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ABSTRACT. We study the performance of finite frames for the encoding of vectors by
applying standard higher-order sigma-delta quantization to the frame coefficients. Our
results are valid for any quantizer with accuracy € > 0 operating in the no-overload
regime. The frames under consideration are obtained from regular sampling of a path
in a Hilbert space. In order to achieve error bounds that are comparable to results on
higher-order sigma-delta for the quantization of oversampled bandlimited functions,
we construct frame paths that terminate smoothly in the zero vector, that is, with an
appropriate number of vanishing derivatives at the endpoint.

1. INTRODUCTION

For many common tasks of digital signal processing, signals are represented by a finite
number of linear coefficients, and there is a norm topology on the space of signals that
comes from an inner product. In short, a signal is a vector in a finite dimensional real
or complex Hilbert space. In this work, we investigate how to approximate such vectors
accurately with a round-off scheme that relies on the redundancy of frame expansions
to suppress the quantization error. This means, the frame coefficients may only assume
finitely many values, and the reconstruction is linear in these coefficients. Several quan-
tization strategies have been investigated [GVT98, GKKO01, BLO03, BYP04, BPY06], in
analogy with results for oversampled signals that are bandlimited [NST97, Yil02, Giin04]
or contained in shift-invariant spaces [BHO1]. Following a strategy similar to a previ-
ous paper [BP], we study error bounds for standard second and higher-order sigma-delta
modulation applied to the frame coefficients.

The second order portion of this work can be seen as complementary to the paper
by Benedetto, Powell and Yilmaz [BPY06], where a whole family of quantization maps
is used in conjunction with single-bit quantizers. We allow the use of arbitrary (scalar)
quantizers of a given accuracy € > 0 in the no-overload regime, but for reasons of
simplicity, we restrict ourselves to a standard-version of the sigma-delta algorithm based
on tracking the iterated cumulative quantization errors.

The results presented here explain how to obtain error bounds comparable to those
of higher order sigma-delta encoding for oversampled bandlimited functions. In order to
stay in the no-overload regime, raising the order requires us to increase the number of
quantization levels exponentially in K. Adapting the careful treatment of one-bit sigma-
delta quantization in [DDO03], one may expect similarly robust results for quantizing
frame coefficients without the need to invoke more than two levels.
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The families of frames considered here are obtained from regular sampling of a path f :
[a,b] — H in a finite-dimensional Hilbert space H. A frame path allows the redundancy
to be increased to any desired level, that is, there is a constant C' > 0 such that regular
sampling of f produces NC-tight frames Fy = {f1, fo,... fn} for most N € N. Our
main result is an upper bound for the Euclidean norm of the error induced by the
higher-order sigma-delta encoding of frame coefficients. This bound requires that the
frame path has a sufficient number of vanishing derivatives at the endpoint in order to
suppress boundary terms. We call a frame path Kth-order zero terminated if it has
K — 1 absolutely continuous derivatives and satisfies f(b) = f/(b) = ... fE-"D(b) = 0.
Given a scalar quantizer () of accuracy € > 0 and an NC-tight frame F) obtained
from regular sampling of such a path, then for x € span Fl, the error of the standard
Kth-order sigma-delta encoding of frame coefficients is bounded by

e(b—a K-1 b
o - Q@) < o uk— max [1700 @), o)
where it is assumed that x does not lead to overloading of the quantizer. In analogy
with the results from our a previous paper [BP], we can further estimate the so-called
total directional variation of fU5), max||y||—1 f; |(fE)(t), v)|dt, and compare our bounds
for the performance of different frame paths.

This paper is organized as follows: In Section 2, we review the background of the
second-order sigma-delta algorithm, and show how this algorithm is used for the en-
coding of vectors by applying it to the sequence of frame coefficients. Then we derive
error bounds of this encoding scheme for certain tight frames. The key element for the
construction of these frames is the suppression of boundary terms with the help of pro-
jections. Section 3 introduces the analogue of this strategy for sigma-delta algorithms of
any order. The central topics of Section 4 are the construction of smoothly terminated
frame paths and bounds on the quantization error for frames obtained from regular
sampling.

2. SECOND-ORDER SIGMA-DELTA ENCODING

We begin by recalling the basics of the sigma-delta algorithm. We follow the notation
of our first-order results.

Definition 2.1. A function QQ on R is called a quantizer with accuracy € > 0 on the
interval [—L,+L] if it has a finite range A C [-L,+L] and for any x € [-L,+L], Q(x)
satisfies |x — Q(x)| < e. The range A of the quantizer Q is also called the alphabet.

Remark 2.2. This alphabet could consist of all integer multiples of a fixed step-size
contained in the interval [—L,+L]. The quantizer that assigns to x € [—L,+L] the
unique value md, m € Z, satisfying (m — %)5 <z < (m+ %)5 is commonly referred to
as the uniform mid-tread quantizer with step-size § [OS89, PM96]. Alternatively, one
may choose the alphabet to be A = (Z + 3)6 N [—L,+L] and assign to = € [—L,+L]
the value (m + ) such that mé < < (m + 1)§, which would result in the so-called
uniform mid-riser quantizer with step-size 6. Note that all of these are quantizers with
accuracy 0/2. All of the results presented here are valid for quantizers with accuracy
€ > 0, and do not require them to be uniform. This may be beneficial for robustness
against hardware imperfections such as inaccurate quantizer calibration or drifting of the
individual quantization levels during the encoding process [DDO03]. In fact, our results
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do not require that the quantized value Q(x) is equal to a fixed constant each time x is
quantized, all that is needed is that this value remains within € of x.

