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ABSTRACT

In this thesis, we present some new notions of Morita equivalence appropriate to
weak™ closed algebras of Hilbert space operators. We obtain new variants, appropri-
ate to the dual (weak® closed) algebra setting, of the basic theory of strong Morita
equivalence due to Blecher, Muhly, and Paulsen. We generalize Rieffel’s theory of
Morita equivalence for W*-algebras to non-selfadjoint dual operator algebras. Our
theory contains all examples considered up to this point in the literature of Morita-
like equivalence in a dual (weak* topology) setting. Thus, for example, our notion of
equivalence relation for dual operator algebras is coarser than the one defined recently
by Eleftherakis.

In addition, we give a new dual Banach module characterization of W*-modules,
also known as selfdual Hilbert C*-modules over a von Neumann algebra. This leads
to a generalization of the theory of W*-modules to the setting of non-selfadjoint
algebras of Hilbert space operators which are closed in the weak* topology. That
is, we find the appropriate weak* topology variant of the theory of rigged modules
due to Blecher. We prove various versions of the Morita I, II, and III theorems for
dual operator algebras. In particular, we prove that two dual operator algebras are
weak* Morita equivalent in our sense if and only if they have equivalent categories
of dual operator modules via completely contractive functors which are also weak*
continuous on appropriate morphism spaces. Moreover, in a fashion similar to the
operator algebra case, we characterize such functors as the module normal Haagerup

tensor product with an appropriate weak* Morita equivalence bimodule.
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Chapter 1

Introduction

1.1 Morita equivalence: selfadjoint setting

One of the important and well-known perspectives of study of an algebraic object
is the study of its category of representations. For example, for rings, modules are
viewed as their representations, and hence rings are commonly studied in terms of
their modules. Once we view an algebraic object in terms of its category of rep-
resentations, it is natural to compare such categories. This leads to the notion of
Morita equivalence. The notion of Morita equivalence of rings arose in pure algebra
in the 1960’s. Two rings are defined to be Morita equivalent if and only if they have
equivalent categories of modules. A fundamental Morita theorem says that two rings
A and B have equivalent categories of modules if and only if there exists a pair of
bimodules X and Y such that X @Y = A and Y ®4 X = B as bimodules. Morita
equivalence is an equivalence relation and preserves many ring theoretic properties.
It is a powerful tool in pure algebra and it has inspired similar notions in operator
algebra theory.

In the 1970’s Rieffel introduced and developed the notion of Morita equivalence for

C*-algebras and W*-algebras [40], [41]. Rieffel defined strong Morita equivalence in



terms of Hilbert C*-modules, which may be thought of as a generalization of Hilbert
space in which the positive definite inner product is C*-algebra valued. A Hilbert
C*-module can also be viewed as the noncommutative generalization of a vector
bundle. The dual (weak* topology) version of a C*-module is called a W*-module.
These objects are fundamental tools in operator algebra theory, and they play an
important role in noncommutative geometry, being intimately related to Connes’
correspondences.

We recall some basic definitions of the theory. By a C*-algebra A, we mean that A
is an involutive Banach algebra satisfying the C*-identity ||a*a|| = ||a||* for all a € A,
where a — a* denotes the involution (adjoint) on A.

A right C*-module over a C*-algebra B is a right B-module X endowed with
B-valued sesquilinear map (-,-)p : X x X — B such that the following conditions are

satisfied:

1. (-,-)p is conjugate linear in the second variable.

b

(x,z)p is a positive element in B for all z € X.

w

(r,z)p = 0 if and only if z = 0 for all x € X.

4. (z,y)5 = (y,x)p for all z,y € X.

(@34

. Az, yb)p = (x,y)gb for all x,y € X, b € B.
6. X is complete in the norm |[|z| = H(:c,x)H%

A left C*-module is defined analogously. Here X is a left module over a C*-algebra
A, the A-valued inner product 4(.,.) : X x X — A is linear in the first variable, and
condition (5) in the above is replaced by a{azx,y) = aa(x,y), for z,y € X, a € A.

If X is an A-B-bimodule, then we say X is an equivalence bimodule, if X is a right

C*-module over B, and a left C*-module over A, such that



1. alx,y)z = x(y,z)p for all z,y, z € X.

2. The linear span of {4(x,y) | x,y € X}, which is a two-sided ideal, in A is dense

in A; likewise {(z,y)5 | x,y € X} spans a dense two-sided ideal in B.

If there exists such an equivalence bimodule, we say that A and B are strongly
Morita equivalent.

Let X be X with the conjugate actions of A and B, and for € X, write Z when
r is viewed as an element in X. Thus bZ = zb* and Za = a*z. Then X becomes a B-
A-equivalence bimodule with inner products g(Z,y) = (z,y)5 and (Z,9)4 = a(z,y)*.
In fact, X and X are operator spaces.

The collection of matrices

a T —
L= cac€AbeBreX,ye X,
y b

may be endowed with a norm making it a C*-algebra with multiplication

a; 1 Ay X2 a1as +4 (x1,y2) a1 + 21by

y1 by Y2 by y1a2 + b1yo (Y1, T2) B + b1bo

and involution

*

a T a* Yy
y b r b*
The C*-algebra L is called the linking algebra of A and B determined by X.

A Wr-algebra is a C*-algebra that has a Banach space predual; and in this case
the Banach space predual is unique. We say that a right C*-module X over a C*-
algebra A is selfdual if every bounded A-module map u : X — A is of the form u(-) =
4(z,-) for some z € X. By a theorem of Zettl and Effros-Ozawa-Ruan [42], [24], [15,
Theorem 8.5.6] this condition is equivalent to the fact that X has a predual. We say
that X is a right W*-module if X is a selfdual right C*-module over a WW*-algebra.



For W*-algebras M and N, W*-equivalence M-N -bimodules are defined similarly
as the equivalence bimodules for C*-algebras, with the term C*-module replaced with
W*-module, and the ranges of the inner products span weak*-dense ideals in M and
N. If there exists such a bimodule over M and N, then we say M and N are weakly
Morita equivalent. In the case of weak Morita equivalence the linking algebra turns
out to be a W*-algebra. A fundamental theorem in the theory states that weakly
Morita equivalent W*-algebras have equivalent normal (weak* continuous) Hilbert

space representations. For references, see [40], [41], [15, Chapter §].

1.2 Morita equivalence: non-selfadjoint setting

With the arrival of operator space theory in the 1990s, Blecher, Muhly, and Paulsen
generalized Rieffel’s C'*-algebraic notion of strong Morita equivalence to non-selfadjoint
operator algebras [18]. The theory of Morita equivalence developed by Blecher, Muhly,
and Paulsen focused on the category of Hilbert modules and the category of operator
modules over an operator algebra. Because the appropriate morphisms in the category
of operator spaces are completely bounded or completely contractive maps (defined
in Section 2.1), the module operations are assumed to be completely contractive.
Let A and B be operator algebras. Let X be an operator A-B-bimodule and let Y
be an operator B-A-bimodule (that is, the module actions are completely contractive).
We fix a pair of completely contractive balanced (i.e., (za,y) = (x,ay) forall z, y € X
and a € A) bilinear bimodule maps (-,-) : X xY — A and [-,] : Y x X — B.
The system (A, B, X, Y, (+,-), [, ]) satisfying the above hypotheses is called a Morita

context for A and B in the case the following conditions hold:

(A) (z1,y)x2 = 21|y, 22, for x1,20 € X, y €Y.

[y, 2)ys = y1(z,90), Y1, €Y 2 € X.



(G) The bilinear map (.,.) : X xY — A induces a completely isometric isomorphism

between the balanced Haagerup tensor product X ®,g Y and A.

(P) The bilinear map |.,.] : Y x X — B induces a completely isometric isomorphism

between the balanced Haagerup tensor product ¥ ®,4 X and B.

Two C*-algebras are Morita equivalent in the sense of Blecher, Muhly, and Paulsen
if and only if they are C*-algebraically strongly Morita equivalent in the sense of
Rieffel, and moreover the equivalence bimodules are the same.

In [6], Blecher developed a theory of rigged modules over non-selfadjoint operator
algebras that generalizes the theory of Hilbert C*-modules. Let A be an operator
algebra with a contractive approximate identity and let Y be a right operator A-
module. That is, Y is an operator space equipped with an A-module action Y x4 — Y
that is completely contractive when ¥ ® A is endowed with the Haagerup tensor
product. Let C,(A) denote the first column of the matrix space M,(A). Then Y
is called a (right) A-rigged module if there is a net of positive integers n(3) and
completely contractive right A-module maps ¢g: Y — Cy()(A) and ¥3: Cpp)(A) —
Y such that ¢zps — Idy strongly on Y (ie., for all y € Y, ¢¥5(¢ps(y)) —» yinY). A
basic building block example in the theory of rigged modules over an operator algebra
Ais C,(A). Each Hilbert C*-module has a natural operator space structure. It turns
out that the class of Hilbert C*-modules coincides with the class of rigged modules
over a C*-algebra. Again, operator space techniques and completely bounded maps
are used extensively in this theory.

In [10], Blecher proved that two operator algebras are Morita equivalent if and only
if they have equivalent categories of operator modules. The functors implementing
the categorical equivalences are characterized as the module Haagerup tensor product
with an appropriate strong Morita equivalence bimodule.

In this thesis, we have develop a weak™ version of Morita equivalence for operator



algebras that are closed in the weak* topology. These operator algebras are called dual
operator algebras, and they are the non-selfadjoint version of von Neumann algebras.
In parallel with the selfadjoint setting, one can prove that an operator algebra is closed
in the weak*-topology if and only if it has an operator space predual if and only if it
is equal to its double commutant in a certain universal representation (e.g., see [16],
[21]). In this dissertation we give a formulation of Morita equivalence for dual operator
algebras, which generalizes Rieffel’s Morita equivalence for von Neumann algebras.
That is, two W*-algebras are Morita equivalent in our sense if and only if they are
W=*-algebraically Morita equivalent in the sense of Rieffel, and moreover the weak*
equivalence bimodules are the same. This work can be viewed as a weak™ version of
the Morita equivalence for operator algebras of Blecher, Muhly, and Paulsen. This is
analogous to Rieffel’s von Neumann algebraic Morita equivalence, which is the weak*
version of strong Morita equivalence for selfadjoint operator algebras.

The weak* Morita equivalence that we develop contains all examples considered up
to this point in the literature of Morita-like equivalence in the dual (weak* topology)
setting. Thus, our notion of equivalence relation for dual operator algebras is coarser
than the one recently defined by Eleftherakis.

Also our contexts represent a natural setting for the Morita equivalence of dual
algebras. It is one to which the earlier theory of Morita equivalence (from, e.g., [18]
[17]) transfers in a very clean manner; indeed it may in some sense be summarized as
‘just changing the tensor product’ involved to one appropriate to the weak* topology.
We also give a new dual Banach module characterization of W*-modules. This leads
to a generalization of the theory of W*-modules in the setting of dual operator alge-
bras. That is, we find the appropriate weak™ topology variant of the theory of rigged
modules due to Blecher, see [6].

We prove variants of Morita’s celebrated fundamental theorems (known as Morita



I, Morita II, and Morita III) appropriate to dual operator algebras. For example, we
prove that two dual operator algebras are weak™ Morita equivalent in our sense if and
only if they have equivalent categories of dual operator modules via completely con-
tractive functors which are also weak*-continuous on appropriate morphism spaces.
Moreover, in a fashion similar to the operator algebra case, such functors are char-
acterized as a suitable tensor product (namely, the module normal Haagerup tensor
product) with an appropriate weak* Morita equivalence bimodule.

Our notion of Morita equivalence focuses on the category of normal Hilbert mod-
ules (weak® continuous Hilbert space representations) and the category of dual op-
erator modules over a dual operator algebra. The appropriate tensor product in
our setting of weak® topology is the module version of the normal Haagerup tensor
product, recently introduced by Eleftherakis and Paulsen in [31]. In Section 2.4 we
developed some more properties of this tensor product.

We now discuss a brief outline of this thesis. In Chapter 2 we give the necessary
background and preliminary results. In Chapter 3, we define our variants of Morita
equivalence and present some consequences. We prove various versions of the Morita I
theorems. For example, if two dual operator algebras are Morita equivalent in our
sense then they have equivalent categories of dual operator modules and normal
Hilbert modules. Another interesting result is that if two dual operator algebras M
and N are weak® Morita equivalent then the von Neumann algebras generated by M
and N are Morita equivalent in Rieffel’s W*-algebraic sense.

In Chapter 4, we present a new characterization of W*-modules. This leads to
a generalization of the theory of W*-modules to the setting of non-selfadjoint weak*
closed algebras of Hilbert space operators. This is the dual variant of the earlier
theory of rigged module due to Blecher. Chapter 3 and Chapter 4 are mostly joint

work with D. P. Blecher, and much of it also appears in [13] and [14] respectively.



In Chapter 5, we prove a Morita II theorem, which characterizes module category
equivalences as tensoring with an invertible bimodule. We also develop the general
theory of the W*-dilation, which connects the non-selfadjoint dual operator algebra
with the W*-algebraic framework. In the case of weak® Morita equivalence, this WW*-
dilation is a W*-module over a von Neumann algebra generated by the non-selfadjoint
dual operator algebra. The theory of the W*-dilation is a key part of the proof of our

main theorem. The contents of Chapter 5 appear in [33].



Chapter 2

Background and preliminary

results

2.1 Operator spaces and operator algebras

By an operator space, we mean a norm closed subspace X of B(H) for some Hilbert
space H. Besides a vector space structure, an operator space has some hidden norm
structure. The space of n x n matrices over X, denoted by M, (X) inherits a dis-
tinguished norm |.||, via the identification M,(X) C M,(B(H)) = B(H™) iso-
metrically, where H™ denotes the Hilbert space direct sum of n copies of H. The
appropriate morphisms in this category are the completely bounded maps, which are
defined as follows: Suppose T : X — Y is a linear map between operator spaces. For
n € N, define T, : M, (X) — M,(Y) by T,([zi]) = [T(x;)], for [z;;] € M,(X). We
say that T is completely bounded if ||T| et supy |7y is finite. We say that T is a
complete contraction if || Tl < 1, and T is a complete isometry if T,, is an isometry
for each n € N. Similarly 7" is a complete quotient map if each T,, is a quotient map.

Operator space theory can be thought of as a noncommutative generalization



of Banach space theory. This is regarded as the suitable category to study many
problems of operator algebras and operator theory. In particular, operator theoretic
and operator algebraic problems motivated by classical Banach space theory and pure
algebra are often studied in the setting of operator spaces. Long before the subject
of operator spaces was developed, the completely bounded maps were used to study
many problems in C*-algebras and von Neumann algebras, see [1], [36]. With the
arrival of the operator space theory, it has now become clear that many features of
operator algebras are best understood in this general setting. Basics on operator
spaces may be found in [15], [26], [36], [39].

A fundamental theorem in the subject of operator space is Ruan’s Theorem, which

gives an abstract characterization of operator spaces.

Theorem 2.1.1. Suppose that X is a vector space, and that for each n € N we are
given a norm |||, on M, (X). Then X is linearly completely isometrically isomorphic
to a linear subspace of B(H), for some Hilbert space H, if and only if condition (Ry)
and (Ry) below hold:

(Ry) [axfB|l. < ||lalll|z|.]|B]l, for alln € N and all o, B € M,,, and x € M, (X).

(Rs) For all x € M,,(X) and y € M,(X), we have

z 0

= HlaX{”anw HyHn}

0 y
m-+n

Turning to notation, if £ and F are sets of operators in B(H), then EF denotes
the norm closure of the span of products zy for x € E and y € F. For cardinals or
sets I, J, we use the symbol My ;(X) for the operator space of I x J matrices over X,
whose ‘finite submatrices” have uniformly bounded norm. Such a matrix is normed by
the supremum of the norms of its finite submatrices. We write K; ;(X) for the norm
closure of these finite submatrices. Then C¥(X) = M;;1(X), RY(X) =M, 4(X), and
Cy(X) =Kyi1(X) and R;(X) = Ky 4(X). If I = Xy we simply denote these spaces

10



by for e.g., M(X), R*(X), C*(X). We sometimes write M (X) for My ;(X). If X
and Y are operator spaces, we denote by C'B(X,Y’) the space of completely bounded
linear maps from X to Y.

By a concrete operator algebra we mean a norm closed subalgebra of B(H) for
some Hilbert space H. Note that this subalgebra is not necessarily selfadjoint. With
the arrival of operator space theory in the past few decades, there have been many new
developments in the theory of general operator algebras, which are not necessarily
selfadjoint. The theory in the non-selfadjoint case is not as well developed as the
selfadjoint case (C*-algebra case), but it is still necessary and worthwhile to look at
non-selfadjoint operator algebras because there are many interesting non-selfadjoint
examples (e.g., upper triangular matrices, nest algebras, the disc algebra A(D), the
bounded analytic function on the disc H*(D), operator algebras arising in operator
function theory). When studying non-selfadjoint operator algebras, many of the
techniques from the selfadjoint setting do not work, and new approaches and tools
have to be developed. Recently, operator space theory has started to provide necessary
tools to study non-selfadjoint operator algebras; see [15], [36].

We study operator algebras from an operator space point of view. An abstract
operator algebra A is an operator space that is also a Banach algebra for which there
exists a Hilbert space H and a completely isometric homomorphism 7 : A — B(H).

We say that an operator algebra A is wnital if it has an identity of norm 1.
We mostly consider operator algebras that are approximately unital; that is, which
possess a contractive approximate identity (cai). A contractive approximate identity
is a net (e;) C A, |le¢|| < 1 such that e;a — a and ae; — a for all a € A. Since every
C*-algebra possesses a cai, the class of approximately unital operator algebras is very
large, including all C*-algebras. By a representation of an operator algebra A, we

mean a completely contractive homomorphism 7 : A — B(H) for some Hilbert space

11



H.

The following theorem, known as the BRS theorem, due to Blecher, Ruan, and
Sinclair, is a fundamental result that gives a criteria for a unital (or more generally
an approximately unital) Banach algebra with an operator space structure, to be
an operator algebra [19]. This characterizes operator algebras at least for unital or
approximately unital algebras. This theorem uses Haagerup tensor product ®;, which

is defined in Section 2.4.

Theorem 2.1.2. Let A be an operator space that is also an approrimately unital
Banach algebra. Let m : A® A — A denote the multiplication on A. The following
are equivalent:

(i) The mapping m : A @, A — A is completely contractive.

(ii) For anyn > 1, M, (A) is a Banach algebra.

(iii) A is an operator algebra; that is, there exist a Hilbert space H and a completely

isometric homomorphism m: A — B(H).

2.2 Dual operator spaces and dual operator alge-
bras

For any operator space X, its Banach space dual X* is again an operator space in the
following way. We assign M, (X*) the norm pulled back via the canonical algebraic
isomorphism M, (X*) = CB(X, M,) (e.g., see Section 1.4 in [15]). We call, X* with
this matrix norm structure, the operator space dual of X. We say that X is a dual
operator space if X is completely isometric to the operator space dual Y*, for an
operator space Y. Dual operator spaces and weak* closed subspaces of B(H), are

essentially the same thing. See [15, Section 1.4], [16] for references.

12



Lemma 2.2.1. Any weak® closed subspace X of B(H) is a dual operator space. Con-
versely, any dual operator space is completely isometrically isomorphic, via a home-
omorphism for the weak® topologies, to a weak® closed subspace of B(H), for some

Hilbert space H.

We will often abbreviate ‘weak™*’ to ‘w*’. For a dual space X, let X, denote its
predual.

We will be using the following variant of the Krein-Smulian theorem very often.

Theorem 2.2.2. ( Krein-Smulian)

1. IfT € B(E,F), where E and F' are dual Banach spaces, then T is w*-continuous
if and only if whenever xy — x is a bounded net converging in the w*-topology

on E, then T(xy) — T(x) in the w*-topology.

2. Let ¥ and F' be dual Banach spaces, and T : E — F' a w*-continuous isometry.

Then T has w*-closed range, and u is a w*-w*-homeomorphism onto Ran(T).

By a concrete dual operator algebra, we mean a unital weak® closed algebra of
operators on a Hilbert space which is not necessarily selfadjoint. By Lemma 2.2.1,
any concrete dual operator algebra is a dual operator space. In order to view dual
operator algebras from an abstract point of view, let M be an operator algebra
together with a weak™ topology given by some predual for M. Then M is said to be
an abstract dual operator algebra, if there exist a Hilbert space H and a w*-continuous
completely isometric homomorphism 7 : M — B(H). By the Krein-Smulian theorem,
7 is a w*-homeomorphism onto its range which is w*-closed. Hence 7(M) is a concrete
dual operator algebra acting on H, which may be identified with M in every sense.

A normal representation of a dual operator algebra M is a w*-continuous unital

completely contractive representation 7 : M — B(H).

13



We take all dual operator algebras to be wnital, that is we assume they each
possess an identity of norm 1. We reserve the symbol M and N for dual operator
algebras.

One can view a concrete dual operator algebra as a non-selfadjoint analogue of a
von Neumann algebra and abstract dual operator algebra as a non-selfadjoint ana-
logue of a W*-algebra. A W*-algebra is a C*-algebra which is a dual Banach space.
By a famous theorem of Sakai, any W*-algebra can be represented as a von Neu-
mann algebra on some Hilbert space via a w*-continuous isometric *-isomorphism.
In this case the Banach space predual of W*-algebra is unique. The following is a
non-selfadjoint version of Sakai’s theorem, due to Blecher, Magajna, and Le Merdy,
which gives an abstract characterization of dual operator algebras. A dual operator
algebra is characterized as a unital operator algebra which is also a dual operator

space (see Section 2.7 in [15]).

Theorem 2.2.3. Let M be an operator algebra that is a dual operator space. Then M
18 a dual operator algebra. That is, there exists a Hilbert space H and a w*-continuous

completely isometric homomorphism ©: M — B(H).

The product on a dual operator algebra is separately weak* continuous since the
product on B(H) is separately w*-continuous. We will use this fact very often in
subtle ways.

If M is a dual operator algebra, then a W*-coverof M is a pair (A, j) consisting of a
W-algebra A and a completely isometric w*-continuous homomorphism j : M — A,
such that j(M) generates A as a W*-algebra. By the Krein-Smulian theorem j(M)
is a w*-closed subalgebra of A. The mazimal W*-cover W7, (M) is a W*-algebra
containing M as a w*-closed subalgebra, which is generated by M as a W*-algebra,

and which has the following universal property: any normal representation 7= : M —

B(H) extends uniquely to a (unital) normal -representation 7 : W} _ (M) — B(H)

max

14



(see [21]).

A normal representation m : M — B(H) of a dual operator algebra M, or the
associated space H viewed as an M-module, will be called normal universal, if any
other normal representation is unitarily equivalent to the restriction of a ‘multiple’ of

7 to a reducing subspace (see [21]).

Lemma 2.2.4. A normal representation m : M — B(H) of a dual operator algebra

M is normal universal if and only if its extension & to W, (M) is one-to-one.

max

Proof. The (<) direction is stated in [21]. Thus there does exist a normal universal

7 whose extension 7 to W, .

(M) is one-to-one. It is observed in [21] that any other
normal universal representation # is quasiequivalent to 7. It follows that the extension

0 to W (M) is quasiequivalent to 7, and it follows from this that 0 is one-to-one. L[]

2.3 Operator modules and dual operator modules

A concrete left operator module over an operator algebra A is a subspace X C B(H)
such that 7(A)X C X for a completely contractive representation = : A — B(H).
An abstract operator A-module is an operator space X which is also an A-module,
such that X is completely isometrically isomorphic, via an A-module map, to a con-
crete operator A-module. Similarly for right modules and bimodules. Most of the
interesting modules over operator algebras are operator modules, such as Hilbert C*-
modules and Hilbert modules. By a Hilbert module over an operator algebra A, we
mean a pair (H, ), where H is a (column) Hilbert space (see e.g. 1.2.23 in [15]), and
7w : A — B(H) is a representation of A. That is, Hilbert modules over an operator
algebra are nothing but the Hilbert space representations of an operator algebra.
Let X be a left operator module over an operator algebra A. Then the module

action on X is completely contractive; i.e., the spaces M, (X) are left Banach M, (A)-
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modules in the canonical way for every n € N. That is, ||az||, < ||a||a]|z]., for all
neN, ae€ M/(A), z € M,(X). A similar statement is true for right modules or
bimodules.

The following theorem is a variation on a theorem due to Christensen, Effros, and

Sinclair. We often refer to this theorem as the ‘CES theorem’.

Theorem 2.3.1. Let A and B be approximately unital operator algebras. Let X be
an operator space that is a nondegenerate A-B-bimodule such that the module actions
are completely contractive. Then there exist Hilbert spaces H and K, a completely
isometric linear map ¢ : X — B(K,H), and completely contractive nondegenerate

representations § : A — B(H), and m : B — B(K), such that

0(a)p(x) = ¢lax) and ¢(z)m(b) = ¢(xb)

foralla € A, b € B and x € X. Thus X is completely isometric to the concrete

operator A-B-bimodule ¢(X) via an A-B-bimodule map.

Let M and N be dual operator algebras. A concrete dual operator M -N -bimodule
is a w*-closed subspace X of B(K, H) such that (M)Xn(N) C X, where 0 and 7
are normal representations of M and N on H and K respectively. An abstract dual
operator M -N -bimodule is defined to be a nondegenerate operator M-N-bimodule X,
which is also a dual operator space, such that the module actions are separately weak™
continuous. Such spaces can be represented completely isometrically as concrete dual
operator bimodules (see e.g., [15, 16, 25]). A similar statement is true for one sided
modules (the case M or N equals C).

We shall write ;R for the category of left dual operator modules over M. The
morphisms in ;R are the w*-continuous completely bounded M-module maps.

