FINITE ENERGY SOLUTIONS OF SELF-ADJOINT ELLIPTIC MIXED
BOUNDARY VALUE PROBLEMS.

GILES AUCHMUTY

ABSTRACT. This paper describes existence, uniqueness and special eigenfunction represen-
tations of H'—solutions of second order, self-adjoint, elliptic equations with both interior
and boundary source terms. The equations are posed on bounded regions with Dirichlet
conditions on part of the boundary and Neumann conditions on the complement. The sys-
tem is decomposed into separate problems defined on orthogonal subspaces of H'(2). One
problem involves the equation with the interior source term and the Neumann data. The
other problem just involves the homogeneous equation with Dirichlet data. Spectral repre-
sentations of the solution operators for each of these problems are found. The solutions are
described using bases that are, respectively, eigenfunctions of the differential operator with
mixed null boundary conditions, and certain mixed Steklov eigenfunctions. These series
converge strongly in H'({). Necessary and sufficient conditions for the Dirichlet part of the
boundary data to have a finite energy extension are described. The solutions for a problem
that models a cylindrical capacitor is found explicitly.

1. INTRODUCTION

The mixed Dirichlet-Neumann boundary value problems to be investigated here involve
second order uniformly elliptic equations with Dirichlet data imposed on part of the boundary
and Neumann (given flux, or conormal) data on the complementary part of the boundary.
Dirichlet-Neumann (DN) mixed problems sometimes are called Zaremba boundary value
problems in recognition of [25].

First conditions for the existence of finite energy (H'-)solutions of self-adjoint, second-
order equations of the form

Lu(z) = —div(A(z) Vu(z)) + ao(z)u(z) = p(xz) on (1.1)
subject to the mixed Dirichlet and Neumann boundary conditions
u(x) = m(r) on X, and (A(z) Vu(z)) - v(z) = m(z) on . (1.2)

are described. Then uniqueness is shown and explicit spectral representations of these so-
lutions are obtained. Here €2 is a region in R",0€ is its boundary, ¥ is a nonempty open
subset of 90 and ¥ := 9Q \ ¥. Further assumptions on the coefficients and other data will
be specified later. The case A(x) = I,, L = ¢— A with ¢ a constant is the standard model
for these systems. In both electromagnetic field theory and fluid mechanics, the restriction
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to finding solutions in H'(f2) is a standard physical restriction as well as being a natural
setting for variational methods.

The analysis to be described here is based on a decomposition of this inhomogeneous
system into two distinct problems. One is an elliptic boundary value problem with homo-
geneous Dirichlet data n; = 0. This will be investigated using variational methods and the
solutions are found using expansions involving the mixed D-N eigenfunctions. These solu-
tions are described in sections 4 and 6, while the descriptions of the associated basis of mixed
D-N eigenfunctions is described in section 5. The strong convergence of the expansion to
the exact solution is proved.

The second problem involves non-zero Dirichlet data n; on 3 with the source p and the
boundary flux 7, taken to be zero. This is treated as an extension problem for the boundary
data n;. The solution is found as an infinite series involving certain mixed Steklov eigen-
functions. Necessary and sufficient conditions for the function 7; to be a trace of an H'()
function on X are found. This provides an intrinsic description of the spaces of acceptable
Dirichlet boundary data. The associated eigenfunction expansion may be regarded as an
spectral representation of certain integral operators associated with the Dirichlet data. This
generalizes similar results described in [4] for the standard (¥ = 0f2) Dirichlet boundary
value problem for elliptic problems on general regions in R”.

The eigenproblems are described in sections 5 and 8 respectively. The eigenfunctions
are constructed using a sequence of constrained variational problems. The variational prin-
ciples used here are different to those usually used for elliptic eigenproblems and enable
straightforward proofs that appropriately normalized eigenfunctions constitute orthonor-
mal bases of the respective Hilbert subpaces of H(£2). One eigenproblem generates mixed
Dirichlet-Neumann eigenfunctions associated with €2, . The other generates certain mized
Steklov eigenfunctions that provide a basis of solutions of the homogeneous equation £u = 0.
For the case A(z) = A is constant, these eigenfunction expansions may be interpreted as
spectral representations of some classical integral formulae. The methodology to be used
here is independent of the dimension n > 2 and may be regarded as an alternative approach
to some uses of boundary integral equations.

The analysis here is illustrated by the explicit calculation, in section 10, of the series
representation of the solution of a mixed boundary value problem for Poisson’s equation in
a circular cylinder. This equation is a standard model for a cylindrical capacitor. This series
converges in H'(§)) under very simple, and easily verifiable, conditions on the source and
the boundary data.

Mixed Dirichlet-Neumann elliptic problems arise in a wide range of physical and en-
gineering applications. They are common in the modeling of electromagnetic fields where
different parts of the boundary have different physical properties. They also arise in some
fluid mechanical situations including sloshing problems, situations where there are immersed
surfaces and in engineering applications - including situations involving controllers placed on
a small subset of the boundary. Some specific mixed div-curl systems from electromagnetic
field theory are analyzed in [3].

Many texts on second order elliptic partial differential equations and boundary integral
methods describe existence results for finite energy (H'—)solutions of this problem; see
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Hsiao and Wendland [15] or McLean [18] for detailed treatments of more general problems
and Steinbach [21] section 4.1.4 for a specific discussion. There has been considerable work
on the numerical computation of solutions. See Steinbach [21] for an introduction to the
numerical analysis of these problems.

There also is a considerable applied literature describing approximate and series so-
lutions of problems involving physical models with mixed boundary conditions. Much of
the work is formal and requires equations with constant coefficients and domains with some
symmetry. Classical treatments of the analysis of mixed boundary value problems, including
many applications, may be found in the monographs of Sneddon [20] and Duffy [11]. These
texts both emphasize special Fourier series solutions of the problems.

2. DEFINITIONS AND NOTATION.

To analyze this problem, standard definitions, terminology and assumptions will be
used as in Evans and Gariepy [12], save that o, do will represent Hausdorff (n—1)—dimensional
measure and integration with respect to this measure respectively. All functions in this pa-
per will take values in R := [—o0, 00], derivatives should be taken in a weak sense and n > 2
throughout.

A region is a non-empty, connected, open subset of R". Its closure is denoted Q and
its boundary is 92 := 0\ Q. The basic requirement on 2 is

(B1): Q is a bounded region in R™ whose boundary 0S) is the union of a finite number of
disjoint closed Lipschitz surfaces; each surface having finite surface area.

When this holds there is an outward unit normal v defined at o a.e. point of 9€2. The
real Lebesgue space L1(0f2, do) may be defined in the usual way and its norm will be denoted
I-lg.00-

Let LP(Q), H'(Q2) be the usual real Lebesgue and Sobolev spaces of functions on (.
The norm on LP(Q2) is denoted ||.||, and the inner product on L*(Q) by (., .)2. HY(Q) is a

real Hilbert space under the standard H'— inner product
[u, 0], 5 = / [u(z).v(z) + Vu(z)-Vo(x)] d'z. (2.1)
Q

Here Vu is the gradient of the function u and the associated norm is denoted [luf, ,.
When (2 satisfies (B1), then the Gauss-Green theorem holds in the form

/Q u(x) Djv(z) d"x = /69 uvyj do — /Q v(z) Dju(z) d"x for1<j<n. (2.2)

and all u, v in H'(Q) and related versions of the divergence theorem.