2.1. Encoding of sequences. In this work, we exclusively consider the behavior of
the so-called standard higher-order sigma-delta quantizer. Elsewhere, a whole family of
such algorithms has been investigated [Yil02]. The standard second-order sigma-delta
algorithm for bounded sequences is defined as follows.

Definition 2.3. Let Q be a quantizer with accuracy € > 0 on the interval [—L,+L].
Given an input sequence {x;} then the standard second-order sigma-delta quan-

tized sequence {qj °, associated with the zmtml values u(()l) € R and u( )

(1)
J

oo
=1
€ R is
obtained by inductively defining q;, u
scription

and u for j € N with the quantization pre-

1 2
qj == Q(z; + “531 + “521) ;
the cumulative quantization error

u) 1= 2 — g+,

and the iterated sum

u§2) = u§2_)1 + ug-l) = ugz_)l + ugljl +x;—qj.

The above iteration corresponds to the standard second order double-loop sigma-
delta circuit [HKB92]. In more general algorithms, the argument of the quantizer @
can consist of other linear combinations of x, u(l)l and u( )1 or it can even be nonlinear
in these quantities [Tha02, DD03, GT04]. Any such type of second-order algorithm is
called stable when bounded input sequences and appropriate initial values for uél), u((]2)

guarantee that the sequence u(? is bounded.

Proposition 2.4. If Q is a quantizer with accuracy € > 0 on [—L, L], the initial values
are chosen such that ]u((jl)\ < 2¢ and |ué2)| <'e, and the input sequence {z;} is bounded
by ||z]|eo < L — 3¢, then |[u® o < € and ||uV||o < 2e. Moreover, the pairs (u; (1 ) ut? ))

U
(2)

satisfy u;” € [—€, €] and |u§-1) - u(2)| <e.

Proof. We proceed by induction. We note that if \u 1] < 2e and \u( )\ < ¢, then

x; + u( )1 + u( )1 is in the domain of accuracy for the quantizer, and

2
W] = [l +ul) oy — gl <.
Now the bound for ugl) follows from \u(l)] = \u(Q) (2) 1] < 26 Finally, the set containing
all pairs (u; ), § )) comes from the bound ]u( )\ < e and ]u uf)\ = ‘“ﬁ)ﬂ <e O

Unfortunately, for general bounded sequences, the error of the second-order sigma-
delta quantizer is worse than that of the first-order algorithm.

Corollary 2.5. For any given j € N, we have a bound for the difference of the moving
M -term averages,

L 1~ ey (1)
1 1
‘%” > Tjtk = 37 > Qj—&-kz‘ = luiiy —
k=0 k=0

IN

4e
M’
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Choosing u(()) = 0 giwes an improved bound for the difference of the initial M-term
averages,

1 & 1 ) 2
37 2w~ g | =M <
k=1 k=1
W _ @ _

Remark 2.6. If we take a constant input, z; = x € R for all j € N, and vy’ =uy =0,
then we see that given any quantizer with accuracy € > 0, the second-order sigma-delta
algorithm gives a sequence of quantized values {gx} satisfying |z — ﬁ 224:1 qr| < % for
any choice of M € N.

At the cost of reducing the domain of the input values, we can improve the convergence
for constant input by using a modulated version of the sigma-delta algorithm.

Definition 2.7. Given an input sequence {mj}é-v:l and coefficients {cj}é-v:l C R, we
define the {cj}-modulated second-order sigma-delta quantization associated with

the initial values u(() ), u(() ) € R to be the quantized coefficients obtained from the standard

second-order sigma-delta algorithm applied to the input sequence {z;c;} en.

Proposition 2.8. Let ¢; = (6/(N —1)(2N — 1))Y/2(N — j), then Zjvzl lejl? = N. If
we take a constant input value x € [—~L/\/3 + /3¢, +L/\/3 — /3¢], and consider recon-
structing x from the output of the {c;}-modulated second-order sigma-delta quantization
by averaging % Zj ¢jq;, then the error is

1 & 21/6¢
[ - N;quﬂ S N/ DN =D

Proof. One may check that the modulated sequence satisfies |[{cjz;}|lcc < L — 3¢ and
by the preceding analysis, the {c;}-modulated quantizer is stable.

Since ¢y = 0, and the differences c¢; —cj_1 are constant, we simplify the reconstruction
error

1 N 1 N—-1
1 1
I > ez —gj)e; = N S @S —ulD))e;
j=1 j=1
N—-2 (1) N— 2 (1)
1 1 Upn_ 1CN 1 1 e Un_1CN—1
= < u(ej = ej) + A = (e = ¢jan) + N

—

<.
Il
<.

2
MH
=
=

(1)
UN_{CN—1  UNL CN-1
(2)( ¢j = 2¢j11 + ¢jt2) + x le == ]1\,

u
1

1
N
J

and by the explicit value of cy_1 as well as ]ug\l,)_1| < 2¢

N2 2\/66

1
— )e;| < .
N :1 T NY(N-D(2N-1)

<.
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2.2. Encoding of Vectors. Given a vector = (z1,...,7q) € R? with 2; € [-L/V/3+
V3e,+L/V/3 — /3¢ for all i € {1,2,...d}, then one could apply the modulated second-
order sigma-delta quantization to each coordinate. Let N = Md, M € N. Let ¢; =
(6/(M —1)(2M — 1))Y2(M — j), then Zj lejl? = M, for j € {1,2,...M}. For each
coordinate z;, we obtain the first M quantized values {q;x}iL,. Averaging as above

would yield y: = 4 UL, cugie and fog — yif < om0

is encoded with N = Md quantities and the Euclidean d1stance between y = (y1, ..., Yd)

and x satisfies
I I < Q\fef < 2\/§€d5/2
T — .
= M/ (M -1)2M -1) = N(N-1)

In the following, we investigate the performance of the second-order sigma-delta al-
gorithm applied to the frame coefficients of a vector. Our goal is to find a bound for
the quantization error with the same asymptotic behavior as the modulated coordinate-
wise quantization. To this end, we adapt the modulation strategy in Section 2.4 by
constructing frames that terminate in the zero-vector.