An important example of a left dual operator module over a dual operator algebra

M, is the normal Hilbert M-module. By this we mean a pair (H,7), where H is a

16



(column) Hilbert space (see 1.2.23 in [15]) and 7 : M — B(H) is a normal represen-
tation of M. The module action is expressed through the equation m - { = 7(m)(.
We denote the category of normal Hilbert M-modules by ,,H. The morphisms are
bounded linear transformation between Hilbert spaces that intertwine the represen-
tations; i.e., if (H;,m;), i = 1,2, are objects of the category p/H, then the space of
morphisms is defined as: By/(Hy, He) = {T € B(Hy, Hs) : Tmi(m) = ma(m)T for all
m e M}.

If X and Y are dual operator spaces, we denote by CB?(X,Y’) the space of
completely bounded w*-continuous linear maps from X to Y. Similarly if X and Y
are left dual operator M-modules, then C B, (X,Y’) denotes the space of completely
bounded w*-continuous left M-module maps from X to Y.

The category of operator spaces and completely bounded maps is the appropriate
setting to study the Morita equivalence for operator algebras [18]. Similarly, the
category of dual operator spaces and weak™ continuous completely bounded maps is

the appropriate setting to study the Morita equivalence for dual operator algebras.

2.4 Some tensor products

Before we begin our discussion of tensor products, we need to introduce the notions
of completely bounded and completely contractive bilinear maps. Suppose that X,
Y, and W are operator spaces, and that v : X x Y — W is a bilinear map. For
n,p € N, define a bilinear map M, ,(X) x M, ,(Y) — M, (W) by

p

(2,y) — [Z w(Zik, Yij)

k=1

: (2.4.1)

]
where z = [z;;] € M, ,(X) and y = [y;;] € M,,(Y). Recall that a bilinear map
T : XxY — Zis bounded if there exists a constant C' such that ||T'(z,y)|| < C||z||||ly]|,

for all x € X,y € Y. The norm ||T|| is defined as the least such C. If the norms
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of these bilinear maps defined by (2.4.1) are uniformly bounded over p,n € N, then
we say that u is completely bounded, and we write the supremum of these norms as
||t||co- These classes of bilinear maps were introduced by Christensen and Sinclair.

Suppose X and Y are two operator spaces. Define ||z||,, for z € M, (X ® Y) as:
1[I, = inf {[lall[[b] : 2 =a®©bae Myp(X),be Mp(Y),p € N}.

Here a ©® b stands for the n x n matrix whose 4, -entry is > ,_, a;, ® by;. The
algebraic tensor product X ® Y with this sequence of matrix norms is an operator
space. The completion of this operator space in the above norm is called the Haagerup
tensor product, and is denoted by X ®;, Y. The completion of an operator space is
an operator space, and hence X ®; Y is an operator space. The reason completely
bounded bilinear maps and the Haagerup tensor product are intimately related is the
well-known universal property of the Haagerup tensor product: the Haagerup tensor
product linearizes completely bounded bilinear maps (see 1.5.4 in [15]).

If X and Y are respectively right and left operator A-modules, then the module
Haagerup tensor product X ®,4Y is defined to be the quotient of X ®;,Y by the closure
of the subspace spanned by terms of the form za ®y — x ® ay, forx € X, y € Y,
a € A. Let X be a right and Y be a left operator A-module where A is an operator
algebra. We say that a bilinear map ¢ : X xY — W is balanced if ¢ (za,y) = ¥ (z, ay)
forall z € X, y € Y and a € A. The module Haagerup tensor product linearizes
balanced bilinear maps which are completely contractive (or completely bounded).

We state this important fact in the following theorem. Its proof may be found in [18].

Theorem 2.4.1. Let X be a right operator A-module and let Y be a left operator
A-module. Up to a complete isometric isomorphism, there is a unique pair (V,R4),
where V' is an operator space and @4 : X XY — V is a completely contractive balanced
bilinear map whose range densely spans V', with the following universal property:

Given any operator space W and a completely bounded bilinear balanced map 1 :
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X xY — W, there is a unique completely bounded linear map 1/; V= W, with
19l = [|1©]|eb, such that ¥ o @4 = (z,y). We write X @pa Y for V, and we write

T ®ay for @a(x,y).

If X and Y are two operator spaces, then the extended Haagerup tensor product
X ®en Y may be defined to be the subspace of (X* ®; Y*)* corresponding to the
completely bounded bilinear maps from X* x Y* — C which are separately weak*
continuous. If X and Y are dual operator spaces, with preduals X, and Y,, then
this coincides with the weak* Haagerup tensor product defined earlier in [20], and
indeed by 1.6.7 in [15], X ®., Y = (X, ®; Yi)*. The normal Haagerup tensor product
X ®°"Y is defined to be the operator space dual of X, ®.;, Y.. The canonical maps

are complete isometries
X@Y - X®a4Y — X@"Y.

The normal Haagerup tensor product was first studied by Effros and Ruan. See [27]

for more details. We establish some new results about this tensor product.

Lemma 2.4.2. For any dual operator spaces X and Y, Ball(X ®,Y) is w*-dense in
Ball(X ®7"Y).

w*

Proof. Let € Ball(X ®"Y) \ Ball(X ®,Y) . By the geometric Hahn-Banach
theorem, there exists a ¢ € (X ®7"Y),, and ¢t € R, such that Re ¢(x) > t >
Re ¢(y) for all y € Ball(X ®; Y). Note that ¢ can be viewed as a map ¢ : X ®,
Y — C corresponding to a completely contractive bilinear map from X x Y — C
which is separately w*-continuous. It follows that Re ¢(z) >t > |¢(y)| for all y €
Ball(X ®p, Y), which implies that ||¢|| < t. Thus |Re ¢(z)| < ||o|| ||z] < t, which is

a contradiction. O
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Lemma 2.4.3. The normal Haagerup tensor product is associative. That is, if X,
Y, Z are dual operator spaces then (X @°"Y)®" 7 = X @°" (Y @ Z) as dual

operator spaces.

Proof. Consider (X °"Y)®°" Z = (X, @"Y,) @ Z,)* = (X, @ (Y, @ Z,))*

I

X @M (Y ®@°" Z) using associativity of the extended Haagerup tensor product (e.g.,
see [27]). O

We now turn to the module version of the normal Haagerup tensor product in-
troduced in [31], and review some facts from [31]. Let X be a right dual operator
M-module and Y be a left dual operator M-module. Let (X ®pa Y): denote the
subspace of (X ®; Y)* corresponding to the completely bounded bilinear maps from
¥ : X xY — C which are separately weak* continuous and M-balanced (that is,
Y(xm,y) = ¥(x,my)). Define the module normal Haagerup tensor product X @3¢y
to be the operator space dual of (X ®py V). Equivalently, X @/ Y is the quotient
of X ®°"Y by the weak*-closure of the subspace spanned by terms of the form zm®1y
—x®@my, forx € X,y €Y, m € M. The module normal Haagerup tensor prod-
uct linearizes completely contractive, separately weak* continuous, balanced bilinear

maps:

Proposition 2.4.4. [31, Proposition 2.2] If X, Y, and Z are dual operator spaces,
and ¢ : X XY — Z 1s a completely bounded separately w*-continuous balanced bilinear
map then there exists a w*-continuous and completely bounded map gz~5  XQVY — Z
such that ¢(x Qn y) = ¢(x,y) for al x € X, y € Y. In fact the map ¢ — ¢ is a

complete isometry and onto.

We now prove some new results about the module normal Haagerup tensor prod-

uct. These results are used throughout this thesis.
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Lemma 2.4.5. Let X, X5,Y1,Ys be dual operator spaces. If u : X; — Y; and
v X9 — Yy are w*-continuous, completely bounded, linear maps, then the map
u ® v extends to a well defined w*-continuous, linear, completely bounded map from

X, @M Xy — Y1 @71 Yy, with ||u@ vl < |Jullwl|v]ew-

Proof. Since u®v = (u®l) o (I®v), we may by symmetry reduce the argument to the
case that Xy = Y5 and v = Ix,. The map u, : (Y1), — (Xj). is completely contractive
where (u,)* = u. By the functoriality of extended Haagerup tensor product u, ® I :
(Y1), @ (X3), — (X1). @ (X3), is completely contractive. Hence (u, ® I)* :
X @ Xy, — Y, ®@" X, is a w*-continuous, completely bounded, linear map. It is

easy to check that (u, @ I)* = u® L. O

Corollary 2.4.6. Let N be a dual operator algebra, let X1 and Y, be dual operator
spaces which are right N -modules, and let X5, Yy be dual operator spaces which are left
N-modules. If u: X1 — X5 and v : Y7 — Y5 are completely bounded, w*-continuous,
N-module maps, then the map u @ v extends to a well defined linear, w*-continuous,

completely bounded map from X; @Y, — Xo @ Yo, with [[u @ v|le < ||ulle ||v|es-

Proof. By Lemma 2.4.5, we obtain a w*-continuous, completely bounded, linear map
X1 ®7"Y] — X, @Y, taking @ y to u(z) ® v(y). Composing this map with the
w*-continuous, quotient map X, ®7" Yy — X, @ Vs, we obtain a w*-continuous,
completely bounded map X; ®" Y, — X, ®§’\,h Y. It is easy to see that the kernel of
the last map contains all terms of form xn®@yy—r®@yny, withn € N,z € X,y € Y;.

Thus we obtain a map X; @Y, — X, @3 Y, with the required properties. O

Lemma 2.4.7. If X is a dual operator M-N -bimodule and if Y is a dual operator
N-L-bimodule, then X @Y is a dual operator M-L-bimodule.

Proof. To show X @3 Y is a left dual operator M-module for example, use the
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canonical maps
M@h(X@UhY)—)M®Uh<X®0hY)_>(M®UhX)®UhY_>X®GhY

Composing the map M ®" (X ®°"Y) — X ®°"Y above with the canonical map
Mx(X®"Y) — M@ (X®"Y), one sees the action of M on X ®°"Y is separately
weak* continuous (see also [31]). That (ajas)z = ai(axz) for a; € M, z € X @Y,
follows from the weak* density of X ® Y, and since this relation is true if z is finite
rank. Tt follows from 3.3.1 in [15], that X ®°"Y is a (dual) operator M-module. By
3.8.8in [15], X @Y is a dual operator M-module. (See also Lemma 2.3 in [31].) O

There is clearly a canonical map X ®p,y Y — X ®3* Y, with respect to which:

Corollary 2.4.8. For any dual operator M-modules X and Y, the image of Ball(X ®p,s
Y) is w*-dense in Ball(X @ Y).

Proof. Consider the canonical w*-continuous quotient map ¢ : X " Y — X @Y
as in [31, Proposition 2.1]. If 2 € X ®J} Y with |2|| < 1, then there exists 2’ €
X ®°"Y with ||2/]] < 1 such that q(2’) = 2. By Lemma 2.4.2, there exists a net (z)
in Ball(X ®;,Y) such that z Y, #'. Thus q(z) N q(z') = z. O

Lemma 2.4.9. For any dual operator M -modules X and Y, and m,n € N, we have
My (X @50 Y) = C, (X) @58 R,(Y) completely isometrically and weak™ homeomor-
phically. This is also true with m,n replaced by arbitrary cardinals: Mr;(X @50Y)
> Of(X) @5 Ry(Y).

Proof. We just prove the case that m,n € N, the other being similar (or can be
deduced easily from Proposition 2.4.11). First we claim that M,,,(X ®"Y) =

Con(X)®°" R, (Y). Using facts from [27] and basic operator space duality, the predual
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of the latter space is

Con(X)s @en Ra(Y)s =2 (R @1 X.) Qen (Ya @1 Cy)
= (Rm Rehn X*) Reh (Y:k Reh Cn)

= Rm ®@h (X* ®eh Y:k) ®6h On

12

I

(X* Reh Y:k) (/é) (an)*

We have used for example, 1.5.14 in [15], 5.15 in [27], and associativity of the extended
Haagerup tensor product [27]. The latter space is the predual of M,,,(X ®°"Y), by
e.g., 1.6.2 in [15]. This gives the claim. If 6 is the ensuing completely isometric
isomorphism C,,(X) @" R,(Y) — M,,,(X ®°"Y), it is easy to check that 6 takes
(21 2o .. zm)T ® Y1 Ya...ys) to the matrix [z; ® y;]. Now C(X) @57 R,(Y) =
Cr(X)®7" R, (Y)/N where N = [zt @y —z®ty]™ withz € C,,(X),y € R.(Y),t €
M. Let N = [at @y — 2 ® ty]™™ where x € X,y € Y,t € M, then clearly §(N) =
M, (N"). Hence

Con(X) @M Ry(Y) /N 22 Myn(X @7 Y)/O(N) = My (X @°"Y) /My (N),
which in turn equals M,,,(X @°"Y/N') = M, (X @57 Y). O

Corollary 2.4.10. For any dual operator M-modules X and Y, and m,n € N, we
have that Ball( M, (X @uar Y)) is w*-dense in Ball (M,,,,(X @5 Y)).

Proof. 1If n € Ball (M,,,(X®3"Y)), then by Lemma 2.4.9,  corresponds to an element
7 € Con (X))@ R, (Y). By Corollary 2.4.8, there exists a net (u;) in Cy,(X)®@par Rn(Y)
such that u, > 7. By 3.4.11 in [15], u; corresponds to u; € Ball(Mn(X ®@py Y))

such that u; . O
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Proposition 2.4.11. The normal module Haagerup tensor product is associative.
That is, if M and N are dual operator algebras, if X is a right dual operator M-
module, if Y is a dual operator M-N-bimodule, and Z is a left dual operator N -
module, then (X @MY) @31 Z is completely isometrically isomorphic to X @54 (Y @38
7).

Proof. We define X @3"Y @3 Z to be the quotient of X ®°"Y ®°" Z by the w*-closure
of the linear span of terms of the form em®yRz—rR@my®z and rRYNQz—rRYRnz
withzxe X,yeY, ze Z,me M,n € N. By extending the arguments of Proposition
2.2 in [31] to the threefold normal module Haagerup tensor product, one sees that
X @MY @31 Z has the following universal property: If W is a dual operator space and
u: X XY x Z — W is a separately w*-continuous, completely contractive, balanced,
trilinear map, then there exists a w*-continuous and completely contractive, linear
map @ : X @Y @3 Z — W such that @(r®py@py2) = u(z,y, z). We will prove that
(X ®@91Y) @3 Z has the above universal property defining X @Y @31 Z. Let u : X x
Y xZ — W be a separately w*-continuous, completely contractive, balanced, trilinear
map. For each fixed z € Z, define u, : X xY — W by u.(x,y) = u(z,y,2). This
is a separately w*-continuous, balanced, bilinear map, which is completely bounded.
Hence we obtain a w*-continuous completely bounded linear map v, : X @Y — W
such that v (z ®yy) = u.(z,y). Define v’ : (X @Y ) x Z — W by u/(a, z) = u’(a),
for a € X @Y. Then v'(z @y y,2) = u(z,y,2), and it is routine to check that
u is bilinear and balanced over N. We will show that «' is completely contractive
on (X @y Y) x Z, and then the complete contractivity of u’ follows from Corollary
2.4.10. Let a € My (X ®py Y) with |la]] < 1 and 2z € M, (Z) with [|z]| < 1. We
want to show ||u),(a, z)|| < 1. It is well known that we can write a = x ®); y where
x € Mpp(X) and y € My, (Y) for some k € N, with ||z]] < 1 and ||y|| < 1. Hence

|ul,(a, 2)|| = ||un(z,y, 2)|| < ||lzllllyllllz|] < 1, proving ' is completely contractive.
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By Proposition 2.2 in [31], we obtain a w*-continuous, completely contractive, linear
map @ : (X @ Y) @ Z — W such that a((z @ y) On 2) = v'(z @ y,2) =
u(r,y,z). This shows that (X @8 Y) @3 Z has the defining universal property of
X @Y @3 Z. Therefore (X @0Y) @3 Z is completely isometrically isomorphic and

w*-homeomorphic to X @Y @3 Z. Similarly X @} (Y@ Z) = X @Y et Z. O

Lemma 2.4.12. If X is a left dual operator M-module then M ®@3* X is completely

1sometrically isomorphic to X.

Proof. As in Lemma 3.4.6 in [15], or follows from the universal property. ]
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Chapter 3

Morita equivalence of dual

operator algebras

3.1 Introduction

In this chapter, we introduce some notions of Morita equivalence appropriate to dual
operator algebras. We obtain new variants, appropriate to the dual algebra setting, of
the basic theory of strong Morita equivalence due to Blecher, Muhly, and Paulsen, and
new non-selfadjoint analogues of aspects of Rieffel’s W*-algebraic Morita equivalence.
That is, we generalize Rieffel’s variant of W*-algebraic Morita equivalence to dual
operator algebras.

Another notion of Morita equivalence for dual operator algebras was considered in
28] and is called A-equivalence. In [31] it was shown that the A-equivalence implies
weak* Morita equivalence in our sense. That is, any of the equivalences of [28] is one
of our weak* Morita equivalences. Both the theories have different advantages. For
example, the equivalence considered in [28] is equivalent to the very important notion

of weak* stable isomorphism. On the other hand, our theory contains all examples
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considered up to this point in the literature of Morita-like equivalence in a dual (weak*
topology) setting. Thus our notion of equivalence relation for dual operator algebras
is coarser than Eleftherakis’ A-equivalence. There are certain important examples
that do not seem to be contained in the other theory but are weak* Morita equivalent
in our sense. For example, in the selfadjoint setting the second dual of strongly
Morita equivalent C*-algebras are Morita equivalent in Rieffel’s WW*-algebraic sense.
In the non-selfadjoint case, the second dual of strongly Morita equivalent operator
algebras in the sense of Blecher, Muhly and Paulsen are weak* Morita equivalent in
our sense. Also, a beautiful example from [30]: two ‘similar’ separably acting nest
algebras are Morita equivalent in our sense (using Davidson’s similarity theorem).
However, it is shown in [30] that these algebras are not A-equivalent and hence they
are not weak* stably isomorphic [31]. Thus, Eleftherakis’ A-equivalence and our
notions of Morita equivalence are distinct. Eleftherakis’ Morita contexts contain a
W*-algebraic Morita context (that is, his bimodules contain a bimodule implementing
a W*-algebraic Morita equivalence). Our contexts are contained in a W*-algebraic
Morita context (see Section 3.4). Also our contexts represent a natural setting for
the Morita equivalence of dual algebras in the sense that the earlier theory of Morita
equivalence (from e.g., [18] [17]) transfers in a very clean manner, indeed which may
be in some sense be summarized as ‘just changing the tensor product’ involved to one
appropriate to weak* topology.

In Section 3.2, we define our variant of Morita equivalence, and present some of
its consequences. Section 3.3 is centered on the weak linking algebra, the key tool for
dealing with most aspects of Morita equivalence. In Section 3.4 we prove that if M
and N are weak™ Morita equivalent dual operator algebras, then the von Neumann

algebras generated by M and N are Morita equivalent in Rieffel’s W*-algebraic sense.
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3.2 Morita contexts

We now define two variants of Morita equivalence for unital dual operator algebras,
the first being more general than the second. There are many equivalent variants of
these definitions, some of which we shall see later.

Throughout this section, we fix a pair of unital dual operator algebras, M and N,
and a pair of dual operator bimodules X and Y; X will always be a M-N-bimodule
and Y will always be an N-M-bimodule.

Definition 3.2.1. We say that M is weak™ Morita equivalent to N, if there exist a
pair of dual operator bimodules X and Y as above such that M = X @'Y as dual
operator M-bimodules (that is, completely isometrically, w*-homeomorphically, and
also as M-bimodules), and similarly N =Y ®3% X as dual operator N-bimodules.

We call (M, N, X,Y) a weak® Morita context in this case.

In this section, we will also fix separately weak* continuous completely contractive
bilinear maps (+,-) : X x Y — M, and [-,:] : Y x X — N, and we will work with the
6-tuple, or context (M, N, X,Y,(-,-),[-,]).

Definition 3.2.2. We say that M s weakly Morita equivalent to N, if there exist
w*-dense approrimately unital operator algebras A and B in M and N respectively,
and there exists a w*-dense operator A-B-submodule X' in X, and a w*-dense B-A-
submodule Y' in Y, such that the ‘subcontext’ (A, B, X",Y" (-,-),[-,"]) is a (strong)
Morita context in the sense of [18, Definition 3.1]. In this case, we call (M, N, X,Y)

(or more properly the 6-tuple above the definition), a weak Morita context.

Remark. Some authors use the term ‘weak Morita equivalence’ for a quite different
notion, namely to mean that the algebras have equivalent categories of Hilbert space

representations.
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Weak Morita equivalence, as we have just defined it, is really nothing more than
the ‘weak* closure of” a strong Morita equivalence in the sense of [18]. This defini-
tion includes all examples considered up to this point in the literature of Morita-like

equivalence in a dual (weak* topology) setting.

Examples:

1. We shall see in Corollary 3.2.4 that every weak Morita equivalence is an example

of weak™ Morita equivalence.

2. We shall see in Section 3.3 that every weak Morita equivalence arises as follows:
Let A, B be subalgebras of B(H) and B(K) respectively, for Hilbert spaces

H,K, and let X C B(K,H),Y C B(H,K), such that the associated subset

A X
L= of B(H & K) is a subalgebra of B(H & K), for Hilbert spaces

Y B
H, K. This is the same as specifying a list of obvious algebraic conditions, such

as XY C A. Assume in addition that A possesses a cai (e;) with terms of the
form zy, for x € Ball(R,,(X)) and y € Ball(C,(Y)), and B possessing a cai with
terms of a similar form yz (dictated by symmetry). Taking the weak™ (that is,

o-weak) closure of all these spaces clearly yields a weak Morita equivalence of

—w* —=w*

A and B

3. Every weak* Morita equivalence arises similarly to the setting in (2). The main
difference is that A, B are unital, and (e;) is not a cai, but ¢, — 1, weak™, and

similarly for the net in B.

4. Von Neumann algebras which are Morita equivalent in Rieffel’s W*-algebraic
sense from [40], are clearly weakly Morita equivalent. We state this in the
language of TROs. We recall that a TRO is a subspace Z C B(K, H) with
2727 C Z. Rieffel’s W*-algebraic Morita equivalence of W*-algebras M and
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N is essentially the same (see e.g. [15, Section 8.5] for more details) as having
a weak* closed TRO (that is, a WTRO) Z, with ZZ* weak™ dense in M and
Z*7Z weak™ dense in N. Recall that Z*Z denotes the norm closure of the
span of products z*w for z,w € Z. Here (ZZ*,ZZ*,Z, Z*) is the weak™ dense

subcontext.

. More generally, the tight Morita w*-equivalence of [16, Section 5], is easily seen
to be a special case of weak Morita equivalence. In this case, the equivalence
bimodules X and Y are selfdual. Indeed, this selfduality is the great advantage

of the approach of [16, Section 5].

. The second duals of strongly Morita equivalent operator algebras are weakly
Morita equivalent. Recall that if A and B are approximately unital operator
algebras, then A** and B** are unital dual operator algebras, by 2.5.6 in [15].
If X is a non-degenerate operator A-B-bimodule, then X** is a dual operator
A**-B**-bimodule in a canonical way. Let (-, ) be a bilinear map from X xY" to
A that is balanced over B and is an A-bimodule map. Then notice that by 1.6.7
in [15], there is a unique separately w*-continuous extension from X** x Y** to
A** which we still call (-,-). Now the weak Morita equivalence follows easily

from Goldstine Theorem.

. Any unital dual operator algebra M is weakly Morita equivalent to M (M),
for any cardinal I. The weak* dense strong Morita subcontext in this case
is (M,K;(M),R;(M),Cr(M)), whereas the equivalence bimodules X and Y
above are RY(M) and C}' (M) respectively.

. TRO equivalent dual operator algebras M and N, or more generally A-equivalent
algebras, in the sense of [28, 29], are weakly Morita equivalent. If M C B(H)

and N C B(K), then TRO equivalence means that there exists a TRO Z C
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B(H,K) such that M = [Z*NZ]“ and N = [ZM Z*]*". Eleftherakis shows that
one may assume that 7 is a WTRO and 1yz = 21, = 2z for z € Z. Define X
and Y to be the weak™ closures of M Z*N and N ZM respectively. Define A and
B to be, respectively, Z*NZ and ZM Z*. Define X' and Y’ to be, respectively,
the norm closures of Z*Y Z* and ZX Z. Since Z is a TRO, Z*Z is a C"*-algebra,
and so it has a contractive approximate identity (e;) where e¢; = Zzg xhyt for
some yi € Z, and z}, = (y})*. It is easy to check that (e;) is a cai for A, and a
similar statement holds for B. Indeed it is clear that (A, B, X', Y”) is a weak*
dense strong Morita subcontext of (M, N, X,Y). Hence M and N are weakly

Morita equivalent.

9. Examples of weak and weak* Morita equivalence may also be easily built as at
the end of [11, Section 6], from a weak™® closed subalgebra A of a von Neumann
algebra M, and a strictly positive f € M, satisfying a certain ‘approximation
in modulus’ condition. Then the weak linking algebra of such an example is
Morita equivalent in the same sense to A (see Section 3.3), but again, it seems

unlikely that these are always weak* stably isomorphic.

10. An example from [30], two similar separably acting nest algebras are clearly
weakly Morita equivalent by the facts presented around [30, Theorem 3.5
(Davidson’s similarity theorem). Indeed in this case the Morita subcontext
equals the context. However, Eleftherakis shows they need not be A—equivalent

(that is, weak* stably isomorphic [31]).

In the theory of strong Morita equivalence, and also in our setting, it is very

important that N has some kind of approximate identity (fs) of the form

Ns

fs:Z[yfawa H[yf’ 73/25]

i=1

I3, -2 )7 < 1, (3.2.1)

» Vg
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and similarly that M has some kind of approximate identity (e;) of form

me

€ = Z(‘Tf?yf% H[‘r2i7 7vazt]||H[yi7 7yint]T|| <L (322>

i=1
Here %, 2t € X,y yf € Y. This clearly follows from Corollary 2.4.8.