The region € is said to satisfy Rellich’s theorem provided the imbedding of H'(Q2) into
LP(Q) is compact for 1 < p < pg where pg(n) := 2n/(n —2) when n > 3, or pg(2) = co
when n = 2.
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There are a number of different criteria on 2 and 0N that imply this result. When
(B1) holds it is theorem 1 in section 4.6 of [12]; see also Amick [1].

The trace map is the linear extension of the map restricting Lipschitz continuous func-
tions on Q to 9. When (B1) holds, this map has an extension to W5(Q) and then
the trace of u on 092 will be Lebesgue integrable with respect to o, see [12], Section 4.2
for details. The region € is said to satisfy the trace theorem provided the trace mapping
v HY (Q) — L%(0%,do) is continuous when either n = 2 and 1 < ¢ < oo or else n > 3
and 1 < ¢ < 2(n —1)/(n — 2). Conditions on the region € under which this theorem
holds are stated and proved in Necas [19], Chapter 2, theorem 4.7 and Adams and Fournier
2], Theorem 5.36. The conditions required by Necas’ result hold when (B1) is satisfied.
Moreover, in theorem 6.2 of chapter 2, Necas shows that the trace map is compact when
1<q<2(n—1)/(n—2). In surface integrals we will often use u in place of yu for simplicity
as was done above in (2.2).

A real number is positive if it is greater than, or equal to, zero; strictly positive if it
is greater than zero. Similarly a function w is said to be (strictly) positive on a set E, if
u(z) > (>) 0 on E. Similarly a real sequence {x,, : m > 1} is said to be increasing if
Tma1 = Ty, for all m; it is strictly increasing provided strict inequality holds here for all m.

When ¥, ¥ as above, let 9% to be the common boundary of these sets. 0% is called

the transition set or interface and may be empty. We have X = £ N'Y and usually require
the following

(B2): ¥ is an nonempty open subset of dQ, ¥ and ¥ have strictly positive surface area,
and o(9%) = 0.

Our requirements on the data for the boundary value problem (1.1)—(1.2) will generally
include the following

(Al):  A(z) = (ajk(x)) is a real symmetric matrix whose components are bounded
Lebesgue-measurable functions on €2 and there exist constants ¢y, ¢; such that

alé < (A@@)€,€) < alg*  forall £€R", ze (2.3)

Here (.,.) is the usual Euclidean inner product and [.| is the Euclidean norm on R™. The
boundary functions 7,79 in (1.2) will be extended to 02 via being identically zero on 3,5
respectively. Since o(9%) = 0, the values of the data on the interface need not be specified
for this analysis.

(A2):  When n > 3, qp is in LP(Q2) for some p > n/2, with ag > 0 a.e on . When
n =2, p>1 here.
(A3): When n >3, pisin LP(Q2) for some p > 2n/(n + 2) and 1y € L1(0S2, do) for some
q>2(1—n""). (Forn =2, we require p > 1 and ¢ > 1.) 1, is in y(H'(Q)).

(A3) implies that the linear functionals associated with integration against p, 7o are in

the dual space of H'(2); see the next section for more comments on this. They are imposed
so that the analysis may be done within the context of the calculus of variations.
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In this paper we shall use various standard results from the calculus of variations and
convex analysis. Background material on such methods may be found in Blanchard and
Bruning [7] or Zeidler [27], both of which have discussions of the variational principles for
the Dirichlet eigenvalues and eigenfunctions of second order elliptic operators. Here a similar
theory for the spectrum of these mixed problems will be described for use in our analysis.

All the variational principles, and functionals to be discussed here will be defined on
(closed convex subsets of) H'(Q). When F : H'(2) — (—o0, 00] is a functional, then F is
said to be G-differentiable at a point u € H' () if there is a continuous linear functional G
on H*(€) such that

Iltir% tHF(u+tv) — Fu)] = Gv) for all v € H'(Q).
In this case we write F'(u) for G and this functional is said to be the G-derivative of F at
u.

3. BILINEAR FORMS AND EQUIVALENT INNER PRODUCTS

The results to be described here are based on special choices for inner products and
associated orthogonal decompositions of H*(£2) and certain of its subspaces. These special
choices simplify much of the analysis and allow the decomposition of the problem into two
quite different subproblems - each of which is analyzed using special bases.

Consider the bilinear form A : H'(Q) — R defined by

A(u,v) = [u,v]ay = /Q (A(z)Vu) - Vo d"x —I—/ uv do (3.1)

2
Here 6(F) := o(F)/o(X) is a normalized surface area measure on X.

The following result shows that this bilinear form defines an inner product on H'(Q)
that is equivalent to the standard H'—mnorm (2.1). The corresponding norms is denoted by
|u]| 45, and is called the AX-norm on H'(Q2). When A(z) = I,, this inner product and norm
will be denoted [u, vy, and ||u|s, respectively and called the X-inner product, or norm, on
HY(Q).

Theorem 3.1. Assume (A1), (A2), (B1) and (B2) hold, then (3.1) defines an inner product
on HY(Q) and there are constants Cy, Cy such that

Cillulliy < llullay < Collully, for any we HY(Q). (3-2)

The norms ||u|| 45, ||ulls are equivalent to the standard norm on H'(S).

Proof.  When (A1) holds, A(u,v) is finite for each u,v and is symmetric. A(u,u) = 0
implies v = 0 in H'() since ¢y > 0. To prove the first inequality in (3.2), we first show that
there is a A\; > 0 such that

Ao(u,u) = /Q (AVu)-Vu dz + /

u*ds > A\ / uw* d"x  forallu € H'(Q). (3.3)
> Q
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Let B :={u e H'(Q) : ||ul| ;5 < 1} be the unit AX—ball in H'(Q2) and define the functional
Q: H'(%2) — [0, 0) by
o) = ful? = / 2 d'g (3.4)
Q

Consider the problem of maximizing the functional @ on B. (B1) and Rellich’s theorem
imply that Q is weakly continuous on H'(f2), so Q attains a finite maximum ~ on B. Then
by homogeniety

Qu) < v[u,ulay  forall we HYQ). (3.5)
Thus (3.3) holds with A; = 1/7. The definition (2.1) and assumption (A1) yield

collul|?, < /Q (AVu) - Vu d"z + ¢oQ(u)

Combine these last two inequalities to obtain the left inequality in (3.2).

To prove the second inequality in (3.2), observe that v : HY(Q) — L?(09,do) is a
continuous linear map, so there is a constant Cj, such that

/ wdo < G HUH1,22 (3.6)
o9
Substitute this in (3.1), then assumption (A1) yields
2 —1 2
[ullys < (a2 + () Cy) llully 5
so the right inequality holds. These inequalities combine to show that these norms are

equivalent. m

Associated with the lowest order term in £ are the bilinear and quadratic forms Ay, Qy
defined by

Ao(u,v) = / auv d'r  and Qp(u) = / agu® d'z (3.7)
Q Q

The following result will be used repeatedly.

Proposition 3.2. Assume (B1) holds and ay satisfies (A2), then the bilinear form Ay is
continuous and the quadratic form Qq is convex and continuous on H*(Q)). Whenp > n/2 in

(A2), then Aqy is weakly continuous in each variable separately and Qg is weakly continuous
on H'(Q).

