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Abstract

This work is an attempt to bridge the gap between the theory of operator systems
and various aspects of graph theory.

We start by showing that two graphs are isomorphic if and only if their corre-
sponding operator systems are isomorphic with respect to their order structure. This
means that the study of graphs is equivalent to the study of these special operator
systems up to the natural notion of isomorphism in their category. We then define
a new family of graph theory parameters using this identification. It turns out that
these parameters share a lot in common with the Lovasz theta function, in partic-
ular we can write down explicitly how to compute them via a semidefinte program.
Moreover, we explore a particular parameter in this family and establish a sandwich
theorem that holds for some graphs.

Next, we move on to explore the concept of a graph homomorphism through the
lens of C*-algebras and operator systems. We start by studying the various notions
of a quantum graph homomorphism and examine how they are related to each other.
We then define and study a C*-algebra that encodes all the information about these
homomorphisms and establish a connection between computational complexity and
the representation of these algebras. We use this C*-algebra to define a new quan-
tum chromatic number and establish some basic properties of this number. We then
suggest a way of studying these quantum graph homomorphisms using certain com-
pletely positive maps and describe their structure. Finally, we use these completely

positive maps to define the notion of a “quantum” core of a graph.
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Chapter 1

Introduction

Ever since their inception in 1969 [1], operator system have played a central role
in operator algebras. Almost fifty years later, we now see an extensive theory [27] and
applications [10, 34] of such mathematical objects. Still very little is known about
the interaction between these objects and graph theory. This thesis is an attempt to
fill this gap.

The classic work of Shannon [32] associated a confusability graph to a binary
channel and argued that the zero error capacity of the channel was a parameter
definable solely in terms of this graph and its products. Later, Lovasz [22] introduced
his theta function, which he showed was an upper bound for Shannon’s capacity. He
presented many formulas for computing his theta function, which are optimization
problems over a certain vector space of matrices associated with the graph. There is
now a rich literature on Lovdsz’s theta function [20] and it plays an important role
in both graph theory and binary information theory.

In analogy with the work of Shannon and Lovasz, for a quantum channel, Duan,

Severini, and Winter [10] have established that some notions of quantum capacity
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only depend on a vector space of matrices associated with the quantum channel, i.e.,
two quantum channels that define the same vector space have the same capacity.
They argued that the study of these spaces of matrices should be treated as a kind
of non-commutative graph theory. This is the main idea that drove our work.

The vector spaces of matrices associated with a graph by Lovasz and with a quan-
tum channel by Duan, Severini, and Winter are both examples of finite dimensional
operator systems. In particular, most of the vector spaces they consider are operator
systems that come from a graph. Given a graph G, we let Sg denote this operator
system of matrices that is associated with G.

The natural notion of equivalence of operator systems is unital, complete order
isomorphism. Our first main result shows that two graphs G and H are graph iso-
morphic if and only if the operator systems Si and Sy are unitally, completely order
isomorphic. Thus, there is no difference between studying graphs and studying this
special family of operator systems. In particular, it should be possible to relate all
graph parameters of G to properties of Si. In Chapter 3, we are more interested in
the converse. Namely, we begin with parameters that are “natural” to associate with
operator systems and attempt to relate them to classical graph parameters.

The Lovasz theta function naturally fits this viewpoint and served as an excellent
guide to look for new parameters. Quotients of operator systems [21] come equipped
with two norm structures and we will show that a generalization of the theta func-
tion, introduced in [10], is an upper bound for the ratio between these two naturally
occurring norms. We then define a new family of parameters of a graph using the two
different quotient norms you can define on an operator system and discuss the sim-
ilarities between these parameters and the Lovasz theta function. More specifically,

both of these norms are multiplicative with respect to the strong product of graphs
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and are semidefinite programs (SDP) solvable in polynomial time to some degree of
precision. We end this chapter discussing a particular parameter in this family and
establish a new graph theoretic condition, that if satisfied gives rise to a new Lovasz
“sandwich” type theorem [20].

In Chapter 4, we take a close look at non-local games on graphs (e.g. quantum
graph homomorphisms) through the lens of C*-algebras and operator systems.

The theory of graph homomorphisms is one of the central tools of graph theory and
is used in the development of the concept of the core of a graph [15]. More recently,
work in quantum information theory has lead to quantum versions of many concepts
in graph theory and there is an extensive literature ([7], [10], [28]). In particular,
D. Roberson [31] and L. Mancinska [23] developed an extensive theory of quantum
homomorphisms of graphs. D. Stahlke [34] interpreted graph homomorphisms in
terms of “completely positive (CP) maps on the traceless operator space of a graph”.

These papers motivated us to consider quantum and classical graph homomor-
phisms as special families of completely positive maps between the operator systems
of the graphs.

There is not just a single quantum theory of graphs, but there are really possibly
several different quantum theories depending on the validity of certain conjectures
of Connes [6] and Tsirelson [19]. In earlier work on quantum chromatic numbers
29, 28], the authors studied the differences and similarities between the properties of
the quantum chromatic numbers defined by the possibly different quantum theories.
We wish to parallel those ideas for quantum graph homomorphisms. One technique
of [28] and [11] was to show that the existence of quantum colorings was equivalent to
the existence of certain types of traces on a C*-algebra affiliated with the graph and

we wish to expand upon that topic here. This leads us to introduce the C*-algebra of a
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graph homomorphism and we will show that the existence or non-existence of various
types of quantum graph homomorphisms are related to properties of this C*-algebra,
e.g., whether or not it has any finite dimensional representations or has any traces.
In particular, this C*-algebra helped us establish a surprising connection between the
computational complexity of the quantum chromatic numbers and the representation
of such algebra.

In addition, it turns out that the existence of this C*-algebra can be viewed as
a new type of homomorphism between graphs. Using this new notion of a graph
homomorphisms, we manage to define yet another chromatic number. We prove
basic properties about this number and relate it to the quantum chromatic numbers.
We also introduce an analog of the Roberson-Mancinska’s projective rank [23] for this
chromatic number using techniques developed in [28].

Finally, we address a question asked by Roberson in his thesis [31]: how should we
define a “quantum” core of a graph? We use our correspondence between quantum
graph homomorphisms and CP maps to introduce a quantum analogue of the core of
a graph.

Most of the work presented in this thesis has been published and appears on [24]
and [25].



Chapter 2

Preliminaries

2.1 Operator Systems

As customary, we let B(H) denote the space of bounded linear operators on some
Hilbert space H, let M,, := B(C"), and let E;; 1 <i,j < n be the canonical matrix
units. We call a vector subspace S C B(H) *-closed provided X € S implies that
X* € S, where X* denotes the adjoint of X. We define § to be an operator system
if S is a unital (i.e I € S, where [ is the identity operator) x-closed subspace of B(H).

Operator systems are naturally endowed with a matrix ordering and can be
axiomatically characterized in theses terms. See, for example [27]. Briefly, given any
vector space S, we let M, (S) denote the vector space of n x n matrices with entries
from S. We identify M,,(B(H)) = B(H®C") and let M, (B(#H))* denote the positive
operators on the Hilbert space H @ C™. Given an operator system S C B(H), we set
M,(S)" = M,(B(H))" N M,(S). We set ST := B(H))" NS.

The natural notion of equivalence between two operator systems is unital, com-

plete order isomorphism. First, we need to define the notion of a positive map.
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Let S and T be two operator systems and let ¢ : S — 7T be a linear map. A linear
map ¢ is called positive if s € ST = ¢(s) € TT. Also, notice that from a
linear map ¢ : S — T, we can obtain maps ¢, : M,(S) — M,(T) via the formula
on((a;;)) = (¢(a;;)). Now, a linear map ¢ : S — T is called completely positive
(CP) provided that for all k, ¢y is positive, that is, (X;;) € M(S)" implies that
(¢(Xi;)) € Mp(T)*. The map ¢ is unital provided ¢(/) = I. The map ¢ is called a
complete order isomorphism if and only if ¢ is one-to-one, onto and ¢ and ¢!
are both completely positive. This last condition is equivalent to requiring that for
all n, (X;;) € M, (S)* if and only if (¢(X;;)) € M,(T)*.

Another parameter of interest that plays an important role in the theory of op-
erator systems is the completely bounded norm. Recall that given a linear map
¢S — T, the norm of ¢, denoted |||, is given by ||¢|| = sup{||¢(z)|| : ||z|| < 1}.

We define the completely bounded norm of a linear map ¢ : S — 7T to be

19l]e := sup{{[¢n]l}-
neN

For a complete discussion on the theory of operator systems, see [27].

2.2 Graphs

We define a graph G on n vertices to be a pair of sets, (V(G), E(G)), where V (G)
is called the vertex set of G, and E(G) C V(G) x V(G) is called the edges of G, and
|[V(G)| = n. All graphs we are going to be considering are simple (i.e. (i,i) & E(Q)
for all i € V(Q)), undirected ((i,j) € E(G) < (j,i) € E(G)) and finite (V(G)

a finite set). We say that two vertices ¢ and j are connected if (i,j) € E(G). On
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occasions we will write ¢ ~¢ j instead of (i,7) € E(G) and when there is no source
for confusion we will simply write i ~ j. We let G denote the complement of the
graph G, that is, the graph with the property that (i,7) € E(G) <= (i,j) € E(G).
We let K,, denote the complete graph on n vertices, i.e. all vertices are connected.
A complete bipartite graph B(k,[) is a graph whose vertex set is given by two
disjoint subset Vi and V4 of V(B(k, 1)) where |Vi| = [ and |V5| = k with the property
that (i,j) € E(B(k,l)) <= i€ Vj and j € V%, i.e. for which each of the k-vertices

connects to each of the [-vertices, and no other vertices are connected. For example,

B(2,3) looks like

We say that a graph H is a subgraph of G, denoted by H C G, if V(H) C V(G)
and F(H) C E(G). Also, we say that a graph H is an induced subgraph of
G, if (i,5) € E(H) < (i,7) € E(G), for all i,5 € V(H). A path of length
k of a graph G is a subgraph P, C G where V(FP,) = {i1,... i1}, E(Pr) =
{(i1,142), (i2,13), - -, (ig,ix+1) }, and the 4;’s have mutually different indices. A graph
G is said to be connected if for every z,y € V(G) there exists a path P such that
11 = x and i1 = y for some k. If a graph G is not connected, then the vertex set of
G can always be partitioned into maximal disjoint sets, that is, Ul --- Ul = V(G)
such that the induced subgraph on each I}, is connected but the induced subgraph on
each I,,UI}, is disconnected, if k # h. Moreover, the induced subgraph on every I}, is
called a (connected) component of G.

Given graphs G and H a graph homomorphism from G to H is a mapping
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f:V(G) — V(H) such that
(v,w) € E(G) = (f(v), f(w)) € E(H).

If a graph homomorphism from G to H exists we write G — H. If f is a bijection
and f~!is a graph homorphism, then we say f is a graph isomorphism and the
two graphs are isomorphic.

Given a graph G and a set {1,...,c} C N, a c-coloring of G is a map f: V —
{1,...,c} such that whenever v ~ w = f(v) # f(w). The chromatic or coloring
number of G, denoted by x(G), is the least ¢ for which there is a c-coloring of G.

Notice that this definition is equivalent to,

X(G) = min{c: G — K.}

A subgraph C' C G is called a clique in G if C' = K, for some m. We define the

clique number, w(G) to be the order of the largest clique in G. Notice that,
w(G@) = max{m : K,, — G}

Let

Re =1+ Ag

where [ is the identity matrix and

AG = Z Ei,j
)

(i,J)€E(G

denotes the usual adjacency matrix of G.
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Given a self-adjoint n x n matrix A, we let A\;(A) > ... > \,(A) denote the
eigenvalues of A. It is known that A\ (Ag) > —A\.(Ag), [Ac|| = M(Ag), and || Re|| =
14+ M(Ag) [33].

For graphs G and H on n and m vertices, respectively. We define G X H to be
the strong product of the graphs, that is, the graph on nm vertices, V(G) x V(H)

with,

((i,5), (k1)) € B(GRH) <~
(i,k) € E(G) and j =1 or
(j,1) € E(H) and i = k or

(i,k) € E(G) and (j,1) € E(H)

Other graph products we will briefly encounter in Chapter 4 are the tensor product
and box product. We define the tensor product of two graphs, G x H, to be the

graph on nm vertices, V(G) x V(H), with,

((2,9), (k, 1)) € BE(G x H) <=

(i,k) € E(G) and (j,1) € E(H)

We define the box product of two graphs, GOH, to be the graph on nm vertices,
V(G) x V(H), with,

((ivj)v (k>l)) € E(GDH) <~
1=k and (j,l) IS E(H) or

(i,k) € E(G) and j =1
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2.3 The Operator System of a Graph

We define the operator system of the graph G to be
S¢ = Span{E;; : (i,7) € E(G) or i = j}.