In what follows, we say that (-,-) is a bimodule map if m(x,y) = (mz,y) and

(x,y)m = (x,ym) for all x € X,y € Y,m € M.

Theorem 3.2.3. (M, N, X,Y) is a weak™ Morita context if and only if the following
conditions hold: there exists a separately weak® continuous completely contractive
M -bimodule map (-,+) : X x Y — M which is balanced over N, and a separately
weak® continuous completely contractive N-bimodule map [-,-] : Y x X — N which
is balanced over M, such that (z,y)x’ = z[y,2'] and y'(z,y) = [V, z]y for z, 2’ €
X,y,y €Y and also there exist nets (fs) in N and (e;) in M of the form in (3.1.1)

and (3.1.2) above, with fs — 1y and e; — 1y weak™.

Proof. (<) Under these conditions, we first claim that if 7 : X @Y — M is the
canonical (w*-continuous) M-M-bimodule map induced by (-, -), then 7(u)z @y y =
u(r,y) forallz € X,y € Y, and u € X @Y. To see this, fix 1@y y € X @Y.
Define f,g: X @Y — X @Y : f(u) = u(z,y) and g(u) = n(u)r @y y where u
€ X @Y. We need to show that f = g. Since X ®y Y is w*-dense in X @Y,
and f, g are w*-continuous, it is enough to check that f = g on X ®,5 Y. For u =

' @y 1y, we have
u(z,y) =2 Qny'(z,y) =2'n [, zly = 2'[y, x] Ony = (2, ¥ )z @ny = T(u)z @N Y,

as desired in the claim.
To see that M = X @3 Y, we shall show that m above is a complete isometry.
Since M = Span(-, -)_“’*, it will follow from the Krein-Smulian theorem that 7 maps

onto M. Choose an approximate identity (e;) for M of the form in (3.2.2). Define
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pr: M — XY 1 py(m) =" mzl @y yl. For [uj] € M, (X @Y, we have by

the last paragraph that

ne

prom([um]) = D m(uj)zl @ vl Zuak (25, y1)] = [ujwed] = [ugul,
=1

the convergence by [31, Lemma 2.3]. Since p; is completely contractive, we have

Ifwsred |l = [l (or o ) ([w)) | < Nl ([uge])I

As [ujx] is the w*-limit of the net ([ujies])s, by Alaoglu’s theorem we deduce that
gl < lw(fuse]) . Smilarty, N =¥ @) X,

(=) The existence of the nets (fs) and (e;) follows from Corollary 2.4.8. Let f
and g be the pair of completely isometric w*-homeomorphic bimodule isomorphisms
f:X®FY — Mand g : Y @ X — N. We write (z,y) = f(r @y y) and
ly, 2] = g(y®@yx) for z € X,y € Y. These maps have all the desired properties except
the relations (z,y)x’ = z[y,2'] and ¢/ (x,y) = [y, z]y for x,2’ € X and y,y € Y. We
will show that f and g may be chosen so that the following two diagram commutes

which will prove the desired relations.

Xepvep X Megx  vYeprXxedY S NegyY

Jlx ®g Jcanon lly@f J{canon

X ® N canon X Y ® M canon Y

Leta: M@ X — X and b: X @ N — X be the canonical maps. Each arrow
in the first diagram is a completely isometrically isomorphic and w*-homeomorphic
M-N-module map. Hence there exists a w*-continuous completely isometric M-N-
bimodule map u : X — X such that b(1®g) = ua(f®1). By the Corollary 2.4.6, T' =
u®@ly : XQPY — X@Y is a w*-continuous M-M-bimodule map of X @Y. Using
X@%PY 2 M, CBf,(M) = M and following similar technique as in Proposition 1.3

n [10] , one can show that T is a w*-continuous unitary map in the C*-algebra
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sense of that term. Now replace f by T'f, which is still a completely isometric w*-
homeomorphic M-M-isomorphism from X @Y — M. Now the standard algebraic

argument (e.g., see 12.12.3 in [32]) shows that both diagrams commute.

Corollary 3.2.4. Every weak Morita context is a weak® Morita context.

Proof. Let (M,N,X,Y,(-,-),[,]) be a weak Morita context with strong Morita sub-
context (A, B, X', Y'). If (fs) is a cai for B it is clear that f, — 1y weak*. Indeed if a
subnet f;, — f in the weak™ topology in N, then bf = b for all b € B. By weak* den-
sity it follows that bf = b for all b € N. Similarly fb =0b. Thus f = 1. By Lemma
2.9 in [18] we may choose (fs) of the form (3.2.1), and similarly A has a cai (e;) of
form in (3.2.2). That (z,y)2’ = z[y,2'] and ¢/ (z,y) = [¢/, x]y for z, 2’ € X,y,y € Y,
follows by weak™ density, and from the fact that the analogous relations hold in X’
and Y’. Similarly by weak* density arguments, one sees that the bilinear maps are

balanced bimodule maps. O

A key point for us, is that the condition involving (3.2.1) in Theorem 3.2.3 becomes
a powerful tool when expressed in terms of an asymptotic factorization of Iy through
spaces of the form C,(N) (or C,(B) in the case of a weak Morita equivalence).
Indeed, define @,(y) to be the column [(z5,y)]; in C, (N), for y in Y, and define
Vs([bs]) = 32, yjb; for [b;] in €, (N). Then ¢s(ps(y)) = fsy — y in the weak®
topology if y € Y (or in norm if y € Y’ in the case of a weak Morita equivalence,
in which case we can replace C, (N) by C,(B)). Similarly, the condition involving
(3.2.2) may be expressed, for example, in terms of an asymptotic factorization of Ix
through spaces of the form R,(N) (or R,(B) in the weak Morita case), or through
Ch(M) (or Cr(A)).

Henceforth in this section, let (M, N, XY, (-,-),[-,:]) be as in Theorem 3.2.3. We

will also refer to this 6-tuple as the weak* Morita context.
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In the literature of Morita equivalence of rings in pure algebra, there is popular
collection of theorems known as Morita I, II, III. Morita I may be described as the
consequences of a pair of bimodules being mutual inverses (X®pY = Aand Y @4 X =
B). For example, one of the Morita I theorem says that such pairs of inverse bimodules
give rise, by tensoring, to module category equivalences (e.g., see 12.10 in [32]). We
prove this Morita I theorem below. A version of the Morita II theorem will be proved

in Chapter 5.

Theorem 3.2.5. Weak® Morita equivalent dual operator algebras have equivalent

categories of dual operator modules.

Proof. Recall that j;R denotes the category of left dual operator modules over M.
The morphisms are the weak® continuous completely bounded M-module maps. If
Z € NR and if F(Z) = X @3 Z, then F(Z) is a left dual operator M-module by
Lemma 2.4.7. That is, F(Z) € yR. Further, if T € CB(Z, W), for Z,W € xR,
and if F(T') is defined to be I @y T : F(Z) — F(W), then by the functoriality of the
normal module Haagerup tensor product we have F(T') € CB{,(F(Z),F(W)), and
| F(T)||es < ||T||ep- Thus F is a contractive functor from yR to p/R. Similarly, we
obtain a contractive functor G from R to yR. Namely, G(W) =Y @* W, for W €
MR, and G(T) = [ @y T for T € CB, (W, Z) with W, Z € ,/R. Similarly, it is easy
to check that these functors are completely contractive; for example, T'+— F(T)) is a
completely contractive map on each space CB/(Z, W) of morphisms. If we compose
F and G, we find that for Z € xR we have G(F(Z)) € xR. By Proposition 2.4.11

and Lemma 2.4.12, we have
GFZ))ZY QP XQUPZ) (YD X)W Z2NIZ =7

where the isomorphisms are completely isometric. The rest of the proof follows as in

Theorem 3.9 in [18]. O
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We shall adopt the convention from algebra of writing maps on the side opposite
the one on which the ring acts on the module. For example a left A-module map will
be written on the right and a right A-module map will be written on the left. The

pairings and actions arising in the weak Morita context give rise to eight maps:

Ry : N — CBy(X,X), zRy(b)=x-b
Ly : N — CB(Y,Y)ar, Ly(b)yy=b-y
Ry : M — CBy(Y,Y), yRy(a) =y-a
Ly M — CB(X, X)n, Ly(a)r=a-x
RM .Y — CBy(X, M), zRY(y) = (z,y)
LYY — COB(X,N)x, LN (y)x = [y, ]
RY : X — CBy(Y,N), yRM (2) = [y, 7]
LM : X — CB(Y, M), LM(z)y = (z,y)

The first four maps are completely contractive since module actions are completely
contractive. Also the maps Ly and Lj,; are homomorphisms and Ry and R, are anti-
homomorphisms. Similar proofs to the analogous results in [18] show that RM LY,

RN and LM are completely contractive.

Theorem 3.2.6. If (M, N, X, Y, (-,-), [, "]) is a weak™ Morita context, then each of the
maps RM, RN, LM and LY is a weak™ continuous complete isometry. The range of
RM is CBS, (X, M), with similar assertions holding for RN, LM and L. The map
Ly (resp. Ry) is a w*-continuous completely isometric isomorphism (resp. anti-
isomorphism) onto the w*-closed left (resp. right) ideal CB? (Y )p (resp. CB$(X)).
The latter also equals the left multiplier algebra (see [15, Chapter 4]) My(Y') (resp.
M,(X)). Similar results hold for Ly and Ryy.
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Proof. Most of this can be proved directly, as in [18, Theorem 4.1]. For example,
firstly we will show that LY is a complete isometry. Choose a net (e;) for M as in
(3.2.2). As we said earlier, ye; — y in the weak* topology for all y € Y. Thus from

Alaoglu’s theorem we deduce that ||y|| < sup, ||ye||. However
ng
lyedl = 1D yah vl
i=1

= D ly. 2yl
=1

||Hy7x§]7 [y7x;]’ ) [y,xfbt]]HH[yi,yé, e 7?J$Lt]T||

< LYWl

IN

Now take the supremum on the left hand side, to conclude that LY is an isometry.
The matricial version is similar. Now we will show that Ly is a complete isometry.
Choose a net (fs) for N as in (3.2.1). By the Theorem 3.2.3, f; — 1y in the w*-
topology of N. Note that for b € N we have bf, = Z:L:)l [Ly(b)ys, z5]. Thus

%

lofll < NZn®) ), L) (wa), -, Ly (0) (ya, M, 23, - 25, 1"

< N En(0)les-

As bf; — b in the weak* topology in N it follows from the above that ||b|| < ||Lx(b)]|e
which proves that Ly is isometric. A similar calculation shows that Ly is a complete
isometry. To see that Ly maps onto CB?(Y )y, let T € CB?(Y ). With notation as
in (3.2.1), consider the net with terms Y. [T'(yf), zf] is bounded, and so by Alaoglu’s
theorem has a weak™ convergent subnet converging to 7, say, in the w*-topology of V.

We may assume that the subnet is the entire net. Then, since Ly is w*-continuous,
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for y € Y we have

Ly(m)(y) = w'lim > [T(y}), 2}y

i=1

= wlim ) T(y) (25, y)
i=1

= w*lim Z T(yf (3357 y))

=1

= wlim ) Ty, z]y)
=1

= wlimT(> [y, 2]y)

- Tw.

Similar arguments work for the other seven maps.
We can also deduce the above theorem from the functoriality (Theorem 3.2.5).
For example, because of the equivalence of categories via the functor F =Y @3 —,

we have completely isometrically
M = CBJ,(M) = CBG(F(M)) = CBL(Y),

and the composition of these maps is easily seen to be Ry;. Thus R, is a complete
isometry. Similar proofs work for the other seven maps. To see that Ly is w*-
continuous, for example, let (b;) be a bounded net in N converging in the w*-topology
of Ntob &€ N. Then Ly(b;) is a bounded net in CB(Y),;. As the module action is
separately w*-continuous, it is easy to see that Ly (b;) converges to Ly (b) in the w*-
topology. Thus Ly is a w*-continuous isometry with w*-closed range, by the Krein-
Smulian theorem. To see that its range is a left ideal simply use the weak* density of
the span of terms [y, z] in N, and the equation T'Ly([y, z])(v') = Ly[Ty, z|(y') for T
€ CB(Y,Y ), v € Y. The variants for the other maps follow similarly.

To see the assertions involving multiplier algebras, note that we have obvious
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completely contractive maps
N — M(Y)— CB°(Y)u.

The first of these arrows arises since Y is a left operator N-module (see [15, Theorem
4.6.2]). The second arrow always exists by general properties (see e.g., [15, Chapter
4], or Theorem 4.1 in [16]) of the left multiplier algebra of a dual operator module.
Both arrows are weak™ continuous by e.g., Theorem 4.7.4 (ii) and 1.6.1 in [15]. Since
N = CB?(Y)y completely isometrically and w*-homeomorphically, we deduce that

these spaces coincide with M,(Y") too. O

Remark. Note that in the case of weak Morita equivalence, CB4(X’) is an operator
algebra ([18], Theorem 4.9). It is not true in general that C'B/(X) is an operator
algebra. Nonetheless, the above shows that C'B{,(X) is a dual operator algebra

(2 N). The following example, suggested by David Blecher, shows that in general

CBjy(X) is not an operator algebra.

A T
Example. Let M C My(B(H)) be the algebra of matrices of the form " :

where T' € B(H) and A\, u € C. Let N=M(M), X = R*(M) and Y = C*(M). Ma-

trix multiplication define pairings (-, -) from X x Y into M and [-, ] from Y x X into
N. From Example (7) it follows that (M, N, X, Y, (-,-),[-,-]) is a weak Morita context.

From simple calculations we have that, CB(C" (M), M)y is the space of com-
Mo T

0
pletely bounded right M-module maps f : C*(M) — M that takes |\, T,| —

0 125
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a7 i+ g(T) B
where \;,u; € C, T; € B(H), 7 € R*(B(H)), g : C*(B(H)) —

0 A7+ o(T)
B(H) is completely bounded and g|c(pmy = W.—and W € I* , 7 € I?, p € C*(B(H))*,

o L C(B(H)).
Lemma 3.2.7. Let f and ¢ be as above. If [ is w*-continuous, so is .

0 & 0 ¢
Proof. Let ¢; — ¢ in the w*-topology of C*(B(H)). Let x; = ' , T = :
0 0 0 0

Then z; — z in the w*-topology of C*(M) which implies f(z;) — f(z) in the w*-
topology in M. Hence the (2 — 2) entry of f(z;) converges to 2-2 entry of f(x) in the

w*-topology, which implies ¢(¢;) — (). O

Lemma 3.2.8. There exists f € CB(CY (M), M), and T € CB(C*(M),C*(M))

which are not w*-continuous.

Proof. Choose ¢ € C*(B(H))* which is not w*-continuous, and ¢ L C(B(H)). Then

)\1 T1 B T
0 0
0 m T
define f € CB(CY(M),M)ym by f | [Xs po = Nk
0 ¢(|Ty])
0 M2

If f were w*-continuous, then so is ¢ by above Lemma, which is false. Similarly if

my
f mo
my
we define T’ Mo = . where m; € M. Then T is not w*-continuous
0
0
as f is not. i i n
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Corollary 3.2.9. In the above example C* (M) is not a selfdual module over M.

Proof. If C*(M) is a selfdual module over M, then every f € CB(CY(M), M)y, is
given by multiplication with a row vector in R* (M) which are clearly w*-continuous.

But this contradicts Lemma 3.2.8. O
Corollary 3.2.10. Let M be as above. Then C* (M) is not a rigged module over M.

Proof. 1If C*(M) is a rigged module, then from Corollary 5.7 in [16], C*(M) is a

selfdual module over M which is a contradiction. O
Corollary 3.2.11. Let M be as above. Then CB(C*(M))n % M(M).

Proposition 3.2.12. Let M be as above. Then CB(C*(M))ys is not an operator

algebra.

by
Proof. Consider the map 6 : C*(M) — CB(C"(M))y defined as 6(¢)( |b,|) = cby

by
where ¢, b = |p,| € C¥(M). Also consider the map ¢ : CB(C*(M), M)y —

-,

f(b)
CB(C¥(M))y defined as ¢(f)(B) = | o | for f € CB(C¥(M), M)y and b €

CY(M). Tt is easy to check that § and ¢ are completely isometric. Hence C" (M)
and CB(C"Y(M), M), may be identified with the subspaces of CB(C"(M)) s canon-
ically (i.e. via the range of 6 and ¢ respectively). For f € CB(CY(M), M), and

-,

b € C*(M), the pairing (f,b) is identified with ¢(f)8(b) in CB(C*(M))y. For &
€1 €1 f(gcl) f(g)ﬁ
0

- —

= |e| € C), (OB | s |) = (1) (Fer) = = | 0 | Thercfore
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o(f)0(b) can be identified with f(b) in M. Therefore, if CB(C"(M)), is an oper-
ator algebra then the canonical map 7 : CB(C* (M), M)y ®, C*(M) — M that
takes the pairing (f,b) to f(b) where f € CB(C®(M), M)y and b € C*(M) will
be completely contractive. As C*(B(H))* C CB(C*(M), M), completely isomet-
rically, therefore the restriction 7 : C*(B(H))* ®, C*(B(H)) — C that takes the
pairing (f,b) to f(b) where f € C*(B(H))* and b € C*(B(H)), is completely con-
tractive too. Let N = C'(B(H)) which is a closed subspace of C*(B(H)). As the map
7: Nt ®, C*(B(H)) — C is completely contractive, by a well known consequence of
the factorization theorem for completely bounded bilinear functionals (see Corollary
9.4.2 in [10]) there exists a Hilbert space K and completely contractive mappings
Y : Nt — K,and ¢ : C*(B(H)) — (K.)* such that 7(f,b) = ¥(f)p(b) = f(b) for f
€ N+ and b € C*(B(H)). From this it is easy to check that p*i) : N* — C*(B(H))*
is the identity map, hence v is completely isometric. Thus N is a column Hilbert
space, hence C(B(H))/C(B(H)) is a column Hilbert space too. Let J be any set or
cardinal. Without loss of generality let H = [3. Then B(H) = M, and S*(H) 2 K.
Define a map from M,; — C"(M,)/C(M,) that takes an infinite matrix (a;;); jes
to A+ C(M;), where A is an infinite column with each entry an infinite matrix
supported in only one row (which is a row of (a;;);jes). This is a completely isomet-
ric map with kernel K, hence M;/K; — C*(M,)/C(M,) completely isometrically.
This implies that the Calkin algebra B(H)/S*>(H) is a column Hilbert space, which

is a contradiction since the Calkin algebra is a C*-algebra. O

Theorem 3.2.13. If M and N are weak* Morita equivalent dual operator algebras,

then their centers are completely isometrically isomorphic via a w*-homeomorphism.

Proof. By Theorem 3.2.6 there is a w*-continuous complete isometry Ry, : M —
CB(Y). The restriction of Ry to the center Z (M) of M maps into CB(Y )y = N,

and so we have defined a w*-continuous completely isometric homomorphism 6 :
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Z(M) — N. One easily sees that 6(a)(y) = ya, for a € Z(M). It is also easy to see
that this implies that # maps into Z(NV), and to argue, by symmetry, that § must be

an isomorphism. O

Lemma 3.2.14. Suppose that T : E* — F* is a contractive, one-one, surjection
between dual Banach spaces, such that T~ is weak* continuous, and such that T}
restricts to an isometry on a subspace Y of F*. Suppose also that the unit ball of Y

is weak™ dense in the unit ball of F*. Then T is an isometry.

Proof. Suppose that ||T'(z)]] < § < 1, where ||z|| = 1. Then there exists a net (y,) €
Y with |Jya|| < & such that yy 2> T(z). Since T! is weak* continuous, T—1(yy) > z,

and [T (yx)|l = llyall < 8. This implies that ||z| < § which is a contradiction. [

Lemma 3.2.15. In the case of weak Morita equivalence, if Z is a left dual operator
N-module, then the canonical map Y' Qup Z — Y Q%W Z is completely isometric, and

it maps the ball onto a w*-dense set in Ball(Y @3 Z).

Proof. The canonical map here is completely contractive, let us call it §. On the other
hand, let ¢, 1, be as defined just below Corollary 3.2.4, with ¥s(¢s(y)) = fsy — v.
Then for u € M, (Y’ ®p Z), we have

16 ()] = [[(¢s @ Dn(On(w)]| = [[(0s @ Da(w)]| = || fsul]-

Taking a limit over s, gives |0, (u)|| > ||ul.

Let u € Ball(Y @3 Z). By Corollary 2.4.8, there exists a net (u;) in the image of
Ball(Y ®n Z) such that w, Y% u. We rewrite (3.1.1) and the lines below it, namely
write each fy in the form [y, z] (in suggestive notation), for y € Ball(R,,(Y’)) and
x € Ball(C),,(X")).

Note, w ® z is the weak™ limit of terms fyw ® z, and e;w ® z = y ® v, where v is

a column with k" entry > ilzk,wylz;. It is easy to check that [lvf] < 1. O
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Proposition 3.2.16. Weak* Morita equivalence is an equivalence relation.

Proof. This follows the usual lines, for example the transitivity follows from associa-

tivity of the normal module Haagerup tensor product and Lemma 2.4.12. O]

Remark. Concerning transitivity of weak Morita equivalence, it is convenient to
consider Definition 3.2.2 as defining an equivalence between pairs (M, A) and (N, B),
as opposed to just between M and N. That is we also consider the weak* dense

operator subalgebras, in the relation discussed in the next proposition.
Proposition 3.2.17. Weak Morita equivalence is an equivalence relation.

Proof. Reflexivity is a consequence of the Example (7) : In the notation there, take
X =Ri(A),Y =C(A), and B = M;(A), with both (-,-) and [-, -] given by multipli-
cation in A. Symmetry is evident. The only thing that requires work is transitivity.
Suppose that L is weakly Morita equivalent to M and M is weakly Morita equiva-
lent to N. Let (L, M, X,Y,(-,)1,[,]1) and (M, N, W, Z, (-, )2, [, :]2) be weak Morita
contexts with weak*-dense strong Morita sub-contexts (A, B, X', Y”, (-,*)1, [, ]1) and
(B,C, W' Z" (-,-)2, [, :]2) respectively. Set U = X' @n,p W' and V' = Z' @5 Y".
Define (-,-) : U' x V! — A by the formula ((z' ®p w'), (2’ @p ') = (2/, (W', 2")2y' )1
= (2/(w', 2')2,y')1. Similarly define [-, -] : V' x U’ — by the formula [z’ ®@py/, ' @pw'|=
12, [, @' l1w']e = 2]y, 2']1, w]e. Then by Proposition 3.7 in [18], (A, C,U", V', (-,),[-,*])
is a strong Morita context. Define U = X @ W and V = Z®}Y, then by Corollary
2.4.8, U' and V' are w*-dense in U and V respectively. From Proposition 2.4.3, there is
a completely contractive map from U@V = X @I W P Z@Y — X @ MY
~ X ®@3"Y — L. By Proposition 2.2 in [31], this gives rise to a separately w*-
continuous, completely contractive, N-balanced, bilinear map (-,-) : U x V' — L.
Similarly there is a separately w*-continuous, completely contractive, L-balanced, bi-
linear map [-,+] : V x U — N. Thus (L, N,U,V,(-,-),[-,-]) is a weak Morita context,

which proves transitivity. O]
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We would like to thank G. Pisier for the following Lemma.

Lemma 3.2.18. (Pisier) An operator space E is a Hilbert column space if and only

if E®y C, = C,(F) isometrically via the canonical map, for all n € N.

Theorem 3.2.19. Weak Morita equivalent dual operator algebras have equivalent
categories of normal Hilbert modules. Moreover, the equivalence preserves the subcat-

egory of modules corresponding to completely isometric normal representations.

Proof. Suppose that H is a Hilbert space on which M is normally represented. We
claim that Y @ H¢ is a column Hilbert space. By Lemma 3.2.18, it suffices to show
that the canonical map C,(Y @} H®) — (Y @3} H®) ®;, C,, is isometric for all n €
N . Now C,(Y @ H®) = C,(Y) @5F H®, and (Y @5 H®) ®), C, =Y @3 C,,(H®).
Thus we need to show that the canonical map C,(Y) @} H® — Y @3 C,(H¢) is
isometric. Define a map 6 : (C,,(Y) @puar HO)E — (Y Qpar Cr(H))% by 0(T)(y, (n;)) =
>or T(yi,n;), where y; is an n-tuple with y in the ith coordinate and otherwise
zero. It is easy to check that 6 is contractive. Define ¢ : (Y ®@py Cn(H)): —
(Co(Y) @par HO)E by o(T)([y1 y2 -+ ynl'sm) = > T(yi, m;), where n; is an n-tuple
with ¢ in the ith coordinate and otherwise zero. Again it is easy to check that ¢ is
bounded, and § = ¢~!. Dualizing the map 6, we get a contractive, one-one, surjective
map p = 0% : Y @3} C,,(H®) — C,(Y) ®@3" H¢ with p~! = ¢*. Hence p and p~! are
weak* continuous. Since by Theorem 3.10 in [18], Y’ ®,4 H€ is a Hilbert space, Lemma
3.2.18 will yield, analogously to the above, that Y’ ®@p4 C,(H®) = Co(Y') @pa H®
isometrically. That is, p~! is an isometry when restricted to C,,(Y") ®,4 H¢. Now the
above claim follows from Lemma 3.2.15 and Lemma 3.2.14.

