Chapter 12: VECTORS

1. Geometry: Let P (x1,y1,21) and Ps (22,y2,22) be points in 3-space:

A. Distance Formula: d(Pi,Py) = /(v2 — 1) + (y2 — y1)2 + (22 — 21)2.

B. Midpoint Formula: The midpoint of the line segment joining P, and P, is the point

P T1+T2 Y1+Y2 21+ 22
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C. Equation for the sphere of radius r and center P (a,b,c):
(x—a®+(y—b)>+(z -0 =7
2. Vectors: A vector a in n-dimensional space is an ordered n-tuple of real numbers. In particular, a

vector a in 3-space is an ordered triple of numbers: a = (a1, az2,a3); a vector a in the plane (2-space) is

an ordered pair of numbers: a = (a1,az2). The vector 0= (0,0,0) is the zero vector

Let a = (a1,a2,a3) and b = (by,bs,b3) be vectors in 3-space and let « be a real number (scalar).
A. Equality: a=Db iff a1 =b1, as = bs, a3 = b3
B. Vector Addition: a+b = (a1 + b1, as + ba, as + b3)
C. Multiplication by a Scalar: aa= (aai, aasz, aas)
NOTE: a and b are parallel iff a= Ab for some number .

D. Magnitude (Norm): |a| = +/a% + a3+ a%; a is a unit vector if |a]| = 1. If a#0, then

U, is a unit vector in the direction of a.

- a
lall
(i) lal|>0; |al|=0iffa=0.

(ii) laall = |af ||l

(iii) [la+ bl < [la]| + [/b]].

E. Unit Coordinate Vectors: i=(1,0,0), j=(0,1,0), k=(0,0,1)

F. i, j, k-Representation: a = (a1,a2,a3) =aji+azj+ask.



3. Dot Product: a - b =aib; + asbs + azbs.

The dot product of two n-dimensional vectors is defined similarly.

A. Properties:

(i) a - a=|al? (i1)a-0=0
(iti) a- =b - a (iv) (aa) - (Bb) =af(a - b)

(v)a-(b+c)=a-b+a-c

B. Geometric Interpretation: a - b = |af||b|| cos§ where 0 is the angle between a and

b, 0<6 <7 a is perpendicular to b (a L b) iff a-b=0.

C. Component & Projection of a on b:

a-b . a-b b ( )
comppa=———=a - Up projpa=——+-—=(a- up)up
bl bl bl

D. Direction Angles; Direction Cosines: a-i=|a| cosa, a-j=|a| cosf, a-k=|a| cos~.

The angles «, (3, v are called the direction angles of a; cosc, cosf3, cosvy are called the direction

cosines of a.

4. Cross Product: This product is restricted to vectors in 3-space. Let a and b be vectors in 3-space

such that a # Ab. The cross product of a and b, denoted by a x b is the vector defined as follows:

(1) ax b is perpendicular to the plane determined by a and b.
(2) a, b and ax b (in this order) form a right-handed triple.

(3) Jlax b| =]l ||b]| sin@ where 6 is the angle between a and b.
If a= Ab for some number A\; that is, if a and b are parallel, then a x b =0.
A. Properties:
(i) axb=-bxa.
(it) (aa) x (Ob) =a B (ax b).
(1it) ax (b+c)=axb+axec.

B. Components of ax b: Let a= (a1,as,a3), b= (b1,bs,bs3)
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i j k
axb= ay Qa2 asg| = (a2b3 — agbg) i— (a1b3 — a3b1)j + (albg - agbl) k
b1 by b3

C. Triple Scalar Product: Let a= (a1,a2,as), b= (b1,b2,b3), ¢ = (c1,¢2,c3). Then

ap az as
(aXb)'CZ by by b3
i C2 C3

The volume of the parallelepiped having a, b and c as sides is given by:

|(axb) - c|

5. Lines: There is one and only one line ¢ passing through a given point Py : (xo,yo0,20) parallel to a
given vector d = (dy,da,ds). The vector d is called a direction vector for ¢; the numbers dy, da, d3 are

direction numbers for (.
A. Equations for /¢
Vector Equation of /:
r(t) =ro+td = (zo+td1)i+ (yo+td2)j+ (20 + tds3) k
Scalar Parametric Equations of /:
xz(t) =x0+tdi, yt)=yo+tds, 2z(t) =2 +tds
Symmetric Equations of /:

r—%o  Y—Y _ Z— %0

dy ds ds

B. Two Lines in Space: Let ¢ and £ be two lines in space, and let d and D be corresponding
direction vectors. £ and L are either parallel or coincident if d = AD; ¢ and L intersect in a

point or are skew if d # AD.

|d- D]

C. Angle ¢ between ¢ and L: cos¢p=-——-—
4]l D]

D. Distance From a Point P;: (21,y1,21) to the Line ¢:
d(Pl é) — ||P0P1 X dH

’ (4]l

6. Planes: There is one and only one plane P passing through a given point Py : (20, yo, 20) perpendicular

to a given vector N = Ai+ bj+ Ck. The vector N is called a normal vector to the plane P.
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A. Equations for P:
”Standard Form:” Alx —x0)+ By —30) + C(z —20) =0
Removing the parentheses yields the equation
Ar+By+Cz+ D=0, D=—-Axzy— Byy—Cz
which can also be written in the form

Ax+ By+Cz=E.

B. Two Planes in Space: Let P; and P, be two planes in space, and let N; and Ny be
corresponding normal vectors. P; and Po are either parallel or coincident if N; = ANo; P; and
P2 intersect in a line if Nj # ANs.

IN; - N

C. Angle 6 between P; and Ps: cos | = ————
[N [| [Nz

C. Distance From a Point P : (z1,y1,21) to the Plane P:

N A v R o



