CHAPTER 12

SECTION 12.1

3 4.
length AB: 5v/2 length AB: 9
midpoint: (2, —%, %) midpoint: (1, %, 3)
5. z=-2 7. y=1 9. z=3
12. (-1 +y?+(2+2)2=16 13. (z—2)2%2+(y—4)?%?+(2+4)> =36

15. (z-3)%+(@y—22+(z—-2)?=13

19. 24y 4+ 224 —8y—224+5=0

2 A +4+y? —8y+16+22—224+1=—-5+4+16+1

(x+2)2+(y—-4)°+(2-1)?=16

center: (—2,4,1), radius: 4

20. Rewriteas 22 —4x+4+9y?+22—-22+1=-1+4+1=4

= (z—-2)2+y?’+(2—1)2=4 center (2,0,1); radius 2

35. Each such sphere has an equation of the form
(2 —0)* + (y — ) + (= — a)? = a®.
Substituting x =5, y=1, z=4 we get
(5-a)?+(1—a)’+(4—a) =d.
This reduces to a? —10a+21 =0 and gives a =3 or a=7. The equations are:

(—32+@w=324+(2-32%=9 @-7°+@Wy-72+(=-72%=49

37. Not a sphere; this equation is equivalent to:
(=27 +(y+2)* + (2 +3)* = =3

which has no (real) solutions.

38. 2?2+’ +224Ax+By+Cz+D=0
A\? B\? Cc\? A2 B2 (2
— (.’L‘-FE) +(y+5> +<Z+§> :I—FT—’—T_D’
A2 B2 (2

t here if — +—+4+ — —D > 0.
S0 you get a sphere 1 4—|—4—|—4 >



41.

43.

45.

46.

The sphere of radius 2 centered at the origin, together with its interior.

A rectangular box in the first octant with sides on the coordinate planes and dimensions 1 x 2 x 3,
together with its interior.

A circular cylinder with base the circle 22 + y2 = 4 and height 4, together with its interior.

224+ y?+22 =4 and 22 +y? + 22 = 9 are concentric spheres; € is the region between the two
spheres.

Section 12.3

1.

10.

15.

19.

21.

24.

28.

30.

33.

34.

41.

PQ=(3,4,-2); |IPQ|= V29 4. PQ=(4,3,-8);  |PQ| =89
—2a+b-c=[-2@—-b)-c=(1+44-2,-7T-1)=(5,2,-8)

a+3b—2c=(1,-23)+3(3,0,—1) — 2(—4,2,1) = (18, -6, —2).

3i+5j+k 11. -3i—j+38k
3 17. V6
(a) a, c, andd since a=ic=—3d

: _1
(b) a and c since a= 3c

(¢) a and c both have direction opposite to d

a 3 4 a 1 2 2
= 5; —=1=,—=,0 23. =3; —=—-1-=-j+=-k
fall =5 2= (.- 3.0) Ja = 3 -

212 a 1 2
PR 25. all = 147 _— = 1 — 1 — k
<3 3 3> lall = v ol ~vi'~ vl Vi
(a) 6i+3j+12k
(b) A(1,1,1)+ B(-1,3,2) + C(-3,0,1) = (4, —1,1).
Solve simultaneously to get A = @, B = —1—71, C= %
a=-12 31. |Bi+jl=aj—k|] = 10=a’+1 so a=4+3

lai+ (a—1)j+(a+Dk|=2 = o*+(a-1)7*+(a+1)?>=4
= 3a2=2 so oz::t%\/g

2 ... _
%(1+2.]—k)_

(a) r—al|=3 where a=a;i+asj+ask

(i+2j—k)

“|S

2



(b) x| <2 (c) |r—al]| <1 where a=a1i+asj+ask

Section 12.4

8 a-(a—-b)+b-(b+a)=a-a—-a-b+b-b+b-a=]|al?+|b|?
9. (a—-b)-c+ b-(cta)=a-c—b:-c+b-c+b-a=a-(b+c)

11. (@) a-b=(2)3)+(1
a-c=(2)4)+1)(0)+(0)(3) =8
b-c=(3)4)+(-1)(0) +(2)(3)

(b) |all =5, |bl|=+v14, |c|=5. Then,

18

a-b 5 1
cos 4(a,b) = Tall Hb“ (V5) (Vi3) ﬁ\/%7
3 8
cos Y (a,c) = m \/g,
18 9
cos <(b,c) = m \/ﬂ
.. . 1 5
() e = ﬁ(31—3+2k), comppa=a iy = ﬁ(G -1)= ﬁ\/ﬂu
1, . 8
- g(41—|—3k), compea=a - Ug = -

5 8
(d) projba = (comppa)up = ﬂ(3i —j+2k), projca= (compca)ue= %(Zﬁ + 3k)

T s 2T 1 1 1
13. = —i —j Z k=Zi+>v2j— =k
u cos31—|—cos43+cos3 21—1—2\/_3 5

14. v = 2(coszl+cosz,]+cos—) V2i 4+ V2j.