To see that N is normally represented on the Hilbert space Y ®9F H¢, suppose
that (n) is a net in N converging in the w*-topology to an element n € N. Then
nyy — ny in the w*-topology of Y, for any y € Y. By Proposition 2.1 in [31], nyy®yn

— ny @y n for all n € H® in the w*-topology of K. Since for Hilbert spaces the weak
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topology and weak* topology coincide, and since finite sums of rank one tensors are
dense in Y ®@3* H¢, it is evident that n,( — n¢ weakly in K, for any ¢ € Y @3 He.
Thus Y @3 H¢ is a normal Hilbert N-module. The last assertion is presented in the

next theorem. ]

Theorem 3.2.20. Weak™ Morita equivalent dual operator algebras have equivalent
categories of normal Hilbert modules. Moreover, the equivalence preserves the subcat-

egory of modules corresponding to completely isometric normal representations.

Proof. If H is a normal Hilbert M-module, let K =Y ®JF H¢. By the discussion just
below Corollary 3.2.4, combined with Corollary 2.4.6, there are nets of maps s : K —
Co, (M) ®@§p H® = C,, (H¢), and maps s : Cp, (H®) — K, with ¢(ps(2)) = foz — 2
weak™ for all z € K. Here (fs) is as in (3.1.1). Let A be the directed set indexing
s, and let U be an ultrafilter on A with the property that limy z, = limy z, for
scalars z,, whenever the latter limit exists. Let Hy, be the ultraproduct of the spaces
C,.(H¢), which is a column Hilbert space, as is well known. Define T': K — Hy,
by T(x) = (¢s())s, for € K. This is a complete contraction. To see that it is an

isometry, note that for any x € K, p € Ball(K,), we have

p()] =i [p(6(pu(@)] < lim [lpu)| = 7))

Similarly, T" is a complete isometry. This proves that K is a column Hilbert space.

That K = Y ®J} H is a normal Hilbert N-module follows from Theorem 3.2.5. Fi-
nally, suppose that M is a weak™® closed subalgebra of B(H), we will show that the in-
duced representation p of N on K is completely isometric. Certainly this map is com-
pletely contractive. If [by,] € My(N), [yn] € Ball(M,,(Y)), [¢rs] € Ball(M,(H®)), [zi;] €
Ball(M,, (X)), then

1lo(pg)Ill = 1 [Bpgyr @ Crs]ll = (1[5, bpgyna) Crs] I
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Taking the supremum over all such [(,], gives

Ilo(bpa)1 | = sup{[|[(z, bpgyma)]1| = [i5] € Ball(My (X))} = [[[bpgyl

by Theorem 3.2.6. Taking the supremum over all such [yy| € Ball(M,,(Y)) gives
I{6p)lll > [ yqll, by Theorem 3.2.6 again =

We summarize: the last result shows that weak® Morita equivalent operator alge-
bras have equivalent categories of normal representations. It would be interesting to
characterize when two operator algebras have equivalent categories of normal repre-

sentations.

Corollary 3.2.21. If H € yH then Y @} HE =Y ®pyr H =Y @y HE completely
isometrically. These are column Hilbert spaces. Here ®ur s as in 3.4.2 of [15]. In

the case of weak Morita equivalence, these also equal Y' ®@p4 HC =Y’ (§>A He.

Proof. By Lemma 3.2.15 and Corollary 2.4.8, Y ®p H¢ = Y @3% H¢. Note that since
— @y H = — @ H° (see e.g. [26, Proposition 9.3.2]), we may replace ®pps here by
®ur ( where ®yr is the module projective tensor product e.g., see 3.4.2 of [15]). The
assertions involving Y follow in a similar way, by Lemma 3.2.15. Note that in this

case, if n € H © [AH] and (e;) is a cai for A, then

(n,m) = Tim (e, 1) = 0.

Thus A acts nondegenerately on H. m

3.3 Representations of the linking algebra

In this section again, (M, N, X, Y, (-,-), [, ]) is a weak™ Morita context. Suppose that
M is represented as a weak*-closed nondegenerate subalgebra of B(H), for a Hilbert

space H. Then by Corollary 3.2.21, K =Y ®3} H¢ is a column Hilbert space. Define
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a right M-module map ® : Y — B(H,K) by ®(y)(¢) = y ® ¢ where y € Y and
( € H. 1t is easy to see that ® is a completely contractive N-M-bimodule map. It is
weak™® continuous, since if we have a bounded net y; — y weak™ in Y, and if ( € H,
then y; @y ¢ — y @y ¢ weakly by [31]. That is, ®(y;) — P(y) in the WOT, and
it follows that ® is weak* continuous. If ||®(y)|| < 1, and if ¢ € Ball(H™), and
[z;;] € Ball(M,,(X)), then

IlCzsg, 9ICI = Ny @ 2)ICIF < [@(Y)]]-

Taking the supremum over such ¢, and then over such [z;;], we obtain from The-
orem 3.2.6 that |ly|| < 1. Thus ® is an isometry, and a similar but more tedious
argument shows that ® is a complete isometry. By the Krein-Smulian theorem we
deduce that the range of ® is weak* closed. A lengthy but similar argument, shows
that the map W : X — B(K, H), defined by ¥(z)(y®() = (x,y)(, is a w*-continuous
completely isometric M-N-bimodule map. As we said in Theorem 3.2.20, the induced
normal representation N — B(K) is completely isometric.

We use the above to define the direct sum M @°¢Y as follows. For specificity, we
want to take H to be a universal normal representation of M, that is the restriction

to M of a one-to-one normal representation of W}

max

B(H,K & H) by 0((m,1))(C) = (mC,y @ ), for y € Y,m € M,¢ € H. One can

(M). Define amap 6 : M @Y —

quickly check that 6 is a one-to-one, M-module map, and that 6 is a weak™ continuous
complete isometry when restricted to each of Y and M. Also, W= Ran(#) is easily
seen to be weak® closed. We norm M &¢Y by pulling back the operator space
structure from W via 6. Thus M &°Y may be identified with the weak* closed right
M-submodule W of B(H, H @ K); and hence it is a dual operator M-module. In a
similar way, we define M &" X to be the canonical weak* closed left M-submodule of

B(H @ K, H).
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We next define the ‘weak linking algebra’ of the context, namely

a x
LY = ca€eMbeNzxeX,yeY 3,
y b

with the multiplication with the given by the formula

a x a ad' + (z,y) ax’ +xb

y b y b ya' +by [y, ]+ b

As in [18, Lemma 5.6], one easily sees that there is at most one possible sensible
dual operator space structure on this linking algebra. Indeed if A is the set indexing
t in the net in (3.2.2), and if 3, € A, then define #°' on the linear space L% to
be the map 0° in [18, p. 45|, but with all the yiﬁ replaced by y!. Then a simple
modification of the argument in [18, p. 50-51], and using semicontinuity of the norm
in the weak™ topology, yields that any ‘sensible’ norm assigned to £* must agree with
supg 670

That such a dual operator space structure does exist, one only need view L" as a
subalgebra R of B(H & K), using the obvious pairings X x K — H (induced by (-, )),
Y xH— K,and N x K — K (this is the induced representation of N on K from
Theorem 3.2.20). It is easy to check that (M, R,M @&" X, M &°Y) is also a weak*
Morita context (this follows from norm equalities of the kind in e.g., the centered
equations in [18, Theorem 5.12]). This all may be most easily visualized by picturing
both contexts as 3 x 3-matrices, namely as subalgebras of B(H @ H @ K'). Theorem
3.2.6 gives R = CB7(M @°Y ) completely isometrically and w*-homeomorphically.

Note that in a weak Morita situation, the linking operator algebra of the strong

Morita context (A, B, X', Y”) can be identified completely isometrically as the obvious
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weak™ dense subalgebra £ of R (see e.g. [6, Proposition 6.10]). Incidentally, at this
point we have already proved the assertion made at the start of Example (1) in
Section 3.2, and indeed that every weak Morita equivalence arises as the weak™ closure
of a strong Morita equivalence, or can be viewed as the weak™ closure, in some
representation, of the linking operator algebra of a strong Morita equivalence. We
have a strong Morita context (A,L£, A ®" X', A&°Y") (see [18, 17]), which can be
viewed as a subcontext of (M, R, M &" X, M &°Y). Thus the latter is a weak Morita
context.

Extracting from the last paragraphs, we have:

Corollary 3.3.1. M is weak® Morita equivalent to the weak linking algebra L®.

Indeed this is a weak Morita equivalence if (M, N, X,Y") is a weak Morita context.
It is often useful here to know that:

Proposition 3.3.2. With notation as in Theorem 3.2.20, we have (M ®°Y ) @%h H¢ =
(H & K)© as Hilbert spaces.

Proof. We will just sketch this, since it is not used here. By Corollary 3.3.1, and The-
orem 3.2.20, we have that L = (M ®°Y) ®5} H is a column Hilbert space. Moreover,
the projections from M @&°¢Y onto M and Y respectively, induce by Corollary 2.4.6,
projections P and @Q from L onto M ®@%* H¢ = H¢, and K, respectively, such that
P+Q=1. O

Mimicking the proof of [18, Theorem 5.1] we have:

Theorem 3.3.3. Let (M, N, X,Y) be a weak™ Morita context. Then there is a lattice
1somorphism between the w*-closed M -submodules of X and the lattice of w*-closed
left ideals in N. The w*-closed M-N -submodules of X corresponds to the w*-closed
two-sided ideals in N. Similar statements for'Y follows by symmetry. In particular,

M and N have isomorphic lattices of w*-closed two-sided ideals.
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Proof. Suppose the linking algebra has concrete representation on Hilbert space. All
products which follows are products of operators on this Hilbert space. If U is a
w*-closed M-submodule of X, let Zyy = TUw*. Since Ww* = N we see that 7y is a
w*-closed left idea of N. If 7 is a w*-closed left ideal in N let Uz = X_.Iw*, which is a
w*-closed M-submodule X. Clearly U +— Z;; and Z — Uz are inverse to each other,
and are lattice isomorphisms, which establishes the first result. If U is a w*-closed
M, N-submodule, then 7 is a w*-closed two-sided ideal in N. Conversely, if 7 is
a w*-closed two sided ideal in N then Uz is a w*-closed M-N-submodule. The last

statement follows by symmetry. O

We next show, analogously to [18, Section 6], that if M and N are W*-algebras,
then they are Morita equivalent in Rieffel’s sense if and only if they are weakly (or
equivalently, weak®) Morita equivalent in our sense. Indeed we already have remarked
(Example (4) in Section 3.2) that Rieffel’s Morita equivalence is an example of our

weak Morita equivalence. The following gives the converse, and more:

Theorem 3.3.4. Let (M,N,X,Y) be a weak® Morita context where N is a W*-
algebra. Then M is a W*-algebra, and there is a completely isometric isomorphism
i: X — Y such that X becomes a W*-equivalence M-N-bimodule (see e.g. 8.5.12 in
[15] with inner products defined by the formulas p(xy, x2) = (x1,i(22)) and (x1, x2) N

= [i(z1), z2].

Proof. First we represent the linking algebra on a Hilbert space H & K as above.
We rechoose the net (e;) such that e; — Iy strongly, so that eje; — Iy thus weak™,
and similarly for the net (fs). To accomplish this, note that the WOT-closure of
the convex hull of the (e;) equals the SOT-closure, by elementary operator theory.
However it is easy to see that the form in (3.2.1) is preserved if we replace e; by
convex combinations of the e;. Now one can follow the proof of [18, Theorem 6.2]

to deduce that the adjoint of any y € Y is a limit of terms in X. That is Y C X*.
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Similarly, X C Y*. So X = Y™, and so it follows that M is a W*-algebra, and X is
a WTRO (this term was defined in the list of examples in Section 3.2) setting up a

W*-algebra Morita equivalence. O

The following is the non-selfadjoint analogue of a theorem of Rieffel. A special

case of it is mentioned, with a proof sketch, at the end of [16].

Theorem 3.3.5. Let (M, N, X,Y) be a weak® Morita context. Let H be a universal
normal representation for M, and let K be the induced representation of N as in
Theorem 8.2.20. Then M' = N'; that is there is a completely isometric w*-continuous
isomorphism 0 : By(H) = Byn(K). Writing R for either of these commutants,
we have X = Br(K,H) and Y = Br(H,K) completely isometrically and as dual

operator bimodules.

Proof. One uses the equivalence of categories to see that By (H) = By(F(H)) =
Bn(K) completely isometrically, in the notation of Theorem 3.2.5. That is, M' = N’
as asserted, and it is easy to argue that if € is this isomorphism then ®(y)T" =
O(T)P(y) for all y € YV, T € M'. Here ® is as in the discussion at the start of
Section 3.3. Now mimic the proof of 8.5.32 and 8.5.37 in [15]. The main point to
bear in mind is that since M is weak™® Morita equivalent to the weak linking algebra
LY, the induced representation of £ is also a universal normal representation, by
easy category theoretic arguments. Thus by [21] it satisfies the double commutant
theorem. Carefully computing the first, and then the second, commutants of £* as

in 8.5.32 in [15], and using the double commutant theorem, gives the result. O

Example. If M and N are finite dimensional then weak™ Morita equivalence equals
strong Morita equivalence, and coincides also with the equivalence considered in [28,
29], that is, weak™ stable isomorphism [31]. Indeed if (M, N, X,Y) is a weak™® Morita

context, then it is clearly a strong Morita context, and by [18, Lemma 2.8] we can
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actually factor the identity map Iy through C, (M) for some n € N, so that Y is
finite dimensional. Similarly, X is finite dimensional. To see that this implies that M
and N are weak™® stably isomorphic, note that in this situation, since M =2 X @31V,
there is a norm 1 element in X ®;, Y mapping to 1,,. Similarly for 1y, and then it is
easy to argue that one has what is called a ‘quasi-unit of norm 1’ in [18, Section 7].
By [18, Corollary 7.9], M and N are stably isomorphic, and taking second duals and
using e.g. (1.62) in [15], we see that they are weak* stably isomorphic. In the infinite

dimensional case however, all these notions are distinct (e.g. see the Introduction 3.1).

3.4 Morita equivalence of generated 1V *-algebras

From [17] or [6], we know that a strong Morita equivalence of operator algebras in
the sense of [18] ‘dilates’ to, or is a subcontext of, a strong Morita equivalence in the
sense of Rieffel, of containing C*-algebras. This happens in a very tidy way. More
particularly, suppose that (A, B, X,Y") is a strong Morita context of operator algebras
A and B. Then any C*-algebra C generated by A induces a C*-algebra D generated
by B, and C' and D are strongly Morita equivalent in the sense of Rieffel [40], with
equivalence bimodule the C*-dilation (see [8]) C'®,4 X. Moreover the linking algebra
for A and B is (completely isometrically) a subalgebra of the linking C*-algebra for
C and D. We see next that all of this, and the accompanying theory, will extend to
our present setting. Although one may use any W*-cover in the arguments below,
for specificity, the maximal W*-algebra W _ (M) from [21] will take the place of C

max

above, and the maximal W*-dilation W7 (M) @3 X will play the role of the C*-

dilation. In Chapter 5, we will develop the theory for this W*-dilation in a general
setting analogously to [8, 17]. We will however state that just as in [8], any (left,

say) dual operator M-module is completely isometrically embedded in its maximal

W*-dilation, via the M-module map x — 1 ® x, which is weak™ continuous.
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Throughout this section again, (M, N, X,Y") is a weak™ Morita context. In this
case, we shall show that the left and right W*-dilations coincide, and constitutes a
bimodule implementing the WW*-algebraic Morita equivalence between W __ (M) and

W (N).

max

Theorem 3.4.1. The W*-dilation Y @3¢ W (M) is a right C*-module over W, (M).

max max

Proof. With H a normal universal Hilbert M-module as usual, we may view W

max

(M)
as the von Neumann algebra R generated by M in B(H). Let K = Y ®@3% H¢ as
usual, and let Z =Y @} W

max

(M). Note that

Z &y an HO2Y @5 Wi (M) @f o HO2Y @ HE =K.

max

This allows us to define a completely contractive weak* continuous ¢ : Z — B(H, K)
given by ¢(y ® a)(¢) = y®a(, for y € Y,a € R,{ € H. Note that ¢ restricted to
the copy of YV is just the map & at the start of Section 3.3. We are following the
ideas of [7, p. 286-288]. It is clear that ¢ is a R-module map. By the discussion
just below Corollary 3.2.4, combined with Corollary 2.4.6, there are nets of maps

0s @1 : Z — O, (M) @5F W

max

(M) = Cn, (W5,

max

(M)), and maps s ® I, with
(Vs @ I)(ps @ I)(2) = fez — z weak™ for all z € Z. Here (fs) is as in (3.2.1),
and the last convergence follows from e.g., [31, Lemma 2.3]. We have ||[fsz;;]]] <
1[(ps @ I)(zi5)]]] < ||[@(2i;)]|]- This follows, as in [7, p. 287], from the fact that there

is a sequence of weak* continuous complete contractions

B(H7 K) - B(H7 Cnf(M) ®(]T\£L W:r;ax(M) ®%L* (M) HC) = B(H7 Cni(HC))

max

that maps ¢(y ® a) to ¢s(y)a, for y € Y,a € R, and hence maps ¢(z) for z € Z, to
(ps @ I)(2). Asin [7, p. 287], we can deduce from these facts that ¢ is a complete
isometry.

Define (z,w) = ¢(2)*¢(w) for z,w € Z. To see that this is a R-valued inner

product on Z, we will use von Neumann’s double commutant theorem. Note that if

o4



A(A) = AN A* is the diagonal of a subalgebra of B(H), then R’ = A(M'), the prime
denoting commutants. The proof of Theorem 3.3.5 shows that there is a completely
isometric isomorphism 6 : M" — N’ such that ®(y)T = 0(T)P(y) for y € Y, T € M,
where ®(y)(¢) = y®( € K, for ( € H. By 2.1.2 in [15], 6 restricts to a #-isomorphism
from A(M’) = R’ onto A(N’). It follows that, in the notation of Theorem 3.9, if
yeY,aeR, (€ HT e M that

Py ®a)(TC) =y ®aT¢ =y ®Tal = d(y)T(a¢) = O(T)P(y)(aC) = O(T)(y @ a)(C).

Hence if w, z € Z then

¢(2)"o(w)T = ¢(2)"0(T)p(w) = (0(T")p(2)) d(w) = (¢(2)T7)"¢(w) = T(2)"p(w),

so that ¢(z)*¢(w) € R" =R.
Thus Z is a right C*-module over W}

max

(M), completely isometrically isomorphic

to the WTRO Ran(¢). O

Theorem 3.4.2. Suppose that (M, N, X,Y) is a weak™ Morita context. Then W

max (M)
and W*_ (N) are Morita equivalent W*-algebras in the sense of Rieffel, and the as-

sociated equivalence bimodule is Y @5 W*_ (M). Moreover, Y @%b W* (M) =

max max
[ [ *
max

(N) @Y completely isometrically. Analogous assertions hold with Y replaced
by X. Finally, the W*-algebra linking algebra for this Morita equivalence contains
completely isometrically as a subalgebra the linking algebra L% defined earlier for the

context (M, N, X,Y).

Proof. We use the idea in [6, p. 406-407] and [17, p. 585-586]. Let H, K be as in the
proof of Theorem 3.4.1. We consider the following subalgebras of B(H & K):

W*

max

YW

max

(M) W (M)X XW:

(M)X Wiax(N)Y Wy

max

(MY XWi.(N)

(M) YW (V)

max
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Let £, and L5 denote the weak™ closures of these two subalgebras. These are dual
operator algebras which are the linking algebras for a Morita equivalence. Thus by
Theorem 3.3.4, they are actually selfadjoint. Moreover, both of these can now be
seen to equal the von Neumann algebra generated by L*, and so they are equal

to each other. Now it is clear that, for example, the weak™ closures of YW _ (M)

max

and W*

max

(N)Y coincide, and this constitutes an equivalence bimodule (or WTRO)

setting up a W*-algebraic Morita equivalence between W} (M) and W} . (N). The

max max

W-algebraic linking algebra here is just £; = Lo, and this clearly contains the
algebra we called R in the discussion in the beginning of Section 3.3, that is, £L*, as
a subalgebra.

Finally, notice that the map ¢ in the proof of the last theorem is a completely
(M)-module map from Z =Y @ W

max

isometric W (M) onto the weak™ closure

max

W ot YW (M) in B(H, K). Similar considerations, or symmetry, shows that V' =

max

Wr (N) @Y agrees with the weak* closure of W7 _ (N)Y, which by the above

max max

equals W, and thus agrees with Z. Similarly for the modules involving X. O]

Remark. Theorems 4 and 5 of [17] have obvious variants valid in our setting,
(M). We will present this in Chapter 5.
(Ew) - £1.

with arbitrary W*-dilations in place of W

max

Similarly, as in [17], we will show later in Chapter 5 that W

max
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Chapter 4

A characterization and a

generalization of W*-modules

4.1 Introduction

In this chapter, we give a new dual Banach module characterization of W*-modules,
also known as selfdual Hilbert C*-modules, over a von Neumann algebra. This leads
to a generalization of the notion, and the theory, of W*-modules, to the setting where
the operator algebras are weak™ closed algebras of operators on a Hilbert space. That
is, we find the appropriate weak™ topology variant of the theory of rigged modules [6],
which in turn generalizes the notion of Hilbert C*-modules. The ensuing modules,
the w*-rigged modules, do not necessarily give rise to a weak™ Morita equivalence in
the sense of Chapter 3. Nonetheless, w*-rigged modules have canonical ‘envelopes’
which are W*-modules. Indeed, w*-rigged modules may be defined to be a subspace
of a W*-module possessing certain properties.

A W*-module is a Hilbert C*-module over a von Neumann algebra which is selfd-

ual, or, equivalently, which has a predual (see e.g., [42, 24, 16]). These objects were
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first studied by Paschke, and then by Rieffel [37, 40] (see also [15, Section 8.7] for an
account of their theory). They are by now fundamental objects in C*-algebra theory
and noncommutative geometry, being intimately related to Connes’ correspondences
(see, e.g., [3] for the relationship). W*-modules have many characterizations; the
one mentioned in the title of this chapter characterizes them in the setting of Banach
modules in a new way. This in turn leads into a generalization of the notion of W*-
module to the setting where the operator algebra is a dual operator algebra. We also
develop the basic theory of this new class of modules, which we call w*-rigged mod-
ules. The theory of the space of left multipliers M,(X) of an operator space X (see
e.g., [15, Chapter 4]), plays a role in this process. Unlike the W*-module situation,
w*-rigged modules do not necessarily give rise to a weak® Morita equivalence in the
sense of Chapter 3. Thus there is limited overlap between Chapter 3 and Chapter 4.
However, weak® Morita equivalence bimodules are w*-rigged modules and there are
strong connections between the two theories. Also, each w*-rigged module has a
canonical W*-module envelope, called the W*-dilation, and thus w*-rigged modules
give new examples of W*-modules. This dilation is an important tool in our the-
ory. Indeed, a w*-rigged modules may be defined to be a subspace of a W*-module
possessing certain properties.

Much of Section 4.2 (on W*-modules) is closely related to a paper of Blecher [4].
The main point of the this paper is that W*-modules fall comfortably into a dual
operator module setting; for example, their usual tensor product (sometimes called
composition of W*-correspondences), agrees with a certain operator space tensor
product studied by Magajna. This has certain advantages, for example new results
about this tensor product (see also [23]). Here we show that this tensor product
also equals the normal module Haagerup tensor product recently introduced in [31],

and studied further by in this thesis (see, Section 2.4). In Section 4.3 we find the
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variant for w*-rigged modules of the basic theory of rigged modules from [6] (and to
a lesser extent, [18]). In Section 4.4 we give several alternative equivalent definitions
of w*-rigged modules. In Section 4.5 we give examples of w*-rigged modules.

In a couple proofs, we use multipliers of an operator space X (see, [15, Chapter
4]). We recall that the left multiplier algebra M,(X) of X is a collection of certain

operators on X, which are weak* continuous if X is a dual operator space [16].

4.2 W*-modules

We begin this section with a useful lemma:

Lemma 4.2.1. Let {H,} be a collection of Hilbert spaces (resp. column Hilbert spaces)
indexed by a directed set. Let'Y be a dual Banach space (resp. dual operator space).
Suppose there exist w*-continuous contractive (resp. completely contractive) linear
maps ¢o 1 Y — Hy, o : Hy — Y, such that 1o (pa(y)) R y for each y € Y. Then

Y is a Hilbert space (resp. column Hilbert space) with inner product given by (y, z) =

limg, (¢a(y), Pa(2)), fory,z €Y.

Proof. The proof that Y is a Hilbert space (respectively column Hilbert space) follows
by the ultraproduct argument in Theorem 3.2.20. For the last assertion, we will
show first that ||¢o(y)]|> — [ly||*>. Then by the polarization identity, it follows that
(y, 2)= limy(da(y), da(z)) as desired. Suppose there exists a subnet (¢d4,(y)) such
that ||¢a, (¥)||*> — B. We need to prove that § = |y||>. Clearly 8 < |ly||*. If
B < K < |ly||?, then there exists a ty, such that, ||¢q,(y)||* < K for all ¢ > t,. This
implies that |[ta, da, ()12 < |6, (W)]|? < K for all t > ty. Since tha,da,(y) > y, by

Alaoglu’s theorem we deduce that [|y||> < K, which is a contradiction. O

We now generalize the notion of W*-modules to the setting where the operator

algebras are o-weakly closed algebras of operators on a Hilbert space. The following
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is the weak* variant of the notion of a rigged module studied in [6, 18, 5, 12]. The
paper [12] has the most succinct definition of these objects, and [5] is a survey. In
Section 4.4 there are several equivalent, but quite different looking, definitions of

w*-rigged modules.

Definition 4.2.2. Suppose that'Y is a dual operator space and a right module over a
dual operator algebra M. Suppose that there exists a net of positive integers (n(«)),
and w*-continuous completely contractive M-module maps ¢o 1Y — Chy(M) and
VYo 1 Cp)(M) = Y, with ¥o(da(y)) — y in the w*-topology on Y, for ally € Y.

