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4 Convexity

Warm-Up: Internal Points vs Convexity

Look briefly on the definitions of internal points and convexity, they are similar. One natural
question to ask is that “does an element in a convex set is an internal point of the set?” This is
not true in general. We provide a counter example that shows a non-empty convex set does not
need to have an internal point. Recall that ¢y is the set of all sequences of real numbers with a
finite non-zero terms. Define ¢y, to be a subset of oy which its last non-zero entry is positive,
ie.,

Co+ = {($n>n€N € Coo : Tmax{n:z,#0} > O}

First, we show that cq, is convex. Let x = (z,)neny and ¥ = (Ym)men € cos be elements in
co+. Let z, and vy, be the last non-zero terms of x and y respectively. Thus, x,, and y,, are
positive. Let ¢ € [0, 1]. If m = n, the last non zero term of tz + (1 —t)y is tx, + (1 — t)y,, > 0.
Thus, tz + (1 — t)y € co. For m # n, with out loss of generality, we assume m > n. If t = 0,
te + (1 — t)y = y which is in coy. Similarly for t = 1, te + (1 —t)y = 2 € 4. If t € (0,1),
then the last term of tx + (1 —t)y is (1 — )y, > 0. In conclusion, tz + (1 — t)y € ¢ for all
x,y € coy and t € [0,1]. Therefore, ¢, is convex.

4.0.1 Question. Does ¢y, have internal points?

4.0.2 Answer. The set co, has no internal point because if z = (x,,)nen € oy such that z, > 0
is the last non-zero term. We can pick ¥y = (Y, )nen € ot such that 3,1 > 0 is the last non-zero
entry. Then, the last term of ©x — ey & oy is —ey,+1 < 0 for any € > 0. This shows any x in
co+ can not be an internal point, i.e., ¢oy has no internal point.

4.1 Hahn Banach Theorem

For a topological vector space X, a functional on X is a function f that maps X to R or C.
If f maps to R, f is called a real functional, and it will be called a complex functional if it
maps to C. Assume that we have a real linear functional f defined on a subspace of the whole
space. Under some constrains of f, we might be able to extend f to a functional on X which
preserves a property of the original functional. Last time, we introduce the statement of Hahn
Banach Theorem which states that a linear functional on a subspace, which is dominated by a



proper functional on the whole space, can be extended to a linear functional on the whole space
which is still dominated with the same functional. In this lecture, we prove the Hahn Banach
Theorem.

4.1.3 Theorem (Hahn Banach Theorem on R). Let V' be a real vector space and p : V — R
satisfying

e p(z+y) <plx)+ply) forall z,y € V, and
e p(ax) = ap(x) forallz € V and a € R*.

Let Y C 'V be a linear subspace and a linear functional f : X — R such that f < ply. Then,
there is a linear functional F' : V' — R such that F|y = f and also F' < p.

Proof. Consider the collection of linear extensions of f, (g,V,) where Y C V, CV, g|y = f,
and g < ply,. We define a partial order base on set inclusion, i.e., (g,Vy) < (h, V4) if V, €V},
and hly, = g. Next, let {(g,V;)}sec be a chain of the partial order and set D = |J .., V;, then
F defined on D by F(x) = g(x) if € V,. Then F satisfies F|p < p|p. Hence, F'is an upper
bound for the chain. By Zorn's Lemma, there exists a maximal element (F, V) among all linear
extensions of f dominated by p. It remains to show that V' = V. If this is not the case, take
xg € V\ Vg and V; = span{Vp, 20}. Each vector x € V; can be written uniquely as x = y + axg
where y € Vi and a € R. Next, let f; : V3 — R be given by fi(z) = . So,

fily + axo) = fi(y) + afi(xo) = fi(y) + aB.

Since we want to have f; as an extension of F', fi(y) = F(y). In addition, we need f; to be
dominated by p. Therefore, we will choose a proper 5 € R so that f; < p|y,. As explain before,
we want

[y + ax) = fily) + af < ply + ax).
In particular, for « = £1,4,9y" € Vi, we need
fily) + B < p(y + x0),
and
) =8 <p(y — xo).
We combine two inequalities, we obtain
H) =B —p(y —x0) <0< ply+20) — (fi(y) + B).
By adding /3 to both sides,
H(W) —p(y —20) < ply+20) = f1(y).