(3i—j—2k)-(+23—3k) 7 _1 g T

131 —j — 2kl [li+2j — 3kl ~ vI4v14 2 3

17. Since |[li—j+v2k[ =2, wehave cosa=3, cosf=—1, cosy=1V2.
T, 2w

15. cosf =

The direction angles are % , %w.

-1

0 <
IIaIIIIbH V231

19. 6 =cos ! > ~ 922 radians or 126.3°

—13
5v/10

21. 6 =cos! > ~ 2.54 radians or 145.3°

a -
[lallb] ||||bH

3



27.

29.

31.

32.

37.

38.

39.

44.

45.

46.

lla]l = /3% + (12)2 + 42 = 13; cosa = 3

5 4
COSs = — COS = —
13’ 13 7713

a2 T6.7° B22.6°, ~2T72.1°

21+ 5j+ 22k L 6i[4j —ak = 12420-222=0 = a2=16 = ax=+4

COS

7T7
3 el ldl” 2 22+2

-d 1 2 1
¢ _ 2t x? = dux; x=0, =4

(i+xj+k)-Q2i—-j+yk)=0 = 2—z4+y=0

7
1+22+1=4+1+y?> = 2? —y?* =3 = T=1 Y=-

1
4

Set u = ai+ bj+ ck. The relations

give

(@i+bj+ck) - (i+2j+k) =0 and (ai+bj+ck) - (3i—4j+2k) =0

a+2b+c¢c=0 3a—4b+2c=0

sothat b=321a and c¢= —3a.

8 4

Then, since u is a unit vector,

2 _ 2 1
a2+ 02+ =1, a2+(%) +<ﬂ> _q, 1y

4 64
Vi
Thus, a:i%\/l% and u:i%(si—i-j—l()k).

/i3

13
+k, +Y_"(3i—2j
, 13 (31— 2j)

We take u =1i as an edge and v =i+ j+ k as a diagonal of a cube. Then,
. 1
cosf = u-v _\/i 0 = cos! (l\/g) =~ (.96 radians.

(a)
(b)

[l vl 3 °

la+ bl = [la]* + [Ib]* + 2a - b= [|a]|* +[[b|* = a Lb.
la=bl* = [|la|* + [|b]* — 2a - b = [|a||* + [|b|* = a Lb.

la+b|?—a=b|*=(a+b)- (a+b)—(a=b)- (a—b)
=[(a-a)+2@-b)+(b-b)]—[(a-a)—2(a-b)+(b-b)=4(a- b)
The following statements are equivalent:
alb, a-b=0, |la+b|?—|a-b|?=0, [a+b||=]|a-Db].
By (b), the relation ||a+ b|| = ||a — b|| gives a L b. The relation a+b L a—b gives
0=(a+b)-(a=b)=al>~[b]* andthus [la] =b].
The parallelogram is a square since it has two adjacent sides of equal length and

these meet at right angles.

|a - b| = [la][|[b[|cos 8] = [[all|b]| iff #=0 or &=



Section 12.5

o

14.

15.

17.

18.

21.

23.

26.

jx(2i-k)=jx2i-jxk=-2k—i=—i-2k
(25 — k) x (i—3)) = [2) x (i — 3j)] — [k x (i —3j)] = (~2k) — (j+31) = —3i - j

or

bk 2 —1 0 —1 0 2

2i-K)x(i-3)=]0 2 —1|=i ' tk
! O P _3 o‘ J‘l —3‘ ‘1 —3‘
jolixk)=j-(-j)=-1 8. (jxi)- (ixk)=(-k)-

i3k
Bi-2j+k)x(i—j+k =3 2y — i-92-k

1 -1 1

i j k

i+j+k)x(2i+k) = ; (1) 1 = [(1)(1) = (D)(O)]i—[(1)(1) = (1)2)]5+[(

i j k
[(-2i+j-3k) xi]x [i+j]=(-3-k) x(i+j)=|0 -3 —1|=i-j+3k
1 1 0

1 -3 1
axb=1|4 0 1|=3i—3j-6k
2 1 0

axbili lj 2k' bxai 1i+1j+2k
[axb] V6 V6 V6 @ [bxal V6 V6T V6

—

Set a=PQ——i+2k and b—=PR=2—k Then

N=PQxPR=|-1 0 2 |=3j
2 0 -1

and A=1lax bl =1 3j] = 2.

