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Abstra ct. An op eration on triv alen t graphs leads from the truncated cub e

to buc kminsterfullerene, and C

60

is the only fullerene with disjoin t p en tagons

whic h can b e obtained b y this metho d. The construction and the pro of em-

phasize maximal indep enden t sets that con tain t w o �fths of the v ertices of

triv alen t graphs. In the case of C

60

, these sets de�ne the structure of the exp er-

imen tally obtained bromofullerene C

60

B r

24

and presumably also the fullerol

C

60

( O H )

24

. These sp ecial indep enden t sets seemed to b e related to the Gola y

co de, and the fullerol is studied in oncology .

The construction and c haracterization of the icosahedral C

60

is a result

of w ork on conjectures of Gra�ti.

1. Let G = ( V ; E ) b e a graph with the v ertex set V and the edge set E . A

graph aligning or simply aligning is a system ( G; l ), where G is a graph and l

is an adjacency relation of a graph whose v ertex set is the set of edges of G , i.e.,

( E ; l ) is itself a graph. Tw o edges of G adjacen t in ( E ; l ) will b e called aligned .

Giv en an aligning ( G; l ), w e de�ne G

l

to b e the graph with the v ertex set V [ E

and the edge set de�ned as follo ws: v is adjacen t to u if and only if v is a v ertex of

G inciden t with the edge u of G , or v and u are aligned edges of G .

W e shall assume that our graphs are simple, triv alen t, and that ev ery edge x

of G is aligned with a unique edge y di�eren t from x . Suc h alignings will b e called

p erfect . This sp ecial case is often easy to visualize. The graph G

l

is obtained

from G �rst b y the sub division of its edges, i.e., b y placing a new v ertex on eac h

of them, and then b y linking pairs of new v ertices residing on aligned edges of G .

By a fullerene w e shall mean here a triv alen t planar graph in whic h ev ery face

has �v e or six sides, though this term is also used for more general structures. In the

mid-sixties, Da vid Jones suggested that so ccerball-shap ed, hollo w triv alen t graphs

can b e realized as carb on molecules, and he conjectured that the stabilit y of these

molecules w ould require at least sev eral h undred atoms. The w ork of Curl, Kroto,

and Smalley led ev en tually in 1985 to the syn thesis of the �rst stable form with

60 atoms - buc kminsterfullerene. Chemists think that p en tagonal faces of stable
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Figure 1. The P etersen graph is obtained b y a p erfect alignmen t

from the complete graph k

4

.

fullerenes m ust b e disjoin t

1

. Using the Euler p olyhedral form ula, one can sho w

that the n um b er of p en tagonal faces of fullerenes is exactly 12, so C

60

is the smallest

candidate for a stable molecule. Man y prop erties of C

60

, some of whic h re
ect on

its stabilit y , are discussed in [2]. So far, C

60

app ears to b e the most stable of the

new carb on forms. Similar structures o ccur in biology on the cellular lev el, and de

Duv e also recognized their similarit y to w orks and ideas of Buc kminster F uller, [4].

If T is the tetrahedron in whic h t w o edges are aligned if and only if they

ha v e no common v ertices, then T

l

is the P etersen graph, whic h is the smallest

triv alen t graph con taining no cycles of size less than 5, Fig 1. The op eration

G

l

will alw a ys pro duce suc h graphs, unless t w o of the aligned edges are inciden t.

The P etersen graph is not planar, but it is a close relativ e of the other graphs

discussed here b ecause it can b e obtained from the standard spherical represen tation

of the do decahedron b y iden ti�cation of its an tip o dal v ertices, [10], p. 280. The

do decahedron is the unique smallest fullerene. The op eration of aligning can lo w er

the girth of a graph, as one can see b y aligning an tip o dal edges of a large cycle.

In general, there are man y inequiv alen t w a ys to align a graph, and in particular,

1

This h yp othesis w as prop osed b y Harold Kroto, [17] and indep enden tly in [18]. The original

Jones' article is a prologue to [21].
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Figure 2. The axial aligning of the cub e remak es it in to the do decahedron

aligning non-inciden t edges of C

4

increases the girth. The construction is of in terest

for its o wn sak e, and in particular, it w ould b e of in terest to �nd conditions on

alignings of (arbitrary) graphs whic h generate graphs of larger girth.

Let C b e the cub e, and let l b e an aligning of C whic h asso ciates with ev ery

edge of C a non-inciden t edge b elonging to the same face in suc h a w a y that

eac h face con tains exactly t w o aligned edges. Suc h an aligning is unique up to

C 's symmetries, and w e will refer to it as the axial aligning of the cub e. C

l

is

isomorphic to the do decahedron, Fig. 2.