Then we say that Y s a right w*-rigged module over M.

An argument similar to that in the last few lines of the proof of Lemma 4.2.1, and

using basic operator space duality principles, shows that for a w*-rigged module Y,

115 lara vy = Sup 1oalyi)ll,  [yi] € Ma(Y). (4.2.1)

Theorem 4.2.3. If Y s a right w*-rigged module over a dual operator algebra M,
then CB? (Y )y = My(Y') completely isometrically isomorphically, and this is a weak™
closed subalgebra of CB(Y)y. Hence CB(Y )y is a dual operator algebra, and Y is
a left dual CB°(Y )y -module.

Proof. By facts in the theory of multipliers of an operator space (see e.g., [15, Chapter
4] or [16]), the identity map is a weak™ continuous completely contractive homomor-
phism M,(Y) — CB(Y), which maps into CB?(Y). If CB(Y)ys is an operator
algebra, and if Y is a left operator CB?(Y")p-module (with the canonical action),
then by the aforementioned theory there exists a completely contractive homomor-
phism 7 : CB7(Y )y — M(Y) with 7n(T)(y) = T(y) for all y € Y, T € CB(Y ).
That is, 7(T) = T. Thus CB?(Y )y = M,(Y'), and it is clear from the Krein-Smulian
theorem and [15, Theorem 4.7.4 (2)] that CB(Y') ) is weak™ closed in CB(Y').
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We now show that C'B?(Y'),, is an operator algebra by appealing to the abstract
characterization of operator algebras [15, Theorem 2.3.2]. If S = [5;;],T = [T};] €
M,(CB°(Y ) ), then one may use the idea in [6, Theorem 2.7] or [18, Theorem 4.9]
to write the matrix a = [, SitTk;j(Yp)] as an iterated weak™ limit of a product of
three matrices. The norm of this last product is dominated by ||[Si;]I1[Z%]1| [Ypql II-
It follows by Alaoglu’s theorem that ||a|| < [|S||||T]|]|{yp)]], and thus [|[ST|| < ||S||||T|
as desired.

A similar argument shows that Y is a left operator CB?(Y')y-module: If T' is as
above, and y = [y;;] € M, (Y), then z = [Y, Tix(yx;)] may be written as a weak™ limit
of a product of two matrices, the latter product having norm < ||T|||y||. Applying
Alaoglu’s theorem gives ||z]| < ||T||||ly]|, as desired.

The final assertion now follows from [15, Lemma 4.7.5]. O

Theorem 4.2.4. Suppose that Y is a right w*-rigged module over a dual operator
algebra M. Suppose that H is a Hilbert space, and that 0 : M — B(H) is a normal
representation. Then Y @3¢ H¢ is a column Hilbert space. Moreover, the finite rank

tensors Y @ H¢ are norm dense in the Y @3¢ He.

Proof. Let e, = ¢, (notation as in Definition 4.2.2). By Lemma 2.4.7 and The-
orem 4.2.3, Y ®@3% H® is a left dual M,(Y)-module. By the functoriality of the
module normal Haagerup tensor product, we obtain a net of complete contractions
b @I 1Y R HE — Chon (M) @51 H® and o ® Iy < Crey (M) @54 HE — Y @50 HE.
Their composition (¢, ® Ig)(Ve @ In) = €4 @ Iy may be regarded as the canonical
left action of e, € M,(Y) on Y ®JF H® mentioned at the start of the proof. Since
the action is separately weak™ continuous, the composition converges to the identity
map on Y ®F H¢ in the w*-topology (i.e., point-weak* on Y @} H¢). However, for

any m, we have from the facts in Section 2.4 that
Cn(MYRSEH = (C,@" M) H® = C,,, @"" (M 5" H) = C,,, @"" H® = C,,(H°),
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and C,,(H¢) is a column Hilbert space. Thus by Lemma 4.2.1, Y ®3* H¢ is a column
Hilbert space. The last assertion follows from Section 2.4 in Chapter 2 and Mazur’s
theorem that the norm closure of a convex set equals its weak closure. But for a
Hilbert space, weak closure equals its weak® closure by using the reflexivity of Hilbert

spaces. ]

Henceforth in this section, we stick to the case that M is a W*-algebra.
Part (ii) (and (iii)) of the following is the Banach-module characterization of W*-

modules promised in our title. The result may be compared with e.g., [15, Corollary

8.5.25].
Theorem 4.2.5. Let M be a W*-algebra.

(i) An operator M-module Y is w*-rigged if and only if Y is a W*-module, and
the matriz norms for'Y coincide with the W*-module’s canonical operator space

structure.

(i) If Y is a dual Banach space and a right M-module, then Y is a W*-module if
and only if Y satisfies the condition involving nets in Definition 4.2.2 but with

the maps ¢o, Vs contractive as opposed to completely contractive.

(1i) If the conditions in (i) or (ii) hold, and if ¢, is as in Definition 4.2.2 or (ii),
then fory, z € Y, the weak* limit w*-lim, ¢ (y)*Pu(z) exists in M, and equals

the W*-module inner product.

Proof. If Y is a W*-module then the existence of the nets in (i) or (ii) follow easily
from, e.g., Paschke’s result [15, Corollary 8.5.25] or [4, Theorem 2.1].

For the other direction in (i), we follow the proof on p. 286-287 in [7]. Let ¢,
and 1, be as in Definition 4.2.2. We write the k' coordinate of ¢, as x$, where

r¢ is a w*-continuous module map from Y — M, and we write the k™ entry of
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Yo as yp € Y. By hypothesis we have ZZ(:O? Y a2 (y) 5y for every y € Y. Let
H be a Hilbert space on which M is normally and faithfully represented. Then by
Lemma 4.2.4, K =Y ®j} H is a column Hilbert space. Define two canonical maps
¢:Y — B(H,K)and ¥ : CB§,;(Y,M) — B(K, H), given respectively by ®(y)(()
=y®¢and ¥(f)(y ® () = f(y)C. Then it is easily checked (or see Subsection 4.3.1
for this in a more general setting), that ® and ¥ are weak™® continuous complete
isometries.

Let e, = ZZ(:OCI) Dy )W (z). Tt is easy to check that e, P(y) = P(VaPay) hence
ea®(y) R &(y) for ally € Y. Hence e,(y®() — y®( weak* in K forally € Y,( € H.
It follows by the last assertion of Theorem 4.2.4 that e, — Ik in the WOT for B(K).
By a argument similar to that of the proof of Theorem 3.3.4, we can rechoose the net
(eq) such that e, — I strongly on K. Continuing to follow the proof in [7], one can
deduce by a small modification of the argument there, that the adjoint of any ®(y)
€ ?(Y) is a weak™ limit of terms in ¥ (C By (Y, M)). Thus for z € Y, we have that
O (y)*®(2) is a weak™ limit of terms in ¥(C' B, (Y, M))®(Y), and hence is in M, being
a weak® limit of terms in M.

Define (y, z) = @(y)*®(z) for y,z € Y. Asin [7], Y is a C*-module over M and
the canonical C"*-module matrix norms coincide with the operator space structure of
Y, since @ is a complete isometry on Y. Since @ is w*-continuous, it follows that
the inner product on Y is separately w*-continuous. Hence Y is a W*-module, by
Lemma 8.5.4 in [15].

The assertions (ii) and (iii) follow from (i) and (4.2.1), as in [7], replacing limits
by weak® limits. Note that (4.2.1) corresponds to an isometric embedding of Y in
@2 Cp,, (M), which is easily seen to be weak™® continuous and hence a weak™ homeo-
morphism by Krein-Smulian. Thus (4.2.1) will induce a dual operator space structure

onY. O
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By a weak™® approzimate identity in a unital dual Banach algebra M, we mean a
net {e;} in M such that e Y 1. A weak* iterated approzimate identity for M is a
doubly indexed net {e(3) } (where 3 and the directed set indexing 3 may possibly
depend on «), such that for each fixed a, the weak* limit w*-limg e(, gy exists, and

w*-lim, w*-limg e, g = 1.

Lemma 4.2.6. A weak* iterated approximate identity for a dual Banach algebra may

be reindexed to become a weak™ approzimate identity.

Proof. Suppose that {e(g)} is a weak iterated approximate identity for a dual Banach
algebra M. For each a € M and fixed «, define z,(a) = w*-limge ga and y,(a)
= w*-limgae, 3. We also define a new indexing set 7 which consist of the set of
5-tuples v = («, 8, V, M., €), where V is a finite subset of M, and € > 0 such that
|fle@pa) — f(zala))| < € and |f(ae(,p) — f(yala))| < eforalla € V and f € M,.
One can check that 7 is a directed set with ordering («, 8, V, My, €) < («/, 3", V', M, €)
if and only if & <o/, V C V' and € <e. Wesay e, = e if v = (a, 3, V, M, €).
Let € > 0 and a € M be given. Choose o such that for a > ay, | f(za(a)) — f(a)]
< e and |f(ya(a)) — f(a)| < e. Choose [ in such a way that vy = (o, Bo, a, My, €)
€ Ty = (0, .V, Ma) > 70 then |f(es0) — £(a)] < [F(eqma) — Flzal@)] +
|f(za(a)) — f(a)|] < € + € = 2¢e. Hence {e, }e, is a left weak* approximate identity.

Similarly it is right weak* approximate identity. m

Theorem 4.2.7. Let {Y;} be a collection of W*-modules over a W*-algebra M, in-
dexed by a directed set. Let'Y be a dual Banach space (resp. dual operator space)
and a right module over M. Suppose that there exist w*-continuous contractive (resp.
completely contractive) M-module maps ¢; : Y — Y; and ¢; 1 Y; — Y, such that
Ui(0:i(y)) iR yimY, foryeY. Then'Y is a W*-module (resp. a W*-module with its
canonical dual operator space structure). Fory,z € Y, the limit w*-lim;{¢;(y), ¢i(2))

exists in M and equals the W*-module inner product (y, z).
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Proof. As in Theorem 4.2.5, one can focus on the operator space version. For each
i choose nets ¢, , ¢!, for Y; as in the last theorem. Let ¢, = ¢}, o ¢;, and 9, =

¥; o1l . By Lemma 4.2.6, reindex the net {¢ i o} s0 that the weak® limit of

2,00

! /
2,00 7 1,00

in CB?(Y) s over the new directed set coincides with the iterated weak™ limit

w*-lim; w*-limg, ¥, ¢} .., which equals Iy. This gives a new asymptotic factorization
of Iy through spaces of form C,, (M) with respect to which Y is w*-rigged. Hence by

Theorem 4.2.5, Y is a W*-module, with the inner product

(. 2) = wlim (¢q, (¢:(y)), 9, (6:(2)))

where the limit is taken over the new directed set. Carefully inspecting the directed
set used in Lemma 4.2.6 (a variant of the one used in [6, Lemma 2.1]), it is easy to

argue that the last inner product equals w*- lim; (¢;(y), ¢i(2)). O]

Remark. The same proof as the above establishes the analogue of the last result,
but for a dual operator module Y over a unital dual operator algebra M, taking
the Y; to be w*-rigged modules over M, and the ¢', 4" completely contractive (the

conclusion being that Y is w*-rigged).

Theorem 4.2.8. If Y is a right W*-module over M, and if Z is a left (resp. right)
dual operator module over M, then Y @3¢ Z = CB{,(Y,Z) = CBy(Y, Z) completely
isometrically and w*-homeomorphically (resp. Z@MY = CB°(Y,Z)y = CB(Y, Z)m

completely isometrically and w*-homeomorphically).

Proof. We will use facts and routine techniques from [25] or [15, 1.2.26, 1.6.3, Section
3.8]. f T € B(Y,Z)un, and if (e4)aer is an orthonormal basis for Y (see [37] or [15,

8.5.23]), note that by [25, Theorem 4.2 and remark after it] we have

T(y) =T ealea ) = Y Tlea)lea,y) = agly), y€Y,

a
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where a is the row with o'® entry T'(e,), and g : Y — C;(M) has o' entry the
function (e,, ). Thus T is the composition of left multiplication by a € R;(Z) and
g, both of which are weak™ continuous (see e.g., the proof of [15, Corollary 8.5.25]).
Thus CB3,(Y, Z) = CBu(Y, Z).

That Z @Y = CB$,(Y, Z) is generalized later in Theorem 4.3.4. O

Corollary 4.2.9. In the situation of the last theorem, the tensor products @I coin-

cide with Magajna’s extended module Haagerup tensor product Qpy used in [4].

It follows that in all of the results in [4], all occurrences of the extended module
Haagerup tensor product ®pj; may be replaced by the normal module Haagerup
tensor product ®3?. This is very interesting because in many of these results this
tensor product also coincides with the most important and commonly used tensor
product for W*-modules, the composition tensor product Y®yZ. Thus our results
gives a new way to treat this famous composition tensor product (see also [23]). Both
tensor product descriptions have their own advantages: ®ps allows one to concretely
write elements as infinite sums of a nice form, whereas ®9 has many useful general
properties (see [31], Section 2.4).

We state just a couple of the many tensor product results from [4], adapted to

our setting:

Corollary 4.2.10. Let Y, Z be right W*-modules over M and N respectively, and
suppose that 0 : M — B(Z) is a normal x-homomorphism. Then the ‘composition
tensor product’ Y®yZ equals Y @5 Z. Also, CB(Y®¢Z)ny =Y QP OB(Z)y Q2 Y

completely isometrically and weak* homeomorphically.

Proof. The first assertion is discussed above (following from Theorem 4.2.8 and [4]).

For the second, just as in the proof of this result from [4], Theorem 4.2.8 gives
CB(Y®pZ)n = (YR¢Z) ®7Vh (Y®¢Z)” = (Y @fﬁ Z) ®§7Vh (Z ®§\7 Y),
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which equals YR (Z @ Z) @Y =2 YR B(Z)xv@50 Y (see [13, 31]). O

A similar proof, using Theorem 4.2.8 twice and associativity of the tensor product,

gives:

Corollary 4.2.11. Let M, N be W*-algebras, let Y be a right W*-module over M,
and let W (resp. Z) be a dual operator N-M-bimodule (resp. dual right operator N -
module). Then CB(Y,Z %% W)y = Z@Y CB(Y,W)y completely isometrically and

weak* homeomorphically.

4.3 Some theory of w*-rigged modules

4.3.1 Basic constructs

We begin with some notation and important constructs which will be used throughout.
For a w*-rigged module Y over a dual operator algebra M, define Y = CB?(Y, M)yy;.
Let ¢, and 1), be as in Definition 4.2.2. We write the k'™ coordinate of ¢, as x2,
where z¢ is a w*-continuous module map from Y to M, and we write k™ entry of v,
as ¥ € Y. By hypothesis we have ZZ(:O? Y2 22 (y) Y%y for every y € Y.

We sometimes write Y as X, and use (-,-) to denote the canonical pairing Y x
Y — M. This is completely contractive, as one may see using the idea in the proof
of Theorem 4.2.3 (the crux of the matter being that for f € Y,y € Y we have
(f,y) = w*-lim, Zz(zal) flyH)z(y), a limit of a product in M).

Let H be a Hilbert space on which M is normally and faithfully (completely
isometrically) represented. Then by Lemma 4.2.4, K =Y ®3" H is a column Hilbert
space. Define two canonical maps ¢ : Y — B(H,K) and ¥ : Y — B(K, H), given
respectively by @(y)(() = y ® ¢ and ¥(f)(y ® () = f(y)(. By the argument at
the beginning of Section 3.3 in Chapter 3, ® is weak™ continuous. In view of the

canonical map Y x H® — K being completely contractive, a routine argument gives
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® completely contractive. By the argument on p. 287 in [7], ® is a complete isometry:

one obtains, as in that calculation, that

1[&a (i)l < 11D (yis)]Il,

so in the limit, by (4.2.1), ||[vi;]ll < |[[®(vi;)]]]. The canonical weak* continuous

complete contraction
Y@ K= (Y "Y)®5 H — M @3 H° — H,

corresponds to a separately weak® continuous complete contraction Y x K¢ — He.
The map U is precisely the induced weak* continuous complete contraction ¥ —
B(K, H). As before, ¥ is a complete isometry.

We define the direct sum M @&°Y as in Section 3.3. Namely, § : M &YV —
B(H,K @ H) defined by 0((m,y))(¢) = (m{,y @ (), for y € Y,m € M, € H, is
a one-to-one M-module map, which is a weak® continuous complete isometry when
restricted to each of Y and M. We norm M @&°¢Y by pulling back the operator
space structure via 0, then M @&°Y may be identified with the weak* closed right M-
submodule Ran(f) of B(H, H ® K); and hence M &°Y is a dual operator M-module.

Lemma 4.3.1. If Y is a right w*-rigged module over M, then M &°Y is a left w*-
rigged module over M. Also, (M ©°Y) ®@3" H¢ = (H & K)° as Hilbert spaces, for
H, K as above.

Proof. Define ¢/, : M @°Y — Cpy+1(M) and ¢, : Cpy41 (M) — M @°Y, to
be Iy @ ¢ and Iy @ 1, respectively. We also view M C B(H), identify Y and
®(Y), and write n(a) = n. One may then view ¢/ (m,y), for m € M,y € Y, as
the matrix product of the (n + 1) x 2 matrix Iy & ¥, ;([z¢]) (viewed as an operator
HOK — H™Y) and the 2x 1 matrix with entries m and ®(y) (viewed as an operator

H — H @ K). Thus it is clear that ¢/, is completely contractive. Similarly, we view
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W (m, [my]), for m € M, [my| € C,(M), as the matrix product of the 2 x (n + 1)
matrix Iy @ ®1,,([y2]) (viewed as an operator H") — H @ K) and the (n+ 1) x 1
matrix with entries m and my (viewed as an operator H — H™*V). Thus it is clear
that ¢/, is completely contractive. It is easy to see that ¢/ ¢! — I weak™ on M ©&°Y.
So M &°Y is w*-rigged.

The last assertion follows just as in Section 3.3. O

Lemma 4.3.2. If Y is a right w*-rigged module over M, then' Y is a weak* closed
subspace of CB(Y, M) ;. Indeed, Y is a left w*-rigged module over M, which is also a
dual right module over CB°(Y). The canonical map (-,-) : Y xY — M is completely

contractive and separately weak® continuous.

Proof. Let P and @) be the canonical projections from M @°Y onto Y and M re-
spectively; and let ¢ and j be the canonical inclusions of Y and M, respectively, into
M &°Y. Then ©(T) = jQTiP defines a weak™ continuous completely contractive
projection on My(M @&°Y) = CB?(M @°Y ). Thus the range of 6 is weak™ closed.
However, this range is easily seen to be completely isometric to CB?(Y, M),;. Thus
the latter becomes a dual operator space, in which, from [15, Theorem 4.7.4(2)], a
bounded net converges in the associated weak* topology if and only if the net con-
verges point weak*. It follows easily that Y is a weak* closed subspace of CB(Y, M)y
(by the Krein-Smulian theorem, or by using the fact that M,(M ®°Y) is weak™ closed
in CB(M @&°Y) (see Theorem 4.2.3)).

Define nets of weak® continuous maps f — [f(yp)] € Ruw)(M), and [my] —
Yo My € Y, then it is easy to see that with respect to these, Y satisfies the left
module variant of Definition 4.2.2. Since C'B? (M @&°Y ), is a dual operator algebra, it
is easy to see that its 1-2-corner Y is a dual right module over its 2-2-corner C'B?(Y)).

We have already essentially seen the last part. O]
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Corollary 4.3.3. We have Y = C’B&(f/, M) completely isometrically, and as right
M -modules. That s, ):/ =Y. Also a bounded net y; — y weak™ in'Y if and only if

(z,1) — (z,y) weak* in M for allz €Y.

Proof. This is straightforward, using the Lemma above and the ideas in [6, 18], and

routine weak™® topology principles. O

We say that T': Y — Z between w*-rigged modules over M is adjointable if there
exists S : Z — Y such that (w, Ty) = (S(w),y) for all y € Y,w € Z. The properties
of adjointables in the first three paragraphs of p. 389 of [6] hold in our setting too,
and moreover it is easy to see that T is adjointable if and only if T'€ CB(Y, Z) .

For any dual operator modules Y, Z, set B(Y, Z) = CB?(Y, Z)y and set B(Y) =
CB’(Y)y. SoY = B(Y,M). We also set N = Y ®3" Y. Using the canonical
completely contractive and separately weak* continuous map (-,-) : Y x Y — M, one

obtains by the facts in Section 2.4, a weak™® continuous completely contractive map
N@" N2y (Y Y)elyY - Y e Mer Y = N.

This endows N = Y®ﬁ}7 with a separately weak™® continuous completely contractive
product, so that by [15, Theorem 2.7.9], we have that N is a dual operator algebra.
We now show that N is unital. As in [18, 6], the elements v, = ZZ(:O? yr @ xf are in

Ball(V), and for any y € Y,z € Y we have in the product above the theorem,

va<y®$) = %(%(y)) Vr — yY®x

weak® in N. If v,, — v is a weak™ convergent subnet, then by the above formula we
have v(y®x) = y®x, and it follows that vu = u for all w € N. Similarly uv = u. We
deduce from this that N has an identity of norm 1. Since such an identity is unique,

we must have v, — 1y weak*.
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Theorem 4.3.4. If Y is a right w*-rigged module over M, and Z is a right dual
operator M-module, then B(Y, Z) is weak™ closed in CB(Y, Z). Moreover, B(Y, Z) =
Z®‘]’V}f1~/ completely isometrically and weak™ homeomorphically. In particular, B(Y') =

Y®(j{}§~/ as dual operator algebras, equipping the last space with the product mentioned

above.

Proof. As in the second paragraph after Corollary 4.3.3, by the facts in Section 2.4,

we have canonical weak* continuous complete contractions
(ZRPY)SUY =25 (YY) — 25 M= 2.

This induces a canonical completely contractive w*-continuous linear map 6 : Z @}
Y — CB(Y, Z), which satisfies 6(z ® )(y) = z(x,y), and which actually maps into
B(Y, Z) .

In the notation we introduced prior to Theorem 4.3.4, N = Y @3 Y is a unital

dual operator algebra. Set W = Z @%» Y. The canonical weak* continuous maps
WM YeuY)2Zeh (Y e"Y)ouY - 258 My =W,

induces a separately weak™ continuous complete contraction m : W x N — W. Note
that m(z @z, 1y) = 2@z for 2 € Z,z € Y, since m(z @ &,0a) = 2 @ TaPa — 2@ T
weak™®. Thus m(u, 1y) = u for any v € W, and so m(u,v,) — u weak*.

Now define jio : CB(Y,Z)y — W : T — S7 T(y*) @ 22, This is a weak*
continuous complete contraction. We have 1, (0(2®1)) = 2Q20a00s = m(z2Qx,v,) —
2 ® x weak* for any z € Z,x € Y. From the equality in the last line, and weak*
density, we have for all w € W that u,(0(u)) = m(u,v,). The latter, by the fact at
the end of the last paragraph, converges to u. Since ||ua(0(w))]| < [|0(u)] it follows
from Alaoglu’s theorem that € is an isometry. Similarly, # is a complete isometry.
Since it is weak™ continuous, by Krein-Smulian # has weak™ closed range, and is a

weak™ homeomorphism. Since 0(uq (7)) — T weak® if T € B(Y, Z), we have now
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proved that Ran(#) = B(Y, Z). Note that in the case when Z =Y we have that 6 is

a homomorphism, because it is so on the weak* dense subalgebra Y ® Y. O

As one immediate application of this, as on p. 391 in [6], one can argue that for
any cardinals or sets I, J we have My ;(B(Y, Z)) = B(CY(Y),C}(Z)) completely iso-

metrically and weak® homeomorphically. This uses the fact that CY(Y) = RY(Y) =
Y @°" R;.

4.3.2 The weak linking algebra, and its representations
If Y is a w*rigged module over M, with Y, set

LY = o caeMbeB(Y),zeY,yeY p,
y b
with the obvious multiplication. As in Section 3.3, one may easily adapt the proof of
the analogous fact in [18], that there is at most one possible sensible dual operator
space structure on this linking algebra, and so the linking algebra with this structure
must coincide with B(M @€ Y). Another description proceeds as follows. Let H
be any Hilbert space on which M is normally completely isometrically represented,

and set K = Y ®%" H®. We saw at the start of Section 4.3 the canonical maps
®:Y - B(H,K)and ¥ :Y — B(K, H).

Lemma 4.3.5. The weak* closure in B(K) of ®(Y)U(Y) is completely isometrically

isomorphic, via a weak® homeomorphism, to B(Y').

Proof. Let N be this weak* closure, which is a weak™ closed operator algebra. Clearly
NO(Y) C ®(Y), so that by 4.6.6 in [15] we have a completely contractive homomor-
phism g : N — M,(Y). Conversely, since Y is a dual left operator M,(Y )-module
by Theorem 4.2.3, so is K by Lemma 2.4.7. Thus by the proof of [15, Theorem 4.7.6],

there is a normal representation 0 : M,(Y) — B(K). If y ® f denotes the obvious
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operator in CB?(Y), for y € Y, and f € Y, then 8(y @ f)(y @ ¢) = yf(y) @ ¢ =
(YU (f)(y @) forally € Y, ¢ € H. Thus §(y @ f) = ®(y)¥(f) € N. However, it
is easy to see from the fact that T,¢, — Iy weak®, that the span of such y ® f is
weak™ dense in C'B?(Y )y, and it follows that # maps into a weak* dense subset of
N. Clearly u(6(y® f)) =y® f, and so pof = I. Thus 6 is a complete isometry, and

the proof is completed by an application of the Krein-Smulian theorem. O

Thus the linking algebra £* of the w*-rigged module may also be taken to be the

subalgebra of B(H @ K) with ‘four corners’ ®(Y), U(Y), M, and the weak* closure

in B(K) of ®(Y)¥(Y).