This way, the vector x

Definition 2.9. Let ‘H be a real or complex Hilbert space with dimension dimH = d.
A set of vectors F' = {f1,...,fn} C H is called an A-tight frame, provided that for
every x € H, we have the norm equality

Alla]]” = ZI (@, i)

If, in addition, we have ||f;||> = Ad/N for all j € {1,2,...N}, we say that {fj}é-v:l is
a uniform A-tight frame. Finally, if we want to distinguish the order of the vectors,
we speak of an ordered frame.

Remark 2.10. When F' is a uniform N/d-tight frame for a d-dimensional Hilbert space,
we have [|f;|| =1 for all j € {1,2,... N} according to the above definition. These are
the frames that we are primarily interested in, but we shall see later that the additional
flexibility is important for our constructions.

The norm equality in Definition 2.9 is equivalent to the requirement that every x € ‘H
is reconstructed perfectly from its frame coefficients {(z, fj>}§V:1 according to

1 N
= 32w fi)
j=1

Definition 2.11. Let Q) be a quantizer with accuracy e > 0 on [—L,+L], let F' = {f; 37-\7:1
be an A-tight (ordered) frame for a real Hilbert space H and let x € H. Then the second-
order sigma-delta quantized vector Qg) (z) is defined by

(2) : qufjv

where the quantized frame coefficients have been obtained from the standard second-order
sigma-delta algorithm applied to the input sequence {(x, fj>}§-V:1
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We henceforth call the map Qg) a second-order sigma-delta quantizer on H.

When referring to Qg), it is always implicit that we have chosen an associated (scalar)
quantizer @ with a certain accuracy € > 0 on an interval [—L,+L], the initial values

uél) =0 and uéQ) =0, and an ordered frame F for H.
2.3. Estimates for the maximal quantization error.

Proposition 2.12. Let F = {f1, fa,... fn} be an A-tight frame for a real Hilbert space
H, then for any x € H, the reconstruction error of the standard second-order sigma-delta
quantization is

N-2
1
r—Qp (@) = 5 Zu@) Fi = 2fj1 + fip2) +ul (Fvo1 — ) + uly fv

Proof. We use (z, f;) —q¢j = u§-1) — ugl_)l and ul) = ul? — 42 )1 to obtain

2) 1 o L~ ()
T Qp (@) = 3 > (@ fi) —ai)fs = 3 >y =)

j=1 j=1
L [N
1
=7 > U§ (i = fier) +ul fy
7j=1
L (N1
2 2 1
= | @ =)~ fi) + ) S
j=1
N—2
1 @) (1)
= u;” (f; — 21+ fiva) + 0l (fvor = fv) + ol fy
j=1

O

Definition 2.13. Given a frame F = { f1, fa,... fn} for a Hilbert space H, we denote its
norm as ||[F|lcc = maxi<j<n || fjll. If H is a real Hilbert space, we define the maximal

error S(Qg)) of the sigma-delta quantizer Qg) to be
QP = sup{||lz — QP (@)|| : = € H, ||z]| < (L — 3¢)/||F|loo} ,

where € is the accuracy of the (scalar) quantizer @ on [—L,+L], the initial values for the

iteration have been chosen as uol =0 and u(()Q) =0, and F is the tight, ordered frame

that is used to define the second-order sigma-delta quantizer Qg) on H.

Definition 2.14. Given a frame F = {f1,..., fn}, for a normed vector space, we set
T(F) = max{|| £ (f1 = 2f2 + fo) & (fo = 2fs + fu) . & (fma = 2fn—1 + )1},

and

T(F) = max{|| £ (fi — 2fo + f3) ... £ (fn—2 — 2fn—1 + fn) £ (fv—1 — fv) £ 2fn 1}

where the mazima are each taken over all changes of sign.
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Proposition 2.15. Given an A-tight frame F for a real Hilbert space H and a quantizer
Q with accuracy € > 0 on [—L,+L], then

QY < T(P).

Proof. We recall that by definition of & (Qg)), the error is maximized over z € H :
|lz|| < (L —3e€)/||F|lso- For any such x, the sequence of frame coefficients is bounded by
I{{(z, fj) Hloo < L — 3¢, so the quantization process is stable. Therefore

|z — Q% (@)l < |m|a<X1 H Z si(fi = 2fj41 + fixo) +sn—1(fv—1 — fn) + 258 ]| -

The right-hand side of this inequality can be regarded as the norm of a linear map that
takes RV equipped with the max-norm to the Hilbert space H. A convexity argument
now shows the norm of such a linear map must be attained at an extreme point of the
unit ball of the domain and these are the vectors all of whose entries are s; = £1. [

Since the second-order sigma-delta algorithm applied to general sequences does not
guarantee uy = 0, we cannot derive a bound for the reconstruction error better than
2¢|| fn|l/A. Consequently, for uniform N/d-tight frames in R?, the error bound cannot
decay faster than 2ed/N. This is in strong contrast to the result on sigma-delta mod-
ulation for oversampling of band-limited functions [DD03]. Matching the asymptotics
of the error bound for second-order sigma-delta is the motivation for introducing non-
uniform tight frames that terminate at the zero vector. This strategy is in the same
spirit as the modulated version of the standard second-order sigma-delta algorithm for
sequences.