Proof.  Our assumptions on €2, 9Q) are such that the Sobolev imbedding theorems hold for
this region. Thus v € H*(Q) and n > 3 implies that u € L*(Q2) for 1 < s < 2n/(n — 2). Let
Sm = 2n/(n — 2) and use Holder’s inequality to see that

[ Ao(u, 0)| < laol|, [lu

Thus (A2) implies Ay is bounded, so it is continuous. The Sobolev imbedding is compact
when s < s, so this bilinear form is weakly continuous in each variable when p > n/2.

Sm |U Sm Wlth p = n/2

The associated quadratic form Qq is convex since it is positive on H'(Q). It is contin-
uous when p > n/2. When p > n/2, the using Holder as above with some s < s,,, yields
that Qg is weakly continuous. O
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A consequence of this result is that when (A2) holds then the bilinear form A4, :
H'(Q) — R defined by

Ai(u,v) = A(u,v) + Ao(u,v) = /

[(AVu) - Vo + agu v] d"x + / uv do (3.8)
Q

b
also defines an equivalent inner product on H'(Q). This is called the £ X—inner product on
H'(Q) and denoted [., .|z 5.

Define the linear functional F': H*(Q2) — R by

F(u) = /Q pual"x%—/i N u do. (3.9)

This linear functional represents some of the "source terms” for our mixed boundary value
problem. Straightforward analysis, using the Sobolev theorems and Holder’s inequality leads
to the following result.

Proposition 3.3. Assume (B1), (B2) and (A3) hold, then the linear functional F' defined
by (3.9) is continuous.

The special decompositions of H'(€) to be used here are determined by the set ¥
where the Dirichlet boundary condition holds. When E is a nonempty open subset of 0f2,
the characteristic function of E is the function that is 1 on E and zero otherwise. It is a Borel
measurable function. Define Pg : L*(09,do) — L?(09,do) by Pgu(x) := xg(z)u(z), then
Pg is a self-adjoint projection on L?(99,do). Pg has infinite dimensional range whenever
o(E) > 0 as the space of continuous functions on 92 with support in E is a subset of this
range.

Define Hy(2) to be the subspace of H'(Q) of all functions that satisfy Pgyu = 0.
This is equivalent to requiring that

yu(z) = 0 o a.e. on Y. (3.10)
HL,(Q) is a closed subspace of H'(€2) when (B1) and (B2) hold as v and Ps are continuous
linear operators. The AY— and £ X—inner products on Hy,(£2) reduce respectively to

[u, v]ax = /Q(AVU)-VU d"r and [u,v]py = /Q[(AVU)-V’U + aguv] d"x (3.11)

as the boundary integrals vanish when u € Hyy ().
The weak form of our system is to first find solutions @ € Hyy(£2) of
Ai(u,v) = F(v) for all v € Hgo(Q). (3.12)

The space H'(Q) has an £ X—orthogonal decomposition given by (7.3). Suppose @ € H* ()
is a solution of the system

Aj(w,v) = 0 forall ve Hyy(R) and yw = 1y on 9. (3.13)

Then w will be in the complementary subspace and, by linearity, @ 4w will be a finite energy
solution of (1.1) —(1.2). In the following these problems will be investigated separately since
their analysis is quite different.
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4. VARIATIONAL PRINCIPLES FOR THE COMPONENT IN Hg,(Q)

To describe the H'—solvability of the mixed boundary problem (1.1) — (1.2), we shall
first consider the case with zero Dirichlet data on 3. That is, take n; = 0 and seek functions
i € Hyy(Q) satisfying

/ [(A-Vu) -Vw + (apu — p)w] d"z — / nwdo = 0 for all w € Hy(Q).  (4.1)
Q 5
Such a function may be regarded as a weak solution of the mixed boundary value problem

—div(AVu) + apu = p  on(, subject to (4.2)
u =0 on ¥, and (AVu)-v =19 on . (4.3)

When A;, F as in section 3, this equation has the form
Ai(u,w) = F(w) for all w € Hyy ().

Existence results for this problem in Sobolev spaces are straightforward; see Steinbach
[21] theorem 4.11 for a recent exposition. Here we are interested in certain representation
and approximation results that hold under further conditions on the data. When (p,n)
obey (A3) the following result guarantees the existence of a unique solution and provides an
H'—estimate on the solution.

Theorem 4.1. Assume (A1) - (A3), (B1) and (B2) hold. Then there is a unique solution
@ of (4.1) in Hyy(Q) and there exist constants ki, ks such that

lally, < Ealloll, + ke llnll,s (4.4)

where p,q as in condition (AS3).

To prove this theorem, we shall show that there is a convex variational principle for
the solutions of (4.1) and that the variational problem has a minimizer on Hg, ().

Define the functionals Dy and D on Hg,(Q) by

Do(u) := /Q [(AVu - Vu) + agu’] d'z, and (4.5)

D(u) = Do(u) — 2 /

pudiz — 2 / nu do. (4.6)
Q S

Consider the variational problem of minimizing D on Hg,(2). Note that D has the form
D(u) = Do(u) — 2 F(u) In particular, when (A2) holds then (3.11) shows that Dy(u) will
be the square of the £ % norm on Hy (1) .

Theorem 4.2. Assume (A1) - (A3), (B1) and (B2) hold. Then there is a unique minimizer
@ of D on Hyy(Q). This minimizer satisfies (4.1) and there are constants ky, ko such that

(4.4) holds.

Proof.  We first prove the existence of a unique minimizer of D on Hy,(£2). Assumptions
(A1) and (A2) imply that Dy is continuous, strictly convex and coercive on Hg,(€2) from
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properties of the norm, the Sobolev imbedding theorem and inequality (3.2). When Rellich’s
theorem and the trace theorem hold, then (A3) guarantees that the integrals

/ pu d"x and / nu do
Q 5

define continuous linear functionals on Hg,(2) when p,q as in (A3). Hence D will be
continuous and has a unique minimizer 4 on Hg, ().

The functional D is G-differentiable with derivative given by

@) =2 |

g [(AVu) - Vw + (agu — p)w] d"z — 2 / nw do. (4.7)

>
A minimizer of D will satisfy (D’'(u), w) = 0 for all w € Hy, (), so @ satisfies (4.1).
Put w = w =4 in (4.1), then

/ [(AV4) - Vi + ap®] d"x = / pi d"x + / ni do. (4.8)
Q Q >

Use (A2), the ellipticity inequality (2.3) together with Holder’s inequality for the right hand
side, then

~ 112 ~ ~
collallzs < lell, lall, + lnllgs lall, s

where p/, ¢’ are the conjugate indices to p,q. Apply inequality (3.2) to the left hand side and
use Rellich’s theorem and the trace theorem to the terms on the right then

coCtlalt, < lel, + nllysa ] lélh (4.9)
which yields (4.4) as desired. O

Proof.  of Theorem 4.1.  Theorem 4.2 shows that there is a solution @ of (4.1) - and
it is the unique minimizer of D on Hg,(€2). If there were another solution @ € Hyey(2) of
(4.1), then @ would be a critical point of D on Hy(Q) from (4.7). Since D is convex, the
only critical points are minimizers, so @ would also be a minimizer of D. Since D is strictly
convex, we must have % = 4 so the solution of (4.1) is unique. O

The inequality (4.4) provides an estimate for the continuous dependence of the solutions
of this problem on the data p and n. This result shows that this problem for finite-energy
solutions in Hyy(Q) is well-posed provided the data satisfies (A3), the boundary satisfies
(B1) and (B2) and the equation satisfies (A1) and (A2). Specifically, we have the following
corollary.