Note that M}, is a Hilbert space with respect to the inner product (a, b) = tr(ab*),
a,b € My. Thus, given any subspace S C M,,, one may form the orthogonal comple-

ment S+ of S. Now given a graph G on k vertices it follows that,
Sg =span{E;; : (i,7) € E(G)}.

Given that A C B are unital algebras with same unit and a subspace V C B, we
say that V is an A-bimodule if AVA = {ajvas : aj,as € A,v € V} C V. Let D,

denote the set of diagonal matrices in M,,.
Proposition 2.3.1. Given a graph G on n vertices, S¢ C M,, is a D,-bimodule.

Proof. Tt suffices to show that £; ; € S¢ = D E;; D, € S¢ for every Dy, Dy € D,,.

But D1 E; jDy = aE; ; where a = [D1];;[D5];; and hence Dy E; ;Dy € Sg. O

We are interested in giving an abstract characterization of Sg but first we need

the following lemma:
Lemma 2.3.2. Let V. C M, be a D,,-bimodule. Then V = span{E;;: E;; € V'}

Proof. The backward containment is trivial. For the forward containment let A =

lai;] € V. Then A = 7" a;;E;;. If we only show that E;; € V whenever

a;j # 0 then we are done. To this end, note that I = >71" | F;; = >°°_| Fj;; so that

10



2.3 THE OPERATOR SYSTEM OF A GRAPH

A=1Al =377, | Ei;AE;;. A moment’s thought will convince you that FE;;AE;;
will be an n x n matrix with all it’s entries 0 except possibly the one in (i, 5)"" slot,
which is a; ;. With this insight, we note that each F;;AE;; € V = a;;E;; € V.
Thus, a;,; # 0 = E,;; € V (because then there exist two diagonal matrices Dy = I
and Dy = tEM so that Diya; ;E;jDy € V). Hence A =370 a;;E;; € span{FE; ; :

E;; € V}. Since A € V is arbitrary, V C span{E;; : E;; € V}. This completes the

proof. O]

Theorem 2.3.3. Let S C M, be an operator system. Then S is a D,-bimodule if

and only if there exists a graph G on n vertices such that S = S¢.

Proof. Since S C M, is a D,,-bimodule, by the previous lemma S = span{E; ; : E; ; €
V}. Define G := (V(G), E(G)), where V(G) = {1,...,n} and E(G) = {(i,j) : 1 #
J, Ei; € S}. It follows then that (i,j) € E(G) = E;; € S. Now S being an
operator system and thus closed under adjoint implies £, € S. But Ef; = Ej; € S
which in turn implies that (j,7) € E(G). So, G is a graph. The Operator System Sg
=span({E;; : i # j, E;; € S}U{E;; : 1 <i <n}). Note that since I,, € S, we have
for each 1 <i < mn, E;; = E;;I,E;; € S and hence we have S¢ := span({E;; : i #
JEij € SYU{E,;:1<i<n})=span({E;;:i#j,E; € StU{E;,: E;; € S}) =
span({E;; :, E; ; € S}) = S. This completes the proof.

O

Remark 2.3.4. There are finite dimensional operator systems that can not be em-
bedded in M,. For example, S = Span{1,e?, e~} c C(T) is a finite dimensional

operator system that cannot be embedded in the matrices [27].

Finally, given two graphs G and H, it turns out that the operator system of the

11



2.4 LOVASZ THETA FUNCTION

graph G X H correspond to tensoring the operator systems of G and H, namely,
Sorn = Sa ® Su

This is an important property that we will be using in the Chapter 3.

2.4 Lovasz Theta Function

The Lovasz theta function of a graph G is defined to be

1
J(G) = min max ———— | , 51
( ) lle)|=1,{us} (1§i§n | <Ui, c) |2) ( )

where {u;}? , is an orthonormal representation of G on a real Hilbert space. An
orthogonal representation of GG in a Hilbert space H is a subset {¢(i) }icv(a) C H,
where ¢ : V(G) — H is an injective map with the property that if (¢, j) € E(G) then
(W (@), 0(j) = 0.

In his paper Lovdsz [22] only considered real Hilbert spaces and real matrices. We
will set J¢c(G) equal to the same quantity as above but where we allow the Hilbert
spaces to be complex. It turns out that both quantities are equal, which we show
below.

We present a couple of equivalent formulations of ¥(G) that we will be using
throughout our discussion. The proof that all these equvalent formulations hold in
the complex case is identical to the original proof Lovasz provided in his paper. See

[22] for the details.

12
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Theorem 2.4.1. [22, Theorem 3]
I(G) = min{\ (A): A= A" € M,,(R),a;; =1, fori=j or(i,j) & E(G)}.
Theorem 2.4.2. [22, Theorem 5]

oG = { 3 o) ] = 1.

{vi} is a real orthonormal representation of@}.
Corollary 2.4.3.
I(G) = max{||] + K||: K € SG N M,(R),I + K > 0}

where ||Al| is the operator norm of the matriz A.

Proof. For V.= (v1...v,), where {v;} is an real orthonormal representation of G,

observe that

<d, U1>

{d, vn)
and ||V*d|]*> = >0, | (v;,d) |>. By the last theorem and letting d vary, ¥(G) =
max{||V*[|?}, over all orthonormal representations {v;} of G. The desired formula
now follows from the C*-identity and the fact that V*V = ((v;,v;)) = I + K, for some
K € 84 N M,(R). Therefore, 9(G) < max{||] + K||: K € S N M,(R),I + K > 0}
For the reverse inequality, let K € S& N M, (R) with I + K > 0. By [27, 3.13] we

know that I + K = V*V, where the columns of V' can be chosen to be unit vectors.

13
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Now notice that if ¢ ~ j then the ij-entry of K is 0, meaning that (v;,v;) = 0, where

v; is the i-th column of the matrix V. O

Corollary 2.4.4.
Ie(G) = max{||] + K||: K € 85,1+ K >0},

where ||A|| is the operator norm of the matriz A.
Proof. Use the same proof as above. m
Theorem 2.4.5. ¥(G) = Jc(G).

Proof. The original definition expresses ¥(G) and Y¢(G) as the minimum of a quantity
over all real, respectively, complex, orthonormal representations of the graph. Since
there are more complex representations, we have that J¢(G) < 9(G).

But the last result expresses these quantities as the maximum norm of a family

of matrices. Since there are more such complex matrices than real matrices, we have

that, ¥(G) < 9¢(G), and equality follows. O

2.5 Non-local Games on Graphs

In this section we present the background necessary for Chapter 4.
A finite family of operators {M,,}" _; on a Hilbert Space H is called a measure-

ment system provided that > " _ M* M,, = I.

Remark 2.5.1. The motivation behind this definition stems from the interpretation

of the number ||M,,6[]* = (¢, M} M,,¢) as the probability of observing outcome m

14
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starting from a state ¢ € H. As the sum of the probabilities of all possible outcomes
must equal 1, we have (¢, MY M, ¢) = 1 for each ¢ € H of norm one, and this
forces > M’ M, =1I.

A set {P;}7, of operators is called a projection valued measure (PVM)

provided they are a measurement system and P; = P = P?, for each i.

Remark 2.5.2. For the purposes of our discussion we will only consider PVMs and
not Positive Operator Value Measures (POVMs) since given POVM we can always
apply Stinespring’s dilation theorem to get a PVM on a bigger Hilbert space that
when restricted to the original space yields the POVM. Moreover, if the original

space is finite dimensional, the bigger space is finite dimensional. See [27] and [4].

Consider the following scenario. Suppose two non-communicating players, Alice
and Bob, each receives an input from some finite set I and each must produce an
output belonging to some finite set O.

The “rules” of the game are given by a function

AiIxIxOx0O—{0,1}

where (v, w,z,y) = 0 means that if Alice and Bob receive inputs v, w, respectively,
then producing respective outputs z,y is “disallowed”. We define a game G to be
the tuple G = (1,0, \).

A strategy for such a game is a conditional probability density p where p(x, y|v, w)
represents the probability that if Alice receives input v and Bob receives input w, then

they produce outputs x and y, respectively.

15
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Such a strategy is called winning or perfect provided:

AMo,w,z,y) =0 = p(x,y|v,w) = 0.

We call p synchronous if p(x, y|v,v) =0, Vz # y [28].

Let us look at a couple of examples of games:

Example 2.5.3. Let G = (V, E) be a graph with vertex set V' and edges £ C V' x V,

the inputs are I = V' and the outputs O are a set of colors. The rules are that,
e \Nv,v,z,y)=0,Yv eV, Vo £y
e \Nv,w,z,z) =0, V(v,w) € E,Vz € O

We call this game the graph coloring game.

The reason behind the name is that any winning strategy p for this game with

values in {0, 1} gives you a |O|-coloring.

Example 2.5.4. Let G = (V(G),E(G)) and H = (V(H), E(H)), the game where

inputs are V(G) and the outputs are V(H) and the rules are that,
e \Nv,v,x,y) =0,Vv e V(G), Ve #y
o \Nv,w,z,y) =0, Y(v,w) € E(G), ¥Y(z,y) ¢ E(H).

We call this game the graph homomorphism game.

Again, the reason behind defining this game is because it extends the notion of
a graph homomorphism. Any winning strategy p for this game with values in {0, 1}

gives you a graph homomorphism from G to H. Also, notice that the coloring game

16
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is a special case of the homomorphism game, where H = K., ¢ = |O] is the number

of colors. For an overview of non-local games, see [3].

Definition 2.5.5. A density p is called a local or classical correlation if there is

a probability space (2, 1) and random variables,

for Gw : @ — O for each v,w € 1

such that,

p(x,ylv,w) = p({w | fo(w) =z, gu(w) = y})

Definition 2.5.6. A density p is called a quantum correlation if it arises as
follows:

Suppose Alice and Bob have finite dimensional Hilbert spaces Ha, Hp and for
each input v € I Alice has PVMs {F, . }zeo on Ha and for each input w € I Bob has

PVMs {Gyy}tyeo on Hp and they share a state ¢ € Hy ® Hp, then

p(:l:, y’U7 ’LU) = <Fv,:p ® Gw,ywv 1/}>

This is the probability of getting outcomes x,y given that they conducted experiments

v, W.

Definition 2.5.7. A density p is called a quantum commuting correlation if
there is a single Hilbert space H, such that for each v € I Alice has PVMs {F, ;}zco
on H and for each w € I Bob has PVMs {Gyy}yeo on H satisfying,

FooGuy = GuyFyz Yv,0,2,y

17



2.5 NON-LOCAL GAMES ON GRAPHS

and

p(:E, y‘va U}> = <Fv,xGw,yw7 ¢>

where ¥ € ‘H s a shared state.

Remark 2.5.8. Suppose we have projection value measures { P, ;};2; and {Q;}72,
on H as in 2.5.7. Set X,,; = P, ;k, Vi j = Qu k. Then

(1) &,; L X, ; for every i # j.

(2) Vi L Y for every i # j.

(3) 22 X = D Y, for every v,w and || >, X, = 1.
() (Xois Vo) > Osince (X, V) = (P2@) = QusPaik, QuiPuck) = | Qus Puk? >

0 where the second equality results from the fact that @), ; and P,; are commuting

projections.

Definition 2.5.9. A density p is called a vectorial correlation if p(i,jlv,w) =

(Xo,is Vuw,j) for sets of vectors {X,;},{Vw,;} satisfying (1) through (4) in 2.5.8.

One of the most important reasons for studying Cle.(n,m) is that Tsirelson’s
1980 "proof” [19] started with vectors satisfying (1) through (4) and claimed that
he could build projections {P,;},{Quw,;} on finite dimensional Hilbert space, and a
vector k such that &, ; = P, ;k and Y, ; = @, ;k commuted. He finally deduced that
Cy(n,m) = Cyect(n,m) = Cy(n,m) = Cye(n,m). In order to be able to prove that
Tsirelson’s idea can’t work, one would need to prove that C,(n,m) # Cyect(n,m).

This was shown in [28].

Let n := |I] and m := |O|, we let:

18



2.5 NON-LOCAL GAMES ON GRAPHS

e Cj,c(n,m) denote the set of all densities that are local correlations
e C,(n,m) denote the set of all densities that are quantum correlations
o Set Cyo(n, m) := Cy(n,m), the closure of Cy(n, m).

o Cy(n,m) denote the set of all densities that are quantum commuting correla-

tions
e Cyect(n, m) denote the set of all densities that are vectorial correlations

e For z € {loc, q,qa, qc}, we let C2(n,m) denote the set of synchronous correla-

tions in Cy(n, m).