4.3.3 Tensor products of w*-rigged modules

If Y is a right w*-rigged module over M, if Z is a right w*-rigged module over a dual
operator algebra R, and if Z is a also left dual operator M-module, then Y @37 Z is
a right dual operator R-module (see Section 2.4). As in the proof of Theorem 4.2.4,
we obtain a net of completely contractive right R-module maps ¢, ® I7 : Y QF Z —
Cha)(M) R%h 7 = Cn)(Z), and ¥q @ I : Cp)(Z) = Y ®%h Z, such that the
composition (¢, @ I7)(1e @ I7) = €4 ® Iz converges weak™ to the identity map on
Y ®@9% Z. Thus by the remark after Theorem 4.2.7, Y @ Z is a w*-rigged module
over R. In particular, if R is a W*-algebra then Y ®{} Z is a W*-module over R by
Theorem 4.2.5 (i).

In the setting of the last paragraph (and R possibly non-selfadjoint again),
(Y &5} Z2) =CB°(Y &% Z,R)r 2 Z &5} Y, (4.3.1)

completely isometrically and weak™ homeomorphically. We give one proof of this

(another route is to use the method on p. 402-403 in [6]). Note that the canonical
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weak™® continuous complete contractions
(ZY)@™M (YR Z) -2 M Z - 2t Z — R,

induce a weak* continuous complete contraction ¢ : Z @'Y — CB(Y @5 Z, R)x.
On the other hand, the complete contraction from the operator space projective
tensor product to Y ®3* Z, induces a complete contraction CB?(Y @3} Z,R)r —
CB(Y,CB(Z,R)) that is easily seen to map into C B(Y, Z), and in fact into CB? (Y, Z) .
Now it is easy to check that this map CB?(Y @3} Z,R)r — CB?(Y,Z)s is also
weak*-continuous. By Theorem 4.3.4, we have constructed a weak*-continuous com-
plete contraction p : CB?(Y @5 Z, R)r — Z@}Y . It is easy to check that po = Id,
thus o is completely isometric, and by Krein-Smulian o has weak™ closed range. Any
f € CB(Y @} Z,R)r is a weak® limit of f o (¢ @ I7). The latter function is
easily checked to lie in Ran(c), using the fact that for any y € Y the map f(y® -) on
Z is in Z. Hence o has weak* dense range, and hence is surjective, proving (4.3.1).

Just as in the proof of Corollary 4.2.10, one may deduce from (4.3.1) the relation
B(YY @ Z2)2Y @ B(Z)r @50 Y.

In fact the weak™ variants of all the theorems in Section 6 of [6] are valid. In next
subsection, we merely focus on Section 6.8 from that paper, which we shall need at

the end of the next section.

4.3.4 The W*-dilation

This important tool is a canonical W*-module envelope of a w*-rigged module Y over
M. If R is a W*-algebra containing M as a weak™ closed subalgebra with 1 = 1,
then £ =Y ®J} R is a W*-module over R, and it is called a W*-dilation of Y. We

may identify Y with Y ® 1. This is a completely isometric weak™ homeomorphic
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identification, since by (4.2.1) we have for [y;;] € M, (Y) that

1yis @ Ul a,2) = sUp [[(Va ® I2)(yi; @ D)]|| = SUp 1[0yl = [1yii]l| st vy

Thus every w*-rigged module over M is a weak™ closed M-submodule of a W*-module
over R. Usually we assume R is generated as a W*-algebra by M.

Similarly, it is easy to see that Y is a weak* closed left M-submodule of R Q91 Y.
By (4.3.1) above, R @37 Y = E, which in turn is just the conjugate C*-module (see
e.g. [15, 8.1.1 and 8.2.3(2)]) E of E. We claim that B(Y') may be regarded as a weak™*
closed subalgebra of B(E) having a common identity element. By a principle we have
met several times now (e.g., in the proof of Lemma 4.3.5), there is a canonical weak™
continuous completely contractive unital homomorphism B(Y) — B(E). However,
since Y 2 Y ®1 C FE as above, it is easy to see that the last homomorphism is a
completely isometric weak™ homeomorphism. Thus we have established the variant
in our setting of [6, Theorem 6.8].

The W*-dilation is discussed in a more general setting in Chapter 5.

4.3.5 Direct sums

If YV is a w*-rigged module over M, and if P € B(Y) is a contractive idempotent,
then it is easy to see from the remark after Theorem 4.2.7, that P(Y) is a w*-rigged
module over M, called an orthogonally complemented submodule of Y.

As in the discussion at the top of p. 409 of [6], if {Y;}xres is a collection of w*-
rigged modules over M, and if B, = Y}, ®JF R is the W*-dilation of Y}, for a W*-
algebra R containing M, then we can define the column direct sum ®j; Y%, to be
®ier Y = {(yx) € ®Bie; Er s yp € Yy for all k € I}, where &, Ej is the W*-module
direct sum (see [37] or [15, 8.5.26]). A key principle, which is used all the time when
working with this direct sum, is the following. Consider the directed set of finite

subsets A of I, and for z € ®f_; Ej, write za for the tuple z, but with entries z
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switched to zero if k ¢ A. Then (za)a is a net indexed by A, which converges weak*
to z. For example, it follows from this principle that @f.; Y} is the weak™ closure

inside @, Ej of the finitely supported tuples (yx) with y,, € Y}, for all k.

Theorem 4.3.6. If {Y, : k € I} is a collection of w*-rigged modules over M, then

Dlcr Y 15 again a w*-rigged module over M.

Proof. We first observe that this holds if I is finite. For simplicity, we just want to
consider the case of two modules, which is similar to the proof of Lemma 4.3.1. In
fact one may use Definition 4.4.5 below in Section 4.4 to see quickly that Y; &°¢ Ys
is w*-rigged if Y} and Y5 are: note that if £ = E; ®° Es in the notation of the last
paragraph, and if (21, 22) € E is such that (21, 22)|(v1,¥2)) = (z1]y1) + (22|y2) € M
for all y1,y2 € Y, then z; € X, = Yi by Definition 4.4.5. One can then see that the
conditions of Definition 4.4.5 are satisfied, so that Y; &°Y; is w*-rigged.

If I is infinite we proceed as follows. In the notation of the paragraph above
the theorem, we have that ®f . Y is w*-rigged by the last paragraph. There are
canonical maps ¢ and A between Y = @5 ; Y, and ®j.5 Yi. Namely, ¢a is
essentially the map z — za, and ¥ is the inclusion, indeed ¢ 0 YA = Id. It is easy
to see that these maps are completely contractive and weak™ continuous, since when
one tensors them with Ir they have these properties. Also, ¥a o oo — Iy weak™,
using the principle above the theorem that zao — z. It follows from the remark after

Theorem 4.2.7, that Y is w*-rigged. O

The following universal property shows that the direct sum ®f.; Y, does not

dependent on the specific construction of it above:

Theorem 4.3.7. Suppose that {Yy}rer is a collection of dual operator modules over
M, thatY is a fized w*-rigged module over M, and that there exist weak™ continuous

contractive M-module maps iy, : Yy — Y, m, © Y — Y, with 7y 0 iy, = Opmldy,,
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for all k,m. Here Oy, is the Kronecker delta. Then each Yy is w*-rigged, and Y is
completely isometrically weak™ homeomorphically M -isomorphic to the column direct
sum Z &° (®5Yy) defined above, where Z is a submodule of Y which is also w*-rigged.
If 3 er temi = Iy in the weak*-topology of B(Y'), then Z = (0).

Proof. The ranges ix(Y}) are orthogonally complemented submodules of Y, and hence
they are w*-rigged, and so is Y;. The sum R = ), 4,7, is a increasing net of con-
tractive projections in the dual operator algebra B(Y'), indexed by the finite subsets
of I directed upwards by inclusion. Hence it converges in the weak™ topology in
B(Y) to a contractive projection R € B(Y). Let Z = Ran(I — R), which again is
w*-rigged. Define Z ©°¢ (@5, Yy) as above the theorem, a weak™ closed M-submodule
of the W*-module direct sum (Z @5 R) ®° (&5 (Vi @5F R)). Tensoring all maps
with Ir we obtain maps back and forth between Y, @7 R and Y @} R, and between
Z @ R and Y ®@% R, satisfying the hypotheses of [4, Theorem 2.2]. Note that
ixmr € B(Y )y, and Y @9} R is a left dual operator B(Y')y-module (since Y is). It
follows that >, (ixmp ® Ig) = R® Ig, so that Y, (ixm, @ [z) + ([ — R) ® I = 1.
From [4, Theorem 2.2], it follows that the canonical map is a completely isometric
weak* homeomorphic, R-isomorphism between (Z @3¢ R) &° (®¢ (Y3, ®F R)) and
Y ®38R. The restriction of this isomorphism to the copy of Z @ (®¥Y,,) is the desired

map. O

As in [6, Section 7] it follows that the column direct sum is associative and com-
mutative. We also have the obvious variant of [6, Theorem 7.4] valid in our setting,
concerning the direct sum @y, T}, of maps Ty € B(Y}, Zx). Again, the proof of this is
now familiar: apply the W*-module case of this result to the maps T} ® Iz between
the W*-dilations, and then restrict to the appropriate subspace. Also, we obtain
from Theorem 4.3.7 and functoriality of the tensor product ®JF, as in [6, p. 411],

both left and right distributivity of this tensor product ® over column direct sums
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of w*-rigged modules:
(@ Yi) ®Ff Z = &, (Vi ®F 2),

and
Y @57 (@ Zi) = & (Y ®5f Zs).

All spaces in these formulae are right w*-rigged modules, and the Z and Z, are
also left dual operator M-modules. For the last formula, for infinitely many Zj, one
needs to use the fact that if 7, — 7" weak™ in B(Z),,, then Iy ® T, — I ® T weak™ in
B(Y ®3}Z). Indeed, if we have a weak* convergent subnet Iy ®T;, — S € B(Y ®5;Z),
then S(y®z) =y®T(z) for y € Y,z € Z. Since finite rank tensors are weak™ dense,
we have S =1 ® T, and it follows that Iy @ Ty — I @ T weak™.

Remark. Theorem 4.3.7 also shows that our definition at the start of Section 4.3
of M &°Y, agrees with the column direct sum in the present subsection. Thus the
last relation in Lemma 4.3.1 is a very simple special case of the second last centered

formula.

4.4 Equivalent definitions of w*-rigged modules

4.4.1 One may prefer some of the following four descriptions of w*-rigged modules,
each of which involves a pair X,Y of modules. In each case, the first paragraph of
the subsection constitutes the alternative definition. One must show that every w*-
rigged module Y satisfies (or is completely isometrically, weak™ homeomorphically,
M-isomorphic to a module which satisfies) the given alternative description; and that
conversely any Y satisfying the description is w*-rigged, and that moreover X =Y.

We will be a little informal in this section, as the objectives here are quite clear —
we are just adapting four theorems from [6, Section 5] to the present setting of weak™

topology.
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4.4.2 Second definition of a w*-rigged module

Fix two unital dual operator algebras M and N, and two dual operator bimodules
X and Y, with X an M-N-bimodule and Y an N-M-bimodule. We also assume
there exists a separately weak*-continuous completely contractive M-bimodule map
(+,-) : X xY — M which is balanced over N, and a separately weak* continuous
completely contractive N-bimodule map [-,-] : Y x X — N which is balanced over
M, such that (z,y)x’ = z[y,2'] and /'(z,y) = [V, z]y for z,2" € X,y,y/ € YV; and
such that [, ] induces a weak* continuous quotient map ¥ ®" X — N.

As in [6, Section 5], any w*-rigged module in the earlier sense of Definition 4.2.2,
satisfies the conditions in the last paragraph, with N = B(Y) (or N = Y ®3Y), and
X=Y, by our earlier results. Conversely, given the conditions in the last paragraph,
suppose that v € Ball(Y ®°" X) maps to 1y, and that (f,) is a net of finite rank
tensors in Ball(Y ®y X) which converges weak* to u (using Corollary 2.4.8). The
image of f, in N converges weak™ to 1y. From this it is easy to see that Y satisfies
Definition 4.2.2, following similar assertions in [6] (see the bottom of p. 384 of [6]).
Moreover, a by-now-routine modification of the last two paragraphs of the proof of
[18, Theorem 4.1}, one sees that the canonical map X — CB7(Y, M), is a weak™®
continuous surjective complete isometry. That is X = Y as dual operator M-modules.
We have a canonical weak* continuous complete quotient map 6 : Y @} Y — N.
A simple modification of the last paragraph of the proof of Theorem 4.3.4, which is
essentially the proof of (<) in Theorem 3.2.3, shows that # is a complete isometry,

so that [, -] induces a weak* homeomorphic complete isometry Y @7 Y 22 N.

4.4.3 Third definition of a w*-rigged module

A pair consisting of a dual left M-module X, and a dual right M-module Y, with a

separately weak™ continuous completely contractive pairing (+,-) : X X Y — M, such
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that if we equip N = Y ®{} X with the canonical separately weak* continuous com-
pletely contractive product induced by (-, ), as in the discussion above Theorem 4.3.4,
then this (dual operator) algebra has an identity of norm 1. We also assume that the
canonical actions of N on Y and on X are non-degenerate (that is, 1yy = y,zly =z
fory e Y,z € X).

Again, clearly any w*-rigged module in the earlier sense, satisfies the conditions in
the last paragraph, by Theorem 4.3.4 and the remarks above it. Conversely, suppose
that X, Y, (,-) are as in the last paragraph. We shall verify the conditions of
Definition 4.4.2 above. It is by now routine to see that X, Y are dual operator modules
over N. To see that (-,-) is N-balanced, follows by showing that for x € X,y € Y,
the two weak™® continuous functions (x, - y) and (z -, y) on N, are equal on the weak™*

dense subset Y @ X of N. The rest is straightforward.

4.4.4 Fourth description of w*-rigged modules

Let M, N be weak* closed unital subalgebras of B(H) and B(K) respectively, for
Hilbert spaces H, K, and let X C B(K,H),Y C B(H, K) be weak™ closed subspaces,
such that the associated subset £ of B(H®K) is a subalgebra of B(H®K), for Hilbert
spaces H, K. This is the same as specifying a list of obvious algebraic conditions, such
as XY C M. Assume in addition that the weak* closure NV in B(K) of Y X, possesses
a net (e;) with terms of the form yx, for x € Ball(C,,(X)) and y € Ball(R,(Y)), such
that e, — 1y weak*.

That every w*-rigged module Y is essentially of this form, follows by replacing Y
by ®(Y), Y by X = ¥(Y), and looking at the weak linking algebra £ at the end of
Section 4.2. As in the proof of Theorem 4.2.5, one sees that the net (e;) defined there
converges to I weak*®, which gives the condition in the last paragraph. Conversely,

given the setup in the last paragraph, we will verify the conditions of Definition 4.4.2
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above. The canonical map # : Y ®°" X — N is completely contractive and weak*
continuous, we need to show it is a quotient map. If 7' € Ball(/V), and if we write
the x and y in the last paragraph as z = [z3],y = [yi], then u, = Y, Ty ® z, €
Ball(Y @ X). Consider a weak* convergent subnet u;, — u € Ball(Y ®”" X). Then
0(ug,) — 0(u). On the other hand, 0(u;,) = Te;;, — T weak®. So T' = 6(u), so that

0 is a quotient map.

4.4.5 Fifth definition of a w*-rigged module

Let R be a W*-algebra containing M as a weak*-closed subalgebra with 1z = 1y,
and suppose that Z is a right W*-module over R, and that Y is a weak™ closed
M-submodule of Z. Define W = {z € Z : (z]y) € M}, and set N to be the weak*
closure in B(Z)r of the span of terms of the form |y)(w| for y € Y,w € W. Here
we are using bra-ket notation, |y)(w| is the rank one operator on Z (see e.g., [15,
8.1.7]). Suppose that there is a net (e;) converging to I weak™ in B(Z), with terms
of the form e; = > ,_, |yx)(wi|, where yp € Y,wy, € W with >0, |yk)(yx] < 1 and
Sy o) (] < 1.

We claim that under the hypotheses in the last paragraph, Y is w*-rigged, Y 2 W,
and B(Y'), = N. To see this, we follow the proof of [6, Theorem 5.10], working inside
the linking W*-algebra £¥(Z) for Z, where all inner products and module actions
become concrete operator multiplication. Note first that T is a weak™ closed right
M-submodule of Z, and hence X = W* is a weak™ closed left M-submodule of Z*.
The subspace of £L*(Z) with four corners M, XY, N, is a weak™® closed subalgebra,
and one can see that the criteria of the Definition 4.4.4 above are met for these
subspaces of £L*(Z). Hence the criteria of Definition 4.4.4 above are met, and we are
done by facts from there.

Conversely, to see that every w*-rigged module Y is essentially of this form, set
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7 =Y @R, which we saw in 4.3.4 is a W*-module over R, containing Y as a weak*
closed M-submodule. Also we saw there that Y C Z (resp. B(Y )y C B(Z)z) as a
weak™ closed M-submodule (resp. weak™ closed subalgebra with a common identity).

Now apply a simple variant of the argument in the last paragraph of [6, p. 405].

4.5 Examples

(1) As we saw in Section 4.2, W*-modules are w*-rigged. Thus so are WTROs,
where a WTRO is a weak™* closed space Z of Hilbert space operators with
Z7*7Z C Z (see [15,8.5.11 and 8.5.18]).

(2) For finite dimensional modules over a finite dimensional operator algebra M, the

notions of rigged and w*-rigged coincide, as is easily seen from Definition 4.2.2.

(3) By Definition 4.4.2 and Theorem 3.2.3, every weak® Morita equivalence bimod-
ule in the sense of Chapter 3 is w*-rigged. In Section 3.2, a long list of examples
of these bimodules is given. Indeed, a weak™ Morita equivalence bimodule is
essentially the same thing as a left-right symmetric variant of second definition
(that is, we also assume there that (-,-) induces a weak* continuous quotient

map X 7"Y — M).

There are simple examples of w*-rigged modules which give rise to no kind of
weak™® Morita equivalence (in contrast to the W*-module case). For example,
consider Y = Ry, a right w*-rigged module over the upper triangular 2 x 2
matrices. A partial result in the positive direction here: if Y is a w*-rigged M-
module which is w*-full, that is the span of the range of (-,-) is weak* dense in
M, and if R is a W*-algebra generated by M, then the W*-dilation £ = Y @R
gives a von Neumann algebraic Morita equivalence (see [40] or [15, Section 8.7])

between R and B(E). This will follow if E is w*-full over R (see [15, 8.5.12]).
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(8)

To this end, note E = F = R @]} Y by (4.3.1). Thus Y'Y, and therefore also
M, is contained in the weak* closure of EE. So E is w*-full, since the latter is

an ideal of R, and because M generates R.

The second dual of a rigged module over an operator algebra A is w*-rigged over
A**. This is evident by taking the second dual of all objects in the definition
of a rigged module from [12] (note that C,(A)** = C,(A™) by basic operator

space duality).

If P is a weak*-continuous completely contractive idempotent M-module map
on C¥(M), for a cardinal or set I, then Ran(P) is a w*-rigged module (see

Section 4.3.5).

Examples of w*-rigged may be built analogously to the rigged modules in [11]
(see the end of Section 6 of [11]).

There is a stronger variant of ‘w*-rigged’” which we call ‘weakly rigged’. The
distinction between this notion and w*-rigged, is exactly like the difference
between the notions we called weak and weak* Morita equivalence in Chapter 3.
Indeed one definition of ‘weakly rigged’ is just as in Definition 3.2.2 of Chapter
3, but replacing the phrase ‘(strong) Morita context’ by ‘(P)-context’ (see [18,
p. 20]). An adaption of the proof of Corollary 3.2.4 shows that weakly rigged
modules are w*-rigged. One may then show that any weakly rigged module
pair (Y, X)) arises as a weak™® closure of a rigged module situation, just as in
Example (2) after Definition 3.2.2 of Chapter 3, but dropping the requirement
on the cai for A there. This proceeds by showing that the linking algebra for the
‘subcontext’ is a weak* dense subalgebra of the weak linking algebra for (Y, X)

(this uses 6.10 in [6], see the argument above Corollary 3.3.1 in Chapter 3).
Let Z be any WTRO (see Example (1)), and suppose that Z*Z is contained in
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a dual operator algebra M. Then Y = ZM" s a w*-rigged M-module. We
call this example a WTRO-rigged module. We also have Y 22 MZ+". To see
this, denote the last space by X, and set N to be the weak™ closure of ZM Z*, a
dual operator algebra containing ZZ*. If (e;) is the usual approximate identity
for ZZ* with terms of the form ) ;_, zz;, then it is routine to see that (e;)
converges weak™ to an identity 1y for V. One can check that M,Y, X, N satisfy

Definition 4.4.4, and we are done.

We remark that the above is a generalization of Eleftherakis’ recent notion of
TRO-equivalence (see e.g., [29, 31]). Indeed, a WTRO-rigged module gives a
TRO-equivalence of M and N iff the identity e of the weak™ closure of Z*Z
is 15;. For the most difficult part of this, note that if the latter holds, and if
fs — e weak® with f, € Z*Z then any m € M is an iterated weak™ limit of

the fymfy, and it follows that M equals the weak™® closure of Z*N Z.

The selfdual rigged modules over a dual operator algebra M, considered at the
start of the last section in [16], together with their unique dual space structure
making (-, -) separately weak* continuous (see [16, Lemma 5.1]), are w*-rigged.
Indeed one can see from the last mentioned continuity that Definition 4.2.2 is

satisfied.
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Chapter 5

A Morita theorem for dual

operator algebras

5.1 Introduction

In this chapter, we prove that two dual operator algebras are weak* Morita equivalent
in our sense if and only if they have equivalent categories of dual operator modules
via completely contractive functors which are also weak* continuous on appropriate
morphism spaces. Moreover, in a fashion similar to the operator algebra case, we
characterize such functors as the module normal Haagerup tensor product with an
appropriate weak* Morita equivalence bimodule. We also develop the theory of the
W*-dilation, which connects the non-selfadjoint dual operator algebra with the W*-
algebraic framework. In the case of weak® Morita equivalence, this W*-dilation is
a W*-module over a von Neumann algebra generated by the non-selfadjoint dual
operator algebra.

In the literature on Morita equivalence in pure algebra, there is a popular collection

of theorems known as Morita I, IT and III. Morita I deals with the consequences of a

85



pair of bimodules being mutual inverses (X @y Y = M and Y ®,; X = N). For dual
operator algebras, most of the appropriate version of Morita I is proved in Chapter 3
(Section 3.2). Morita II characterizes module category equivalences as tensoring with
an invertible bimodule, and our main theorem here is a Morita II theorem for dual
operator algebras. The Morita III theorem states that there is a bijection between the
set of isomorphism classes of invertible bimodules and the set of equivalence classes
of category equivalences; its appropriate version for dual operator algebras follows as
in pure algebra.

In Chapter 3, we proved that two dual operator algebras which are weak* Morita
equivalent in our sense have equivalent categories of dual operator modules. In this
chapter, we prove the converse, a Morita II theorem: if two dual operator alge-
bras have equivalent categories of dual operator modules then they are weak* Morita
equivalent in our sense. The functors implementing the categorical equivalences are
characterized as the module normal Haagerup tensor product with an appropriate
weak® Morita equivalence bimodule. In Section 5.2, we develop the theory of the
W*-dilation, which connects the non-selfadjoint dual operator algebra with the W*-
algebraic framework. In particular, we use the maximal W*-algebra C generated by a
dual operator algebra M. Every dual operator M-module dilates to a dual operator
module over C, which is called the maximal dilation. We show that every dual oper-
ator module is a weak™ closed submodule of its maximal dilation. Indeed, in the case
of weak* Morita equivalence this maximal dilation turns out to be a W*-module over
C as we saw in Chapter 3. The theory of the W*-dilation is a key part of the proof
of our main theorem. In Section 5.3, we discuss some weak* Morita equivalence and
W*-dilation results. In Section 5.4 and 5.5, we prove our main theorem.

Many of the techniques and ideas in this chapter are taken from [8], [10], [9],

[17]. In some places we just need to modify the arguments in the present setting of
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weak*-topology, or merely change the tensor product. However, we need to develop
new techniques to deal with a number of subtleties that arise in the weak* topology
setting.

In Chapter 3, we showed that weak® Morita equivalent dual operator algebra
have equivalent categories of normal Hilbert space representations (also known as
normal Hilbert modules). However, the converse of this is still an open problem. The
characterization theorem in [28] is in terms of equivalence of categories of normal
Hilbert modules which intertwines not only the representations of the dual operator
algebras, but also their restrictions to the diagonals.

In this chapter, we refer to Rieffel’s W*-algebraic Morita equivalence [40] as ‘weak
Morita equivalence’ for W*-algebras, and the associated equivalence bimodules as

‘W*-equivalence-bimodules’ (see Section 8.5 in [15]).

5.2 Dual operator modules over a generated W*-
algebra and W*-dilations

We begin this section with a weak* topology version of Theorem 3.1 in [8].

Theorem 5.2.1. Let D be a W*-algebra, B a Banach algebra which is also a dual
Banach space, and 0 : D — B a unital w*-continuous contractive homomorphism.
Then the range of 0 is w*-closed, and possesses an involution with respect to which 0

s a x-homomorphism and the range of 6 is a W*-algebra.

Proof. Tt is known that (see Theorem A.5.9 in [15]) the range of a contractive homo-
morphism between a C*-algebra and a Banach algebra is a C*-algebra and moreover
such homomorphisms are x-homomorphisms. To see that the range of 8 is w*-closed,
consider the quotient map D/ker(0) — B which is an isometry, and apply the Krein-

Smulian theorem. O]
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Thus if X is a left dual operator module over a W*-algebra D, and if we let
6 : D — CB(X) be the associated unital w*-continuous contractive (equivalently
completely contractive by Proposition 1.2.4 in [15]) homomorphism, then the range

of # is a W*-algebra.