Corollary 4.3. Assume (A1) - (A3), (B1) and (B2) hold. Then there are continuous linear
transformations Go : LP(Q2) — Hyo(Q) and Gy = LI(0Q, do) — Heo(Q) such that the unique
solution @ of (4.1) in Hyy(Q) is given by

W(z) = (Gop)(x) + (Gin)(x). (4.10)

Go is a compact linear mapping when p > 2n/(n+ 2). Gy is a compact linear mapping when
q>2(1—nt).
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Proof.  Putn = 0on Y, and consider the solution of the problem (4.1). Denote the solution
by Gop, then Gy is linear, its range is a subspace of Hg,(Q2) and the estimate (4.4) shows
that Gy is continuous. When p > 2n/(n + 2) then the imbedding of L?(Q) into H~(Q) is
compact and the operator Gy is continuous from H () to Hyy(Q) from theorem 4.11 of
Steinbach [21], hence Gy is compact.

Simlarly put p = 0 on Q and solve (4.1). Denote the solution by Gin, then G is linear,
maps into He,(2) and theorem 4.1 shows that G; is continuous. For ¢ > 2(1 —n™!), the
imbedding of L9, do) into H~'/2(99) is compact from duality and the fact that 7 is
compact. So G is a compact linear mapping. O

5. MIXED DIRICHLET-NEUMANN EIGENFUNCTIONS.

In this section, some basic results about eigenvalues and eigenfunctions of the operator
L subject to mixed zero boundary conditions will be derived. The results may be obtained by
a number of standard approaches as described, for example, in the monographs of Weinberger
[23] or Bandle [6]. Here, however, the results will be obtained in a manner that is similar
to the way that the theory of Steklov eigenfunctions will be described. This avoids the
use of Rayleigh quotients and enables a straightforward proof of the completeness of the
eigenfunctions.

A real number ) is said to be a Dirichlet-Neumann, or DN, eigenvalue of £ provided
there is a non-zero function v € Hg,(Q) such that

/ [(AVv) - Vw + (ag — N vw]d'z = 0 for all w € Hy(Q). (5.1)
Q
Any such v will be said to be a DN eigenfunction of £ corresponding to the eigenvalue .
(5.1) is a weak form of the system
Lv = —div(AVv) + apv = M on {2, subject to
v = 0 on ¥, and (AVv)-v = 0 on .

From (3.8), (5.1) may be written as

A (v,w) = [v,wley = )\/ vw d"x for all w € Hyy (). (5.4)
0

The successive eigenvalues, and corresponding eigenfunctions of this problem, can be
constructed using variational principles. Let C; be the subset of functions in He(Q) satisfy-

ing |[ullzs < 1 and consider the problem of maximizing the usual L*~norm Q(u) := ||ul/}
defined by (3.4) on C4.

Theorem 5.1. Assume (A1), (A2), (B1) and (B2) hold. Then there are maximizers v,
of @ on Cy. The mazimizers satisfy (5.1) and ||v1||zcs = 1. The corresponding eigenvalue
A1 is positive and is the least eigenvalue of (5.1).
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Proof.  Q is weakly continuous on H'(f2), from Rellich’s theorem when (B1) holds. C}
is weakly compact in H'(2) as it is a closed, bounded, convex subset. Thus Q attains its
supremum on C; and this supremum is finite. Let +v; be maximizers of Q on C}.

Define the Lagrangian functional M : Hy, () x [0,00) — R by

M(v,p) = =Q) + p([lv]les® = 1). (5.5)
This functional has the property that

sup Q(v) = —  inf sup M (v, p) (5.6)

veCy veHE () 1€[0,00)

Hence the maximizers of Q on C occur at critical points of M from the inequality multiplier
theorem for smooth convex constrained problems. M is quadratic in v and a critical point
0 satisfies

(Dy M (v, p),w) = /Q {p[(AVv) - Vw + agvw] — vw} d"z = 0 (5.7)

for all w € Hyo(R2) and some p > 0. If g = 0, this implies that & = 0 which cannot be a
maximizer of @ on C;. Thus p > 0 and ¢ satisfies (5.4) with A = p=t > 0. Putv=w =1,
in this equation then

1> Julzy = AQ(w) (5.8)
At the maximizer v; of @ on C}, we must have |[v;]|%y, = 1 by scaling. Then this equation
yields
Q(vy) = 1/A.
If v; is a maximizer of Q, then A\ must be the least eigenvalue A\; of this problem. O
Suppose that the first M — 1 DN eigenvalues of £ are 0 < A\; < Ay < ... < Apy1. Let
{v;:1<j < M—1} be an associated family of DN eigenfunctions that are L?—orthonormal

on © and have ||v;||zx = 1 for each j. To find the next eigenvalue and an eigenfunction
corresponding to this eigenvalue, consider the problem of maximizing the L?—norm Q on

Cy = {ueC :/uvjd"xzo for1<j<M-1}
Q

The following theorem describes the solutions of this problem.

Theorem 5.2. Assume (A1), (A2), (B1) and (B2) hold. For each M > 2, there are
mazimizers vy of @ on Cyp that satisfy (5.1) with and ||vy|lzs = 1. The corresponding
eigenvalue \yy is the least eigenvalue of this problem greater than or equal to A\y;_1 with

lvarllz = Aar ™2 and [, v5les = 0 for1<j<M-—1. (5.9)

Proof.  The existence follows just as for theorem 5.1, since each extra constraint involves
a continuous linear functional so each C}; is closed and convex. For this problem the La-
grangian will be M 5 : H(Q) x [0, 00) x RM~! — R defined by

My (v, p, &) == M (v, pn) — Z_ & (v,v5)2. (5.10)
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Here M is the Lagrangian of (5.5). Just as in the previous proof, this has the property that
sup Q(v) = —  inf sup M y(v, w1, €) (5.11)

veCym VEHL(Q) (11,€)€[0,00) xRM —1
Hence the maximizers of @ on C); occur at critical points of M ,; from the well-known
multiplier theorem. The critical points of M ,; satisfy

M-1

/Q {p[(AVV) - Vw + agvw] — vw} d"xz — Z & (w,v)2 = 0 (5.12)

J=1

for all w € HL)(Q), some p > 0 and £ € RM~L. If 4 = 0, this implies that 9 is a linear
combination of the v;, so 0 = 0 as it is in Cj;. 0 cannot be a maximizer of Q on Cj so
1> 0. Divide by p then v satisfies

M-1

Ai(v,w) = X |(v,w)s + Z & (v, w)o

=1
for all w € HEo(9).

When M = 2, take v = vy, w = vy here then A(vy,vy) = & /A1 from the definition of
vy and the value of Q(v;). However (5.4) implies that A(vy,v5) = 0since (vq,v3)9 = 0. Thus
& = 0 and vy is a solution of (5.1) corresponding to an eigenvalue ;. Since |lvgf|,v = 1,
this equation implies that ||vs]|, satisfies the first part of (5.9).

Induction and minor modifications of these arguments then proves this result for arbi-
trary integers M. 0

The preceding theorem generates a countably infinite L?—orthogonal family {v; : j >
1} of DN eigenfunctions of £. This sequence is £ X —orthonormal. For each j > 1, define

wi(z) = Y% v(x) for x € Q. (5.13)

Then € := {w;:j > 1} will be an L?— orthonormal subset of Hgo(Q2) and Dy(w;) = A, for
each 7 > 1.