2.4. Zero-terminating projections. Constructing frames that terminate in fy = 0 is
fairly straightforward using the so-called projection method. In fact, we know that any
tight frame is obtained from projecting an orthonormal system of vectors together with
an overall scalar multiplication, see e.g. [Nai43], [AG93, Vol. 2, Appendix I] or [Cas00,
Theorem 4.10], so the following construction gives rise to all zero-terminated frames.

Lemma 2.16. If F' = {fi,..., fn} is an A-tight frame for H and P : H — K is the
orthogonal projection onto a subspace K of H, then P(F) = {P(f1),....,P(fn)} is an
A-tight frame for K. So for any x € IC, we can reconstruct

Z z, Pf;)Pf;

from the frame coefficients of x with respect to P(F').

Proof. Since x = Pz and F is an A-tight frame, we have
1 N
= P(Pz) = - > (Px, f;)Pf; .
j=1
Now by the self-adjointness of P, (Px, f;) = (z, Pf;) for all j € {1,2,... N}, which gives
the desired reconstruction identity. O
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Proposition 2.17. Let F = {f1, f2,... fn} be an A-tight frame for H and let P be the
orthogonal projection onto the orthogonal complement of {fn} in H. Then for any x €
{fn}*, the reconstruction error of the standard second-order sigma-delta quantization
using the projected frame P(F) = {Pfi,Pfa,... Pfn} satisfies

N-2

1
= Qi (@) = 5 | 2w Py = 2 + fie2) +uy Py
j=1
Proof. Follows directly from Proposition 2.12 together with Pfy = 0. O

Theorem 2.18. Consider an A-tight frame F' for a real Hilbert space H and a quantizer
Q with accuracy € > 0 on [—L,+L). If P projects orthogonally onto {fy}*, then
€

EQlry) < ST (F) + Pyl

Proof. Following along the lines of the proof of Proposition 2.15, together with Minkow-
ski’s inequality and with the fact that Pfy = 0, we have
€

EQry) < (TP (P(F)) + [Pyl

The right-hand side of this inequality increases further when replacing TO(Z)(P(F )

with TO(Q)(F), because P is a projection, so for each choice of {s;},

N=2 N-2
1Y~ s P(f = 2f551 + Fia2)ll <UD s5(f5 = 2f541 + fiva)ll
j=1 Jj=1

3. HIGHER ORDER SIGMA-DELTA QUANTIZATION

This section introduces a standard higher-order sigma-delta quantization algorithm.
Our goal for the remainder of the paper is to generalize the use of zero-terminating
projections to any order of the sigma-delta algorithm.

3.1. Encoding of sequences.

Definition 3.1. Let Q be a quantizer with accuracy € > 0 on the interval [—L,+L].
Given an input sequence {x;}32,, then the standard Kth-order sigma-delta quan-
tized sequence {q; ?‘;1 associated with the initialization vector ug € RX is defined as
follows: For each j € N, we denote the vector of the iterated cumulative error variables

ORNCIIIMISH

as u; = (uj UG The quantized output values are obtained by inductively

defining q; and u; for j € N with the prescription

K
l
q; ‘= Q(IL'] + Zugzl) )
=1

and the map for updating the internal variables

and
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Proposition 3.2. Given a quantizer QQ with accuracy € > 0 on [—L, L]. If the input
sequence {x;} is bounded by

lzlloo < L — (2% — 1)e
and initially, the internal variables satisfy
ug’| < 257,
then the above iteration implies that each sequence {u§l)}jeN s bounded by
[u® oo < 25 Te .
Proof. We proceed by induction. If for a given j € N,
|U§lz1| < 2K_l€7

then we can bound the sum
K
l
1Y ul < (2K~ 1)e.
=1

and with the bound on the input sequence, the argument of the quantizer is within
[—L,+L]. The iterative assignment of ug-l) implies that for each 1 <1 < K,

l
ug-l) = Z“Ekjl +z;—qj.
k=1
Because of the accuracy of the quantizer on [—L, L],
K
il = o+ 3wy gl < e
=1

Now we can deduce from ug-l) = u§-l+1) - ug-ljll)

on uj_1 that

in conjunction with the assumed bounds

Wl D] < 2l

3.2. Encoding of vectors.

Definition 3.3. Let Q be a quantizer with accuracy € >0 on [—L,+L], let F = {fj}j-vzl
be an A-tight (ordered) frame for a real Hilbert space H and let x € H. Then the
Kth-order sigma-delta quantized vector Q%K) (z) is defined by

K 1
() = ZZijj,
=1

where the frame coefficients have been quantized by selecting u(()l) =0forl1<I<K

and the quantized frame coefficients are
= 1
g = Q. f) + Y ul)

=1
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while the internal variables are updated according to
0
ul” = (, f5) — q;

and
(l) () —l—u( ),1§l§K-

We henceforth call the map Q F a Kth-order sigma-delta quantizer on H.

Definition 3.4. We denote the unilateral shift operator as S. It acts on sequences by
(Sz)j = xzj—1 for j > 1. By convention, we set xog = 0, so (Sx); = 0. The shift operator
also applies to frames, that is, vector-valued sequences, by (Sf); = fj—1 and (Sf)1 = 0.
The adjoint S* gives (S*x); = xj41, j € N. Together with the identity operator I, we
abbreviate the Kth finite backward difference operator acting on a sequence x as

(I-9)F

In order to simplify many of the formulas that we encounter in this section, it is
convenient to set various quantities equal to zero when they fall outside the range
of their definition. This is often referred to as zero-padding. Thus, for example, in-
stead of given a tight frame, F' = {fi,..., fn}, we often consider the zero-padded set
{fi, fo, ooy fNy fN41, -} with f; =0, for all j > N + 1. Alternatively, we then speak of
a tight frame F' = {f;};en with support {1,2,... N}.