Remark 2.5.10. Note that we can view each density p as a n*m?2-tuple where each

value is given by p(z,y|v, w).
Here is what is known and why these objects are interesting.
o Cioe(n,m) C Cy(n,m) C Cya(n,m) C Cye(n,m).
o Cioe(n,m) and Cye(n, m) are closed.
e “Bounded Entanglement Problem”: Is C,(n,m) = Cy(n,m) Yn,m ?
e Tsirelson conjecture [19]: Is Cy(n,m) = Cye(n,m) ¥n,m ?

e Ozawa [26] proved that Connes’ embedding conjecture [6] is true if and only if

Coa(n,m) = Cye(n,m), ¥n,m.

e Paulsen and Dykema [11] proved that Connes’ embedding conjecture is true if

and only if Ci(n,m) = C;.(n,m), ¥n,m.
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2.5 NON-LOCAL GAMES ON GRAPHS

e “The synchronous approximation problem”: Is C$(n,m) = Cy,(n,m) ¥Yn,m ?
e Tsirelson’s conjecture = Connes’ embedding conjecture.

Remark 2.5.11. In [28] the authors asked the following questions: Can we distin-
guish these sets of correlations by studying existence of winning strategies for highly
combinatorial games? Or conversely provide some evidence for the truth of these
conjectures by showing no difference in existence? In Chapter 4, we look for clues to

answer these question by studying the graph homomorphism game.
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Chapter 3

Lovasz Theta-Type Norms via

Operator Systems

3.1 The Isomorphism Theorem

In this section we prove that two graphs are isomorphic if and only if their operator
systems are unitally, completely order isomorphic. This shows that the morphism
G — 8¢ in a certain sense loses no information. It suggests that there should be
a dictionary for translating graph theoretical parameters into parameters of these
special operator systems, which one could then hope to generalize to all operator
systems. In particular, the “isomorphism” problem for operator subsystems of M, is
at least as hard as the isomorphism problem for graphs.

First, we do the “easy” equivalence. Suppose that we are given two graphs G, G
on n vertices that are isomorphic via a permutation 7 : V(G;) — V(Gs), so that
E(Gs) ={(n(i),n(j)) : (i,5) € E(G1)}. If we define a linear map U, : C" — C" via

Ux(e;) = ex(j), where {e; : 1 < j < n} denotes the canonical orthonormal basis for
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3.1 THE ISOMORPHISM THEOREM

C", then it is not hard to see that U, is a unitary matrix and that U Sq, U, = Sg,.
Moreover, the map ¢ : B(C") — B(C") defined by ¢(X) = U XU, is a unital,
complete order isomorphism. Hence, the restriction ¢ : Sg, — Sg, is a unital,
complete order isomorphism between the operator systems of the graphs.
Conversely, if there exists a permutation such that U:S¢, U, = S¢,, then G; and

(G5 are isomorphic via 7. To see this, note that we have

(UWEZ‘JU;I)(GIC) = UWE@jeﬂfl(k)
= Uye; (whenever j=n"'(k) and 0 otherwise).

= ep;) (since j = k) = w(j) = k)

Thus UWEm‘Ugl = Eﬂ-(i),ﬂ(j).
The next result arrives at the same conclusion even when the unitary is not induced

by a permutation.

Proposition 3.1.1. Let G; and Gy be graphs on n vertices. If there exists a unitary

U such that U*Sq, U = S¢,, then G and Go are isomorphic.

Proof. Let P, =U*E U, k=1,...,nand C =span{P;, : k = 1,...,n}. Since S¢,
is a bimodule over the algebra D,, of all diagonal matrices by 2.3.3, Sg, is a bimodule
over C. Note that each Py is a rank one operator.

Write Pi = (\Aj)%—;. Set Ay = {i : A\; # 0}, and renumber the vertices of
G5 so that Ay = {1,2,...,k}, for some k < n. Suppose that E;; € S, for some
ie{l,...,k} and some j > k. We have that the matrix P, E; ; has as its ({, j)-entry,
where [ € {1,...,k}, the scalar \\; # 0. Since Sg, is a D,-bimodule, it follows

that if (¢,j) € F(Gy), where i € {1,...,k} and j > k, then (I,j) € E(G3) for all
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3.1 THE ISOMORPHISM THEOREM

l=1,... k.

It now follows that if W; € M, is a unitary matrix of the form W, =V & I,,_y,
where V' € Mj, is unitary and [, is the identity of rank n—k&, then W{Sq, W1 = S¢,.
Choose such a Wy with the property that V*PV = E; ;. Then Wi U*Sg, UW; = Sg,
and W;U*E, . UW, = Ey ;.

Now let @ = W*U*E, UW; then (), is a rank one operator in Sg,; write Q2 =
(pift5)7 =1 and set Ag = {i : p; # 0}. Since By 1FEyy = FEypF1; = 0, we have that
Ey1Q2 = (Q2F,; = 0. This implies that 1 & A;. Now proceed as in the previous
paragraph to define a unitary Wy € M,, such that WoyW;U*Sq, UW W,y = S¢, and,
after a relabeling of the vertices of G5, we have that WyW;U*E, ;UW,Wy = E; ; and
WiW U Ey s UW LWy = Ey 5.

A repeated use of the above argument shows that, up to a relabeling of the vertices
of G5, we may assume that there exists a unitary W € M,, such that W*Sg, W = S¢,
and W*E; ;W = E;; for each i. But this means that We; = \e; with |[A\;| = 1 for
each ¢ (here {e;} is the standard basis of C™). Hence W is a diagonal unitary, and
so W*S¢,W = 8¢, and so up to re-ordering, Sg, = S¢,, which implies that G is
isomorphic to Gs.

[]

Given any operator system S, each time we choose a unital complete order em-
bedding v : & — B(H) we can consider the C*-algebra generated by the image,
C*(y(S)) € B(H). The theory of the C*-envelope guarantees that among all such
generated C*-algebras, there is a universal quotient, denoted C¥(S) and called the
C*-envelope of S. See [27, Chapter 15].

Before we move on to our next theorem we need the following remark:
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3.1 THE ISOMORPHISM THEOREM

Remark 3.1.2. Given (i1,142), (i2,i3) € E(G), notice that E; ;, E;,., € S and E; ., =

112 213"

More generally, for any path Py in G, with E(FPy) = {(i1,42), -, (ix, ik+1)}, we

have E;, -+ By, € Sq and By, = By, - -+ - By, .. In particular, we see that
FEii,., can be written as a product of £ elements in Sg.

Conversely, suppose E;; € M, (i # j) and we can write E;; as a product of k

elements of form Ej,, (I # m) in Sg, i.e. E;; = Ey, ---- - E;,;, where ; # 1,7 and

iy # iy, for [ # h, then it can be easily seen that {(i,4s), (i2,43), - , (ix,j)} defines a

path of length k& connecting ¢ with j.

Theorem 3.1.3. Let G be a graph on n vertices. Then the C*-subalgebra of M,

generated by Sg is the C*-envelope of Sq.

Proof. Let C*(Sg) € M, be the C*-subalgebra generated by Sg. By the general
theory of the C*-envelope, there is a *-homomorphism 7 : C*(Sg) — C¥(S¢) that is
a complete order isomorphism when restricted to Sg.

First assume that G is connected. Then for any i,j € V(G) if one uses a path
from 7 to j in G then this path gives a way to express £; ; as a product of matrix units
that belong to Sg by the above remark. Thus, the C*-subalgebra of M, generated
by S¢ is all of M,,. But since M,, is irreducible, 7 must be an isomorphism.

For the general case, assume that G has connected components of sizes ny, ..., ng
with ny + -+ 4+ ng = n. By the argument above one can see that C*(Sg) = M,,, ®
- @ M, . If for each component C; one lets P; = Ziecj E; ;, then these projections
belong to the center of C*(Sg) and P;C*(Sg)FP; is *-isomorphic to M,,;. Also, their
images m(P;) belong to the center of C¥(Sg).

Thus, 7(P;)C (Sq)m(P;) is either 0 or *-isomorphic to M, .
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3.1 THE ISOMORPHISM THEOREM

Look at the diagonal matrices D,, C Sg. Since 7 is a *~homomorphism on the sub-
algebra and a complete order isomorphism on this subalgebra, it is a *-isomorphism
when restricted to D,,. Thus, 7(P;) # 0 and so, these central projections allow us to

decompose C(Sq) = Ay @ - -+ Ay, with A; = M,,. O
Theorem 3.1.4. Let G and G5 be graphs on n vertices. The following are equivalent:
1. Gy is isomorphic to G,
2. there exists a unitary U such that U*Sq, U = Sg,,
3. Sq, 1s unitally, completely order isomorphic to Sg,.

Proof. We have shown above that (1) implies (3) and that (2) implies (1). It remains
to prove that (3) implies (2).

So assume that (3) holds and let ¢ : Sg, — S, be a unital, complete order iso-
morphism. In this case, by [27, Theorem 15.6] ¢ extends uniquely to a *-isomorphism,
which we will denote by p, between their C*-envelopes. Since, by the previous the-
orem, the C*-envelopes are just the C*-subalgebras that they generate, we have
p:C*(Sqg,) — C*(Sq,) is a unital *-isomorphism.

Suppose first that G is connected. Then M, = C*(Sg,) is all of M,. Thus,
dim(C*(Sg,)) = dim(C*(Sg,)) = n?, which forces C*(Sg,) = M,,.

Hence, p : M, — M, is a *isomorphism. But every *-isomorphism of M, is
induced by conjugation by a unitary, and so (2) holds.

Now assume that G; has connected components of sizes nq, ..., ng, with ny +---+
ng = n. In this case, applying the last theorem, we see that C*(Sg,) = M,,, ® -+ @
M,, = CX(Sq,) = Ci(Sq,) = C*(Sg,)- Since C*(Sq,) = My, & -+ - & M, one sees

that G5 has components of sizes nq, ..., n; as well.
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FUNCTION

The central projections onto these components decomposes C" into a direct sum
of subspaces of dimensions ni, ...,n; in two different ways and on each subspace the
complete order isomorphism is implemented by conjugation by a unitary. Thus, the
complete order isomorphism is implemented by conjugation of the direct sum of these

unitaries. 0

3.2 Quotients of Operator Systems and the Lovasz

Theta Function

In this section we introduce some natural operator system parameters, which when
specialized to graphs we will see are related to Lovasz’s theta function.

Given an operator system S, a subspace J C S is called a kernel if there is an
operator system 7 and a unital, completely positive (UCP) map ¢ : S — T such that
J = ker(¢). Since every operator system 7 has a unital complete order embedding
into B(#H) for some H. There is no loss in generality in assuming that 7 = B(#) in
the definition of a kernel.

In [21], it was shown that the vector space quotient S/J can be turned into an
operator system, called the quotient operator system as follows. Let D, (S/J) be the
set of all (z;; +J) € M,(S/J) for which there exists (v;;) € M,(J) such that
(zij 4+ vij) € Mp(S)". Let M,(S/J)* be the Archimedeanisation of D,(S/J); that
is (xi; +J) € Mu(S/J)" if and and only if for every € > 0, (z;; +€l, +J) €
D,(S/J). Here, 1, is the element of M, (S) whose diagonal entries are all equal to
1 and all other entries are zero. Also, if J is finite dimensional, then we know that

D, (S/T) = M,(S/T)" and this Archimedeanisation process is unnecessary by [18].
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Every operator system is also an operator space. For this reason, the quotient
S§/J carries two, in general distinct, operator space structures. One is the canonical
quotient operator space structure on §/J arising from the fact that S and J are
operator spaces. On the other hand, the operator system quotient §/J is an operator
system and so carries a norm. Examples have been given to show that these two norms
can be quite different. See [12] for some important examples of this phenomenon.

To simplify notation, given z € S we shall set & == x +J € §/J, and for
X = (2i;) € M,(S) we set X = (2, +T) € M,(S/T).

Following [21], given X € M,(S) so that X € M,(S/J) we let || X||osp (resp.
| X llosy) denote the operator space (resp. the operator system) quotient norm. It is
known that || X |Josy < || X||esp for every X € M,,(S) and every n [21].

We identify a kernel J in the operator system S with a kernel I in the operator
system 7 provided the operator systems C1 + 7 and C1 + K are unitally completely

order isomorphic.

Definition 3.2.1. Let S be an operator system and let J C S be a kernel. Then the

relative n-distortion s

[ XTlosp

0,(S, T) = sup{,——:
1 X Nlosy

X € M,(S)}

and we call 04(S,T) = sup{0,(S,J) : n € N} the relative complete distortion.

We call
571(«7) = Sup{5n(5, j)}

the absolute n-distortion and 6. (J) = sup{0,(J) : n € N} the complete distor-

tion, where the supremum is taken over all operator systems S that contain J as a
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kernel.

When n = 1 we simplify the notation by setting 6(S,J) = 6:(S,J) and §(J) =
01(T). We now wish to relate this to a Lovasz theta type parameter, which was first

introduced in [10].

Definition 3.2.2. Let S be an operator system and let J C S be a kernel. Then we

set

Un(T) = sup{|[1n + Jlar,(s) : J € Mp(T) and 1, +J > 0}

and Y (J) = sup{9,(J) : n € N}.