Theorem 5.3. Assume (A1), (B1) and (B2) hold and the sequence € of mized DN eigen-
values and eigenfunctions is obtained iteratively as above. Then

(i)  each eigenvalue \; has finite multiplicity and \; — oo as j — oo,

(1) & is a mazimal L*—orthonormal set in Hy,(2), and

(11i)  (wj,wi)ex = N forall j, k>1 .

Proof.  The infinite sequence of eigenfunctions {v; : j > 1} defined by theorems 5.1 and
5.2 obey ||vj| 5, = 1 and this is an equivalent norm to the usual norm on Hy(€2). Thus v;

~1/2

must converge strongly to zero in L?(2) from Rellich’s theorem. Since ||v;]l2 = A, from

theorem 5.2, (i) follows.

Suppose € is not a maximal L?—orthonormal set in Hy(€2). Then thereis a z € Hyy(Q)
such that

12l ;5 = 1 & (z,wj)2 = 0 forall j>1
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|l -, is @ norm so ||z, = ¢ > 0. Suppose M is so large that \; < ¢? for j > M. Then vy
is not the next maximizer of Q@ on Cj;11. This contradicts the construction, so there is no
such z and the sequence £ is maximal.

The orthogonality in (iii) holds from the last part of (5.9). When j = k, this holds
since ||v]| .5, = 1. O

6. SPECTRAL REPRESENTATIONS OF SOLUTION OPERATORS

Given that & is an L?>—orthonormal basis of Hy,(f2), one may ask about the possible
representations, and approximations, of the solutions of (4.1) using eigenfunction expansions.
Assume that the solution of (4.1) has a representation of the form

i(x) = Y cwi(xr)  with ¢ = (@,wy),. (6.1)
j=1
Put w = wy in (4.1), then « satisfies
(U, wiles = pr + Mk for each k > 1, with (6.2)
Pr = / pwy d"x and 7 = / nwy do. (6.3)
Q o9
Substitute (6.1) in (6.2), then (5.1) and orthogonality yields
Ck Nk = pPr + M forall k > 1 (64)

so the solution of (4.1) is
i) = > M ok + me) wi(x). (6.5)
k=1

Theorem 6.1. Assume (A1)-(A3), (B1) and (B2) hold with w; defined as in section 5.
Then the unique solution @ of (4.1) in Hyy () is given by (6.5). This series converges in
HL,(Q) and

N 2 ~ 2 —
lillis® < lalls® = Y M (o + m)’ (6.6)
k=1

Proof.  From theorem 4.1, there is a unique solution of (4.1) and, from theorem 5.3, it
has a representation of the form (6.1) as the set £ is a maximal L*—orthonormal set. The
coefficients are given by (6.4) so from the orthogonality (5.9) we have

e}

~ 2
||UH£E = Z Ci Ak

k=1

which implies (6.6). O
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It is worth noting that the minimizer @ of D on Hy, () obeys Dy(i) = F(a) from
(4.8). Thus the sum in (6.6) is finite and may be estimated in terms of the data (p,7n) by
using (4.4).

In particular, this shows that the solution of this boundary value problem is approxi-
mated by finite rank integral operators. Let V,, be the m-dimensional subspace of Hs(€2)
with the L?—orthonormal basis {wy, ..., w,,} as in (5.13). Let P,, be the usual L?— projec-
tion of Hyiy(Q) onto V;, defined by

Pov = Z ¢ Ww; with ¢ 1= (v, wy). (6.7)
j=1

Suppose U, := Pyt is the m-th partial sum of the solution (6.5), then (6.4) may be
written as

un(z) = / Gl ) ply) d'y + / G, 9) 1(y) do(y) where  (6.8)
Gu(z,y) = Z N wg (@) wi(y) = Z vk () vi(y) (6.9)

is a smooth kernel defined on Q x Q since each vy, wy, is in Hyy(Q).

This sequence {u,, : m > 1} converges strongly to the solution 4 in Hg,(2) as m — oo
since & is a basis of this space

In Corollary 4.3 this solution was described in terms of continuous linear operators
Go, G1. (6.8) shows that these operators can be represented as limits of the finite rank integral
operators defined by this sequence of integral kernels (,,. Moreover the same sequence of
kernel functions yields both of the operators - with G, involving an integral over the region,
while G; only involves a boundary integral.

In the classical theory, the Green’s function for this problem is often defined by
G(z,y) = lim Gn(z,y) for (z,y) € Q x Q.
The sense in which this limit should be taken is often not clear when the G,, are regarded

as functions. The preceding analysis shows that the finite rank integral operators defined in
(6.8) converge in the strong operator topology to the solution operators Gy, G; of (4.10).

7. THE MIXED PROBLEM FOR THE HOMOGENEOUS EQUATION
Given a solution @ of (4.1) in Hy,(£2), the solutions @ € H'(2) of the problem (1.1) —
(1.2) will be determined provided we can also find a function © € H'(f2) that satisfies
Lou(x) = —div(A(x)Vu(x)) + ap(z)v(z) = 0 on 2 subject to (7.1)
vly) = nly) onX and  (A@)Ve(y)-vly) =0 o (72

in some sense. Even for the Laplacian and continuous functions p on ¥, this system may not
have finite energy solutions in H'(€2). Examples of this date back to results of Fichera from
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the early 1950’s; see the references in Wendland, Stephan and Hsiao [24] for a discussion of
this with n = 2.

To study this situation, the subspace of all finite energy solutions of (7.1) that satisfy
the zero flux condition on X is characterized using an orthogonal decomposition of H 1(Q).
Let ker £ (X) to be the orthogonal complement of Hy, () with respect to the £ X—inner
product. It is a closed subspace and we may write

HY(Q) = Hyo(Q) @y ker £(X) (7.3)
where @,y indicates orthogonality with respect to the £ ¥—inner product.
We say that a function v € H*(Q) is £ —homogeneous on € provided it satisfies
Ai(v,p) = [v,¢]es = 0 forall p € CHQ). (7.4)

Here C!() is the set of all C'—functions on  with compact support in Q. The following
theorem shows that ker £ (X)) is the requisite class of finite energy solutions.

Theorem 7.1. Assume (B1) and (B2) hold, then a function v € H*(Q) is in ker L (%) if
and only if v is L —homogeneous on ) and satisfies

(A(y)Vo(y))-v(y) = 0 ocae on¥ (7.5)
Proof.  The definition of the inner product (3.8) shows that v is in ker £ (¥) if and only if
/ [(AVv) - Vw + agvw] d"z + / vw do = 0 for all w € Hy(Q). (7.6)

Q >

Since C'}(Q) is a subspace of Hy, (), this implies v satisfies (7.4) - so it is £ —homogeneous.

Choose w to also be continuous on 2 and apply the Gauss-Green theorem to (7.6), then

[ w (AVv)-v) do = 0.
s
When (B2) holds, there are sufficiently many such w to yield (7.5). O

We will need the following result later.

Proposition 7.2. Assume (B1) and (B2) hold, then the space ker L (X) is infinite dimen-
stonal and

(u,v)y = /2 uv do (7.7)

is an inner product on ker L (X).