R I T T
N=PQxPR=|2 2 —4|=8i+16j+12k
-5 1 2

1
Area:§|\N|| =24/29

-2k



28.

29.

34.
35.

38.
41.

45.

48.

1 -3 1
V=(-31+kx@j-k]-([i+j-2k) =0 2 —1|=-2 V=|-2=2
1 1 =2
vz'op.(ochozz)': 11 2|2
2 1 1
axb= (albg — blag)k
(aa + b) X (ya + éb) = (aa x db) + (Bb x va)
=ad(ax b)— py(axb)
B

~(as - pfaxb)=|* Jl@xb)

Since axblb, (axb)-b=0.

a-b=a-¢c = a-(b—c)=0; a isperpendicular to b—c.
axb=axc = ax(b—c)=0; a isparallelto b—c.
Since a # 0 it follows that b—c=0or b=c.

Suppose a #0. Then

a-b=0 = bla axb=0 = b|a

Thus b is simultaneously perpendicular to, and parallel to a. It follows that b = 0.
(a) a- (bxc): makes sense — this is the dot product of two vectors.

(b) ax (b
(c) a-

(

d) ax (b xc): makes sense — this is the cross product of two vectors.

¢): does not make sense — this is the cross product of a vector with a number.

(b - ¢): does not make sense — this is the dot product of a vector with a number.

Section 12.6

Nk ® b

10.
11.

13.

P (when t =0) and @ (when t = —1)

l1, I3 and [y are parallel.

Take 1o=OP=3i+j and d=k Then, r(t)=(3i+]j)+tk.

r(t)=i—j+2k+t(3i—j+k)

P_Cé =i—j+k so direction numbers are 1,—1,1. Using P as a point on the line, we have
x(t)=1+t, yt)=—t, z(t)=3+t

o(t) =1+t, y(t) =4, = -3

Since the line 2(z+1) =4(y — 3)

IS
—~

~
~—

=z can be written
x+1 y—-3 =z
2 1 4
it has direction numbers 2, 1,4. The line through P(—1, 2, —3) with direction vector

2i + j + 4k can be parameterized
r(t) = (—i+2j — 3k) + ¢(2i +j + 4k).

r(t) = Bi+j+5k)+t(i—j+2k)=B+t)i+ (1 —-0)j+ (5+20)k

6



17.

18.

19.

24.

25.

26.

27.

28.

34.

35.

R(u) = (i+4j+2k) +u(j+k) =i+ (@4 +u)j+ 2+ u)k

d =1i—j+ 2k is a direction vector for l;; D = j+ k is a direction vector for /. Since d is not
a multiple of D, the lines either intersect or are skew. Setting r(t) = R(u) we get the system of
equations:

3+t=1, 1—t=4+4u, 5+2t=2+u

This system has the solution ¢ = —2, uw = —1. The point of intersection is: (1,3,1).

d = —6i+ 9j — 3k is a direction vector for I;; D = 2i — 3j+ k is a direction vector for ls. Since
d = 3D, we conclude that I; and [y are either parallel or coincident. The point (1,2,0) lies on Iy

but does not line on ls. Therefore, the lines are parallel.

d =i+ 2j+ 3k is a direction vector for [y; D = 3i+ 2j+ 1k is a direction vector for /. Since d
is not a multiple of D, the lines either intersect or are skew. The system of equations
24+t=54+3u, —1+2t=142u, 1+3t=4+u

does not have a solution. Therefore the lines are skew.

d = 2i+4j+ 3k is a direction vector for {1; D =i+ 3j+ 2k is a direction vector for l5. Since d
is not a multiple of D, the lines either intersect or are skew. The system of equations
442t=24+wu, —5+4t=—-1+3u, 14+3t=2u

does not have a solution. Therefore the lines are skew.

The lines meet at (xg, Yo, 20), and since d - D =0, they are perpendicular.
The lines are parallel.

Note that r(0) =r¢ and r(1)=r;, soweneed 0<t<1

r(t) = (2i+7j—k)+t(2i—5j+4k), 0<t<1

-1 <t <2

1G+k) > (i—2j - 2K)|

d(P, 1) =
B0 i 25— 2k

1
= g\/ﬁ >~ (.47

The line contains the point Py(1,0,2). Therefore

(2§ + k) x (i— 2j+ 3K)| 69
d(P,1) = =)= =222
(/1) [i— 2j + 3K]| 14

Section 12.7



10.