Let Q b e the graph obtained from the cub e b y truncating its v ertices, and let

l b e an extension, or to b e more precise, a lifting of the axial aligning of the cub e

to Q suc h that Q

l

is a planar triangle-free graph, Fig. 3. Again it is easy to see

that suc h an aligning is unique up to Q 's symmetries. Q

l

is isomorphic with C

60

,

b ecause it is a planar triv alen t graph co v ered b y 12 disjoin t p en tagons in whic h

ev ery face is a p en tagon or a hexagon. The picture of this represen tation included

here w as designed b y T omaz Pisanski and Matjaz Za v ersnik, and the dra wing of

the fullering w as made with the help of Star Motry . The remaining illustrations of

this pap er w ere prepared b y Craig Larson.

W e will sho w that C

60

is the only fullerene with isolated p en tagons whic h is

of the form G

l

for a p erfect aligning l . This conclusion is a result of the study

of sev eral conjectures of the Dalmatian v ersion of the computer program Gra�ti,

dev elop ed join tly with m y former studen t Ermelinda DeLaVina. This v ersion of the

program is describ ed in [6]. The conjectures of the program are listed in [7]. I am

grateful to Dark o Babic, who sen t me examples of 10 fullerenes whic h he considered

as the candidates for the most stable molecules and to Gunnar Brinkmann for his

fullerene generating program F ullgen. Babic also selected for me 9 examples of lo w

energy fullerenes matc hing the size of stable examples, to tak e the adv an tage of

Gra�ti's heuristic Ec ho. I also used m y o wn spiral algorithm and for generating

fullerenes.
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Figure 3. Buc kminsterfullerene obtained from an axial aligning

of the truncated cub e

2. Out of ab out t w en t y fullerene conjectures of the program included in [7], so

far only one has b een settled completely

2

. F o wler found a fullerene with 628 v ertices

whic h refutes the conjecture that the n um b er of p ositiv e eigen v alues of a fullerene

is greater than or equal to the n um b er of negativ e eigen v alues. Nev ertheless, he

suggests that from a c hemist's p oin t of view the conjecture seems to b e essen tially

correct, [8]. The ph ysical meaning of the conjecture is that the highest o ccupied

molecular orbitals of fullerenes ha v e an electron de�ciency .

Some of the fullerene conjectures of the program are ab out stable molecules,

but it should b e men tioned that stabilit y of fullerenes is itself a matter of c hemical

guessw ork and sp eculation at the momen t. One of the conjectures, whic h led to

considering p erfect alignings in cubic graphs, states that the indep endence n um b er

of a stable fullerene with n atoms is n= 2 � 6, (or at least n= 2 � 6, dep ending

on the in terpretation, since Gra�ti ma y underestimate the indep endence n um b er,

[5].) It probably w ould b e p ossible to mak e sure that the program computes the

2

Since the �rst v ersion of this pap er w as written, one more c hemistry conjecture of Gra�ti

w as refuted, and three w ere pro v ed.
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indep endence n um b er of graphs up to 100 v ertices, but the correctness of conjectures

w as hardly ev er the main issue in the dev elopmen t of the program

3

.

W e shall pro v e a stronger result than the one stated in the abstract.

Theorem. If F is a ful ler ene of the form G

l

for a p erfe ct aligning l , then F

has at most 60 vertic es.

Pro of: If G is a triv alen t graph with n v ertices and a p erfect aligning l , then

G

l

is again triv alen t, and since the n um b er of edges of G is 3 n= 2, it follo ws that

(i) G

l

c ontains a maximal indep endent set P such that every vertex of G

l

which is not in P is adjac ent to a unique p air of elements of P .

Indeed, w e can tak e as P the set of v ertices of G , and prop ert y (i) follo ws

b y construction. Note that b oth (i) and the construction sho w that P has 2 = 5 of

the n um b er of v ertices of G

l

, b ecause the latter has 5 n= 2 v ertices. Sets satisfying

prop ert y (i) will b e called p en tagonal. A prop ert y similar to (i) w as studied b y

Alexander, Hopkins and Staton, but rather than maximal they considered maxi-

m um (i.e., ha ving the largest n um b er of elemen ts) indep enden t sets, [1].

In view of (i), to pro v e the theorem it is enough to sho w that fullerenes with

p en tagonal sets can not ha v e more than 60 v ertices.

Let P b e a p en tagonal set of a fullerene F . If F has m v ertices then the n um b er

of elemen ts of P is 2 m= 5, and since triv alen t graphs ha v e an ev en n um b er of v ertices,

the n um b er of v ertices of F is of the form 10 k , and the n um b er of v ertices of G is

4 k .