The following quantities will play a key role in our error estimates.

Definition 3.5. Given a frame F = {f;}en for a normed vector space over R, with F'
supported on the index set {1,2,... N}, we define

Ty (F) = max{]| £ (I = §) i (1= S fot .2 (1= 5 fyvkl},
and
TEN(F) :=max{|| £ (I - S)Efr+ (I - S)Efo... £ (T — 5K fll}
where the maxima are each taken over all changes of sign.

The convenience of the notation is at the cost of obscuring that, for example, for a
frame supported on {1,2,... N}, the last term in TW (F) is +(fx — fy41) = £fn.

Proposition 3.6. Let F' = {f;}jen be a finitely supported A-tight frame for a real
Hilbert space H, then for any x € H, the reconstruction error of the standard Kth-order
stgma-delta quantization is

z — QW) AZ (I —=89KF);.

If F has support {1,2,... N}, making the boundary terms in this identity explicit gives

N
r- Q@) = [ WO Y W sV,
j=1 j=N—K+1

Proof. Analogous to the proof of Proposition 2.12. O
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Definition 3.7. Given a tight frame F = {f1, fo,... fn} for a real Hilbert space H,
we define the maximal error S(Q%K)) of the standard K th-order sigma-delta quantizer

Q%K) to be

K K
E(Q) = sup{llz — Q@) s € M. o]l < (L — (2F = 1))/ | Fllac}
where € is the accuracy of the (scalar) quantizer Q on [—L, L], and the initial values for

the iteration have been chosen as u(()l) =0foralll <I<K.

Proposition 3.8. Given a finitely supported, A-tight frame F for a real Hilbert space
H and a quantizer Q with accuracy € >0 on [—L,+L], then

EQ)) < 5TU(F).
A
Proof. We recall that by definition of £( (K)) the error is maximized over x € H :

lz|| < (L — (2% — 1)€)/||F||ss. For any such z, the sequence of frame coefficients is
bounded by [[{{z, f;)}|eco < L — (2% —1)¢, so the quantization process is stable and the

estimates for the internal variables u( ) apply. Let {1,2,... N} be the support of F', then

Iz = Qi (@) < max Auzsj (1= S )l

Again, by convexity the maximum must be attained at an extreme point of the domain
where the entries of s are s; = £1. O

4. SMOOTHLY TERMINATED FRAME PATHS

As demonstrated in a previous paper [BP], many families of frames come from regular
sampling along a smooth path in R? and for these types of frames it is fairly easy to
see that the quantity TO(K) (F) is uniformly bounded independent of N. Moreover, if the
path and sufficiently many of its derivatives terminate in the zero vector, then we can
use zero-padding to derive analogous estimates for T'(F'), and hence, for the magnitude
of the error caused by higher order sigma-delta quantization. We make this precise in
the following definition. Since the notion of frame paths is equally interesting in the
complex case, we include complex Hilbert spaces.

Definition 4.1. Let ‘H be a finite dimensional Hilbert space, real or complex. A con-
tinuous map f : [a,b] — H is called a frame path for regular sampling provided
that there is a constant C > 0 and infinitely many choices of N such that the set
Fy={f(a+ b*T“), fla+ W), ..., f(b)} is an NC-tight frame for H. If f(b) =0, we
call f a zero-terminated frame path. If f is K — 1-times continuously differentiable
with fE=1 absolutely continuous and f(b) = ... = fED(b) = 0, then we call f a
Kth-order zero-terminated frame path.

Note that if f is frame path for regular sampling that is zero-terminated of order K,
then we may extend the domain of definition of f for ¢t > b by setting f(t) = 0,t > b,
and this extended function will be K — 1-times continuously differentiable with f&—1)
absolutely continuous.
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4.1. Examples of smoothly terminated frame paths.

Ezample 4.2 (The Modulated Basis Repetition). Let {e;}&; be the canonical basis of RY
and let f : [0,d] — R? be piecewise defined by f(t) = (1 — cos(2nt))e; for j —1 <t < j.
Then for any N = Md, with 3 < M € N, regular sampling gives a 3/N/2d-tight frame
Fy with ||F||c < 2. This frame path terminates at f(d) = 0, and f'(d) =0, so it is a
second-order zero-terminated frame path.

In order to convert a sufficiently smooth frame path into a zero-terminated frame
path of order K, we use the orthogonal projection P : H — {f(b), ..., fE=D(b)}+. More
precisely, given a frame path f : [a,b] — H for regular sampling, with constant C' > 0,
then the projection g(t) = Pf(t) is a Kth-order zero-terminated frame path for regular
sampling with constant C' > 0 on the subspace {f(b), ..., fE=D(b)}* of codimension at
least dim(H) — K.

Definition 4.3. Given a frame path f : [a,b] — H for regular sampling, with constant
C > 0, that has K—1 absolutely continuous derivatives, we call the frame path g : [a,b] —
{£(b), ..., fED()} described above the K th-order zero-terminating projection
of the frame path and we let Gy = {g(a + IFT“), ...,g(b)} denote the corresponding
NC-tight frames.