Proof. Take E be an open subset of ¥ with £ C ¥ and o(E) > 0. Define Py to be the
projection as at the end of section 3, then PpyH'(2) will be a subspace of PgL?(9,do)
as the trace theorem holds. Assume it is a finite dimensional subspace. Then there is a v €
PpL?*(09, do) such that [[v]|, 5o = 1 and [Jv — yul|, 5o = 1 for all u € H'(Q) since the range

of P is infinite dimensional. This contradicts the fact that the space yH(Q) = H/2(99Q) is
dense in L?*(092,do) from theorem 5.1 of [5]. So the first part holds. Suppose u € ker £ (3)
and (u,u)s = 0, then yu = 0 g a.e. on . So w is also in Hy(2), from (3.10). Thus u = 0
in H'(Q) as ker £ (X) and Hy,(Q) are A; —orthogonal. O
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It may be worth noting that ker £ (£) will not be a Hilbert space with respect to this
inner product (7.7). We say that a function 0 € ker £ (X) is a finite energy solution of
(7.1)-(7.2) provided Ps0 = pu o a.e. on 9€2. This is equivalent to saying that this equality
holds as functions in L*(X, do).

Theorem 7.3. Assume (A1), (A2), (B1) hold and there is a finite energy solution v €
ker L (X) of (7.1) — (7.2), then 0 is the unique solution of this problem in H'().

Proof.  Suppose that vy, v, are two solutions of the problem. Then w := vy — vy is an
L —homogeneous function with w = 0 o a.e. on 2. This implies w € Hy, (). If w is in both
HL, () and its A;—orthogonal complement, it must be zero. Thus vy = vy in H(Q). O

To obtain solvability conditions for this extension problem more information about the
boundary traces of functions in ker £ (X) is required. To obtain this, an orthogonal basis of
this Hilbert space will be described as a class of eigenfunctions in the next section. Then
the functions p for which the problem has an finite energy solution will be characterized in
terms of their expansions with respect to this basis.

8. MIXED STEKLOV EIGENPROBLEMS

Here methods similar to those used in section 5 will be used to construct an orthogonal
basis for the Hilbert space ker £ (X). The resulting functions obey Steklov-type eigenvalue
conditions on 3 so they will be called mixed Steklov eigenproblems.

A real number ¢ is said to be a mized Steklov eigenvalue for L, provided there is a
non-zero function s € H*(2) such that

/ [(AVS)-Vu + agsu] d"x = § / su do for all u € H*(Q). (8.1)
Q s

Any such s will be said to be called a mized Steklov eigenfunction for L ,3 corresponding
to the mixed Steklov eigenvalue 8. Since this right hand side is zero for all u € He(Q2), each
mixed Steklov eigenfunction s is in ker £ (3). Clearly (8.1) is the weak form of the system

Ls(x) = 0 on § subject to (8.2)

(AVs)-v = do(X) s on ¥ and (AVs)-v = 0 on . (8.3)
Eigenfunctions of this type for the Laplacian with n = 2 or 3 have been studied as
modes in the theory of sloshing of a fluid and some analyses of these problems is described
in [13] and [17]. When ¥ = 02, solutions of (8.1) are called Steklov eigenfunctions and were

studied by the author in [4] and [5]. Here similar methods will be adapted to this problem
with ¥ is a proper open subset of 92 obeying condition (B2).

Put u = s in (8.1), then

/ [(AVs) - Vs + ags’] d"x = 6 / s dé
0 >

so when ag is non-zero, or s is non-constant, on €2, the corresponding mixed Steklov eigen-
values are strictly positive. When ap = 0 on €, then §; = 0 is an eigenvalue of (8.1) with
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constant functions on (2 as associated eigenfunctions. In the following analysis, we will
generally assume give the details for the case where agy is not identically zero on €. Any
differences when ag = 0 will be noted.

The successive Steklov eigenfunctions, will be characterized by variational principles
that involve maximizing the boundary functional

Os(u) = /E u? do (8.4)

on various closed convex subsets of H'(2). To find the least mixed Steklov eigenvalue, con-
sider the problem of minimizing Q on the closed convex set By := {u € H(Q) : |lu| ;5 < 1}.

Theorem 8.1. Assume (A1), (A2), (B1) and (B2) hold then there are maximizers £s, of
Qs, on By. The mazimizers satisfy (8.1) and ||u|| . = 1. The corresponding eigenvalue &
18 positive and 1s the least eigenvalue of this system.

Proof.  'When (B1) holds the trace map - is a compact map of H'(Q) into L?(9S, do), so Ox,
will be a weakly continuous functional on H*(€2). The set B is closed, convex and bounded
so it is weakly compact in H*(2). Thus Qs attains a finite strictly positive supremum on
Bj provided o(X) > 0.

The functionals here all are quadratic, G-differentiable and convex, so it is straight-
forward to show that the extremality condition for this problem is (8.1) for some real 6. If
|ul| ;5 < 1, then there is a ¢ > 1 such that c¢s; € By and Ox(cs1) = 2Qx(s1) > Os(s1)
which contradicts the assumption that s; is a maximizer. Hence we must have |ju| .y = 1.
When ay is not identically zero, then d; > 0 as discussed above. When ag = 0, then the least
eigenvalue will be zero.

Suppose s is a mixed Steklov eigenfunction with ||s||,y, = 1 and mixed Steklov eigen-
value 0. Put v = s in (8.1), then

1 = (1+6) Qxn(s)

Suppose § < 41 is a mixed Steklov eigenvalue and s is the associated eigenfunction, then
this implies that Ox(s) > Os(s1). This contradicts the assumption that s; maximizes Qs
on B;. Hence 47 is the least mixed Steklov eigenvalue. O

Lemma 8.2. Suppose (A1), (A2), (B1) and (B2) hold and s;, si, are mized Steklov eigen-
functions corresponding to distinct mized Steklov eigenvalues d;,0x. Then

/ sjspds = 0 and [sj,sklce = 0. (8.5)
b
Proof. When s; is a mixed Steklov eigenfunction corresponding to an eigenvalue d; then,
from (8.1) and (3.8)
[u, sjles = (1 + 5]-)/ us; do for all uw € H'(Q) (8.6)
2

Put u = s; here, then

(1 +5j)/ sps;jdo = (1 +5k)/ sk sj do
>

b
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/ sjspdo = 0
b

so the first equality in (8.5) holds. Substitute this in (8.6) to obtain the second equality. [J

When §; # 0y, this implies that

Functions u,v € ker £ (X)) are said to be ¥—orthogonal provided (u,v)s = 0 with the
inner product (7.7). When s, is an mixed Steklov eigenfunction then (8.6) yields

Isillzs = (1+ ) lssls. (8.7)

Given the first M-1 mixed eigenvalues of this problem and a corresponding family of
mixed Steklov eigenfunction for £, there is a variational principle for determining the
next smallest mixed eigenvalue. Let the first M — 1 mixed Steklov eigenvalues be 0 < §; <

Jp < ... <0py-1and Sy = {s;:1<j <M —1} be an associated set of mixed Steklov
eigenfunctions. For M > 2, assume that the functions in Sy;_; are normalized so that
Isill 5 = 1 and (s;,sg)x = 0 for1<j<k<M-1. (8.8)

Consider the problem of maximizing the functional Qy defined by (8.4) on
By ={ue By : (u,s;)x =0 for 1 <j<M-—1}.
For each integer M, Bj, is non-empty from proposition 7.2.

Theorem 8.3. Assume (A1), (A2), (B1) and (B2) hold. Then there are maximizers sy
of Qs on By that satisfy (8.1) and ||su||,w = 1. The corresponding eigenvalue 6y; is the
least mized Steklov eigenvalue greater than or equal to dp;_1.