Theorem 5.2.2. Suppose that X is a left dual operator module over a dual operator
algebra M. Let 6 : M — CB(X) be the associated completely contractive homomor-
phism. Suppose that D is any W*-algebra generated by M. Then the M-action on X
can be extended to a D-action with respect to which X is a dual operator D-module
if and only if 6 is the restriction to M of a w*-continuous contractive (equivalently
completely contractive) homomorphism ¢ : D — CB(X). This extended D-action, or

equivalently the homomorphism ¢, is unique if it exists.

Proof. 1f 0 is the restriction to M of a w*-continuous completely contractive homo-
morphism ¢ : D — C'B(X) then the M-action on X can be extended to a D-action
viad-x = ¢(d)-x. Note that the D-module action z +— dz on X, forx € X andd € D,
is a multiplier (see e.g., Section 4.5 in [15]), hence it is weak* continuous by Theorem
4.1 in [16]. The D-module action on X is separately w*-continuous and completely
contractive. Hence X is a dual operator D-module. The converse is obvious. To
see the uniqueness assertion, suppose that ¢; and ¢, are two w*-continuous contrac-
tive homomorphisms D — CB(X), extending #. By Theorem 5.2.1, the ranges &;
and &, of ¢ and ¢y respectively, are each W*-algebras, but with possibly different
involutions and weak* topologies. We will write these involutions as x and # respec-
tively. With respect to these involutions ¢, and ¢9 are *-homomorphisms. Note that
C'B(X) is a unital Banach algebra and & and & may be viewed as unital subalgebras

of CB(X) with the same unit. Let a € M and f be a state on CB(X). Then f|&;
is a state on & for i = 1,2. Thus f(¢1(a)*) = f(¢1(a)) = f(d2(a)) = f(pa(a)¥).

Thus u = ¢1(a)* — ¢o(a)* is a Hermitian element in CB(X) with numerical ra-
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dius 0, and hence u = 0. This implies that ¢;(a*) = ¢o(a*), since ¢ and ¢, are
x-homomorphisms. Hence ¢; equals ¢, on the x-subalgebra generated by M in D.

By weak*-density, it follows that ¢; = ¢ on D. ]
This immediately gives the following:

Corollary 5.2.3. Let D be a W*-algebra generated by a dual operator algebra M. If
X1 and X5 are two dual operator D-modules, and if T : X1 — X5 is a w*-continuous

completely isometric and surjective M -module map, then T is a D-module map.

Corollary 5.2.4. Let D be a W*-algebra generated by a dual operator algebra M.
Then the category pR of dual operator modules over D is a subcategory of the category

MR of dual operator modules over M. Similarly, pH is a subcategory of yH.

Next we discuss the W*-dilation which we call the D-dilation of a dual operator
M-module X, where D is a W*-algebra generated by M. Strictly speaking, it should

be called the W*-D-dilation, but for brevity we will use the shorter term.

Definition 5.2.5. A pair (E,i) is said to be a D-dilation of a left dual operator
M -module X if the following hold:

1. E s a left dual operator D-module and v : X — E is a w*-continuous completely

contractive M -module map.

2. For any left dual operator D-module X', and any w*-continuous completely
bounded M-module map T : X — X', there exists a unique w*-continuous
completely bounded D-module map T:E — X' such that Toi =T, and also
1T lles = 1|T lleo-

Some authors also use the terminology D-adjunct for D-dilation (see [8]).
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The assertion in (2) above implies that i(X) generates F as a dual operator D-
module. To see this, let £/ = WW, and consider the quotient map ¢ : F — E/FE'.
Then E/E' is a left dual operator D-module such that goi = 0. Hence the assertion
in (2) in the above definition implies that the map ¢ = 0. Thus F = E'.

Up to a complete isometric module isomorphism there is a unique pair (FE,1)
satisfying (1) and (2) in the above definition. To see this, let (E’,4") be any other pair
satisfying (1) and (2), then there exists a unique w*-continuous completely contractive
D-module linear maps p : E — E’ and ¢ : E' — E such that poi = ¢ and ¢ o ¢
= 7. One concludes that p o ¢ is the identity map on ¢'(X) and ¢ o p is the identity
map on (X). Since i(X) and ¢'(X) generate E as a dual operator D-module, and
since ¢ and p are w*-continuous complete contractions, this implies that ¢ and p are

complete isometries.

Remark 5.2.6. From the above it is clear that the D-dilation (E,4) is the unique
pair satisfying (1), and such that for all dual operator D-modules X', the canonical
map * : CBY(E, X') — CBJ,(X, X'), given by composition with ¢, is an isometric
isomorphism. Note that by using (1.7) and Corollary 1.6.3 in [15], it is easy to see
that M,(CB?(X,Y)) = CB°(X, M,(Y)) completely isometrically for dual operator
spaces X and Y. If X is a left dual operator M-module, then M, (X) is also a left dual
operator M-module via m - [z;;] = [m - z;5] = I, ® m - [x;;], where I, ® m denotes the
diagonal matrix in M, (M) with diagonal entries m. Indeed, if X is a dual operator
M-module, the above module action is completely contractive and by Corollary 1.6.3
in [15], this action is separately w*-continuous. This proves that M,(X) is a dual
operator M-module if X is a dual operator M-module. Since i* is an isometry for all
dual operator D-modules X', it follows that CB%(E, M,(X")) = CB,(X, M, (X"))

for all dual operator D-modules X', which implies that i* is a complete isometry.
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Thus the D-dilation E of X satisfies:
CB%(E,X') =2 CB{/(X,X') (5.2.1)
completely isometrically.

By the dual operator module version of Christensen-Effros-Sinclair theorem (see
Theorem 3.3.1 in [15]), X’ in Definition 5.2.5 can be taken to be B(H, K), where K
is a normal Hilbert D-module and H is a Hilbert space. In fact, by a modification of
Theorem 3.8 in [8], we may take X' = K. We are going to prove this important fact
in the next theorem but before that we need to recall some tensor product facts.

For operator spaces X, Y and Z, we let CB(X x Y,Z) denotes the space of
completely bounded bilinear maps from X x Y — Z (in the sense of Christensen
and Sinclair). It is well known that CB(X x Y, Z) = CB(X ®;, Y, Z) completely
isometrically (see 1.5.4 in [15]).

If X and Y are two dual operator spaces, we use (X ®;,Y)% to denote the subspace
of (X®p,Y)* corresponding to the completely bounded bilinear maps from X xY — C
which are separately w*-continuous. Recall that the normal Haagerup tensor product
X ®°"Y is then defined to be the operator space dual of (X ®;, Y ). If Z is another
dual operator space, we denote by CB?(X x Y, Z) the space of completely bounded
bilinear maps from X x Y — Z which are separately w*-continuous. By the matrical
version of (5.22) in [25], CB(X x Y, Z) & CB’ (X ®°"Y, Z) completely isometrically.

Suppose X is a right dual operator M-module and Y is a left dual operator M-
module. We let (X ®pasY): denote the subspace of (X @ Y)* corresponding to the
completely bounded balanced bilinear maps from X x Y — C that are separately
w*-continuous, where ®p,; denotes the module Haagerup tensor product. Recall, by
Proposition 2.1 in [31], the module normal Haagerup tensor product X @'Y may be
defined to be the operator space dual of (X ®jp V)% If Z is another dual operator

space, we denote by CBM7(X x Y,Z) the space of completely bounded balanced

91



separately w*-continuous bilinear maps. By Proposition 2.2 in [31], CBM7 (X x Y, Z)
~ OB°(X ®3}'Y, Z) completely isometrically.

In order to prove the next lemma, we will introduce some notation. Let C B (X ®
Y, Z) denote the subspace of CB(X ® Y, Z) consisting of completely bounded maps
from X ® Y to Z that are induced by the jointly completely bounded bilinear maps
from X xY — Z which are separately w*-continuous, where ® denotes the operator
space projective tensor product (see e.g. 1.5.11 in [15]). In the case, when Z = C, we

denote CB% (X ® Y,C) by (X ® Y)~.

Lemma 5.2.7. For any Hilbert spaces H and K and dual operator space X, CB°(X, B(H, K))
~ CB’(X @ H¢, K¢) = (K ®@°" X @°" H¢), completely isometrically.

Proof. For any dual operator space X, we have the following isometries:

CB°(X @""H¢,K°) = CB°(X x H°,K°)

~ CB%(X ® H, K°)
~ CB°(X,CB(H® K°)

I

CB°(X, B(H, K))
using Proposition 1.5.14 (1) and (1.50) from [15]. Consider

CBJ(X ®O’h HC,KC) ~ K'I‘ (§ (X ®ah HC)):;

K @, (X @ H°));

I

I

(
(
(K" ®@" (X " H)).
(

?r ®ah X ®ah Hc>*’

using (1.51) and Proposition 1.5.14 (1) in [15], and associativity of the normal Haagerup

tensor product. O
Similarly we have the module version of the above lemma:
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Lemma 5.2.8. Let X be a left dual operator M-module and K be a normal Hilbert
M -module. Then for any Hilbert space H, CB$;(X, B(H,K)) = CB$,(X ®°"H¢, K°)

> (Fr @ X @7 He), completely isometrically.

Proof. The first isomorphism follows as above with completely bounded maps re-

placed with module completely bounded maps. Consider

COBI(X @ He,K¢) = (K @ (X @ H))"
=~ (K @ (X @ H));,
~ (K @ (X @™ H),
~ (K @} X @ H°),,
using Corollary 3.5.10 in [15], K" ®uy — = K" <§>M — and a variant of Proposi-
tion 2.4.11. O

We would like to thank David Blecher for the proof of the following lemma.

Lemma 5.2.9. Let S : X — Y be a w*-continuous linear map between dual operator
spaces. The following are equivalent:

(i) S is a complete isometry and surjective.

(ii) For some Hilbert space H, S® Iy : X " H¢ — Y ®@°" H¢ is a complete isometry

and surjective.

Proof. Firstly, suppose S is a completely isometric and w*-homeomorphic map. Then,
by the functoriality of the normal Haagerup tensor product S ® Iy and S~ ® Iy are
completely contractive w*-continuous maps, where Iy denotes the identity map on
H. Also (S7'® Ig)o(S® Ig) = Id on a weak* dense subset X @ H. By w*-density,
(ST '@Ig)o(S®Iy) = 1Idon X ®°" H¢. Similarly, (S® Ig)o (S~ '®Iy) = Id. Thus

S ® Iy is a completely isometric and w*-homeomorphic map.
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Conversely, suppose (i) holds. Fix an € H with |[n]| =1. Let v: X — X " :
x +— x®1. Since X C X®;, H¢ completely isometrically via v, and X®, H¢ C X ®"H¢
completely isometrically, this implies that v is a complete isometry. If S ® Iy is a
complete isometry, then S® I restricted to X ®°"n is a complete isometry. Similarly,
letu:Y - Y ®"y:y—y®n Thus, S =uto(S®Iy)ow isa complete isometry.
To see S is onto, suppose for the sake of contradiction that it is not. Then by the
Krein-Smulian theorem G = Ran(S) is a weak® closed proper subspace of Y. Let
0 € G and ¢ # 0. Consider amap7:Y ®" H® - C®" H®: y®(+— o(y) @ C.
Then 7o (S ® Iy) = 0, since this vanishes on a w*-dense subset Y ® H®. So r = 0.
Hence p(y) ® ¢ = 0 for all ( € H and y € Y. This implies ¢ = 0, which is a

contradiction. O

Theorem 5.2.10. Suppose E is a left dual operator D-module and i : X — E is a
w*-continuous completely contractive M-module map. Then (E,i) is the D-dilation
of X if and only if the canonical map i* : CBL(E,K) — CB{/ (X, K) as defined
above is a complete isometric isomorphism, for all normal Hilbert D-modules K. It
1s sufficient to take K to be the normal universal representation of D or any normal

generator for pH in the sense of [21], [40].

Proof. Consider the following sequence of complete contractions:
Kohx " KehEx2K @D E—K ®0E

where the last map in the sequence comes from the multiplication D x F — FE.

Taking the composition of the above maps, we get a complete contraction S : K R%h

X K ®%" E. Tensoring S with the identity map on H, we get a w*-continuous,

completely contractive linear map Sy = S®idy : K R X @T"HE — F@‘bhEQ@"h H¢

by Lemma 2.4.5. From a well known weak* topology fact, S; = T for some T :

(K @3 E@°" HY), — (K @8 X @°" H),. From Lemma 5.2.8, and standard weak*
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density arguments, it follows that T equals ¥, as defined earlier. Indeed, we use the
duality pairing, namely, (¢ @ x @ n,T) = (T(x)(n), ), for T € CB$, (X, B(H, K)),
x € X, n € H, v € K* to check that (:*)* = S; on the weak® dense subset
K @X®H¢. Then by weak* density, it follows that (i*)* = S; = T*, soi* = T. Hence,
7* is an isometric isomorphism if and only if S7 is an isometric isomorphism if and only
if S is an isometric isomorphism by Lemma 5.2.9. Note that with H = C in Lemma
5.2.8, CB3,(X,K¢) = (K @3} X),. From Lemma 5.2.8, it is clear that C B (E, K¢) =
CB3,; (X, K¢) if and only if CB%(E®°" He, K¢) = OB, (X ®°" H¢, K¢) for all normal
Hilbert D-modules K. For the last assertion, note that every nondegenerate normal
Hilbert D-module K is a complemented submodule of a direct sum of I copies of the
normal universal representation or normal generator, for some cardinal I (see [21]).
Therefore we need to show that if C B (F, K) = CBf,(X, K) completely isometrically
then CB%(E, K1) = OB, (X, K') completely isometrically as well, where K denotes
the Hilbert space direct sum of I-copies of K. This follows from the operator space
fact that CB(X,YT) = M;,(CB,(X,Y)) completely isometrically for any dual
operator spaces X and Y which are also M-modules (see p. 156 in [27]). Here M1 (X)
denotes the operator space of columns of length I with entries in X, whose finite

subcolumns have uniformly bounded norm. O]

The following lemma shows the existence of the D-dilation. The normal module
Haagerup tensor product D ®3* X (which is a dual operator D-module by Lemma
2.4.7) acts as the D-dilation of X. We note that, since by Lemma 2.4.12 M @37 X
= X, there is a canonical w*-continuous completely contractive M-module map ¢ :

X — D@ X taking z +— 1 @) .

Lemma 5.2.11. For any left dual operator module X over M, the dual operator
D-module E = D @3} X is the D-dilation of X.

Proof. If T : X — X' is as in Definition 5.2.5, then by the functoriality of the
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normal module Haagerup tensor product, Ip @ T : D @ X — D @* X' is w*-
continuous completely bounded. Composing this with the w*-continuous module
action D @3¢ X’ — X' gives the required map T. Tt is routine to check that T has

the required properties. O

Lemma 5.2.12. If X is a left dual operator M-module, and if D is a W*-algebra

generated by M, then the following are equivalent:

1. There exists a dual operator D-module X' and a completely isometric w*-continuous

M -module map j : X — X'.

2. The canonical w*-continuous M-module map i : X — D @38 X, is a complete

1sometry.

Proof. The direction (2) implies (1) is obvious. For the other direction, suppose that
m is the module action on X’. Then we have the following sequence of canonical
w*-continuous completely contractive M-module maps:

m

X S Dot x & pet x ™ X,

The composition of these maps equals j, which is a complete isometry. This forces i

to be a complete isometry, which proves the assertion. O

In the case that D =C = W*

max

(M), we call C ®3" X the maximal W*-dilation or
maximal dilation. This is the key point in proving our main theorem (Section 5.4).
The reason we work mostly with maximal dilation instead of any arbitrary dilation

is the following result.

Corollary 5.2.13. For any left dual operator M-module X, the canonical M-module

map i : X — C Q% X is a w*-continuous complete isometry.

Proof. This follows from the previous result, the Christensen-Effros-Sinclair repre-

sentation theorem for dual operator modules, and the fact that every normal Hilbert
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M-module is a normal Hilbert C-module for the maximal W*-algebra generated by

M (i.e., the universal property of C). ]

Hence, we may regard X as a w*-closed M-submodule of C ®" X. There is
a similar notion of W*-dilation for right dual operator modules or dual operator

bimodules. The results in this section carry through analogously to these cases.

5.3 Morita equivalence and IV *-dilation

In this section, M and N are again dual operator algebras. We reserve the symbols

C and D for the maximal W*-algebras W (M) and W} (N) generated by M and
N respectively.
We begin with the following normal Hilbert module characterization of W*-algebras

which is proved in Proposition 7.2.12 in [15].

Proposition 5.3.1. Let M be a dual operator algebra. Then M is a W*-algebra if
and only if for every completely contractive normal representation = : M — B(H),

the commutant w(M)' is selfadjoint.

Corollary 5.3.2. Suppose M and N are dual operator algebras such that the cate-
gories pyH and NH are completely isometrically equivalent; i.e., there exist completely

contractive functors F': yyH — yH and G : NH — yH, such that FG = Id and

GF = Id completely isometrically, then
1. If M is a W*-algebra then so is N.
2. Also ¢H and pH are completely isometrically equivalent.

Proof. Suppose F : yyH — yH and G : yH — jH, are functors as in the statement
of the corollary. If M is a W*-algebra, then for H € yH, By/(H) is a W*-algebra
by Proposition 5.3.1. The map T"— F(T') from By/(H) to By(F(H)) is a surjective
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isometric homomorphism (see Lemma 2.2 in [10] or Lemma 5.4.4 below). Hence
by Theorem A.5.9 in [15], this is a *~homomorphism if M is a W*-algebra, and
consequently its range By (F(H)) is a W*-algebra. Thus, if M is a W*-algebra, then
Bn(H) is a W*-algebra for all normal Hilbert N-modules H. From Proposition 5.3.1,
it follows that N is a W*-algebra. For H € )/H, we have B¢(H) is a subalgebra of
By(H). The proof that F' restricts to a functor from ¢H to pH and similar assertion

for G, follows identically to the C*-algebra case (see Proposition 5.1 in [8]). O

Definition 5.3.3. 1. Suppose that £ and F are weakly Morita equivalent W*-
algebras in the sense of Rieffel [40], and that Z is a W*-equivalence F-E-
bimodule (see 8.5.12 in [15]), and that W = Z is the conjugate £-F- bimodule
of Z. Then we say that (£,F,W,Z) is a W*-Morita context (or W*-context
for short).

2. Suppose that M and N are dual operator algebras, and suppose that & and F
are W*-algebras generated by M and N respectively. Suppose that (€, F, W, Z)
is a W*-Morita context, X is a w*-closed M-N-submodule of W, and Y 1is a
w*-closed N-M -submodule of Z. Suppose that the natural pairings Z x W — F
and W x Z — & restrict to maps ¥ x X — N, and X XY — M respec-
tively, both with w*-dense range. Then we say (M, N, X,Y) is a subcontext of
(&, F, W, Z). If further, & and F are maximal W*-covers of M and N respec-

tively, then we say that (M, N, X,Y) is a maximal subcontext .

3. A subcontext (M, N, X,Y) of a W*-Morita context (£,F, W, Z) is left dilatable
if W is the left E-dilation of X, and Z s the left F-dilation of Y. In this case
we say that M and N are left weakly subequivalent and (M, N, X,Y) is a left

subequivalence context.
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There is a similar definition and symmetric theory where we replace the word ‘left’

by ‘right’ or ‘two-sided’.

Remark 5.3.4. Note that (2) in the above definition implies that X and Y are non-

degenerate dual operator modules over M and N.

Write £ for the set of 2 x 2 matrices

a x
LY = caeMbeN,zeX,yeyY

y b
Write £’ for the same set, but with entries from the W*-context (£, F, W, Z). It is
well known that £’ is canonically a W*- algebra, called the linking W*-algebra of
the W*-context (£,F, W, Z) (see e.g., 8.5.10 in [15]). Saying that (M, N, X,Y) is a
subcontext of (£, F, W, Z) implies that £ is a w*-closed subalgebra of £’. Thus a
subcontext gives a linking dual operator algebra L. Clearly £* has a unit. We shall

see that £ generates £’ as a W*-algebra.

The proof of the following theorem is similar to the proof of Theorem 3.4.2 with

an arbitrary W*-dilation in place of W} (M) and hence we omit it.

Theorem 5.3.5. Suppose that dual operator algebras M and N are linked by a
weak* Morita context (M, N, X,Y) in our sense. Suppose that M is represented nor-
mally and completely isometrically as a subalgebra of B(H) nondegenerately, for some
Hilbert space H, and let € be the W*-algebra generated by M in B(H). ThenY Q3% &
is a right W*-module over E. Also (as in the proof of Theorem 8.4.2) Y @€ 2V E""
completely isometrically and w*-homeomorphically and hence Y @3 € contains Y as
a w*-closed M -submodule completely isometrically. Also, via this module, £ is weakly
Morita equivalent (in the sense of Rieffel) to the W*-algebra F generated by the com-

pletely isometric induced normal representation of N on'Y @3¢ H.
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If C is a W*-algebra generated by M, then we shall write F(C') for Y @ C @9} X.
By an obvious modification of Theorem 3.4.2, we have that F(C) is a W*-algebra
containing a copy of N, which is *-isomorphic and w*-homeomorphic to (Y CX)~**.
The copy of N may be identified with (Y M X)~**. Thus, Theorem 5.3.5 tells us that
C' is weakly Morita equivalent to F(C') as W*-algebras.

Similarly, if D is a W*-algebra generated by N, then we write G(D) for X @30
D @Y. Again G(D) = (XDY)™“* x-isomorphically and w*-homeomorphically.
By associativity of the module normal Haagerup tensor product and Lemma 2.4.12,
G(F(C)) = C,and F(G(D)) = D *-isomorphically. One can think of F as a mapping
between W*-covers of M and N. There is a natural ordering of W*-covers of a dual
operator algebra. If (A,j) and (A’,j") are W*-covers of M, we then define (A, j)
< (A4 if and only if there is a w*-continuous *-homomorphism 7 : A’ — A such
that mo 7/ = j. It is an easy exercise (using that the range of 7 is w*-closed) to check

that 7 is surjective.
Theorem 5.3.6. The correspondence C — F(C') is bijective and order preserving.

Proof. From the above discussion, the bijectivity is clear. Suppose ¢ : C; — C5 is a
w*-continuous quotient x-homomorphism between two W*-algebras generated by M,
such that ¢|,; = Idy;. Then by Corollary 2.4.6, ¢ = Idy @¢®1Idy : Y QP CL @5 X —
Y ®@9F Cy @57 X is a w*-continuous completely contractive map with w*-dense range,
which equals the identity when restricted to the copy of N. It is easy to check that
¢ is a homomorphism on the w*-dense subset Y ® C; ® X. Therefore by w*-density,

¢ is a homomorphism. Hence by Proposition A.5.8 in [15], ¢ is a *-homomorphism

and is onto. Hence, ¢ is order preserving. O]

Corollary 5.3.7. If LY is the linking dual operator algebra for a weak* Morita equiv-
alence of dual operator algebras M and N, and if L' is the corresponding linking W*-
(M) and W}

max

algebra of the weak Morita equivalence of W*-algebras W*

max

(N), then
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Wiaa (L) = L.

Proof. Suppose W .. (M) is normally and faithfully represented on B(H) for some
Hilbert space H. Then, by Lemma 2.2.4, H is a normal universal Hilbert M-module.
Also M is weak* Morita equivalent to £", via the dual bimodule M &°Y (see Corol-

lary 3.3.1). By Theorem 3.2.20, this induces a normal representation of £ on the

Hilbert space (M @, Y) @} H¢. By Proposition 3.3.2 we have that
(Ma°Y)e5 H* = (H & K)°
unitarily, where K = Y ®J H¢ and K is also a normal universal Hilbert N-module

(see the remark on p. 6 in [21]). As in the proof of Theorem 3.4.2, W} (L") may be

max

taken to be the W*-algebra generated by £ in B(H @ K), which is £’ O

The above corollary has a variant valid for arbitrary W*-covers. That is, if £’
is the corresponding linking W *-algebra of the weak Morita equivalence of arbitrary

W*-covers then £’ is a W*-cover of LY.

Proposition 5.3.8. If (M, N, X,Y) is a subcontext of a W*-Morita context (£, F, W, Z),

then

1. X andY generate W and Z respectively as left dual operator modules; i.e., W s
the smallest w*-closed left £-submodule of W containing X. Similar assertions

hold as right dual operator modules, by symmetry.

2. The linking algebra L of (M, N,X,Y) generates the linking W*-algebra L' of
E,FW, Z).

3. If M or N is a W*-algebra, then (M,N,X,Y) = (E,F, W, Z).

Proof. Since the pairing [-,-] : Y x X — N has w*-dense range, we can pick a net

e; in N which is a sum of terms of the form [y,z], for y € Y, x € X, such that
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e N 1x. Hence we; Y w for all w € W. Thus, sums of terms of the form wly, x],
for w € Wx € X,y € Y are w*-dense in W. However, wly,z] = (w,y)r € £X
which shows that £X is w*-dense in W. Thus, X generates W as a left dual operator
E-module. Assertions (2) and (3) follow from (1). For example, if M is a W*-algebra,
then clearly X = W. Since Y generates Z as a right dual operator module, we have
Z=YE" =YM" =Y. Since the ranges of the natural pairings Z x W — F and
Y x X — N are weak® dense, this implies that F = N. O

Theorem 5.3.9. If (M, N, X,Y) is a weak® Morita context which is a subcontext of
a W*-Morita context (£, F,W,Z), then it is a dilatable subcontext.