Ezample 4.4 (Complex Fourier Frame). Let f(t) = ﬁ(e%“, edmit . ety for t €

[0,1]. It is fairly easily checked that the N x d matrix whose rows are the vectors
{f(4/N) ;\le} in Fy has orthonormal columns and hence these vectors (and their com-
plex conjugates) define an isometry from C? to CV. Thus, Fy is a uniform N/d-tight
frame for every N > d, and f(t) is a uniform frame path for regular sampling. The
subspace {f(1)}* is the subspace consisting of vectors whose coordinates sum to zero.
Thus, the zero-terminating projection of f will yield N/d-tight frames Gy, for this
(d — 1)-dimensional subspace.

Ezample 4.5 (The Harmonic Frames). When d = 2k is even these are defined by regu-
larly sampling the path f(t) = \/%(cos(%rt), sin(27t), cos(4rnt), sin(4rt), ..., cos(2wkt),
sin(27kt)) in the interval [0, 1].

When d = 2k + 1, the harmonic frames are defined by regularly sampling f(t) =
\/g(%, cos(2mt), sin(27t), ..., cos(2mkt),sin(27kt)) in the interval [0, 1]. When N > d,
the vectors in Fly are a uniform N/d-tight frame.

The set of vectors Fy that one obtains this way was one of the earliest examples of
a uniform N/d-tight frame as introduced in [GVT98]. The fact that the map f is a
uniform frame path is verified fairly easily by taking real and imaginary parts of the
complex Fourier frame.

The zero-terminated frame path obtained by projecting the harmonic frame path onto
{f(1)}* is explicitly computed as
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g(t) =f () = (f@), F(1) F(1)

:\/g((cos(%rt), sin(27t), cos(4nt), sin(4nt), . .., cos(2wkt), sin(27kt))

when d = 2k is even, and

o(t) =\ ((\}Q cos(2rt), sin(27t), cos(dmt), sin(4rt), . . ., cos(2mkt), sin(27kt))

sin(wdt) , 1

- —(—,1,0,1,0,...,1 .
dsin(ﬂ_t)(ﬁa 707 707 ’ 70)>

when d = 2k + 1 is odd. Regular sampling of g yields G, a frame spanning the (d —1)-
dimensional subspace of R? orthogonal to (1,0,...,1,0) or (%, 1,0,...,1,0) for even
or odd d, respectively.

Since the harmonic frame path satisfies || f(¢)|| = 1, we know f(1) L f/(1). There-

fore the second-order zero-terminated path h is obtained from the above path by an
additional projection,

(f(1), /(1))
LD
We compute ||f/(t)||* = %M where d = 2k if d is even and d = 2k + 1 is it is

odd.
For even d, we arrive at the second-order zero-terminated frame path

_ _ 23((1 sin(7t) cos(mw(d + 1)t) — sin(wdt))
h(t) = g(t) \/; 4+ 1)(d - 2) s () (0,2,0,3,...,0,d)

h(t) = f(t) = (f(), F()) (1) = f@.

and for odd d, we get

h(t) = g(t) — 2 3((d — 1) sin(mt) cos(mdt) sz(ﬂ(l —d)t)) (0,0,2,0,3,....0,d—1).
d (d—1)d(d+ 1) sin®(mt)

To illustrate the projected frame paths, we have included a plot of the zero-terminating
projection of the harmonic frame in d = 3.

We also include the second-order zero-terminating projection of the harmonic frame
path in d = 4, together with sample points for N = 40 vectors.

We call a frame path f : [a,b] — RY reversible if for all ¢ € [a,b], f(t) = f(a+b—1).
In a previous paper, we raised the question of a semicircle-version for harmonic frames.
We may now give a construction of this type of frame, albeit a non-uniform one.

Ezxample 4.6 (The Reversible Harmonic Frame and Harmonic Semicircle Frames). The

reversible harmonic frames are defined by regularly sampling the path f(t) = %(%,
cos(mt), cos(2mt), ..., cos(m(d — 1)t)) in the interval [0,2]. Since only cosines appear

in its entries, indeed f(t) = f(2 —t). When N > d, the vectors in F are a non-
uniform N/2d-tight frame. This can be seen from the fact that they are obtained from
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1

0.8

0.6

04r

0.2

0.2 0.4 0.6 0.8 1

=k

FIGURE 1. Zero-terminating projection of the harmonic frame path for
d = 3, together with sample points for a frame with N = 40 vectors.
The coordinate system is given by the two basis vectors e; = (0,0, 1) and
es = /2/3(1,0,—3).

0.6

0.4

0.2

FIGURE 2. Second-order zero-terminating projection of the harmonic
frame path for d = 4, with sample points for N = 40 vectors. The
axes correspond to the basis vectors e; = /1/2(1,0,—1,0) and ey =

V/1/5(0,2,0, —1).

projecting the harmonic frame path in R??~! parametrized by 0 < t < 2 onto the d-
dimensional subspace spanned by the odd-numbered canonical basis vectors, followed by
an appropriate rescaling. Zero-termination is obtained by further projecting this frame
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FIGURE 3. Second-order zero-terminating projection of the harmonic
semicircle frame path for d = 3, with sample points for N = 40 vec-
tors. The axes correspond to the basis vectors e; = 1/1/2(0,1,1) and

ez = 1/1/10(—=2v/2, —1,1).
path onto {f(2)}*. The projected reversible harmonic frame path is given by

o(®) :\/g <(\2 cos(rt), cos(2t), . .. cos(m(d — 1)t))

. 1
- —Sm(wfd ~2)f) (= 1.1,... ,1)>
(d— 3)sin(nt) /2

Because of the reversal-symmetry of the reversible harmonic path, it is enough to
sample on the semicircle parametrized by 0 < ¢t < 1, which results in the so-called
harmonic semicircle frames. More precisely, if the number N of frame vectors is even and
the regular sampling starts with an offset, Fiy = {f(1/2N), f(3/2N),... f((1—1/2N)},
then fn/o_j = fn/o4j41 for any j € {1,2,...,N/2 — 1}, and half of the frame vectors
and coeflicients can be eliminated by symmetry.

