14℄ - [16℄ and [19℄ - [24℄. The joint paper [22℄, whi
h was inspired by theauthor's '98 DIMACS presentation, o�ers a 
hemi
al interpretation of pentagonalindependent sets of C60.
7These problems may be also related to the representation of latti
es as latti
es of partitionsof �nite sets, [23℄, Theorem 8. The group of symmetries of C60 is also linked to origins of GaloisTheory, [24℄.
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