Proof. By Proposition 5.3.8, X and Y generate W and Z, respectively, as left dual
operator modules. Hence we have a w*-continuous complete contraction EQPX — W

with w*-dense range. On the other hand,
WEWWNEXWPY G X(We¥PY)eih X
completely isometrically and w*-homeomorphically. However, the pairing (-,-) :

W x Y — £ determines a w*-continuous complete contraction W ®@3"Y — £, and so

we obtain a w*-continuous complete contraction W — & @3 X. Recall from Chap-

ter 3 that NV has an ‘approximate identity’ of the form ) ", [y!, zf]. Under the above

(2

identifications,

W w @y Iy = w @y w-limg Y0yt @ 2t — w-limg Y (w QN yh) @ 2

= w*-limyg YO (w, yh)al — w*-lim, Y0 wlyl, o] = w.

Hence, the composition of these maps

5®(ﬁX—>W—>E®ﬁX
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is the identity map, from which it follows that W = £ @} X. Similarly Z is the
dilation of Y. O]

Theorem 5.3.10. If (M, N, X,Y) is a left dilatable mazimal subcontext of a W*-
context, then M and N are weak®™ Morita equivalent dual operator algebras. Indeed,
it also follows that (M, N, X,Y) is a weak® Morita context. Conversely, every weak*
Morita equivalence of dual operator algebras occurs in this way. That is, every weak*

Morita context is a left dilatable mazximal subcontext of a W*-Morita context.

Proof. Every weak* Morita context is a left dilatable maximal subcontext of a W*-
Morita context is proved in Theorem 3.4.2 in Chapter 3. For the converse, let C and D
be the usual maximal W*-algebras of M and N respectively, and let (M, N, X,Y") be
a left dilatable subcontext of (C, D, W, Z). Using Corollary 5.2.13 and Lemma 5.2.11,

we have
YU XCDPY)PX2ZP X2 (ZeMC)@h X 273" W 2D,

complete isometrically and w*-homeomorphically. On the other hand, we have the

canonical w*-continuous complete contraction
YoiFX - NCD

coming from the restricted pairing in Definition 5.3.3 (2). It is easy to check that
the composition of maps in these two sequences agree. Thus the canonical map
Y @ X — N is a w*-continuous completely isometric isomorphism. Similarly,
X @Y — M is a w*-continuous completely isometric isomorphism. Hence by the
Krein-Smulian theorem, X @Y = M and Y ®J} X = N completely isometrically
and w*-homeomorphically. Thus M and N are weak® Morita equivalent dual operator

algebras. O]
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5.4 The main theorem

Definition 5.4.1. Two dual operator algebras M and N are (left) dual operator
Morita equivalent if there exist completely contractive functors F' : yR — NyR and
G : NR — MR which are weak* continuous on morphism spaces (see below), such
that FG = Id and GF = Id completely isometrically. Such F and G will be called

dual operator equivalence functors.

Note that by Corollary 3.5.10 in [15], CBy(V, W) for VW € yR is a dual
operator space, but C'Bf,(V,W) is not a w*-closed subspace of CBy/(V,W). In
the above definition, by the functor F' being w*-continuous on morphism spaces,
we mean that if (f;) € CB{(V,W), f; Y fin CBy(V, W), and if f also lies in
CBS,(V,W), then F(f,) > F(f) in CBy(F(V), F(W)). Similarly for the functor G.
We also assume that the natural transformations coming from GF = Id and F'G = Id
are weak® continuous in the sense that for all V' € ;,R, the natural transformation
wy @ GF(V) — V is a weak® continuous map. A similar statement is true for
FG =~ Id.

There is an obvious analogue to right dual operator Morita equivalence, where we
are concerned with right dual operator modules. Throughout, we write C and D for
W

max

(M) and W

max

(N) respectively.

We now state our main theorem:

Theorem 5.4.2. Two dual operator algebras are weak* Morita equivalent if and only
if they are left dual operator Morita equivalent if and only if they are right dual oper-
ator Morita equivalent. Suppose that F' and G are the left dual operator equivalence
functors, and set Y = F(M) and X = G(N). Then X is a weak® Morita equiva-
lence M-N-bimodule. Similarly Y s a weak™ Morita equivalence N-M -bimodule; that
is, (M, N,X,Y) is a weak* Morita context. Moreover, F(V) =Y Q% V completely

isometrically and weak® homeomorphically (as dual operator N-modules) for all V €
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uR. Thus, F 2Y @5} — and G = X @ — completely isometrically. Also F and
G restrict to equivalences of the subcategory yyH with Ny'H, the subcategory ¢H with

pH, and the subcategory ¢R with pR.

One direction of the main theorem (i.e., the weak* Morita equivalent dual opera-
tor algebras are left dual operator Morita equivalent) is proved in Chapter 3 (Theo-
rem 3.2.5) with the exception that the functors implementing the categorical equiv-
alences are weak® continuous in the sense described above. See [14] for the proof of
this part.

We will use techniques similar to those of [9] and [10] to prove our main theorem.
Mostly this involves the change of tensor product and modification of arguments in
the present setting of weak* topology.

The following lemmas will be very useful to us. Their proofs are almost identical

to analogous results in [9] and therefore are omitted.

Lemma 5.4.3. Let V € yyR. Then v — r, where r,(m) = mv, is a w*-continuous
complete isometry of V onto CBy (M, V). In this case, CBy (M, V) = CB,(M,V);
i.e., V.= CB§,(M,V) completely isometrically and w*-homeomorphically.

Lemma 5.4.4. IfV, V' € yR then the map T — F(T) gives a completely isometric
surjective linear isomorphism CB,(V,V') = CB(F(V),F(V')). If V. = V', then
this map is a completely isometric surjective homomorphism.

Lemma 5.4.5. For any V € yR, we have F(R,,(V)) = R,(F(V)) and F(Cp(V))

= Cn(F(V)) completely isometrically.

Lemma 5.4.6. The functors F' and G restrict to a completely isometric functorial

equivalence of the subcategories yyH and vH.

Proof. Let H € pH. Recall that H with its column Hilbert space structure H¢ is a

left dual operator M-module. We need to show that K = F'(H¢) € yH or equivalently
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F(H®) is a column Hilbert space. For any dual operator space X and m € N, we
have X @, C,, = X ®°" C,,,. Hence by Proposition 2.4 in [9], it suffices to show that
the identity map K ®umin Cy — K ®@°" C,, is a complete contraction for all m € N.
Since all operator space tensor products coincide for Hilbert column spaces, we have

Cn(H®) = H @ppin Cp & H¢ @), Cpy & H¢ @ C,,. Thus

1%

1%

F(C(H))

I

F(Hc ®¢7h Cm)

12

F(G(K) & Cy)

using Lemma 5.4.5 and G(K) = H¢. Also, using Lemma 5.4.3 and Lemma 5.4.4 we

have

1

G(K) CBy(M,G(K))

~ CBY(Y, FG(K))

12

CB%(Y, K).

By Lemma 2.4.5, we get a complete contraction G(K)®@°"C,, — CB%(Y, K)®°"C,,.
Now CB(Y,K) " C,, — CB{(Y,K @"C,,) : T®@z+— y+— T(y) @z for T €
CB%(Y,K) and z € C,,, is a complete contraction. Again using Lemma 5.4.3 and
Lemma 5.4.4, we have CB,(Y, K®"C,,) = CB{,(M,G(K®°"C,,)) = G(K®°"C,,).
Taking the composition of above maps gives a complete contraction G(K) ®@°" C,, —
G(K ®°" C,,). Applying F to this map, we get a complete contraction F'(G(K) ®@°"
Cpn) — K ®°" C,,. This together with K @y, Crn = F(G(K) ®°" C,,) gives the

required complete contraction K ®in Crn — K @7 C,,. ]

Corollary 5.4.7. The functors F' and G restrict to a completely isometric equivalence

of cH and pH.
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The above is Corollary 5.3.2 proved earlier. Also, this restricted equivalence is a
normal *-equivalence in the sense of Rieffel [40], and so C and D are weak Morita

equivalent in the sense of Definition 7.4 in [40].

Lemma 5.4.8. For a dual operator M -module V', the canonical map v 1Y @ V —
F(V) given by y @ v +— F(r,)(y) is separately w*-continuous and extends uniquely to

a completely contractive map on'Y @3} V. Moreover, this map has w*-dense range.

Proof. Since the functor F' is w*-continuous on morphism spaces, it is easy to check
that v : Y x V. — F(V) is a separately w*-continuous bilinear map. To see
that 7 has w*-dense range, suppose the contrary. Let Z = F(V)/N where N
— Range(ry)  and let Q : F(V) — Z be the nonzero w*-continuous quotient
map. Then G(Q) : G(F(V)) — G(Z) is nonzero. Thus there exists v € V such
that G(Q)w;lrv # 0 as a map on M, where wy is the w*-continuous completely
isometric natural transformation GF(V) — V coming from GF = Id. Hence
FG(Q)F(wy" )F(r,) # 0, and thus QTF(r,) # 0 for some w*-continuous module
map T : F(V) — F(V) since wy,' is w*-continuous by the Krein-Smulian theorem.
By Lemma 5.4.4, T' = F(S) for some w*-continuous module map S : V — V| so
that QF (r,) # 0 for v = S(v) € V. Hence Q o 7y # 0, which is a contradiction.
Again as in the proof of Lemma 2.6 in [10], 7y is a complete contraction. Thus, 7y is

a separately w*-continuous completely contractive bilinear map. The result follows

from the universal property of Y @32 V. m

Let (M,N,C,D,F,G,X,Y) be as above. We let H € j,/H be the Hilbert space
of the normal universal representation of C and let K = F(H). By Lemma 5.4.6
and Corollary 5.4.7, F' and G restrict to equivalences of j,H with yH, and restrict
further to normal x-equivalences of - H with pH. By Proposition 1.3 in [40] , D acts
faithfully on K. Hence, we can regard D as a subalgebra of B(K). Define Z = F(C)
and W = G(D).
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From Lemma 5.4.8, with V' = M, it follows that Y is a right dual operator M-
module with module action y - m = F(r,)(y), fory € Y, m € M and r,, : M — M
: ¢ — cm is simply right multiplication by m. Similarly, X is a right dual operator
N-module, and Z and W are dual operator N-C- and M-D-bimodules respectively.
The inclusion ¢ of M in C induces a completely contractive w*-continuous inclusion
F(i) of Y in Z. One can check that F(i) is a N-M-module map. By Lemma 5.4.9
below and its proof, it is easy to see that F'(7) is a complete isometry. Hence we may
regard Y as a w*-closed N-M-submodule of Z and similarly X may be regarded as a
w*-closed M-N-submodule of W.

With V = X in Lemma 5.4.8, there is a left N-module map ¥ ® X — F(X)
defined by y ® © — F(r;)(y). Since F(X) = FG(N) = N, we get a left N-module
map [.] : Y ® X — N. In a similar way we get a module map (.) : X @ Y — M.
In what follows we use the same notation for the unlinearized bilinear maps, so for
example we use the symbol [y, z] for [y ® z]. These maps (.) and [.] have natural
extensions to Y ® W — D and X ® Z — C respectively, which we denote by the same
symbols. Namely, [y, w] is defined via 1y for y € Y and w € W. By Lemma 5.4.8,

these maps have weak® dense ranges.

Lemma 5.4.9. The canonical maps X — CB$(Y,N) and Y — CB{, (X, M), in-
duced by [.] and (.) respectively, are completely isometrically isomorphic. Similarly,

the extended maps W — CB%(Y,D) and Z — CBf,(X,C) are complete isometries.

Proof. By Lemma 5.4.3 and Lemma 5.4.4, we have X =2 CB{,(M, X) = CB$ (Y, F(X))
= CB(Y, N) completely isometrically. Taking the composition of these maps shows
that © € X corresponds to the map y +— [y, z] in CB{ (Y, N). Similarly for the other

maps. ]

Next consider maps ¢ : Z — B(H,K), and p: W — B(K, H) defined by ¢(z)(()
= F(r¢)(2), and p(w)(n) = wyG(ry)(w), for ¢ € H and n € K where wy : GF(H) —
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H is the w*-continuous M-module map coming from the natural transformation GF
= Jd. Again . : C — H and 1, : D — K are the obvious right multiplications. As
wpy is an isometric onto map between Hilbert spaces, wy is unitary and hence also a

C-module map by Corollary 5.2.3. One can check that:

p(2)p(z) = (z,2) and ¢(y)p(w) = [y, w]V (5.4.1)

forallz € X,y €Y, z€ Z, we W and where V € B(K) is a unitary operator in D’
composed of two natural transformations. A calculation similar to that in Lemma 4.3
in [10], shows that the unitary V' is in the center of D, hence ¢(y)p(w) € D for all

yeY and weW.

Lemma 5.4.10. The map ¢ (respectively p) is a completely isometric w*-continuous
N-C-module map (respectively, M -D-module map). Moreover, ¢(z1)*¢(22) € C for all

21,22 € Z, and p(wy)*p(ws) € D, for all wi,ws € W.

Proof. We will prove that the maps ¢ and p are w*-continuous. The rest of the
assertions follow as in Lemma 4.2 in [10] and by von Neumann’s double commutant
theorem. To see that ¢ is w*-continuous, let (z;) be a bounded net in Z such that
%S zin Z. For ¢ € H, we have F(r¢e) € CB%(Z,K). Hence F(r¢)(z) — F(r¢)(2)
weakly. That is, ¢(2;) — ¢(2) in the WOT and it follows that ¢ is weak® continuous.

A similar argument works for p. [

We will follow the approach of [9] to prove the selfadjoint analogue of our main
theorem, which involves a change of the tensor product. Nonetheless, for completeness

we will give the proof.

Theorem 5.4.11. Two W*-algebras A and B are weakly Morita equivalent in the
sense of Rieffel if and only if they are dual operator Morita equivalent in the sense of

Definition 5.4.1. Suppose that F' and G are the dual operator equivalence functors,
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and set Z = F(A) and W = G(B). Then, W is a W*-equivalence A-B-bimodule,
Z is a W*-equivalence B-A-bimodule, and Z is unitarily and w*-homeomorphically
isomorphic to the conjugate W*-bimodule W of W. Moreover, F(V) = Z @3V
completely isometrically and weak® homeomorphically (as dual operator B-modules)
for all V€ 42R. Thus F = Z @3 — and G = W @9 — completely isometrically.

Also F and G restrict to equivalences of the subcategory 4 H with gH.

Proof. In Chapter 3 we saw that the weakly Morita equivalent W*-algebras (in the
sense of Rieffel) are weak® Morita equivalent. Hence by Theorem 3.2.5, they have
equivalent categories of dual operator modules and the assertion about the form of
the functors also holds.

For the other direction, observe that by Corollary 5.4.6, the functors F' and G
restrict to a completely isometric equivalence of 4 H and gH. Hence, by Definition 7.4
in [40], A and B are weakly Morita equivalent in the sense of Rieffel. We will follow
[9] to prove the rest of the assertions.

By the polarization identity and Lemma 5.4.10, W is a right C*-module over B
with inner product (wy,we)p = p(wy)*p(ws), for wy,wy € W. Similarly, W is a left
C*-module over A by setting 4(wy,ws) = p(w;)p(ws)*. To see that this inner product
lies in A, note that, since the range of (.) is w*-dense in A, we can choose a net in
A of the form eq = 7 (we, 21) = S°7 p(wi)d(21) where 2z, € Z and wy, € W,

such that e, Y1 4. Then, e Y A. Since p is a weak™ continuous A-module map,

* *

p(w)* = wlim, pleiw)* = w*-lim, p(w)*e,, it follows that p(w)p(w)* is a weak*
limit of finite sums of terms of the form p(w)(p(w)*p(wy))p(zr) = p(w)P(bzy) =
(w,bzy) € A, where b = p(w)*p(wy) € B. Thus p(w)p(w)* € A. By the polarization
identity p(wq)p(w2)* € A. Similarly, Z is both a left and a right C*-module. To see
that Z is a w*-full right C*-module over A, rechoose a net in A of the form e, =

S (wy)B(2r) such that e, — Ip strongly, so that ete, — I weak* as done in
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Theorem 3.3.4. However ejeq = D, &(21) brug(21) where by = p(wy)*p(w;) € B.
Since P = [by] is a positive matrix, it has a square root R = [r;;], with r;; € B.
Thus e eq = D), ¢(27) d(2) where 2 = > 74;2;. From this one can easily deduce
that the A-valued inner product on Z has w*-dense range. Similarly Z is a weak* full
left C*-module over B. Similarly for W. Since p and ¢ are w*-continuous, the inner
products are separately w*-continuous. Hence, by Lemma 8.5.4 in [15], W and Z are
W*-equivalence bimodules, implementing the weak Morita equivalence of A and B.
Note that by Corollary 8.5.8 in [15], CBs(W, A) = CB9(W, A). Thus by (8.18) in
[15] and Lemma 5.4.9, Z = W completely isometrically.

Let V€ 4R. By Lemma 5.4.3, Lemma 5.4.4, Theorem 4.2.8, and the fact that

Z = W, we have the following sequence of isomorphisms:
F(V)= CB%(B,F(V)) =2 CBy(W,V) = Z®ih 1%

as left dual operator B-modules. Thus the conclusions of the theorem hold. O

Now we will come back to the setting where M and N are dual operator algebras

and C and D are maximal W*-algebras generated by M and N respectively.

Theorem 5.4.12. The W*-algebras C and D are weakly Morita equivalent. In fact Z,
which is a dual operator N-C-bimodule, is a W*-equivalence D-C-bimodule. Similarly,
W is a W*-equivalence C-D-bimodule, and W is unitarily and w*-homeomorphically

isomorphic to the conjugate W*-bimodule Z of Z (and as dual operator bimodules).

Proof. By Lemma 5.4.10, it follows that p(W) is a w*-closed TRO (a closed subspace
Z C B(K,H) with ZZ*Z C Z). Hence, by 8.5.11 in [15] and Lemma 5.4.10, W
(or equivalently p(W)) is a right W*-module over D with inner product (wy, ws)p =
p(w)*p(ws). Since p is a complete isometry, the induced norm on W coming from
the inner product coincides with the usual norm. Similarly Z is a right W*-module

over C. Also, W (or equivalently p(W)) is a w*-full left W*-module over £ = weak*
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closure of p(W)p(W)*, with the obvious inner product ¢(wq,ws) = p(w)p(ws)*. We
will show that & = C. Analogous statements hold for D and ¢. It will be understood
that whatever a property is proved for W, by symmetry, the matching assertions for
Z hold.

Let £" be the linking W*-algebra for the right W*-module W, viewed as a weak*
closed subalgebra of B(H & K). We let A equal the weak* closure of p(W)¢(Y). It
is easy to check, using the fact that ¢(Y)p(W) € D (see above Lemma 5.4.10) and
Lemma 5.4.10, that A is a dual operator algebra. By the last assertion of Lemma 5.4.8
and (5.4.1), M = W* C A and the identity of M is an identity of A. We
let U be the weak* closure of Dp(Y'), and we define £ to be the following subset of
B(H ¢ K)

A p(W)

u D
Using (5.4.1) and Lemma 5.4.10, it is easy to check that £ is a subalgebra of B(H®K).
By explicit computation and Cohen’s factorization theorem, L*L = £ and LL" = L.
Indeed, by Lemma 5.4.10 and the fact that p(W) is a TRO, it follows that L*L C L.
Again by using (5.4.1), Lemma 5.4.10 and the fact that p(W)* is a left W*-module
over D, it follows that LL* C L. As p(W) is a right W*-module over D so p(WV)
is a nondegenerate D-module (see 8.1.3 in [15]), hence p(W) = p(W)D by Cohen’s
factorization theorem (A.6.2 in [15]). For the same reason, p(W) = p(W)p(W)*p(W).
Now one can easily check that £ C £L*L and similarly £* C LL". Hence LYL = L
and LLY = L". Therefore, we conclude that £* = £. Comparing corners of these
algebras gives £ = A and U = p(W)*. Thus, M C &, from which it follows that C C
&, since C is the W*-algebra generated by M in B(H). Thus p(WW) is a left C-module,
so W can be made into a left C-module in a unique way (by Theorem 5.2.2). Also
by Corollary 5.2.3, p is a left C-module map. By symmetry, Z is a left D-module

and ¢ is a D-module map, so that p(W)* = U = DQS(Y)U)* C ¢(Z). By symmetry,
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B(Z)* C p(W), so that p(W)* = ¢(Z). Since, ¢(Z) = Dp(Y) , by symmetry,
p(W) = Cp(X)"". Also, p(W)p(Y) C Cp(X)p(Y) " C Coand thus € = A C C.

*

Thus € = A = C, and that D = gb(Z)gb(Z)*w* = p(W)*p(W)w . This proves the

theorem. []

5.5 W*-restrictable equivalences

Definition 5.5.1. We say that a dual operator equivalence functor I is W*-restrictable,

if F restricts to a functor from ¢R into pR.

We prove our main theorem under the assumption that the functors F' and G
are W*-restrictable. Later we will prove that this condition is automatic; i.e., the

functors F' and GG are automatically W*-restrictable.

Remark 5.5.2. The canonical equivalence functors coming from a given weak* Morita
equivalence are W*-restrictable. Suppose that M and N are weak™ Morita equivalent
and let (M, N, X,Y) be a weak* Morita context. Then from Theorem 3.4.2 we know
that C and D are weakly Morita equivalent W *-algebras, with W*-equivalence D-C-
bimodule Z = Y ®J"C. From Theorem 3.2.5, F'(V) =Y @}V, for V a dual operator
M-module. However, if V' is a dual operator C-module, Y @} V = YV @38 C @3" V
>~ 7 ®3" V. Hence, F restricted to ¢R is equivalent to Z ®@g" —, and thus F is

W*-restrictable.

Theorem 5.5.3. Suppose that the dual operator equivalence functors F and G are

W*-restrictable. Then the conclusions of the Theorem 5.4.2 all hold.

Proof. Clearly, F' and G give a dual operator Morita equivalence of (R and pR when
restricted to these subcategories. Set Y = F(M), Z = F(C), X = G(N), and W
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= G(D) as before. By Theorem 5.4.11, C and D are weakly Morita equivalent von
Neumann algebras with Z and W as W*-equivalence bimodules. From the discussion
above Lemma 5.4.9, Y is a right dual operator M-module and X is a right dual
operator N-module. Also Y is a w*-closed N-M-submodule of Z and X is a w*-
closed M-N-submodule of .

For any left dual operator C-module X', we have the following sequence of canon-

ical complete isometries by Lemma 5.4.3 and Lemma 5.4.4:

1%

CBi(X, X" CB$(N, F(X"))

12

F(X)

12

CBX(D, F(X"))

IR

CBI(W, X").

Hence, by the discussion following Definition 5.2.5, and by Lemma 5.2.11, we have
W =~ C®@3" X completely isometrically and as C-modules. It can be checked that this
isometry is a right N-module map. Similarly, Z = D@3 Y.

For any dual operator M-module V', we have, Y @3" V C (D@Y) @V =
Z @38V completely isometrically, since any dual operator module is contained in
its maximal dilation. On the other hand, using Lemma 5.4.8, Lemma 5.4.4, and
Theorem 5.4.11, we have the following sequence of canonical completely contractive

N-module maps:
YWV - FV)—=FCWV)2Zegh(CojtV)~Ze3"V.

The composition of the maps in this sequence coincides with the the composition
of complete isometries in the last sequence. Hence, the canonical map Y @37 V —
F(V) is a w*-continuous complete isometry. Since this map has w*-dense range,
by the Krein-Smulian theorem it is a complete isometric isomorphism. Thus F(V)

> Y ®37V, and similarly G(U) =2 X @3 U. Finally, M = GF(M) = X Y,

114



using Lemma 2.4.12 and similarly N = Y @37 X completely isometrically and w*-

homeomorphically. O]
Corollary 5.5.4. Dual operator equivalence functors are W*-restrictable.

Proof. Firstly, we will show that W is the maximal dilation of X, and Z is the
maximal dilation of Y. In Theorem 5.4.12, we saw that the set U equals Z. This
implies that Y generates Z as a left dual operator D-module. Similarly, X generates
W as a left dual operator C-module.

By Lemma 5.4.3 and Lemma 5.4.4, we have the following sequence of maps
CB{/(X,H) 2 CB{(N,K) =2 K =2 CB%(D,K) — CB{,(W,H).

One can check that n € K corresponds under the last two maps in the sequence to
the map w — p(w)(n), which lies in CBg(W, H), since p is a left C-module map.
Thus, the composition R of the maps in the above sequence has range contained in
CBg(W, H). Also, R is an inverse to the restriction map CBg(W,H) — CB{,(X, H).
Thus CBg(W, H) = CB$,(X, H). Since H is a normal universal representation of C
(see the paragraph below Lemma 5.4.8), it follows from Theorem 5.2.10, that W is
the maximal dilation of X. Similarly Z is the maximal dilation of Y.

Let V € ¢R. By Lemma 5.4.3, Lemma 5.4.4, Definition 5.2.5, Theorem 4.2.8,

and Theorem 5.4.12, we have the following sequence of isomorphisms

F(V)=CB$(N,F(V)) 2 COB(X, V)= CBI(W,V) = Z 23"V,

as left dual operator N-modules. Since Z ®Z"V is a left dual operator D-module, we
see that F'(V) is a left dual operator D-module and by Theorem 5.2.2, this D-module
action is unique. Also by Corollary 5.2.3 the map Z ®3"V — F(V) coming from the

composition of the above isomorphisms is a D-module map. This map Z ®§h V —
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F(V) is defined analogously to the map 7y, defined in Lemma 5.4.8. One can check

that if T': Vi — V5 is a morphism in ¢R, then the following diagram commutes:

Z @3 Vi — F(V1)

l[z QT lF(T)

Z @7 Vo —— F(Va)
By Corollary 2.4.6, I;®T is a w*-continuous D-module map and both the horizon-
tal arrows above are w*-continuous D-module maps. Hence F(T') is a w*-continuous

D-module map; that is, F(T) is a morphism in pR. Thus F' is W*-restrictable. By

Theorem 5.5.3, our main theorem is proved. 0
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