Proof. The set By is a bounded, closed convex set in H*(2), so it is weakly compact.
The functional Qs is weakly continuous on H'(f2) so it attains its supremum on Bj,. This
supremum will be strictly positive from proposition 7.2. Let s;; be a maximizer then —s,; is
also in Bj; and takes the same value so it is also a maximizer. The proof that ||sy|| . =1
is the same as in Theorem 8.1.

Consider the Lagrangian functional M g : H}(Q) x [0,00) x R¥~! — R defined by

M-1
Ms(v, 1, 8) == —Qxn(v) + p (HUHLZ SECIEND (8.9)
7j=1
This functional has the property that
sup Qx(v) = — inf sup Mg(v,p,§) (8.10)

vEB Ny veHN(Q) e

The maximizers of Qs on B, are critical points of M g from the multiplier theorem for
problems with convex constraints. The critical points of M g satisfy

,LL/Q [(AVY) - Vw + apvw] dx + (u — 1)/2 vwds = 0.5 Z_ & (w, sj)s. (8.11)
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for all w € HY(Q), some p > 0 and & € RM-1 If 4 = 0, this implies that © is a linear
combination of the s;, so 0 = 0 as it is in By;. Thus ¢ > 0 as 0 cannot be a maximizer of
Oy, on By;. Divide by p then v satisfies

M-1
Aj(v,w) — 6 /2 vwds = (2u)7" Z & (sj,w)s
j=1

for all w € H'(Q) and with § := p~' — 1.

When M = 2, take v = s5, w = s7 here, then A(s1,s2) = 0so & =0 and s; is a
solution of (8.1) corresponding to an eigenvalue d,. Just as for the DN eigenproblem case,
we can now show that dy is the least eigenvalue greater than d;. An induction argument
generalizes this proof to an arbitrary integer M. O

This result shows that if (8.8) holds for Sy, then it continues to hold for Sy, with this
choice of sys. Iterate this process to obtain an increasing sequence {d; : j > 1} of eigenvalues
and a corresponding £ Y—orthonormal sequence of eigenfunctions S = {s; : 7 > 1} of
(8.1). The following theorems provide some standard properties of these eigenvalues and
eigenfunctions.

Theorem 8.4. Assume (A1), (A2), (B1) and (B2) hold and (6;,s;) are successive mized
Steklov eigenvalues and eigenfunctions constructed iteratively so that (8.8) holds for all M.
Then each eigenvalue 6; has finite multiplicity, 6; — oo as j — oo and S is a mazimal L3 —
orthonormal set in ker L (3).

Proof. Put u=s; in (8.7) then, for all j > 1,

1+ 5j)/ s;2de = 1. (8.12)

The sequence S of mixed Steklov eigenfunctions is an infinite £ Y orthonormal set in H'(£2),
so it converges weakly to zero. Then vs; converges strongly to zero in L*(92,do) as v is
compact. This together with (8.12) implies that J; cannot be bounded so §; must increase
to oo as j increases.

Suppose the sequence S is not maximal. Then there is a w € ker £ (3) with
|w],n =1 and [w,s;lzy = 0 for all j > 1. (8.13)

From proposition 7.2, Oy (w) is strictly positive as w is non-zero and Qs (s;) — 0 as j — oo
from (8.12). Let J be the first value of j for which Ox(s;) < Qs(w). Then s; can not be
the maximizer of Oy, on B;_;. This contradicts the definition of s; so there is no such w
and § is maximal as claimed. 0J

9. FINITE ENERGY SOLUTIONS OF THE EXTENSION PROBLEM.

It is well-known [16], [26] that the criteria for the existence of H'—solutions of a
Dirichlet problem for Poisson’s equation on a bounded region satisfying (B1) is that the
boundary trace 7 be in a space usually denoted H'/?(9Q). This is a proper dense subspace



20 AUCHMUTY

of L?(09, do). This criterion may be generalized to our mixed boundary value problem. That
is, a necessary and sufficient criterion on the boundary data 7, ¥ is found, for the existence of
a finite-energy solution of this extension problem. The criterion involves a spectral condition
similar to the intrinsic definition of H'/2(9Q) described in Auchmuty [5].

Henceforth L*(X, da) is the usual Lebesgue space with inner product defined by (7.7).
An obvious necessary condition for there to be a finite energy solution of (7.1) —(7.2) is that
n € L*(X, do) since the trace map v : H'(Q) — L*(982,do) is linear and continuous.

Let & be the maximal £>— orthonormal sequence of mixed Steklov eigenfunctions
defined in the previous section. For j > 1, define g; : ¥ — [—o00, 00] by

gi(y) = (L+8)% (ys))(y)  foryeX. (9-1)
From (8.1), and (8.8) the sequence S := {g, : j > 1} is an orthonormal subset of L*(%, d&).
Given n € L(%, dg), the j-th X—Steklov coefficient of n with respect to S is

¢ = (n,g;)s = / ng; do (9.2)
n

The results about the extension problem may be summarized as follows.

Theorem 9.1. Assume (A1)-(A3), (B1) and (B2) hold and (6;,s;) are successive mized
Steklov eigenvalues and eigenfunctions as above. Then there is a solution © € H*(Q) of
(7.1) — (7.2) provided the X—Steklov coefficients {c; : 7 > 1} of n satisfy

(1 +46;) ¢ < (9.3)
7j=1
When this holds, the solution of (7.1) — (7.2) is
ox) = Y (1+8) e sa)  and Bl = D (14 8) e’ (94)
7j=1 7j=1

Proof.  Tf (7.1) — (7.2) has a solution in H*(£2), then it will be in ker £ (3), so from theorem
8.4 and the Riesz-Fischer theorem, it has an £ >—orthonormal representation of the form

o) = D aysi(e)  with [0z = D o (9.5)
j=1 j=1

as S is a basis of ker £ (X). Apply the trace operator to this, then ¢ is the finite energy
solution of (7.1) — (7.2) if and only if

[e.9]

(10)@) = 3 a; (vs)(@) = n(z) on.

j=1
Take inner products on ¥ of this with g, then
Yo, gi)y = ax (1 + 05)7Y2 = ¢
using (9.1) and the orthonormality of S. Thus
ar = (1 + 6)"%c for each k > 1. (9.6)
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Substitute this in (9.5) to obtain (9.4). The uniqueness of this solution was proved in theorem
7.3. 0J

Define the space H'/?(¥) to be the subspace of L?(X, dé) for which (9.3) holds. This
theorem says that H'/2(3) is the space of allowable traces of £ —homogeneous functions on
Q that satisfy the no flux condition (7.5) on ¥ and have finite energy. H'/?(X) is a real
Hilbert space under the inner product

[e.e]

(1o = > (14 6)uv (9.7)

=1

where u;,v; are the ¥ —Steklov coefficients of u,v. Let Qx5 be the projection operator of
H'(Q) onto the subspaces ker £ (X) associated with the decompositions of (7.3). Theorems
7.3 and 9.1 may be combined as follows.

Corollary 9.2. When the conditions of theorem 9.1 hold, the ¥ —trace map vQ,x : H () —
HY2(X) is surjective. It is a linear isomorphism of ker L (X) and HY?(X). For each n €
H'2(X) there is a unique solution 0 € H'(Q) of (7.1) — (7.2) obeying (9.4).

Proof.  Theorem 9.1 shows that for each n € H/2(%), there is a v € ker £ (X) with yv = 7.
Hence this map is surjective. Theorem 7.3 says that the mapping is 1-1, so this result
holds. O

This corollary implies that a necessary and sufficient condition for there to be a finite
energy solution of (7.1) — (7.2) is that n € H'/?(X).

