
Math 4331-4332(6312-6313)
Introduction to Real Analysis

Syllabus, Fall 2014

Instructor: Vern Paulsen, 673PGH
email: vern@math.uh.edu
web: www.math.uh.edu/ vern
phone: 713-743-3450

Course times: Lecture, TuTh, 10–11:30, CBB 104.

Office hours: 2:30–4, TuTh in 673PGH or by appointment.

Prerequisites: Math 3333

Recommended Text: None, lecture notes will be distributed.

Course Description: These two courses provide a rigorous introduction
to the deeper properties of the real numbers, continuous functions, and
differentiability needed for advanced study in mathematics, science and en-
gineering. It is assumed that the student is familiar with the material of
Math 3333, including an introduction to the real numbers, basic properties
of continuous and differentiable functions on the real line, and an ability to
do epsilon-delta proofs.

Assessment: Since the main emphasis of this course is reading and writing
proofs, the grade will be heavily based on homework. In addition to the
homework assignments there will be a take-home midterm and a final exam.

Syllabus: Math 4331: Metric spaces, open and closed sets, compact and
connected sets, convergence of sequences, Cauchy sequences and complete-
ness, properties of continuous functions, contraction mapping principle, count-
able and uncountable sets, Riemann-Stieltjes integration.

Math 4332: Sequences and series of functions, pointwise versus uniform
convergence, convergence in metric spaces of functions, multivariable and
single variable differentiable calculus, partial derivatives versus total deriv-
ative, mean value theorems, inverse and implicit function theorems, Taylor
series, max-min and second derivative test.

Detailed Syllabus:

Below is a detailed description of the topics included in a recent course.
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1. Metric Spaces

An introduction to the basic properties of metric spaces, including:

• Definition and Examples, Euclidean space
• Open sets, closed sets and relations
• Equivalence of metrics
• Sequences and Convergence, Subsequences
• Interiors, closures, boundaries and their sequential characterizations
• Cauchy sequences and Complete Metric Spaces
• Compact Sets, Sequentially Compact Sets and their Equivalence
• Heine-Borel and Bolzano-Weierstrass theorems

2. Finite and Infinite Sets and Countability

• Discussion of concepts
• Proof Rationals are Countable
• Proof Reals are Uncountable

3. Continuous Functions

The key properties of continuous functions on metric spaces should be
covered. Including:

• Definitions and Examples
• Characterizations via inverse images of open and closed sets
• Sequential characterization of continuity
• Continuity and composition
• Functions into Euclidean spaces
• Important examples of continuous functions; polynomials, trigono-

metric functions
• Continuity and Limits
• Continuous functions on compact sets; uniform continuity and max-

min theorems
• Connected sets and continuous functions on connected sets; inter-

mediate value theorem

4. The Contraction Mapping Principle

This chapter provides some applications of the material developed so far.
A proof of the contraction mapping principle is given and various uses,
including some basic theorems about existence and uniqueness of solutions
to differential equations, convergence of Newton’s method. These results
assume some familiarity with the derivative.

5. Riemann and Riemann-Stieltjes Integration

A rigorous introduction to the theory of the Riemann and Riemann-
Stieltjes integral. An informal introduction to probability and cumulative
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distribution functions is given to motivate the Riemann-Stieltjes integral.
Topics:

• Definitions of Partitions, Upper Sums and Lower Sums and General
Riemann Sums

• Introduction of Upper and Lower Integrals, Examples where they
are not equal

• Riemann Integrability Criterion
• Properties of Riemann-Stieltjes Integrals
• Theorems about sums and products of integrable functions
• Fundamental Theorem of Calculus
• Mean Value Theorem for Integrals

This is where 4331 will end.

6. Sequences and Series of Functions

In this chapter we examine pointwise and uniform convergence of se-
quences and series of functions.

• Definitions and Examples
• Behavior of continuity under pointwise and uniform limits
• Behavior of integrals under pointwise and uniform limits
• Behavior of Derivatives
• Series of Functions; Weierstrass M-test
• An increasing function with a dense set of discontinuities
• A space filling curve
• Power Series; Functions defined by power series
• Operations on power series; term-by-term integration and differen-

tiation
• An introduction to power series in several variables
• Taylor Series
• Polynomial Approximation and Weierstrass’ Theorem
• The Stone-Weierstrass Theorem

7. Equicontinuity and Arzela-Ascoli

In this chapter we prove an analogue of the Heine-Borel theorem for spaces
of continuous functions.

• The metric space of continuous functions on a compact set
• Definition of equicontinuity and pointwise boundedness
• Proof of Arzela-Ascoli

8. Multivariable Differential Calculus

In this chapter we develop the theory of differentiable calculus for func-
tions from Rn to Rm. Topics covered include:

• Directional derivatives and partial derivatives
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• Example of a function with directional derivatives that is not con-
tinuous

• The total derivative
• Matrices and linear transformations; norm estimates
• Differentiability and continuity
• The Chain Rule
• Mean Value Theorems
• Continuously differentiable functions
• The Inverse Function Theorem
• The Implicit Function Theorem
• Local Extrema and the Second DErivative Test; Positive definite

matrices
• Taylor Series in Several Variables