13.

17.

18.

21.

22.

23.

24.

28.

29.

Q

Since i — 4j + 3k is normal to the plane, we have

(x—2)—4(y—3)+3(z—4)=0 andthus z—-4y+32—2=0.

N=4i+2j—7k, P(3,-1,5) = 4(x—3)+2(y+1)—7(z—5) =0

The point @ (0,0, —2) lies on the line I; and d =i+ j+k is a direction vector for I.

We want an equation for the plane which has the vector
N=PQxd=(@{1+3j+3k)x i+j+k)

as a normal vector:

i j k
N=|1 3 3|=2j-2k
1 1 1
An equation for the plane is: 2(y —3) —2(z—1)=0ory—2—-2=0
1
N =2i—-3j+ 7k, unit normals: uy =4+-—(2i—3j+ 7k
Intercept form: i + (kT 1 x-intercept: (15,0,0)
y-intercept: (0,12,0)
z-intercept: (0,0, —10)
V3 V14

uN, = ?(i_j'i_k)v unN, =
Therefore 6 = 0.91 radians.

14

cosf = |(41,+4‘]__ 2k) - (21 +,']+k)| = 10 ;60 =0.82 radian.
|41 + 4j — 2k][||]2i +j + k|| 6v/6

We need to determine whether there exist scalars s, t, u not all zero such that

si+j+k)+t(2i—j)+u@Bi-j—k) =0
(s+2t+3u)i+(s—t—u)j+(s—uk=0.
The only solution of the system
s+2t+3u=0, s—t—u=0, s—u=0

is s=t=wu=0. Thus, the vectors are not coplanar.

coplanar since 1(j—k) —1(3i—j+2k) +1(3i—2j+3k) =0

12(2) +4(-1) - (3)+1| 2
VAT 16+1 V21

_8B3) —2(=5)+2—-5 31

TV Ve

—_— —_— —_— ——
P1P2:(17_37_2)7 P1P3:(_15170)5 N:P1PQXP1P3:(2527_2)

By (12.7.7), d(P,p) =

2
= —V21.
21

= 2(z—-1)+2(y—-1)—2(z—1)=0 or z+y—2—-1=0

—

PP=(z—3)i+(y+4)j+(z—1)k PP=6j, PP=—4i+5j—3k

8

2
(20 +j+3k), cosf=|un, - un,| = —42 2 0.617.



35.

36.

37.

38.

46.

Therefore

(PLPy x P Py) = 6§ x (—4i + 5j — 3k) = —18i + 24k
We set = 0 and find that Py(0,0,0) lies on the line of intersection. As normals to the plane we use

Ny =i+2j+3k and Ny;=-3i+4j+k.
Note that
N; x No = (i+2j+3k) x (—3i+4j+ k) = —10i — 10j + 10k.

We take —1=(N1 x N3) =i+ j — k as a direction vector for the line through Py(0,0,0). Then

Using the hint, we find P(0, %, —%) on the line of intersection.
For the direction vector, consider Ny x Ny = (i+j+k)x (i—j+k)=2i—2k, so we can use

d=i-—k. Thus

Straightforward computations give us
lix(t)=1-3t, ylt)=-14+4t =z(t)=2-t
and
prx+4y —z=06.
Substitution of the scalar parametric equations for [ in the equation for p gives
(1-3t)+4(-1+4t)—(2—t)=6 and thus ¢t=11/14.
Using t = 11/14, we get = -19/14, y=15/7, =z=17/14.

lizx(t)=4—-2t, y(t)=-3+t, zt)=1+2t P: z+4y—2=6
Note that d - N = (=2i+j+2k) - (i+4j—k) =0, so the line is parallel to the plane, and since P

does not lie in the plane, [ and P do not intersect.

(a) intercepts: 47. (a) intercepts:

(6,0,0), (0,3,0), (0,0,2) (4,0,0), (0,5,0), (0,0,2)
(b) traces: (b) traces:

in the x,y-plane: x + 2y =6 in the x, y-plane: 5z + 4y = 20

in the z, z-plane: = + 32z =6 in the z, z-plane: x + 2z =4

in the y, z-plane: 2y +32z =6 in the y, z-plane: 2y 4+ 5z = 10

1 1

¢) unit normals: £+—= (i + 2j + 3k ¢) unit normals: £—— (5i + 4j + 10k
() \/ﬂ( j + 3k) () \/m( J )
x Yy oz
I AN, |
2 + 5 + 4