This inequality is satisfied because

H©) + fily)

[ +y) = [ +20+y— x0)
< F(y+x0+y’—xo) Sp(y+$o+y/—$o)
< p(y + z0) + p(y' — x0).
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By rearranging the terms, we have the earlier inequality. This implies

@ = sup (fiy) —ply —2)) < nf (p(y +20) = fiy)) = .

Choose f € [a, b],

sup (f1(y") = B —py —2)) <0< inf (p(y + zo) — (f1(y) + B)).

Yy EVE yeVr

Consequently, for such a choice of 5 and o > 0,

fily +axo) = afi(y/a+ xo) < ap(y/a) + x0) = p(y + axo).

If a =0, we get fi(y) = F(y) < p(y). If a <0, we obtain fi(y + axo) = |a|fi(y/la] — xp) <
lalp(y/|a| — x0) = p(y + axy). Hence, fily = F and f1 < p|y,. So, fi is a non-trivial extension
of F' which contradicts the maximality. O]

4.1.4 Remarks. (1) The functional p : V' — R in the theorem is called a sublinear functional.
By the properties of p, p(tx + (1 — t)y) < p(tx) + (1 — t)p(y) = tp(z) + (1 — £)p(y) for all
x,y € V and t € [0,1]. Thus, a sublinear functional is convex. Also, p(0) = p(2-0) = 2p(0).
This implies p(0) = 0. Of course, a linear function is sublinear. Also, seminorms and norms are
examples of sublinear functional which are not linear. Let K be symmetric convex subset of X.

Then, the Minkowsk function(Check ref [2]) defined by
p(r) =inf{A > 0: 2 € AK}

is also a sublinear functional.

(2) As we can see from the proof, in the case when V' is a finite dimensional vector space,
we can explicitly construct an extension of f and it can be done in a finite steps. However, in
the case when V' is an infinite dimensional vector space, the extension might not be able to be
done by a finite steps. Thus, we need the method of transfinite induction and apply the Zorn's
lemma to get the result. Therefore, we might not be able to see explicitly what is going to be
an extension of f on V. However, by the theorem, we know the existence of such an extension.

(3) From how the proof extends a linear functional, if a # b, there are infinitely many ways
we can choose 5 € [a,b]. Therefore,there exist abundant of linear functional on X that extend
a linear functional on Y. Thus, we have existence of such a functional but no uniqueness.

The Hahn-Banach theorem can be extended to a linear functional on a complex vector space.
Before we see the theorem, we note some facts for a linear functional on a complex vector space.

4.1.5 Facts. (1) Let (X,+, x) be a complex vector space. We can can consider X as a real
vector space by the operations +r and Xy defined by z +gr y =z +y and a Xg x = o X x for
z,y € X and a € R (For instance, C is a one dimensional complex vector space. However, we
can consider C = R? as a two dimensional real vector space).

(2) For a linear functional f on X, we write f(z) = u(z)+iv(z) where u : X — R is the real
part of f and v : X — R is the imaginary part of f. By replacing x by iz, f(iz) = u(iz)+iv(iz).
By linearity of f, we have if(x) = u(iz) 4+ iv(ix). Thus, f(x) = v(ix) — iu(iz). Comparing the
imaginary part of f, we obtain v(x) = —u(iz). Therefore, we can write f(z) = u(x) — iu(ix).
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As we have seen from the facts above, we can write a linear functional on X as f(z) =
u(x)—iu(iz). The following lemma shows that u(x) is actually a real linear functional. Conversely,
if we have a real linear functional u on X, we can define a complex linear functional which u(x)
is a real part.

4.1.6 Lemma. Let X be a complex vector space and [ be a complex linear functional on X.
Then, Re(f) is a real linear functional on X. Conversely, if u is a real linear function on X,
f(z) = u(z) —iu(iz) is a complex linear functional.

Proof. Let f be a complex linear functional on X and v = Re(f). Note that, we can write the
real part of f as the average of f and its conjugate, i.e.,

o) = L0+ TE

Because of the linearity of f combining with the properties of conjugate and then arranging terms,

_Saty ety fl@)+fy)+ @)+ )
u(r +y) = 5 = 5
_f@+ f@) + @) + ) _ f@)+f@) | @)+ Fy)
2 2 2
= u(x) + u(y),
and for a € R,
woz) = HeD) T (x) _af(@) +afl) _af@) +afl) _ olf@+7E) _ o0
2 2 2 2

Thus, the real part of f is a real linear functional on X.
Conversely, let u(x) be a real linear functional on X, z,y € X and o = a + bi € C. Then,
by the linearity of u,

fl@+y) =ulr +y) —iu(i(z +y)) = u(@) +uly) —i(u(iz) + u(iy))
= (u(z) —iu(iz)) + (u(y) —iuliy)) = f(z) + f(y).

