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2.3.6 Remarks (Homework 1, Problem 3 Solution). Idea: Look at the sum of binomial coefficients
and then look at what that means for counting. Then use the hint provided.

Proof. Let 0 < o < § and {Xj,...,X,} be binary random variables such that each outcome

w € Q, with X; 4+ --- X,, < an, is equally probable. In this case, entropy is maximized and its

value is
H(Xy,-,X,) =In|Q = In <Z (?))

icl
Now, using additivity, we have

n n

H(Xy,...,X,) <> H(X;) =) H(X))=nH (X))

j=1 j=1

Each X is a binary random variable. Recall entropy for binary random variables of success
probability p, h(p) has a maximum at p=1/2. Next, we wish to estimate p. To this end, we
introduce the sum variable S = X; + X5+ - -+ X,,. Conditioning on the value of S = [an], we
have P (X; = 1|S = |an]) < « and conditioning on the lower values for S’ gives strictly smaller
success probabilities, so averaging over all the possible outcomes for S shows that p = P(X; =
1) < . So, by the monotonicity of h (z) for p < o < 1 we get H (X;) < h () and thus

In (; (?)) < nh(a).

Exponentiate and we get the claimed inequality. O
Recall from last time we discussed:
e Block coding theorem and the converse
e Stationary ergodic processes and Birkhoff's Theorem.

Last time, in Birkhoff's Ergodic Theorem we had almost sure convergence. This makes the
Strong law of Large numbers a special case of Birkhoff's Ergodic Theorem. We will now show
the convergence in Birkhoff's Ergodic Theorem is stronger than the convergence in probability

1



we were using in the first result on asymptotic equipartitioning. In brief, almost sure-convergence
implies convergence in probability.

To show this, assume that for a sequence of random variables {S,,} ~, and random variable
S we have a set
E = {w € Q: lim S, (w)exists and is equal to S}
n—oo

with measure P (E) = 1. Now, consider € > 0. Let
Up,={we S, (w) — 5 (w) <e,forallN >n}.

Since the lim,, . S, (w) exists, we know that F C U,cnyU, and thus P (U,enU,) = 1. By the
regularity of P and the fact that U; C Uy C - -+, we have lim,, o, P (U,)) = 1 which implies

lim P ({we Q:|S, (W) — S(w)| <e}) =1

n—oo
which is convergence in probability, as appearing in the weak law of large numbers.
Now we want use the ideas from discrete memoryless sources for block codes for stationary

ergodic sources. But, now we cannot just look at X; anymore because the X;'s could be
dependent.

2.3.7 Definition. Given a source {Xj};'il with at most countable alphabet, its entropy rate is

1
lim —H (X1,...,X,),

n—oo M

provided the limit exists.
We will see that this limit exists for stationary sources.

2.3.8 Lemma. For a stationary source, {Xj};i—oo' the conditional entropy, H (X,| X, —1,...,X1)
has a limit.

Proof. Let {Xj}‘;i_oo be a stationary source. From the definition of conditional entropy, we
know H (X,|X,_1,...,X;) >0 and

H (X, | X0 1,...,X1) <H (X,| X1, -, Xo) (Since conditioning decreases entropy)
=H(X,1|Xpn—2,...,Xy) (Since the source is stationary)

So, a sequence of conditional entropies of a stationary source is non increasing. This together
with the fact that it is bounded below gives us that it has a limit.
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2.3.9 Lemma (Cesaro means). Let {a,} ", be a sequence of real numbers and b,, = + > i G
Ifa, — a asn — oo, then b, — a asn — 00.

Proof. Let ¢ > 0. By the convergence of {a,} -, to a, there exists N € N such that for all
n > N, we have |a, — a|] < €. Thus,

b —a|—\—Zaj—a\—r—Zaj——Z -
7j=1

n

1 1 1
E;|aa‘—a|5;|%—a|+g Z |a; —a

J=N+1 which is <e by assumption

L
_—Z —a|+ —N)e.
n :

So, we have

N
1
0 < limsup |b, — a| < lim sup — Z|aj—a]~|— (n—N)e=0+¢
n—oo TL‘)OO .
This holds for all € > 0. Therefore, lim,, . |b, — a| = 0. O
2.3.10 Theorem. For a discrete stationary source, {X; };’il the entropy rate exists and is given
by
1
lim —H (Xl, c. ,Xn) = lim H (Xn|Xn—17Xn—27 Ce ,Xl) .
n—oo 1 n— o0

Proof. By lemma 2.3.8, lim,,_, %H (X1,...,X,) exists. By additivity,

1 1<
EH(XlaaXn) = E;H(Xj‘lew"aXl)
. So lim,,_,o %H (X1,...,X,) is a sequence of Cesaro means for conditional entropy. By the

convergence of the conditional entropies, the Cesaro means also converge to the same limit. [

2.3.11 Theorem (Shannon-McMillan-Breaiman). Let {X;}>°__ be a stationary ergodic source

with at most countable alphabet, then —XIn (Py, . x, (Xi,...,X,)) converges to
.1 :
lim —H (Xl, SN 7Xn) = lim H (Xn|Xn—17Xn—27 PN ,Xl) s
n—oo N n—00

with probability 1.

This statement is stronger than the one from last time, since almost sure convergence implies
convergence in probability.



Sketch of proof. For simplicity of notation, we denote Py,  x, as P. We have

-----

P(X1,..., X)) =P (X)) [[P (XX, .., X0).
§=2

SO,
n n n ; T P
n 1 ) n 1 = J 7j—1 1

i(lnP (X1) + Zln ...,Xl))).

Now, we can compare the series term by term with the expected values,

1 1
EH(XlaaXn) = E;H(Xj‘lew"aXl)

Using the Martingale convergence theorem it can be shown that

lim In (P (X;|X;-1,...,X1))

n—oo

exists almost surely. When considering

RS
Jgrgoﬁzlln (P (XX, 1,..., X))
]:

the average is approximately over shifted copies, which would allow us to use Birkhoff's theorem.
Indeed, a detailed study shows that

Ii 1 X =
fw Z : V)
Notice these all have the same limit
(Slnce our source is stationary ergodic) = E [In (P (X;|X,_1, X;_2,...))]
(Since our source is stationary we can replace the j with n.) = lim H (Xn|Xn_1, . )
n—oo
, .1
(From the previous theorem,) = lim —H (X3,...,X,,),
n—oo N,

Which proves the theorem.
m

2.3.12 Remarks. For alternative proofs, see R.M Gray's book “Entropy and Information Theory",
which can be viewed at http://ee.stanford.edu/~gray/it.pdf. The details begin on page 50.