Again when n = 1 we set 9(J) := V1(T).

Remark 3.2.3. If we let S = M,, and let J denote the set of diagonal matrices of
trace 0, then J is a kernel and it follows from the characterization of the quotient
M, /J in [12] that n < 6(M,,,J). For any J € J we see that tr(l, + J) = n and so
when I, +J > 0 we see that ||I,, + J|| < n. Letting J be the diagonal matrix with

diagonal entries, (n —1,—1,...,—1) we see have ||I,, + J|| = n, and so 9(J) = n.
Theorem 3.2.4. We have that 6(J) < HT) and 6e(T) < Ip(T).

Proof. Let © € S be such that ||Z]|osy = 1. Then

€ My(S/JT)*.

i g
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Thus, for every € > 0,

(1 + 6)15

| €Du(S/T)
T* (1 —|—€)1S
and so there exists (& %) € My(J) such that
l1+e€)ls+a x+0b
(L+e)ls € My(S)*.

r* 4 b* (1+e)ls+c

But then

[l + bl < max{[[(1 + €)1s + al, [[(1 + €)1s + [}

with (14€)ls+a, (1+€)ls+c € ST. Since € was arbitrary, we have that ||z+0b|| < ¥(J)
On the other hand,

[+ bl = inf{llz +yl -y € T} = [[#]osp

and it follows that 9(7) > [|#]|esp. Thus, 6(S, ) < 9(J) for every S and so 3(J) <
9T,

Note that M, () is a kernel in M, (S) and 6,(S,J) = 6,(My(S), M,(T)). Also,
I(M,(T)) = ¥,(). Hence,

oer(JT) = Sgp{5(Mn(x7))} < Sgp{ﬁ(Mn(j))} = I (J).
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Corollary 3.2.5. For any X € M,(S),

||X||05p < 1971(\7) ’ ||X||08y

We now compute these parameters in one case.

Corollary 3.2.6. If 7 C M, denotes the diagonal matrices of trace 0, then

n=06M,J)=06JT)=0(7T)=10(T).

Proof. By Remark 3.2.3 and the above result, we have that

n < (M, J) < 6(T) < 9(T) = n.

So all that remains is to show that J4(J) = n.

If we let D,, C M,, denote the diagonal matrices, then for each p, M,(D,,) can be
thought of as the C*-algebra of functions from the set {1,...,n} into M,. From this it
can be seen that every (Ji;) € M,(D,,) is unitarily equivalent via an element in this
algebra to a diagonal element diag(Ji, ..., J,) of this algebra. Moreover, since each J;
is a linear combination of the matrices Jy, it follows that if tr(Jy,;) = 0 for all k, 1,
then tr(J;) = 0 for all 7. Since unitaries preserve norms, we see that if J,; € J and
diag(L,, ... 1,) + (J + k1) > 0, then I, + J; > 0. Also, ||diag(I,, ..., I,) + (Ju.)| =
mac{[| L, + il s 1+ I} < V(D).

This shows that ¥4(7) = ¥(J) and the result follows. O

Results in [10] imply that S& is a kernel in our sense. Below is a direct proof in

the language of operator systems, that also characterizes the quotient as the operator
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system dual of Sg.

We recall that given a finite dimensional operator system, S, the dual space S?
is also an operator system [30]. The matrix ordering on the dual space is defined by
(fi;) € M,(SY)T if and only if the map F : S — M, given by F(z) = (f;;(z)) is

completely positive.

Proposition 3.2.7. Let G be a graph on k vertices. Then SZ is a kernel in M, and

the quotient My /S% is completely order isomorphic to the operator system dual S&.

Proof. 1t is proven in [30, Thm. 6.2] that M is self-dual as an operator system via
the map p : M — M} that sends the matrix unit E; ; € M}, to the dual functional
dij € M¢. Let ¢ : S¢ — M be the inclusion map; it is clearly a complete order
embedding. Thus its dual ¢ : M¢ — S is a complete quotient map by [12, Prop.
1.8]. Let J be its kernel. A functional f = 37, - \i;jd;; is in the kernel of +¢ if and
only if f(E;;) = 0 whenever (i,5) € E(G) or i = j. Thus, f is in the kernel of ¢ if

and only if \; ; = 0 whenever (¢, j) € E(G) or ¢ = j. Thus,
ker 1 = span{d;; : (i,j) € E(G)}.
Thus,
pt(ker ') = span{E;; : (i,7) € E(G)} = S5.
It follows that S& = M?/ ker ! = M,,/SZ. O

Remark 3.2.8. A similar proof shows that for a general operator subsystem I in

M,, K+ is a kernel.

Corollary 3.2.9. Let G be a graph on k wvertices, let x = Zk

ij=1 fi,jEi,j € M, and
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let f = Zf,j:l z; ;0;; : S¢ — C denote the corresponding functional. Then
£ = & llosy = 6(Mi, Sg) ™ it losp = 9(Sz) ™l flosp-
We now see that
I(SE) =sup{||I + K||: I+ K >0,K € S} = 9(G)

by [10]. Similarly, 9(S%) = 9(Sg) is the “complete” Lovész number of G introduced
in [10].

In [10] it is shown that for graphs,
Uan(Sg) = 9(Sg)-

It is useful to recall their argument.
First, note that M,(S¢) = Sawk,, where K, denotes the complete graph on p
vertices. Also notice that

Sé&l(p = Mp(Sé)

Hence,
Vep(S5) = sup ﬁ(Séng) =sup (G X K,) = sup?d(G)I(K,) = J(G),
P P P

using Lovasz famous result that ¢ is multiplicative for strong products of graphs and
the fact that J(K,) = 1.

We now get a lower bound on the distortion in terms of a graph theoretic param-
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eter.

Theorem 3.2.10. Let G be a graph on k vertices and let K, , be an induced complete

bipartite of G. Then

Proof. Let the vertices for the subgraph be numbered 1,...,p for the first set and
p+1,...,p+ ¢ for the remainder. Let X = (x;;) be the matrix with x;; = 1 for
l1<i<pandp+1<j<p+qand 0 otherwise. Let K = (k;;) with k;; = 1 for
1 <i,j7 <pandi# jand 0 otherwise. Let R = (r; ;) be the matrix such that r; ; = 1

forp+1<i,j <p+gq,i#jand 0 otherwise. Then K, R € S and

I+K X
X* I+R

is positive. Hence, || X||,s, < 1. However,
1 X [loop = dist(X, &) = |X|| = v/5d.

X+SEos
Hence [1X+5g losp .
P X85 llowy = VP4

O

Remark 3.2.11. Haemers [14] introduces the parameter ®(G) = max{,/pq : K, C
G}, i.e., the maximum over all complete bipartite subgraphs of GG, that are not nec-
essarily induced subgraphs. He proves that ®(G) < ¢'(G), where is ¥'(G) another
variant of the Lovasz theta function. See [14]. We have been unable to find any

relationship between his parameters and ours.
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A0
If we let S = M,, and let T = { : A € M,} then these operator systems
0 A

are unitally, completely order isomorphic, but ¥(S+) = 1, while 9(7+) = 2. However,
§(M,,S8*) = 6(My,, T+) = 1. This motivates the following problems:

Problem 3.2.12. If S C M,, and T C M,, are unitally completely order isomorphic

operator systems, then is 9(St) = 9(T+) ¢

Problem 3.2.13. IfS C M,, and T C M,, are unitally completely order isomorphic,
then is 6(M,,S*) = §(M,,, T+) ¢

Problem 3.2.14. Is 64(J) = Va(T) ?

3.3 Multiplicativity of Graph Parameters

One of the great strengths of the Lovasz theta function is the fact that it is

multiplicative for strong graph product. Recall that,
I(G) =9(Sg) =sup{||[l + K||: K € S5, [+ K € M}

In this section we wish to examine multiplicativity of the quotient norms when
interpreted as graph parameters. We have been unable to determine if our general
theta function is multiplicative for tensor products of kernels or if any of the various
distortions are multiplicative.

Instead we focus more closely on the graph theory case where we get some mul-
tiplicativity results using general facts about tensor products of operator spaces and

operator systems. Let us examine more closely the case when S = M,, and J = S3.
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Throughout this section let X € M, and Y € M,,. This means we can define the

following two families of parameters,

(G, X) = |IX + Sgllosy

doo(G, X) = || X + S5 |osp-

We will prove that given two graphs G and H:

c(GRH,X®Y)=0(G,X)o(H,Y),

and

do(GRH, X ®Y) = doo(G, X)doo (H, Y),

for any matrices X and Y.

In parallel with Lovasz’s work, of special interest are the cases when these matrices
are I, Ag, and R, which are all real symmetric matrices. Finally, for real matrices
we give formulas for these quotient norms in terms of semidefinite programs (SDP)

which are then easy to implement and find numerically.

Remark 3.3.1. Our results can be extended to ||(X; ;4 Sg)||, in either the operator

space or operator system case, by using the graph G X K,,,.
Before tackling our next result we need the following elementary lemma.

Lemma 3.3.2. Let G be a graph on n vertices and let H be a graph on m vertices.
Then
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3.3 MULTIPLICATIVITY OF GRAPH PARAMETERS

Proof. Let X®Y € M,, ® Si; and N ® M € Sg ® Sy. Notice that,

(X®Y,N®M)=(X,N){Y,M)=0

This implies that,

Similarly, S¢ ® M,, L S¢ ® Sgy. Hence

SG®Mm+Mn®SI§ - (SG®SH)l.

Equality holds since they have the same dimensions.
O
Theorem 3.3.3. Let G be a graph on n vertices with X € M, and let H be a graph
on m vertices with Y € M,,. Then

1X @Y + Sampllosy = IX + Sgllosp - 1Y + Siillosp,

that is, doo(GRH, X ®Y) = d(G, X) - d(H,Y).
Proof. Let K € S84 and L € S and notice the following,

X+ K[ [[Y + LIl = [I(X + K) @ (Y + K)|

— XY +X®L+K®Y +KL|

Note that X @ L+ K®Y + K® L € S ® M,, + M,, ® S; and by 3.3.2 we have

that S& @ M,, + M, ® S = SZgy. Now if we take the infimum on both sides of the
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3.3 MULTIPLICATIVITY OF GRAPH PARAMETERS

above equation, over all K and L, we get,
1X + Sgllosp - 1Y + Siillosy = nf{[[X @Y + || : R € Sgmu} = IX @Y + Sgimplosp-

The other inequality requires some results from the theory of operator spaces. Let
Q1 : M, = M,/S& and Q4 : M,,, — M,, /S denote the quotient maps. Since both of
these maps are completely contractive by [27, Thm. 12.3] the map Q1 ® Q2 : M, @min
M, = (M,,/8%) @min (M,,/S#) is completely contractive. But M,, @yin My, = My,

and the kernel of Q; ® Q9 is Sggy- Hence,

IX @Y + Sgwrll = Q1(X) ® QY)|| = [|Qu(X)| - [Q2(Y)]I,

where the last equality follows from the fact [2] that the min tensor norm is a cross-
norm. We have that [|Q1(X)| = [|X + SZ|lesp and [|Q2(Y)|| = ||V + Sgllosp and so

the proof is complete. O
We now turn our attention to the operator space quotient norm in M, /S&. Recall

that [21]

AN+ Ky X+ K,

\\X+Sé|]osy:inf{>\: e My(M,)*, for KieSé}.

X5+ Kf M+ Ky

Theorem 3.3.4. Let G and H be graphs on n and m vertices, respectively, and let

XeM,andY € M,,. Then

1X @Y + Sgmullosy = |X + Sgllosy|[Y + Siillosy:
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that is, s(GRH,X®Y) =0(G,X)-0(H,Y).