To obtain a zero-terminated path from the harmonic semicircle path, we project onto

{f(1)}+, which results in

2 1
g(t) = p <(\@’ cos(7t), cos(2mt), ..., cos(m(d — 1)t))
in(r(d—3)(t+1
- Sln(ﬂ-l( . 2)( + )) (17_1717_17"'7<_1)d_1)>
(d—3)sin(m(t+1)) V2

The frames {G y } resulting from sampling are seen to be N/d-tight and satisfy |Gy |ec <
2-1

d

We have included an illustration of the zero-terminating projection of the harmonic
semicircle path. Since only cosines were used for the frame path, the projection also
has vanishing derivatives, ¢’(0) = ¢’(1) = 0. For this reason, g is already a second-order
zero-terminating frame path.

4.2. Estimates for the maximal error of frames obtained by sampling. The

following observations help to obtain bounds on TéK)(FN) that are independent of N

for these frames.
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Definition 4.7. Given a frame path f : [a,b] — R?, we extend it by zero outside of its
original domain and define for any displacement At € R the path shifted by At to be

Sacf(t) == f(t - At).

For consistency of notation, we also identify S\, = S_a¢. With the identity operator I,
the finite K th-order forward difference of f at t; is written as (I — Sk,)X f(t;).

Definition 4.8. Given a path f : [a,b] — H in a real or complex Hilbert space H, with
K — 1 absolutely continuous derivatives, we define the Kth-order total directional
variation of f to be

b
vI(f) = Sup{/ (IO @), 0)ldt « o] = 1)

The following two lemmas are useful for estimating TU) and TéK).

Lemma 4.9. Let F = {f;}en be a frame for a finite dimensional Hilbert space over R,
with the support of F contained in {1,2... N}, then
. N-K
T (F) = max{ Y (I = 5 f,0)] : [lo]l = 1},
J

—

and

N
TE(F) = max{) (I =55 f5,0)] : vl = 1}.
j=1
Proof. The norm of any vector is attained by taking the inner product with a unit
vector. For any vector v, there exists a choice of signs to make all the inner products
non-negative. (]

Lemma 4.10. Let f be a frame path with K — 1 absolutely continuous derivatives on
the interval [t1,tn], which is split into N —1 subintervals {[t;, tjﬂ)};y:? of equal length
At. Then

t1

N—-K tN
ST = S5)F F(t),0)] < (AHE-? / (F9(s), 0)|ds.
j=1

Proof. Let {B; i }jez be the Kth-order B-spline functions of width At. That is, 8;1(t) =
Xt;,t;41) and B = Bji—1 * oy for any [ > 1. We recall that the support of f§; i is
[tj,t; + KAt], that all 8;x > 0 and that 3322 3k (t) = 1. Repeatedly integrating
by parts yields that

K wor [T
(1 =530 1(t) = (0" [ 10008, 1) ds.
j
Using the non-negativity of 3; x, we estimate

tj+KAt
(1 = Sa)" f(ty), )| = (At)K_l/ (5O (), 0) 18k (5) ds

tj
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and when summing, Z;\:K Br.j(8) < Xjt1,65](8) helps further estimate

tn
Z (T — 8505 F(t3),0)] < (AbK— / () (s), v) ds

_ t1

O

Theorem 4.11. Let f : [a,b] — R? be a frame path with K — 1 absolutely continuous
derivatives and let {Fn}neu be the frames obtained by reqular samping, then

T3 (Fy) < (V).

If f is a K-th order zero terminated frame path, then
T0O(Fy) < (C VI ),

Proof. The first inequality is a direct consequence of Lemma 4.9 and Lemma 4.10, with
At =221 =a,ty =b.

For the second inequality, extend the domain of definition to ¢ > b by setting
f(t) =0, then f still has K — 1 absolutely continuous derivatives on [a, +00). Applying

Lemma 4.10, with At = 2% and M = N + K, we have that,
Z| (I —SH5f(t;),v)| = Zr (I —SHEf(t)),v)|
<@t [ ), wlas = PV e)
t1

since fUK)(s) =0, for ty < s <ty O
The following is an immediate consequence.

Corollary 4.12. Let f : [a,b] — R? be a Kth-order zero terminated frame path with
constant C > 0 and let {Fn}necu be the NC-tight frames obtained by regular sampling.
If Q is any quantizer of accuracy € > 0, then

K-1

(K)y _ €(b—a)

Ezample 4.13. Let f : [0,d] — R be the frame path for modulated basis repetition,
piecewise defined by f(t) = (1—cos(2nt))e; for i—1 < ¢t < i, where ¢; is the ith canonical
basis vector in R%. After fixing v € R%, we estimate using the Cauchy-Schwarz inequality,

d 1 d
/y £(0), 0)|dt = (2@2/ |cos(@mt)l[ui dt = S 8rfui] < 8mVllo]] .
=1 0 i=1

Therefore,

vE(f).