These weak solutions ¢ of (7.1) — (7.2) may be approximated by certain boundary
integrals and represented formally by boundary integral operators. Let vy, be the M-th
partial sum of the series in (9.4), then

vy (z) = Z (14 6;)"%5;(x) /2 n g; do (9.8)
= /2 Py (z (y) do(y) where (9.9)
Py(z,y) = Z 146;) s;(x) vs;(y). (9.10)

Each Py is a well-defined function on € x ¥ and theorem 9.1 says that

o(x) = lim Py(z,y) n(y) do(y) for x € Q. (9.11)

M—co »

This series converges strongly in H'(2) and (9.10) provides convergent finite rank approxi-
mations to the solution 7.
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By superposition, this solution together with theorem 6.1 combine to provide a spectral
decomposition of the unique solution @ of the original problem (1.1) — (1.2). It is
i) = Y [T e+ me) we(@). + (140" o si()] (9.12)
k=1

Here the wy, are L?— orthonormal DN eigenfunctions on 2, while the s; are mixed Steklov
eigenfunctions that are £ ¥ — orthonormal on €. The coefficients py, n, come from (6.3) with
72 in place of 1. ¢ is defined by (9.2) with r; in place of . Note that the each solution
operator involved here is either continuous or compact so these problems are well-posed
under our assumptions provided also that n, € H'/?(X).

10. MIXED PROBLEMS ON A FINITE CYLINDER

To illustrate this approach, consider the problem of solving Poisson’s equation on a
finite circular cylinder with mixed boundary conditions. Take the z-axis to be the axis of
symmetry and normalize the radius of a cross-section of the cylinder to be 1. Assume the
height of the cylinder is 2h and the plane z = 0 is the midplane of the cylinder. Dirichlet
conditions are given on the bottom and top plates at z = 4+h and prescribed flux conditions
hold on the sides of the cylinder at » = 1. Problems such as this arise in the theory of
cylindrical capacitors, see [11], Chapter 2, section 2 where references dating back to Kirchoff
in 1877 are given.

Cylindrical polar coordinates (1,6, z) will be used, B; := {(r,6) : 0 <r < 1,0 €
[—m, m], } is the open unit disc in the plane and 2 := B; x (—h, k). Write ¥_;,%; for the
bottom and top plates respectively so that & := ¥_; UX;. Then X is the open cylindrical
surface ¥ = {(1,0,2):0 € [-m,7],—h <z <h }.

Consider the problem of solving Poisson’s equation on this cylinder. The boundary
value problem becomes

—Au(x) = p(x) onQ, subject to (10.1)
u(r,0,h) = n(r,0) and  wu(r,0,—h) = no(r,0) on By, (10.2)
g—:f (1,6,2) = m(f,2) on X (10.3)

The conditions (Al) - (A2) and (B1)-(B2) obviously hold. To investigate the first
problem associated with this system we require

(A4): pisin LP(Q) for some p > 6/5 and 1, € LI(0, do) for some ¢ > 4/3.

The component 4 € Hg,(€2) is found by solving the variational problem described in
section 4. That is we seek the possible minimizers of the functional

D(u) = /Q [|Vul]?] — 2 pu] d®x — 2/i N2 u do. (10.4)

on Hiy(2). This is a standard coercive convex quadratic variational principle that has a
unique minimizer.
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The solutions of this variational problem have a representation in terms of the eigen-
functions of the Laplacian with mixed homogeneous boundary conditions. The mixed eigen-
value problem associated with this is to find the values of A for which there are non-trivial
solutions of

/ [(Vv)-Vw — Avw] d®r = 0 for all w € Hyy(9). (10.5)
Q

The eigenfunctions of this mixed Laplacian eigenvalue problem may be found using sep-
aration of variables in a standard manner. There are two classes of eigenfunctions. The
axisymmetric eigenfunctions have the form

ero(r) = Jo(&ur) cos ((Qk — 1)%)

There also are eigenfunctions of the forms

eeim(r) = Jp(&ur) cos ((Qk — 1)%) cos mb, and (10.6)
Fum() = J(Epr) cos ((Qk - 1)%) sin mé (10.7)

Here m,k € N, J,, is the usual Bessel function of integer order and &, is the 1-th positive
zero of J .

These eigenfunctions may be normalized to be an L?— orthogonal basis of Hg,(Q) and
the minimizers of the functional D may be represented as a infinite series involving these
eigenfunctions as described in section 6. When (A4) holds this series converges in Hy(€2).
The partial sums of this series may be regarded as Galerkin approximations to the solution.

The mixed Steklov eigenproblem associated with this is quite different. The weak form
of the system is, from (8.1),

/Q Vs-Vud’r = § /2 surdrdd  forallu € H'(Q). (10.8)

This is the weak form of the system
—As(z) = 0 on £, subject to % (1,6,2) = 0 on X (10.9)
%:55 onz=h & %:—53 onz = - h. (10.10)

The non-trivial solutions of this problem may be found using separation of variables.
Let e; be the k-th Neumann eigenfunction of the Laplacian on B; that satisfies

/ Ve Vv = ,u;f/ ev d*x for all v € H' () (10.11)
Q Q

The first eigenvalue is \g = pp = 0 and the subsequent eigenvalues are \, = 2 > 0.
Normalize the eigenfunctions to be L?—orthogonal on B; so that

/ exe; rdrdd = 0 when k # [ and / ey rdrdd = n for k>0. (10.12)
B1 B1
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Some straightforward analysis yields that the mixed Steklov eigenfunctions of this
problem are

vo(r,0,z) = 1 corresponding to  d§y =0, (10.13)

Oo(r,0,2) = z/h corresponding to 0y = 1/h, (10.14)
vp(r,0,2) = ep(r,0)cg(z) corresponding to  §; = ug tanh puih (10.15)
Op(r,0,2) = en(r,0)s,(z) corresponding to 0 = g coth ph (10.16)

Here the functions ¢, s; are defined for £ > 1 by

cosh gz _ sinh gz

ce(z) = and  sg(z

cosh ph ~ sinh ik

The mixed Steklov eigenvalues will be the union of these sequences of dy, Sk Note that the
two classes of eigenfunctions here correspond to functions that are even or odd respectively
about the midplane z=0.

When the functions ny,n; are in L?(Bj), they will have expansions in terms of the
Neumann eigenfunctions of —A on B;. Suppose that these expansions are

ni(r,0) = Z a,(cj) ex(r,0) with a,ij) =t / njer(r,0) rdrdb. (10.17)
k=0 B

The mixed extension problem is to find the solution w of Laplace’s equation on €2 that
satisfies the mixed boundary conditions

w(r,0,h) = ni(r,0) and  w(r,0,—h) = no(r,0) on By, (10.18)
P .
%1,0,2) = 0 on¥ (10.19)
or
Following the analysis of the previous section, the solution is
w(r,0,z) = [ag vg(r, 0, 2) + by Ox(r, 0, 2)] with (10.20)
k=0
ai = a,(fo) + a,(:) and b = a,(:) - a,(f’. (10.21)
In particular, from theorem 9.1, this solution will have finite energy provided
(1 4 6,) ax® + (1 + 0p) b2 < o0 (10.22)
k=0
Since pr := +/Ax and both tanh z, coth z converge exponentially to 1 as z increases,

this criterion will hold when the functions 79, n; obey the standard criteria to be in the space
HY2(By).
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