Let f

j

, j = 0 ; 1 :: b e the n um b er of faces of F con taining j elemen ts of P . Since

ev ery face of F has 5 or 6 sides, and since ev ery v ertex of G whic h is not in P has

exactly t w o neigh b ors in P , it follo ws that

(ii) f

0

= f

1

= 0 = f

4

= f

5

= ..

Otherwise, a v ertex of a face con taining at most one elemen t from P w ould

ha v e at most one neigh b or in P . Moreo v er,

(iii) 2 f

2

+ 3 f

3

= 12 k , and

(iv) f

2

+ f

3

= 5 k + 2 :

The �rst of these t w o form ulas is v alid b ecause P has 4 k elemen ts, and ev ery

elemen t of P o ccurs in three faces of F . The second form ula is a consequence of

(ii), and using the Euler p olyhedral form ula, one can sho w that the n um b er of faces

of an n-v ertex fullerene is n= 2 + 2.

Let us call a face round if it con tains 3 elemen ts of P and slim , otherwise.

Clearly round faces are hexagons, though some of the hexagons ma y b e slim. A

straigh tforw ard consequence of (i) is that

(v) no t w o round faces share a side.

3

By no w, Gra�ti indeed has indep endence algorithms whic h compute exactly the indep en-

dence n um b ers of fullerenes with up to 100 v ertices.
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Since ev ery edge of a round face con tains a v ertex from P , the last relation

implies that

(vi) ev ery slim face shares at most t w o sides with round faces.

Otherwise, t w o out of three round neigh b ors of a slim face w ould ha v e to share

an edge, whic h is inconsisten t with (v).

Let R and S denote the sets of round and slim faces, resp ectiv ely . Multiplying

(iv) b y 2, and subtracting the result from (iii), w e get that

(vii) R has 2 k � 4 elemen ts.

By (vi), ev ery slim face considered as a v ertex of F

�

- the dual of F - has at

most t w o dual edges (i.e., edges of F

�

) inciden t with elemen ts of R . Since round

faces are hexagons, therefore the degree of ev ery elemen t of R in F

�

is 6. By (v), R

is an indep enden t set in F

�

, and hence (vii) implies that the n um b er of dual edges

b et w een R and S is 12 k � 24. Since the dual of F has 5 k + 2 elemen ts, b y (iv) and

(vii), S has 3 k + 6 elemen ts. In view of (vi), ev ery v ertex of S has at most t w o F

�

edges inciden t with v ertices of R . Th us, 12 k � 24 � 2(3 k + 6), i.e., k � 6, whic h

pro v es our theorem.

3. The pro of of the theorem suggests a 1-1 corresp ondence - a dualit y - b e-

t w een systems consisting of graphs with alignings and systems consisting of graphs

with a distinguished p en tagonal set. This dualit y is describ ed in [7], but it is not

elab orated on here, since w e are mainly in terested in C

60

. P en tagonal sets of C

60

pla y a role in the c hemistry of fullerenes b y de�ning the structure of bromofullerene

C

60

B r

24

. Bromine atoms are to o large to b e attac hed to adjacen t carb on atoms,

and consequen tly they de�ne a 24-elemen t indep enden t set in C

60

, [12]. Buc k-

minsterfullerene has man y 24-elemen t indep enden t sets, but bromine atoms of this

molecule ha v e a de�nite predilection for the prop ert y (i). Hollo w a y and T a ylor also

obtained C

60

C l

24

, and they are sure that the molecule is also de�ned b y a p en tag-

onal set. It w ould b e in teresting to �nd out whether some com binatorial principles

explain the structure of bromofullerenes in terms of p en tagonal sets

4

.

P erhaps these prop erties are related to the Gola y co de, whic h w as in v en ted

to transmit information in a manner minimizing the c hance of unreco v erable er-

rors. This p ossibilit y o ccurred to me b ecause fullerene-lik e proteins pla y a role in

comm unication b et w een cells: a fullerene-shap ed protein clathrin and related mi-

crotubules are discussed in [4]. According to one theory , they are link ed to the

origin of eucary otic cells, i.e cells with w ell dev elop ed n uclei, [11]

5

. Whether it is

sheer coincidence or not, w e will �nish sho wing that buc kminsterfullerene con tains

4

Simic-Kristic announced in [20] that fullerol C

60

( O H )

24

has prop erties similar to taxol - a

rare drug for treatmen t of breast and o v arian cancers. Roger T a ylor con�rmed that the structure

of the fullerol is almost certainly determined b y the same p en tagonal indep enden t sets. After

�nishing the curren t v ersion of this pap er, I found on the in ternet rep orts of new studies of the

impact of C

60

( O H )

24

on biological activities and, in particular, on the gro wth of h uman tumor

cells.