Proof. We use the fact that [21, Prop. 4.1],
1X + Sgllosy = sup{||6c(X)]] : da : My — B(H), ¢6(Sz) =0,6c UCP } (x)

where the supremum is over all Hilbert spaces H and UCP stands for “unital, com-

pletely positive”. Note that,

[1X + SGllosyllY + Siillosy = sup {lloc(X)]] - [lom (Y[}

bG,oH

= sup {||¢pc(X) @ ou(Y)||}

bG,oH

= jup {lloc ®@ on(X @ Y)|[}

where this supremum is over all maps that satisfy property (x) and ¢g ® ¢ is the
map that takes elementary tensors to the tensor of the corresponding images of the
maps. Notice ¢pg ® ¢ is a UCP map that vanishes on S& ® M,, + M,, @ S& = Sz
(3.3.2). Finally note,

Sup {lléc ® ¢u(X @Y)|} < I X @Y + Sagnllosy-
G PH

Thus,

IX @Y + Samullosy = I1X + Sgllosy 1Y+ Siillosy-

We now prove the other inequality: || X +S82||osy||Y +Si|losy = | X QY +SEmlosy-
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Let A > || X 4+ SF|losy and pick K; € S such that the 2n x 2n block matrix

M, + K X+ K,
>0

X+ Kp M+ K

Similarly, let > ||Y + Si|losy and pick L; € Sz such that the 2m x 2m matrix

,LLIm—i‘Ll Y+L2
Y*+ L3 pln+ Ly

Tensoring these matrices we have that the 4mn x 4mn block matrix,

A, + K, X+ K, plp + L1 Y + Ly
®
X*+ Ki M, + K Y*+ Ly ply+ Ly

Restricting to the 4 blocks that occur in the corners we see that

(M + K1) @ (pd + L1) (X + K2) @ (Y + Ly)
(X*+ K3)@ (Y*+ Ly (M, + K3) ® (ul, + Ls)

But this matrix is of the form

Ap(l, @ Iy) + Qn XY + Qs
(XY +Q2)" A p(lh® 1)+ Qs

for some Q; € SF ® M,,, + M,, ® S = Sgy. From this it follows that
IX @Y + Sgmpllosy < At
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Since A and p were arbitrary,

X + S&llosyllY + Sitllosy = 1 X @Y + Sgarlosy

and the proof is complete. O

For the purposes of numerical calculation it is often convenient to have dual for-
mulations for computing || X +SZ||osp and [| X + SZ||osy, especially in the case that X
is a real matrix. We write M, (R) for the set of real matrices and X7 for the transpose

of the matrix X.

Proposition 3.3.5. Let G be a graph on n vertices and let X € M, (R). Then || X +
S&llosp = | X + H|| for some H € S8 N M, (R).

Proof. Given a matrix Y = (y;;) we set Y = (7, ;). Since Sg is a subspace of M,

we know that there is a K € S such that || X + S&|losp = ||X + K||. Now since

|IX + K||=||X + K| =||X + K| and K € S} we get that,

K+ K

1X + Sgllosp > [1X +

so we have that || X + SZ||osp = || X + H|| where H = K;FF € S& N M,(R). O

Proposition 3.3.6. Let G be a graph on n vertices and let X € M,(R) be a real

matriz. Then

1 X + 83 ||osp = max{Tr(XTQ) : Q € S5 N M,(R),Tr(|Q]) < 1}

Proof. This follows from general facts about the “dual of a quotient” in Banach space

theory together with the fact that the trace norm is the dual of the operator norm.

40
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Alternatively, this is a consequence of Example (34) in [35], which states that for the

following minimization problem,
1X + S llosp = min{[| X + ki Eyl| : By € S, kij € R}
1,J
its dual is given by,
maximize Tr(X7Q)

subject to Tr((Ey;)'Q) =0, E; € S&

Tr(lQl) <1,

where E;; denote the usual matrix units. Now since Tr((E;;)TQ) = ¢;; = 0, where

g¢ij is the ij-entry of (), we get our result. O]

We now turn our attention to a dual formulation of || X + SZ||os, as a SDP, but

just like in the case of the operator space norm we first need the following lemma,

Lemma 3.3.7. Let G be a graph on n vertices and let X € M,(R). Then the value
of ||X + S&||osy is achieved for some choice of K; € S& N M,(R), i = 1,2,3 with
K, =K[, K3 =KI.

Proof. Suppose || X + 8&||osy = A. By definition,

M+ K X+K,
X*+ Ki M+ K;
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3.3 MULTIPLICATIVITY OF GRAPH PARAMETERS

for some choice of K; € S& where K; = K} for i = 1,2,3. Now note that,

) < M+ K, X+ K, M+ K, X+K,

O\ XK N+ K X*+ K} M+K;

Finally if we average over these two positive matrices,

1| M+EK X+K, M+ K X+K, | A+ KKy ot
p— _"_ — - o
2\ X 1Ky MK \X 1R MRS X KL gy Kt
we get our desired result. O

Proposition 3.3.8. Let G be a graph on n vertices and let X € M, (R), then

A B
| X + 83 |osy = max{2 - Tr(X'B) : € My(Sg)t, Tr(A+C) =1},
BT C

with A, B,C € M,(R).

Proof. Using the SDP definition provided in [35], notice that we can write || X +8Z||osy
as follows:
minimize (z,c)

subject to

AN X kij(Eij + Ej) 2 B

+ Y 7 > 0

X* M| Gper@ %ijBii  ig(Eij+ Ejy)
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3.3 MULTIPLICATIVITY OF GRAPH PARAMETERS

(
N, ifl=1
1, ifl=1 ky, if2 <1< |4mSa))
for ¢ = and x = .
. 1
0, if1#1 gy, i |28 <1 < dim(SE)
\

Now by [35] the dual of the above program is given by,

maximize 2-Tr(X”'B)

A B
subject to € My(Se)*
BT C

Tr(A+C)=1.

Finally, we see that strong duality [35] also holds for this SDP since we can always
pick,
A=max{ Y [X;[}+1, ifl=1

|

Tr =

0, if ] £ 1

(Xi; is the ij-entry of X) such that our constraint satisfies,

AT X
> 0.
X* AT

[]

Remark 3.3.9. The two multiplicativity theorems, Theorem 3.3.3 and Theorem 3.3.4,

can be proven for real matrices X and Y using these two dual formulations.
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3.4 Quotient Norms as Graph Parameters

Lovész’s famous sandwich theorem [20] says that
w(@) < 9(G) < X(G),

where w(G) is the size of the largest clique in G and x(G) is the chromatic number

of G. One of the many formulas for Lovasz’s theta function is that
I(G) =min{\ (Rg + K) : K = K* € S5},
where \; denotes the largest eigenvalue. Note that by Proposition 3.3.5,
doo(G, Rg) = inf{||Rg + K|| : K = K* = K' € S3}.

Since for self-adjoint matrices their norm is the maximum of the absolute values of

their eigenvalues,

I(G) < duo(G, Rg).

The only potential difference between these two quantities is that for any matrix
K = K* € 8§ with A\;(Rg + K) = 9(G) we have that —\,(Rg + K) > M\ (Rg + K).

This suggests we should examine the question of equality of these two parameters
and study the role that the potentially larger d.. (G, Rg) could play in sandwich type
theorems.

We begin with an example where 9(G) < dw(G, Rg). For G = Cg, the 6-cycle, we

know that ¥(G) = 2, but do (G, Rg) = 2.25. To see that this is the case notice that
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for any K = K* = K' € 8}

where S is the cyclic forward shift mod 6. Since K is real and symmetric, a,b € R by
3.3.5. Now since ||A]| < ||Rg+ K|| for any K € SZ, we have that d (G, Rg) achieves
its minimum value at such a matrix A for some choice of a and b. A similar argument
shows that A\ (Rg + K) achieves its minimum at such a matrix A. Now notice that

for this matrix we can explicitly compute its spectrum
Spec(A) ={—-a—-b+2,—a—b+2,2a—b—1,b—a,b—a,2a+b+ 3}
and hence if we perform the following minimization we get that,
dw(G, Rg) = i%ie%max{\ —a—b+2],[2a —b—1],|b—al,|2a + b+ 3|} =2.25

achieved when a = —0.25 and b = 0.5.

Similarly, minimizing A, (A) over all a and b yields the well-known fact that J(G) =

This fact gives rise to a new condition on the graph, namely, what happens when

9(G) = doo(G, Rg)?
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Note that the orthogonal projection, Ps : M,, — S¢ is given by Schur product
with Rg. Although Pg has norm one when we regard M, as a Hilbert space, in general,
when we endow M,, with the usual operator norm then || Ps|| can be much larger than
1 [36]. It is this latter norm that we are interested in. For operator theorists, this is
known as the Schur multiplier norm of R¢ [8], sometimes denoted || Rg||.. For graph

theorists, this is sometimes denoted v(G).
Proposition 3.4.1. If 9(G) = do(G, Rg), then

14+ M\ (Ae)

B =)

Proof. In [22] it was show that there exists a self-adjoint matrix of the form Rg + K
with K € S such that 9(G) = M\ (Rg + K). Now, if 9(G) = d(G, Rg), then
|Re + K| = Mi(Re + K), and we get that

|Rc| = |Pe(Re + K)|| < |Ps|| - |Re + K|| = || Pe||9(G),
so that

IRl
< 9(G).
(B =7©

Also, it is the case that || Ag|| = A1 (Ag) [33], from which it follows that ||R¢|| =
I+ Acll = 1+ Mi(Ag). 0

Corollary 3.4.2. If9(G) = dw(G, Rc), then

X(G) —
12 < I(G) < x(G).

Proof. By Wilf’s theorem [33], 1+ A\1(4g) > x(G). O
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We now give at least one condition for when these parameters are equal, although

it is very restrictive.

Theorem 3.4.3. If 9(G) < 2 then there exists a matriz A satisfying a;; = 1 when
i=j or i~ j with \(A) = J(G) = ||4]|.

Proof. By [5, Theorem 3] there exist a matrix A satisfying (1) and 9(G) = A\ (A)
such that

VG — A= (c—IG) w)" (c—/IG) - u;) (%)

with optimal orthonormal representation (uy, us, ..., u,) of G with handle ¢ such that

WG) = iy = - = ;)2 We must show that —\,(A) < J(G). By (x) we get

(cTu1)? (cTun
that,
—A = (=A@ - wi) (e = VIG) - wy) — (G
=cle— VI(G) - uf c — IG) - Tu; +I(G) - ulu; — I(G)

=1-1-14+9Q) uju; —I(G)I

%

=9G) - ul uj — (G —J

Now pick a unit vector h such that —\,(A) = (—Ah, h) and notice that,

—An(A) = (—Ah, h) < I(G) (u] ujh, h) —I(G) (h, k)

< (G)|[ui wsl| = 9(G) = HG)||] + H|| = 9(G).
for some H € Sg. Now since 9(G) = max{||] + H|| : H € Sg} we get,

(GG — 9(G) < I(G).
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Corollary 3.4.4. If 9(G) < 2 then 9(G) = duw (G, Rg).

The condition J(G) < 2 is quite restrictive. It is met by K, Cy, Ko o and some

-----

graphs that are “nearly” complete.

3.5 Conclusion and Open Problems

In this section we managed to establish a connection between graph theory and
operator algebras via the operator system of a graph. We managed to define two new
families of parameters of GG via the two quotient norms you can define on the operator
system M, /Sq. We also saw how these norms are similar to the Lovész theta function
Y(G) e.g. SDP, Multiplicative, etc. Finally, we discussed one particular parameter,
namely d. (G, I + Ag), and discussed in detail how this parameter gives rise to a new
graph theoretic condition.

In Section 3, we posed a couple of interesting problems while discussing the distor-
tion of an operator system. We still do not know necessary and sufficient conditions

such that do(G,I + Ag) = ¥(G). Also, we do not know if for a different X € M,,,

| X+ S&||osp/osy tells us anything new about G.
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Chapter 4

Quantum Graph Homomorphisms

via Operator Systems

4.1 The Homomorphism Game

Recall that given graphs G and H a graph homomorphism from G to H is a
mapping f : V(G) — V(H) such that

(v,w) € E(G) = (f(v), f(w)) € E(H).

When a graph homomorphism from G to H exists we write G — H.

Paralleling the work on quantum chromatic numbers [29], we study a graph ho-
momorphism game, played by Alice, Bob, and a Referee. Given graphs G and H, the
Referee gives Alice and Bob a vertex of GG, say v and w, respectively, and they each

respond with a vertex from H, say x and y, respectively. Alice and Bob win provided
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that:

v=w = x =1y,
UV~ W = T Y Y.

If they have some random strategy and we let p(z, y|v, w) denote the probability
that we get outcomes x and y given inputs v and w, then these equations translate

as:

L opz #ylv=w)=0
2. pz g ylv ~gw) =0

Now say G has n vertices and H has m vertices. We consider the sets of correla-

tions studied in [28] and [29]:

Ci(n,m) C Cy(n,m) C Cya(n,m) C Cye(n,m) C Cyeet(n, m).

For t € {l,q, qa, qc,vect} we define:

provided that there exists

p(xa y|U, U)) € Ct(”? m)

satisfying (1) and (2). Notice that when we write p(z,y|lv,w) € Cy(n,m) we really

mean (p(z,y|v, w)) € Cy(n,m). Any p(z,ylv,w) € Ci(n,m) satisfying these

v,W,T,Y

conditions we call a winning t-strategy and say that there exists a quantum t-

homomorphism from G to H.
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The condition (1) is easily seen to be the synchronous condition defined in [28]
and the subset of correlations satisfying this condition was denoted C}(n,m). Thus,
p(z,y|v,w) is a winning t-strategy if and only if p(z, y|v, w) € CF(n,m) and satisfies
(2).