VO(f) < 8nVd.
The path f is a second-order zero-terminated frame path, with constant C' = 3/2d. Using
the preceding corollary, we have that the maximal second-order quantization error for
the 3N/2d-tight frame Fy = {f1, fo2,... fn} obtained from regular sampling is
@) < 16med®/? .
3N2
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Corollary 4.14. Let f : [a,b] — R? be a frame path with constant C > 0 and with K —1
absolutely continuous derivatives. Let g be the Kth-order zero-terminating projection of
f, and denote {Gn}necu the NC-tight frames obtained from sampling g. Then

NK-1
£(Qu)) < OOy,

Proof. This follows from the preceding corollary because for any orthogonal projection
P, the total directional frame variation is reduced by projecting the path f,
BPr) <v®(f).
O
Theorem 4.15. Let f be the harmonic frame path in d dimensions and g its Kth-order

zero-terminating projection. Then if d is even,
enK gK—1/2

(K)
If d is odd, we have

(K) erf(d — 1)K
VAN
Proof. We first consider the case of even d and K = 2. Fix a unit vector v = (v1,va, . ..vq).
For d even, we observe f”(t) = —\/%(47r2 cos(2rt), 4w?sin(2wt), 1672 cos(4nt), ...,

(dm)? cos(dnt), (dm)?sin(dnt)). To obtain the bound for V3 (g), we use V@ (g) <
V(z)( f). Subsequently using the Cauchy-Schwarz and Holder inequalities gives

o< [ .
< (2m) \/>/ | — v1 cos(2mt) — vy sin(27t) —

— (d/2)*v4_1 cos(mdt) — (d/2)*vgsin(rdt)|? dt

21
< (27r)2\/;(2(v% +od 4 28 + 202 + 1 (d/2)M0 ) + (df2)2)) "

< (2m%)—=(d/2)* = n*d*>.

f

For the Kth-order estimate, we get analogously

/ (P ), 0) 2 e

2/1 .
< (QW)K\/;(2(U% +vd 4 22503 ¢ 2282 4

1/2
(/27503 (42 2))

< 7KgKk-1/2
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When d is odd, we have

_1\K
V(K)(g) < K (d \/31)

Now using the Corollary 4.14, we arrive at the desired error estimate. O

When the frame path is not zero terminated of the appropriate order, we need to
include boundary terms. We focus on the simplest case, where f is terminated to order
K -1

Lemma 4.16. Let f : [a,b] — R? be a frame path, with K — 1 derivatives that are

absolutely continuous and f(b) = f'(b) = --- = fE=2(b) = 0, but fE-1(b) £ 0, then
TEN(F b—ayk- < Ydt + [(FE=D (), )
() < O sup [ 1@, 1,0

Proof. We proceed by approximating f with a family of K-times continuously differen-

tiable curves { gy },>0 which satisfy f(t) = g, (t) except when ¢ € (b—n,b], and g%l)(b) =0,

1 <1< K —1. To this end, we multiply f~1) with a non-increasing C*°-function oy,

hy(t) =1 for a <t <b—mn, hy(b) = 0, and then integrate h, fK 1) (K — 1)-times.
Then the preceding lemma implies that for all N with each n < IFTa

T (Fy) < (L HE Y Eg,).

By construction,

b— b
v (g,) = sup </ n!<f(K)(t),v>|dt+/b !<(f(K‘1)hn)’(t),v>|dt) :
a -n

lvoll=1
We note that the expression we are maximizing is continuous in v.
After splitting the term |((f()h,(t) + f(K_l)h;](t),vH with the triangle inequality,
we see that

’ (K-1)y/ b / (K-1)
k= [ @), ol

By the continuity of f(~1) and by the normalization fbb_n |hy,(t)] = 1 due to the mono-
tonicity of hy, in the limit 1 — 0 this expression converges to |{fE = (b),v)|.

The convergence is uniform in the compact set {v : [|v|| = 1}. If we choose the family
{hy} to be monotonic in 7, then the remaining terms also converge uniformly and we
conclude

T < (P s ([ 10900 0+ 0.0
O

Theorem 4.17. Given a frame path f with K — 1 absolutely continuous derivatives,
and its (K — 1)-order zero-terminating projection g. Let {Gn}necu denote the NC-tight
frames obtained from reqular sampling of g. Then

€(0—a K-1
e(Qu)) < Lo (v 11 E D))
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Proof. This follows from the preceding lemma by applying the Cauchy-Schwarz in-
equality to the boundary term, and by the inequalities V¥)(g) < VFE)(f) as well
as [lg" =D @) < [ FFV @) O

Theorem 4.18. Let f: [0,1] — R? be the sample path for the harmonic frames in RY,
and let g = P(f) where P is the projection of R onto {f(1)}-. Then V) (g) < 72d%/2,
For any frame Gn with N > d and any quantizer Q of accuracy €, we have

S(O0@ ) < n2ed®?  wV/d(d+ 1)%/%€
(QGN) — N2 + \/§N2 )

where the error is by definition mazimized over x orthogonal to f(1), with ||z| < L —3e.

Proof. We begin by recalling the proof of Theorem 4.15. For d = 2k even, we derived
V@ (g) < w2d32. If d = 2k + 1, then VP (g) < 7%(d — 1)2//d.
Instead of computing || f/(1)]] directly, we estimate the norm

IF () = F(DI = V2 = 2(f (1), F(1)).

For even d, we have to insert

sin(m(d+1)t) 1

(f@@), f(1)) = ~dsin(rd) | d

and for odd d

(r0. 1) = 550

The elementary inequalities

. 1
sm‘(wdt) > mdt — Fmid3e L 17r2d2t2
dsin(mt) wdt 6
and

sin(m(d+1)t) 1 m(d+ 1)t —grdd+ 1% 1
dsin(mt) d— wdt d

_ 1 5(d+1)°,

s a !

are valid for ¢t < é, because the remainder in denominator and numerator are alternating
series with decaying magnitude of terms. These estimates give in either case of even or
odd d that

m(d+1)3/2

1F(8) = FII < N

(1-1)
and therefore
m(d+1)3/2

V3d

Now applying the preceding theorem gives the claimed upper bound. O

1A @I <
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