In addition,

flaz) =u((a+ bi)x) —iu(i(a + bi)z) = u(ax + ibx) — iu(iax — bx)
= au(x) + bu(iz) —iau(ix) — bu(z) = (a + bi)(u(z) — iu(iz))
= af(z).

Thus, f(z) = u(x) —iu(iz) is a complex linear functional on X.
[l

Now, we are going to apply the lemma above to prove the Hahn-Banach theorem for the
complex case. The idea of the proof is that we extend the real part of a linear functional
by Hahn-Banach theorem and then construct the complex linear functional from the extended
functional of the real part.



4.1.7 Theorem. Let X be a complex vector space and p a seminorm on X. IfY C X is a
subspace, f : Y — C be a linear functional satisfying |f| < ply, then there is a linear functional
F:X — Cwith |F|<pandFly = f.

Proof. Let u be a real part of f. From the lemma, u is a real linear functional on Y. Then

u(r) < fu() —u(iz)| = |f(z)] < p(e).
Therefore, u is satisfied the condition on the Hahn-Banach theorem. Hence, we can extend u to
be U(x) on X such that U(x) < p(x). Define F(x) = U(z) — iU(iz). Then F is a complex
linear functional on X. Also, if x € Y, since U is an extension of u, F'(z) = U(x) — iU(ix) =
u(x) —iu(iz) = f(x), i.e., F is an extension of f. Let z € X. Choose o = |Ax|/Ax if Ax #0
and a = 0 if Az = 0. Then, we have A(ax) = aAx = |Az|. Thus, since A(ax) is real, the
imaginary part of A(ax) is 0. Therefore,

|Az| = Aax) = Ulax) — iA(ioxr) = Ulax) < plax) = |alp(z) = [(|Az|/Az)|p(z) = p(z).
This show that F' is an extension of f which |A(z)| < p(z) for all z € X. O

One consequence from the above theorem is in a normed vector space.

4.1.8 Corollary. If X is a normed space, xy € X1, then there is a linear functional f such that
f(zo) = ||xo|| and |f(x)| < ||x|| for all x € X.

Proof. If o =0, let f = 0. Otherwise, take p(z) = ||z||, Y = span{x(} and

flaxo) = allzol|.
We see that f is a complex linear functional on Y. Also, |f(z)| = ||z|| < p(z) for all z € Y.
Then, applying the preceding theorem to obtain a linear functional on X that extends f. O

Next, we discuss separation of sets by a linear functional. The question is that “can we find
a linear function which the value of f on a set M is always bigger or equal to the value of f on
a set N7". So, for given sets M and N, we are searching for a linear functional on X which
f(z) < f(y) forall x € M and y € N.

4.1.9 Definition. Let V' be a vector space, M, N C V. A linear functional f on V is said to
separate M and N if
sup Re(f(N)) <inf Re(f(M)).

Note that foraset S CV, f(S)={f(y) :y € S}.

4.1.10 Examples. We provide some obvious examples.

(1) Let M, N C R. The identity map Id : R — R separates M and N if sup{z € M} <
inf{z € N}.

(2) Let A : R? — R be a linear functional. Then A can be represented as a vector A = [a, b]
and A(z,y) = ax + by. Then the normal line {(z,y) : ax + by = 0} divides R? into two sides.
If M is a subset of one side and N is subset of the other, A separates M and V.

(3) In a normed vector space X, let M ={x € X : ||z]| <1} and N ={z € X : ||z| > 1}.
Assume that a non-zero linear functional f separates M and N. Then, without loss of generality
assume that f(z) < f(y) for all z € X and y € Y. We can choose a non-zero vector x € M
such that f(z) > 0. Then, y = —2z/||z|| € N because ||y|| = 2 > 1. By linearity of f,
fly) = =2f(z)/||z|| <0 < f(z). This contradicts our assumption. Therefore, there is no linear
functional separating M and N.
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