The following result is known, but we provide a proof since we are using a slightly

different(but equivalent) characterization of Cj(n,m).
Theorem 4.1.1. Let G and H be graphs. Then G — H if and only if G Ny

Proof. First assume that G — H. Let f : V(G) — V(H) be a graph homomorphism.
Let 2 = {t} be the singleton probability space. For each v € V(G) let Alice have the
“random variable”, f,(t) = f(v) and for each w € V(G) let Bob have the random

variable g,(t) = f(w). Then

1, whenz= f(v),y= f(w
p(z, ylv, w) = Prob(z = fo(t),y = gu(t)) = (v),y = f(w) |

0, else

From this it easily follows that p(z,y|v, w) satisfies (1) and (2).

Conversely, assume that we have a probability space (£2, P) and random variables
forgw + @ = V(H) = {1,....m} so that p(z,ylv,w) = Plx = f,(w),y = guw(w))
satisfies (1) and (2). By (1), for each v the set B, = {w : f,(w) = g,(w)) has
probability 1. Similarly, for each (v,w) € E(G) the set Cy . = {w : (fo(w), gu(w)) €
E(H)} has probability 1. Thus,

D = ( ﬂvEV(G) Bv) N (m(v,w)EE(G) Cv,w)

has measure 1, and so in particular is non-empty. Fix any w € D and define f :
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V(G) — V(H) by f(v) :== fu(w) = gy(w). Then whenever (v,w) € E(G) we have
that (f(v), f(w)) = (fo(w), gu(w)) € E(H). Thus, f is a graph homomorphism. [

Thus, quantum I-homomorphisms correspond to classical graph homomorphisms.

Remark 4.1.2. In [7] several notions of graph homomorphisms were also introduced,

including G Nyl , G Y5 H and G — H. A look at their definition shows that

vect

G—>HifandonlyifGL>H

Corollary 4.1.3. Let G and H be graphs. Then

vect

G—H—=60Y“YH —06%H —06%H — G H

Proof. This is a direct consequence of the above definitions, Theorem 4.1.1, and the

corresponding set containments. O

4.2 Quantum Homomorphisms and CP Maps

Recall that the operator system of a graph GG on n vertices is the subspace of the

n X n complex matrices M, given by
Se = span{E,,, : v=w or (v,w) € E(G)},

where E,,, denotes the n x n matrix that is 1 in the (v, w)-entry and 0 elsewhere.
We now wish to use a winning x-strategy for the homomorphism game to define a

CP map from S to Sgy. It will suffice to do this in the case of winning vect-strategies

92



4.2 QUANTUM HOMOMORPHISMS AND CP MAPS

since every other strategy is a subset.

Proposition 4.2.1. Let p(z,ylv,w) € C;,(n,m), let E,,, € M, and E,, € M,
denote the canonical matriz unit bases. Then the linear map ¢, : M, — M,, defined

on the basis by
E w) = Zp(xayh)’w)Ew,ya
.,y

1s completely positive.

Proof. By Choi’s theorem [27], to prove that ¢, is CP it is enough to prove that the

Choi matrix,

Pi= Eow®@p(Buw) = 3 p(a,ylv,w) By ® Evy € My @ My = My,

U,’u},fb,y

is positive semidefinite.
By the definition and characterization of vector correlations satisfying the syn-

chronous condition in [29] there exists a Hilbert space and vectors {h, .} satisfying:
® Ny, L hyy forall z #y,
© > hys=1>, hy, forall v,w,

such that p(z, y|v,w) = (hyz, huwy)-
Now let {e,} and {f.} denote the canonical orthonormal bases for C* and C™,
respectively, let a, , € C be arbitrary complex numbers, so that k = EM Ay €y @ [o

is an arbitrary vector in C" ® C™. We have that

<Pk’ k’ Z avxawyp xz y|v 'lU Z a'vxawy vxahwy> <h,h>,

V,W,T,Y v,w,T,Y
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where h =Y @y 2y g

Thus, P is positive semidefinite and ¢, is CP. n

Theorem 4.2.2. Let G and H be graphs, let p(z,ylv,w) € C*

s (n,m) be a winning

vect-strategy for a quantum vect-homomorphism from G to H and let ¢, : M,, — M,
be the CP map defined in Proposition 4.2.1. Then ¢,(S¢) C Sy and ¢, is trace-

preserving on Sg.

Proof. To see that ¢, is trace preserving on Sg it will be enough to show that
tr(¢p(Evp)) = tr(Eyy) =1, and for v ~g w, tr(¢p(Eyw)) = tr(Ey.,) = 0.

When v = w we have that

tr(¢p(Eup)) = tr(Zp(x,y|v,v)Ex7y) = Zp(x,x|v,v) =1=tr(E,.),

by definition of p.

Finally, if v # w and FE, ,, € Sg, then

tr(d)p(E”aw)) = Zp(xvxh}’w) =0= tr(Ev,w)a

by (2) and the fact that x =g .

Hence, ¢, is trace-preserving on Sg.

Now we prove that ¢(Sg) C Sy. First, ¢,(E,.) = >, , p(x,ylv,v) E, ,, but since
p is synchronoous, p(z,y|v,v) = 0 for x # y. Hence, ¢,(E,,) is a diagonal matrix
and so in Sy. To finish the proof it will be enough to show that when v ~g w,
we have ¢,(E, ) € Sy. But by property (2), p(x,ylv,w) = 0 when x ~p y. Thus,

Op(Eyw) € Sg. In fact, it is a matrix with 0-diagonal in Sg. m

o4



4.2 QUANTUM HOMOMORPHISMS AND CP MAPS

Corollary 4.2.3. Let x € {l,q, qa, qc,vect}. If p(z,y|lv,w) € C5(n,m) is a winning
z-strategy, then the map ¢, : M, — M,, is CP, ¢,(S¢) C Sy and ¢, is trace-
preserving on Sg. We say that the correlation p(x,y|v, w) implements the quantum

t-homomorphism.

Example 4.2.4. Suppose we have a graph homomorphism G — H given by f :
V(G) — V(H). If we let Q = {t} be a one point probability space and define Alice
and Bob’s random variables f,, g, : Q@ — V(H) by f,(t) = f(v),g,(t) = f(w) as in

the proof of Theorem 4.1.1, then we obtain p(z,y|v,w) € Q;(n,m) with

p(ﬂ?,y|’U,UJ) = PrOb(fﬂ = xagw = y) =

The corresponding CP map satisfies

Cbp(Ev,w) = Ef(v)7f(w)‘

We now wish to turn our attention to the composition of quantum graph homo-

morphisms. First we need a preliminary result.

Proposition 4.2.5. Let x € {l,q,qa,qc,vect}, let p(x,ylv,w) € Cp(n,m) and let
q(a,blz,y) € Cy(m,l). Then

r(a, blo,w) ==Y qla, bz, y)p(x, ylv, w) € Ca(n,1).
.y
Moreover, if p and q are synchronous, then r is synchronous.

Proof. First we show the synchronous condition is met by r. Suppose that v = w
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and a # b. Since p is synchronous, all the terms p(x,y|v,v) vanish unless x = y.
Thus, r(a,blv,v) = > q(a,b|lz, z)p(x, x|v,v). But because ¢ is synchronous, each
q(a,blz,z) = 0. Hence, if a # b, then r(a,bjv,v) = 0.

When x = [ we are dealing with classical distributions.

Let (©4, A1) be a probability space such that there exist {f, }1<y<n and {gw }1<w<n,
fo, 9w : 1 — {1,...,m}, with

p(z,ylv,w) = M(f, (=) N gy ()

Similarly, let (€22, A2) be a probability space such that there exist {h;}1<z<m and
{ky}lgygm; hm, ky : QQ — {1, ey l}, with

q(a,blz,y) = Aa(hy " (a) Nk, (b))

Define F,, G, : 1 X Qy — {1,...,1} on the probability space
(Ql X QQ,)\l X )\2) by

FU(CL)1,CL)2> = hfv(wl)(wg) and Gw<w1,w2) = kgw(wl)(wQ)

If we define,

r(a, blv,w) = A\ x M\o(E,  (a) N GLH(D))

then by definition r(a, b|v,w) € Cj(n,l). Finally notice that,
r(a,blv,w) := A\ x A\o(F; Ha) NGLEHD))

w
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= A1 X M({(w1,ws) : Fy(wr,w2) = a and Gy, (wy,wq) = b})
= A X Ap({(w1,w2) Iy, ) (we) = a and kg, () = b})
= A X Xo([Upfy, (@) X b M (a)] N [Uygy' (y) % K, (B)])

[Suppose = # y and let (wyi,w;) € [f ' (z) x hy'(a)] N [f ' (y) x h;'(a)]. This means
folw1) =z, hy(w2) = a, fy(w1) =y, and hy(w2) = a, a contradiction. Hence, these

sets are disjoint. Similarly, [g,,'(z) x k(D) N 9, (y) x k()] = @]

= Z A x Ao ([fy (@) N gy (y)] x [hy (@) Nk, (D))
= Xa(hy'(a) Nk (D)) - M (f (@) N gy (1))

= Zq(a, blz,y)p(x, ylv, w)

x?y
Let us move on to the case where x = gc. For p(x,y|v,w), we have a Hilbert
space H; a unit vector 17, € H; and for each 1 < v,w < n we have PVM’s on

Hi, (Am) and (Bw,y) such that A, ;B = By A with p(z,y|v,w) =

1<z<m 1<y<m

(Ay 2 Buyym,m). Similarly, for ¢(a, bz, y) we have a Hilbert space H, and a unit vector

12 € Ho, and for each 1 < x,y < m, PVM’s (C’x,a) and (D%b) so that the

1<a<l 1<b<l

C’s and D’s commute and ¢(a, b|z,y) = (Cy oDy p12,12)-

Now consider the Hilbert space H; ® Ho, unit vector 7; ® 1, and operators P, , =
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Zx AUJ ® Ca:,a; Qw,b = Zx Bw@ ® Dx,b- We have

P2, =3 Avuhy ® CouCya = Pr,

xiy

since Ay 2 A,y =0 unless © =y and C2 , = Cyp 4. Also,

va,a = ZZAv,m(X)Or,a = ZA'U,CE®]H2 = IH1 ®]H27

so that (Pv,a) is a PVM. Similarly, (Qw’b) L<pey 18 @ PVM, and it is not hard to

1<a<l
see that the P’s commute with the Q’s.

Finally,

<Pv,aQw,b7]1 Y N2, M X T]2> - <Z<Av,sz,y ® C:E,aDy,b>7]1 ® N2, X 7]2)

z7y

- Z<Av,mb,yn17 7]1> <Ox,aDy,b7]2772> - T(CL, b|ZE, y)

m’y

This proves the case for = = gc.

The case that x = ¢ is similar. Suppose now that p € Cy(n,m),q € Cy(m, ).
Then we may pick sequences p;, € Cy(n,m) and ¢ € Cy(m, 1) such that limy, p(z, y|v, w) =
p(z,y|lv, w) and limy, g (a, b|z, y) = q(a, bz, y) for all v, w, z, y, a,b. Then ri(a, bjv, w) =
> ay W(a; 0|z, y)pi (2, y|v, w) belongs to Cy(n, [) and converges to r. Hence, r € Cyq(n, 1).

Finally, to see the case that x = wvect. In this case, we are given a Hilbert spaces
H1, Ha, unit vectors n; € Hi,m2 € Ho, and vectors hy g, kwy € Hi, fra, Gyp € Ho

such that:

hv,:p 1L hv,y7 kv,x 1 kv,yavx % Y, fx,a 1 fm,ba gw,a 1 ga:,b;va % b7
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Z hv,m - Zkv,x - 7]1,V'U, me,a - ng,a - HQ,\V/ZE

such that p(z,ylv, w) = (hyz, kuwy) and g(a, blz,y) = (fra: Gyp)-
We set ayq = D hya @ fro and Byp = Zy kwy ® gyp. Now one checks that these
vectors satisfy all the necessary conditions, e.g., ayq L ayyp, Va # b and Y, o, =

M ® 19, Vv, and that

<av,aa 6w,b> - Z(hv,xa kw,y> <f:v,a) gy,b> = r(a, b|l‘, y)

:E,y

[]

Corollary 4.2.6. Let x € {l,q,qa, qc,vect}, let p(x,ylv,w) € Cr(n,m), q(a,blz,y) €
Ci(m,1) and let r(a,blv,w) = 3, q(a,blz,y)p(z,ylv,w) € Cu(n,l). If ¢p + M, —
M,,, ¢ : My, — M; and ¢, : M, — M; are the corresponding linear maps, then
Or = $q © Pp.

The following is now immediate:

Theorem 4.2.7. Let x € {l,q,qa, qc,vect}, let G, H and K be graphs on n,m and |
vertices, respectively, and assume that G = H, H 5 K. If p(z,ylv,w) € Cy(n,m)
and q(a,b|z,y) € Q.(m,l) are winning quantum z-strategies for homomorphisms from
G to H and H to K, respectively, then r(a,blv,w) = Zx’yq(a,b|x,y)p(x,y|v,w) €
Cy(n,1) is a winning x-strategy for a homomorphism from G and K, so that G > K.
In summary,

ifG S H and HS K, then G 5 K.
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4.3 C*-algebras and Graph Homomorphisms

We wish to define a C*-algebra A(G, H) generated by the relations arising from

a winning strategy for the graph homomorphism game.