5

Clathrin is built of trisk elions com bined in an in tricate manner a�ecting its curv ature. The

curv ature is also one of the (h yp othetical) predictors of stabilit y of fullerenes.
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Figure 4. P en tagonal set, o ctet and tropics.

a com binatorial and, to a degree, ev en a geometric represen tation of a structure

related to the Gola y co de

6

.

The pro of of the theorem implies that ev ery p en tagonal set P of C

60

is con tained

in a union of 8 hexagonal faces whic h will b e called o ctet . Indeed, if k = 6 then,

b y (vii), the n um b er of round faces is equal to 8, and th us the o ctet of a p en tagonal

set con tains all its v ertices. An o ctet outlines a cub e-lik e structure on the surface

of the C

60

molecule. In fact, an o ctet is formed from truncated v ertices of the cub e

in the pro cess of taking the dual of the axial aligning of Q .

6

F ollo wing the disco v ery made in the sixties that man y viruses ha v e icosahedral symmetry ,

Co xeter also link ed their structure to F uller's w ork in [14].
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Figure 5. The fullering is a graph-theorical and geometric (see

the previous illustration) in terpretation of the Miracle Octad Gen-

erator.

A p en tagonal set of C

60

partitions its faces in to the o ctet and three other

conspicuous 8-elemen t sets whic h will b e called tropics . Eac h of the tropics halv es

the o ctet and splits the buc kyball in to t w o hemispheres corresp onding to the axial

aligning of the cub e determined b y the o ctet. The graph induced b y the tropics

will b e called the fullering .
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The geometric represen tation of this structure can b e clearly seen on some of the

so ccer ball mo dels of C

60

decorated to displa y an o ctet. These mo dels sho w also the

in terpla y of platonic solids akin to Kepler's famous dra wing from his "Mysterium

Cosmographicum". Eac h tropic con tains t w o duets of adjacen t hexagonal faces,

eac h of whic h b orders a duet of p en tagonal faces. Ev ery duet of a tropic forms

a quartet with a unique duet of an opp osite kind from another tropic. Th us the

fullering is a sextet of quartets. A reader familiar with the Miracle Octad Generator

(MOG) will recognize this structure in the fullering. MOG is a 4 b y 6 arra y used

to facilitate computation with the w ords of the Gola y co de and maximal subgroups

of the Mathieu group M

24

. The six quartets of MOG are paired in to three couples

matc hed b y the relation of an tip o dalit y . MOG (including the name) w as in v en ted b y

Roger Curtis and then p erfected b y Norton, P ark er, Benson, Con w a y and Thac kra y

in their w ork on the Jank o group J

4

, [3].

Apart from the edges joining v ertices of degree 4, the fullering is the graph of

the truncated o ctahedron. If w e add to this graph its 8 hexagonal faces, joining eac h

of them to eac h of their v ertices, then the resulting graph is the dual of C

60

. Th us,

buc kminsterfullerene can b e also describ ed as a dual of the truncated o ctahedron

endo w ed with 6 additional edges corresp onding to the axial aligning of the cub e.

The prop erties of the Gola y co de are a recurring theme of Con w a y and Sloane's

[3], where frequen t app earance of n um b ers 8 and 24 is often accompanied b y the

w ord "miraculous." The sub ject is closely related to the problem of the densest

sphere pac king (whic h naturally comes up in crystallograph y) and to the c haracter-

ization of sp oradic simple groups. In the disco v ery of these groups, a signi�can t role

w as pla y ed b y 2-groups. Note that p erfect alignings are �xed-p oin t free in v olutions

acting on edges of a graph, whic h ma y b e another link b et w een p en tagonal sets of

the buc kyball and the Gola y Co de

7

.

This pap er w as presen ted at the DIMA CS meeting on the Mathematical Chem-

istry in '98. The curren t v ersion is virtually the same, apart from minor c hanges,

some of whic h w ere suggested b y referees, new illustrations, fo otnotes and refer-

ences [14] - [16] and [19] - [24]. The join t pap er [22], whic h w as inspired b y the

author's '98 DIMA CS presen tation, o�ers a c hemical in terpretation of p en tagonal

indep enden t sets of C

60

.

7

These problems ma y b e also related to the represen tation of lattices as lattices of partitions

of �nite sets, [23], Theorem 8. The group of symmetries of C

60

is also link ed to origins of Galois

Theory , [24].
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