
Here are formulas related to the stereographic charts on S2 ⊂ R3.

ϕ+ : S2 \ {(0, 0, 1)} → R2, ϕ+(x, y, z) =

(
x

1− z
,

y

1− z

)
ϕ− : S2\{(0, 0,−1)} → R2, ϕ−(x, y, z) =

(
x

1 + z
,

y

1 + z

)
= −ϕ+(−(x, y, x))

ϕ−1
± (u, v) =

(
2u

u2 + v2 + 1
,

2v

u2 + v2 + 1
,±u2 + v2 − 1

u2 + v2 + 1

)
ϕ+ ◦ ϕ−1

− (u, v) = ϕ− ◦ ϕ−1
+ (u, v) =

(
u

u2 + v2
,

v

u2 + v2

)
The derivative of the coordinate change ϕ+ ◦ ϕ−1

− :

D[ϕ+ ◦ ϕ−1
− ] =


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(u2 + v2)2
− 2uv

(u2 + v2)2

− 2uv

(u2 + v2)2

u2 − v2

(u2 + v2)2

 (1)

and evaluated at (u, v) = ϕ−(x, y, z)

D[ϕ+ ◦ ϕ−1
− ]|(u,v)=ϕ−(x,y,z) =


y2 − x2

(1 + z)2
− 2xy

(1 + z)2

− 2xy

(1 + z)2

x2 − y2

(1 + z)2

 (2)

For ϕ− ◦ ϕ−1
+ , we have to evaluate (1) at (u, v) = ϕ+(x, y, z); the only

change in (2) is that (1 + z) becomes (1− z).

A few more derivatives:

∂

∂u

(
u

1 + u2 + v2

)
=

1− u2 + v2

(1 + u2 + v2)2

∂

∂v

(
u

1 + u2 + v2

)
= − 2uv

(1 + u2 + v2)2

∂
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(
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(u2 + v2 + 1)2