Definition 4.3.1. Let G and H be graphs. A set of projections {E, , : v € V(G), x €

V(H)} on a Hilbert space H satisfying the following relations:

1. for eachv € V(G), > E,. = I,
2. if (v,w) € E(G) and (x,y) ¢ E(H) then E, ;E,, =0,

1s called a representation of the graph homomorphism game from G to H.
If no set of projections on any Hilbert space exists satisfying these relations, then we

say that the graph homomorphism game from G to H is not representable.

Definition 4.3.2. Let G and H be graphs. If a representation of the graph homomor-
phism game exists, then we let A(G, H) denote the “universal” C*-algebra generated
by such sets of projections. If the graph homomorphism game from G to H is not
representable, then we say that A(G, H) does not exist. We write G “om iof and

only if A(G, H) exists.

By “universal” we mean that A(G, H) is a unital C*-algebra generated by pro-

jections {e,, : v € V(G),z € V(H)} satisfying
1. for each v € V(G), >, €vs = 1,
2. if (v,w) € E(GQ) and (z,y) ¢ E(H), then e, ,€,, =0,

with the property that for any representation of the graph homomorphism game on
a Hilbert space H by projections {E, .} satisfying the above relations, there exists a

*-homomorphism 7 : A(G, H) — B(H) with 7(e,,) = E, ..
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Here is one result that relates to existence. Let E,, be the “empty” graph on m

vertices, i.e., the graph with no edges.

Proposition 4.3.3. Let G be a graph with at least one edge, (v,w) € E(G). Then
A(G, E,,) does not exist.

Proof. By definition we have that e, ze,, = 0 for all x,y. Thus,

0= Z CvaCuw,y = (Z ev,z) ( Z ew,y) = 1a
z,y z Yy

contradiction. ]
Proposition 4.3.4. If G <, H, then G B, H, as defined in [7].

Proof. Let {E, . :v € V(G),xz € V(H)} be a set of projections that yields a repre-
sentation of the graph homomorphism game on a Hilbert space H and let h € H be
any unit vector.

If we set hY = E,h, then set of vectors {h’} satisfies all the properties of the

definition of G -2+ H in [7, Definition 2]. O

Remark 4.3.5. We do not know necessary and sufficient conditions for A(G, H) to

exist. In particular, we do not know if GG N implies G .
.t cr cx cr
Proposition 4.3.6. If G — H and H — K, then G = K.

Proof. Since G S Had HS K , then we know that there exist projections {E, .}
and {F,,} with v € V(G), z,y € V(H) and a € V(K) on Hilbert spaces H and
IC, respectively, satisfying (1) and (2). Consider the set of self-adjoint operators on
H ® K defined by G, , = erv(H) E,,® F,, for x € V(G) and a € V(K). Notice
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that,

Gv,an,a = (Z Ev,x & Fx,a)(z Ev,y & Fy,a) =
z y
Z Ev,xEv,y X Fm,aFy,a = Z Ev,:): & Fx,a = Gv,a
z,y z

by (1) and the fact that E, , and F, , are projections. Thus, each G, , is a projection.

Furthermore, for each v € V(G),

ZG’U,CL:ZZEU,Z®F:E,G:ZEU,Z®(ZFI,Q> - (ZEv,m)®IK:IH®IK

by (1). Moreover, for each (v,w) € E(G) and (a,b) ¢ E(K),
Gv,aGw,b - (Z Ev,ac ® Fx,a)(z Ew,y ® Fy,b) = Z Z(Ev,x ® Fv’cﬂ)(Ewy ® Fy,b)
T Y €z Y

- Z Z Ev,wa,y & F:p,aFy,b - Z Ev,me,y & Fx,aFy,b =0

z oy T~y
by (2). Hence, {G,,:v € V(G),a € V(K)} is a representation of a graph homomor-

phism game from G to K. ]

Recall that a trace on a unital C*-algebra B is any state 7 such that 7(ab) = 7(ba)

for all a,b € B.
Theorem 4.3.7. Let G be a graph and let x € {l,q, qa, qc, vect}.
1. G5 H if and only if there exists a tracial state on A(G, H),

2. if GBS H, then G S H,
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3. G H if and only if A(G, H) has a finite dimensional representation,
4. G — H if and only if A(G, H) has an abelian representation.

Proof. We have that G %5 H if and only if there exists a winning ge-strategy p(z, y|v, w) €
C:.(n,m). By [28] this strategy must be given by a trace on the algebra generated
by Alice’s operators with p(x,y|v, w) = 7(A, A,y ). Moreover, in the GNS represen-
tation, this trace will be faithful.

We now wish to show that these operators satisfy the necessary relations to induce
a representation of A(G, H).

By the original hypotheses, we will have that A,,A,, = 0 for  # y. When
(v,w) € E(G) and (z,y) ¢ E(H), we will have that 7(A, A, ,) = p(z,ylv,w) =0
and hence, A, A, , = 0.

Thus, Alice’s operators give rise to a representation of A(G, H) and composing this
*_homomorphism with the tracial state on the algebra generated by Alice’s operators
gives the trace on A(G, H). The converse follows by setting p(x, y|v,w) = 7(Ay 2 Aw.y)-

Clearly, (2) follows from (1).

The proof of (3) is similar to the proof of (1). In this case since p(z,y|v,w) €
C; (n,m) the operators all live on a finite dimensional space and hence generate a
finite dimensional representation.

The proof of (4) first uses the fact that G — H if and only if G L H (4.1.1).
If we let (€2, \) be the corresponding probability space and let f,, g, : @ — V(H)
be the random variables for Alice and Bob, respectively, then the conditions imply
that f, = g, a.e. If we let E, , denote the characteristic function of the set f~!({z}),
then it is easily checked that these projections in L>(2, A) satisfy all the conditions

needed to give an abelian representation of A(G, H). O
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Note that saying that A(G, H) has an abelian representation is equivalent to
requiring that it has a one-dimensional representation.
We now apply these results to coloring numbers. Let K. denote the complete

graph on c¢ vertices.

Proposition 4.3.8. Let x € {l,q,qa, qc,vect}, then x.(G) is the least integer ¢ for
which G 5 K,.

Proof. Any winning z-strategy for a homomorphism from G to H is a winning strategy

for a x-coloring. ]
The above result motivates the following definition.

Definition 4.3.9. Define xc+(G) to be the least integer ¢ for which G N K.. Simi-

larly, define wes(G) to be the biggest integer ¢ for which K. %a.

Proposition 4.3.10. Let G be a graph, then
we(G) < 9(G) < xc+(G).
Proof. Let ¢ := xc+(G). If we combine 4.3.4 with [7, Theorem 6] we know that,
S K, — GE K, «— 9@G) <K, =c.

Similarly, if you apply the above proof to K, N G, where d := we+(G), you get the

remaining inequality. O]

Remark 4.3.11. Since G & K, — G N K., we have that x,.(G) > xc+(G), but

we don’t know the relation between xc+(G) and Xyeet(G).
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This leads to the following results:
Theorem 4.3.12. Let G be a graph.
1. x(G) is the least integer c for which there is an abelian representation of A(G, K..),

2. x4(G) is the least integer ¢ for which A(G, K.) has a finite dimensional repre-

sentation.
3. Xqc(G) is the least integer ¢ for which A(G, K.) has a tracial state.
4. xc+(G) is the least integer ¢ for which A(G, K.) exists.
Theorem 4.3.13. Let G be a graph.

1. The problem of determining if A(G, K3) has an abelian representation is NP-

complete.

2. The problem of determining if A(G, K3) has a finite dimensional representation
1s NP-hard.

3. The problem of determining if A(G, K.) has a trace is solvable by a semidefinite

programming problem.

Proof. We have shown that A(G, K3) has an abelian representation if and only if G
has a 3-coloring and this latter problem is NP-complete [9].

In [17, Theorem 1], it is proven that an NP-complete problem is polynomially
reducible to determining if x,(G) = 3. Hence, this latter problem is NP-hard.

In [28], it is proven that for each n and ¢ there is a spectrahedron S, . C R"¢ such
that for each graph G on n vertices there is a linear functional L : R™*¢* — R with

the property that y,.(G) < c if and only if there is a point p € S, with Lg(p) = 0.
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Thus, determining if x,.(G) < ¢ is solvable by a semidefinite programming problem.

But we have seen that x,.(G) < ¢ if and only if A(G, K.) has a trace. O

Remark 4.3.14. Currently, there are no known algorithms for determining if x,(G) <

3, i.e., for determining if A(G, K3) has a finite dimensional representation.

Remark 4.3.15. We do not know the complexity level of determining if A(G, H)
exists. In particular, we do not know the complexity level of determining if G 9K 3,

or any algorithm.

Remark 4.3.16. In [7] it is proven that y,e.:(G) = [0+ (G)], which is solvable by an
SDP.

Remark 4.3.17. There is a family of finite input, finite output games that are called
synchronous games|11], of which the graph homomorphism game is a special case.
For any synchronous game G we can construct the C*-algebra of the game A(G) and
there are analogues of many of the above theorems. For instance, the game will have
a winning qc-strategy, g-strategy or l-strategy if and only if A(G) has a trace, finite

dimensional, or abelian representation, respectively.

4.4 Tensor Product

In [13] the authors discuss the problem of whether or not, x,(GxH) = min{x,(G), x4(H)}
(Hedetniemi conjeture [16] for x,). They proved the conjecture holds for some special
graphs. Here, we explain why the trivial inequality also holds for xc«(G).

Since G X H — G and G x H — H always exist, we know that G x H % G and
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Gx HS H exist by 4.1.3. Suppose Gg;Ka and Hg;Kb, for some a,b € N, then
GxHSGS K, = GxHS K,

by our composition theorem. Similarly, G x H N K. Now, since a,b are arbitrary

we get,

Xc+(G x H) > min{xc-(G), xc-(H)}

4.5 Cartesian Product

In [13] it was shown that x,(GOH) = max{x,(G), x,(H)}. Here, we adapt their

proof to get the same result for yco-.

Lemma 4.5.1. Suppose G S FadHS K, then GOH Y FOK.

Proof. Since G % Fand HS K, then we know that there exist projections {E, .}
and {F,,} with v € V(G), z € V(H), a € V(F), and r € V(K) on Hilbert spaces H
and IC, respectively, satisfying (1) and (2) of definition 4.3.1. Consider the set of self-
adjoint operators on H ® K defined by G (y.2),(ar) = Ev,a ® Fpr for (v,z) € V(GOH)
and (a,r) € V(FOK). Notice that,

G(v,x),(a,r)G(v,x),(a,r) = (Ev,a (9 Fx,r)(Ev@ X Fxﬂa)

= Ev,aEv,a X Fx,’rFx,r = Ev,a X Fx,r = G(v,x),(a,r)

since B, , and I, are projections. Thus, each G, 4),(a,r) 18 @ projection. Furthermore,
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for each (a,r) € V(FOK),

Z G(v,a}),(a,r) = Ev,a Y Fac,r - (Z Ev,a) & (Z Fac,r) = (Z Ev,ac) ® Ix = I’H ® I
) v T T

(v,x) (v,z

by (1).
Now, suppose ((v,z),(w,y)) € E(GOH) and ((a,r),(b,s)) ¢ E(KOF). By defini-

tion,
((v,2), (w,y)) € E(GOH) <= v=wand (z,y) € E(H) or (v,w) € E(G) and z =y
and

((a,r),(b,s)) € E(KOF) <= a#bor (r,s) ¢ E(K) and (a,b) ¢ E(F) orr#s

G(U,l‘),(a,r)G(w,y),(b,s) = (E’U,(l ® FJI,T)(Ew,b 02y F.T,S) = EU,aEw,b X F:v,rFy,s

We need to show E, ,E,, = 0 or F,,F, ; = 0. Without lost of generality, suppose
(v,w) € E(G) and x = y. We know F, . F, ¢ = 0, unless r = s (by (1), we can pick F}
and F, ; orthogonal from each other). Now, if r = s and ((a,7), (b,s)) ¢ E(KOF),
then (a,b) ¢ E(F), forcing E, ,Ey,, = 0 by (2). Hence, {Gyq:v € V(G),a € V(K)}

is a representation of the graph homomorphism game from GOH to FOK.

Theorem 4.5.2.

Xc-(GOH) = max{xc-(G), xc- (H)}

68



4.6 C*-RANK

Proof. Since G — GOH and H — GOH always exist, G % GOH and HS GOH

exist. Suppose GG N K, and H N K,, then,
¢S GoHS K, = @S K,

HSGoHS K, — HS K,

and hence,

Xo+(GOH) < max{xc+(G), xc-(H)}

If we let ¢ := max{xc+(G), xc~(H)}, then G S K,and HS K,. If we apply the
above lemma we get,

GoH % KoK, S K,

since K,.OK, — K. and we get the desired result. O

4.6 C*-rank

We will use [28, Theorem 6.11] as a guiding principle to define a projective rank

that corresponds to xco«(G).

Definition 4.6.1. Define the number {c«(G) to be the infimum positive real number
t such that there exist a Hilbert space H, a unit vector n € H, a unital C*-algebra

A C B(H), and projections { E, }vev(a) C A satisfying:
1. E,E, =0 if (v,w) € E(Q)

2. (Eyn,m) > 1 for allv € V(G).
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Remark 4.6.2. Notice that there is an analog to condition (17) in [28] in this case
too, namely that the map s : A — C, s(X) = (X1, n) is a state. But this is equivalent
to the above condition since for any C*-algebra we may apply the GNS construction
[5] to obtain the Hilbert space representation from the state. Also, the infimum is

reachable since the set of states is closed [5].

Theorem 4.6.3. For any graph G,

§o+(G) < xe+(G)

Proof. Let ¢ := xo+(G). We know that there exists a Hilbert space H, a unit vector

n and projections F, ,,1 < z < ¢ satisfying
1. Y BEy=1forallve V(G)

2. If (v,w) € E(G) and = = y, then

By Eyy =0.

Let H be the direct sum of ¢ copies of H, and set E, := w1 @ E, 0®---®E, .. Now

if we let 7 := % (c-times) notice that,

Finally we see that the set of projections {E, : v € V(G)} along with # and 7

satisfies all the conditions in the definition 4.6.1 and hence we get,

£+ (G) < xe+(G)
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4.7 Factorization of Graph Homomorphisms

In this section, we show that the CP maps that arise from graph homomorphisms

have a canonical factorization involving A(G, H).

Proposition 4.7.1. Let G and H be graphs on n and m vertices, respectively. The
map '+ M, — My (A(G, H)) defined on matriz units by I'(Eyw) = 32, , Eey @

2w,y 5 CP.

Proof. Let E,,,v € V(G),x € V(H) denote the n x m matrix units. Let Z =
Dy By @ €wy € My (A(G, H)). Then

F(Z Cv,wEv,w) =7 (CU,wEv,w & ]> Z’

VW

where I denotes the identity of A(G, H) and (cywEvw ® I) € M,(A(G, H)). O

Let p(z,ylv,w) € C;.(n,m) be a winning ge-strategy for a graph homomorphism
from G to H. Then there is a tracial state 7 : A(G, H) — C such that ¢, factors
as ¢, = (id,, ® 7) o I', where id,, ® 7 : M,,,(A(G, H)) — M,,. Conversely, if 7 :
A(G,H) — C is any tracial state, then (id,, ® 7) o' = ¢, for some winning gc-
strategy p(z, ylv, w) € Cg.(n, m).

Similarly, this map ¢, arises from a winning g-strategy if and only if it arises from
a 7 that has a finite dimensional GNS representation and from a winning [-strategy

if and only if it arises from a 7 with an abelian GNS representation.
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This factorization leads to the following result. Recall that ¥(G) denotes the
Lovasz theta function of a graph and ||¢||, denotes the completely bounded norm of

a map.

Lemma 4.7.2. Let G be a graph on n vertices, let H be a Hilbert space, let P,,, €
B(H), Yv,w € V(G) and regard P = (P,,,) as an operator on H @ C". If

1. P=(P,,) >0,

2. Pyy = Iy,

3. (v,w) € E(G) = P, =0,
then || P|| < 9(G).

Proof. Given any vector k = ) e, ® k,, let h, = k, /| k,||,(set h, = 0 when k, = 0)
and A\, = ||k,||. Let y = >, Ave, € C"so that [Jy[jcn = ||k]. Set By = ((Pywhw, ho)) €
M, = B(C"), so that (Pk, k)ygcr = (BrY, y)cn.

This observation shows that if for any h, € H, Vv € V(G) with ||h,]| = 1 we let
({Pywhuw, ho)) € M, = B(C"). Then

1P| = sup{[|({Powhuw, Po)) [z, < |[ll = 1}

Now by the above hypotheses each matrix ((P,,hw,hy)) > 0, has all diago-
nal entries equal to 1 and (v,w) € E(G) = (P,whw,hy,) = 0. Thus, by [22],
1({Po b, ho)) || < H(G). O

Proposition 4.7.3. Let p(z,y|v,w) € C;.(n,m) be a winning qc-strategy for a graph
homomorphism from G to H. Then ||¢,||e < 9(G).
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Proof. Since id,, @ T is a completely contractive map, we have that ||¢plle < ||T]]co-

Since this map is CP, by [27] we have that
ITlles = TN = 12721l = 1227
Since ey, = €y, we have

ZZ°= Y (Boa ®€oa)(Buy @ €uy)” = > Eo ® (D €ouua).

v7w’m7y

Now if we let p,,, denote the (v, w)-entry of the above matrix in M, (A(G, H)),
then p,, = >, €ys = I. When (v,w) € E(G), then by Definition 4.3.1(3), we have
that p, ., = 0.

Hence, by the above lemma, ||ZZ*|| < J(G). O

4.8 Quantum Cores of Graphs

A retract of a graph G is a subgraph H of G such that there exists a graph
homomorphism f : G — H, called a retraction with f(z) =z for any x € V(H). A
core is a graph which does not retract to a proper subgraph [15].

Note that if f : G — G is an idempotent graph homomorphism and we define a
graph H by setting V(H) = f(V(G)) and defining (z,y) € E(H) if and only if there
exists (v,w) € E(G) with f(v) =z, f(w) = y, then H is a subgraph of G and f is a
retraction onto H. We denote H by f(G).

The following result is central to proofs of the existence of cores of graphs.

Theorem 4.8.1 ([15]). Let f be an endomorphism of a graph G. Then there is an n
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such that f™ is idempotent and a retraction onto R = f*(G).

Our goal in this section is to attempt to define a quantum analogue of the core
using completely positive maps, in particular we will use the above theorem as a
guiding principle.

For A = (ai;) € My, denote [|A[y = 3, ; ai;| and o(A) =, - a;;. Let ¢, : M, —
Mo, ¢p(Evw) = D2, P, ylv, w)Eyy, for some p(z, y|v,w) € Cy,,(n,m). Before we

continue our discussions on cores we will need the following facts,

Lemma 4.8.2.

o(¢p(A)) = a(A)

Proof. By linearity it is enough to show the claim for matrix units,

0(0p(Buw)) = Yz, ylo,w) =D (ho, huy) =

x?y

<Z hv,:cyzhw,y> = <77>77> =1= U(va)

Lemma 4.8.3. Let A = (ayy) be a matriz, then

[ép(A)ll1 < [[A[L

If the entries of A are non-negative, then ||¢,(A)|lx = [|A|}:.

Proof. We have,

lép (Al =D 1> el ylo, wavul < Y lan,l (Y ple, ylv,w))
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= law| = 1Al
v,w

When the entries of A are all non-negative, the first inequality is an equality. m

For the next step in our construction, we need to recall the concept of a Banach

generalized limit. A Banach generalized limit is a positive linear functional f on

¢>°(N), such that:
o if (a;) € (>°(N) and limy, ay exists, then f((ax)) = limy ay,
o if bk = Af+1, then f((bk)) = f((ak))

The existence and construction of these are presented in [5], along with many of their
other properties. Often a Banach generalized limit functional is written as glim.
Now fix a Banach generalized limit glim, assume that n = m, and that ¢, : M,, —
My, ¢p(Evw) = 32, , P(2,y|v,w) Eyy, for some p(z,ylv,w) € Cg.(n,n). Fix a matrix
A € M, and set
Gy (k) = (65(A)ey, e2)

so that (b’;(A) = Zx’y ayy(k)E,,. By Lemma 4.8.3, for every pair, (z,y) the sequence
(a2,(k)) € £2(N).
We define a map, 1, : M,, = M, by setting

Up(A) =Y glim((azy (k) Ery.

Alternatively, we can write this as,
Pp(A) = (id, ® glim)gf)’;(A).
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(n,n) and let 1, : M, — M, be the

vect

Proposition 4.8.4. Let (p(z,ylv,w)) € C;

map obtained as above via some Banach generalized limit, glim. Then:
1. 4, is CP,
2. 0(¢Yp(A)) = o(A) for all A € M,,
3 Mop (Al < N[All1,
4 bp o Gp = bp oty =,

5. Yy o, = 1y

Proof. The first two properties follow from the linearity of the glim functional. For

example, if A = (a,,) and h = (h4, ..., h,) € C", then

(©p(A)h, by = glim((agy (k) hyhy = glim () ag,(k)hyhs)

m7y

= glim((¢L(A)h, h))

If A >0, then ¢*(A) > 0 for all k, and so is the above function of k. Since glim is
a positive linear functional, we find A > 0 implies (¢,(A)h,h) > 0, for all h. This
shows that 1, is a positive map. The proof that it is CP is similar, as is the proof
that it preserves o.

The proof of the third property is similar to the proof of Lemma 4.8.3.

For the next claim, we have that

Up(0p(A)) = (id @ glim) (6,7 (A)) = (id @ glim)(g,(A)) = 1y(A).

If we set 1, (A) = >_, ., bow B w, With by, = glim(ayw(k)), then
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op(Up(A)) = Y plx,ylo,w)buwEr,

I?y7v7w

= Zgl@‘m( Zp(a:, Ylv, w)ayw(k)) Esy = Zglz‘m(awy(k +1))E,y = p(A)

x7y

Finally, to see the last claim, we have that

Up(p(A)) = (id ® glim)(¢,,(1p(A))) = (id @ glim) (¢p(A))) = U(A),

since the glim of a constant sequence is equal to the constant. O

Theorem 4.8.5. Let G be a graph on n vertices, let x € {l,qa,qc,vect} and let
p(z,ylv,w) € Qi(n,n) be a winning x-strategy implementing a quantum graph x-

homomorphism from G to G. Set pi(z,ylv,w) = p(x,ylv,w) and recursively define,

pk+1(l’, y|U, U}) - Zp(xa y|a7 b)pk(av b|U7 w)
a,b

If we set r(x,ylv,w) = glim(pk(x,yw,w)), then r(z,ylv,w) € Ci(n,n) is a winning

x-strategy implementing a graph x-homomorphism from G to G such that:

1. ¢p = Qbr,
2. r(z,ylv,w) = Za7b7“(x,y|a, b)r(a,blv,w).

Proof. By Theorem 4.2.7, ¢]; = ¢p,, and py is a winning z-strategy for a graph a-

homomorphism from G to G. Thus,

77bp(Elv,w) = (id &® glim) (¢’;(Ev,w)) = (Zd ® glim) ((bpk (Ev,w))
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= Zglim(pk(a:,mv, w))Ez,y = ber(Ev,w)‘

I7y

Thus, (1) follows.

Since ¢, 0 ¢, = P, 0, = 1, = ¢, the second claim follows from Proposition 4.2.6.

Finally, if a bounded sequence of matrices A; = (av,w(k)) € M, all belong to a
closed set, then it is not hard to see that A = (glim(a,.(k))) also belongs to the
same closed set. Thus, since (pi(z,y|v,w)) is in the closed set Ci(n,n) for all k,
we have that (r(z,ylv,w)) € Ci(n,n). Also, since py is a winning z-strategy for a
graph z-homomorphism of G, for all k, we have that for all k, (pi(z, y|v,w)) is zero
in certain entries. Since the glim of the 0 sequence is again 0, we will have that
(r(:v, ylv, w)) is also 0 in these entries. Hence, r is a winning z-strategy for a graph

x-homomorphism. O

Remark 4.8.6. In the case that p is a winning g-strategy implementing a graph ¢-
homomorphism, all we can say about r is that it is a winning ga-strategy implementing

a graph ga-homomorphism, since we do not know if the set C¢(n,n) is closed.

There is a natural partial order on idempotent CP maps on M,,. Given two idem-

potent maps ¢, : M,, — M, we set 1) < ¢ if and only if pop = p o) = 1.

Theorem 4.8.7. Let x € {l,qa,qc,vect}, then there exists r(z,ylv,w) € Ci(n,n)
implementing a quantum x-homomorphism, such that ¢, : M, — M, s idempotent
and is minimal in the partial order on idempotent maps of the form ¢, implemented

by a quantum x-homomorphism of G.

Proof. Quantum xz-homomorphisms always exist, since the identity map on G belongs

to the [-homomorphisms, which is the smallest set. By the last theorem, we see that
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beginning with any correlation p implementing a quantum z-homomorphism, there
exists a correlation r implementing a quantum z-homomorphism with ¢, idempotent.

It remains to show the minimality claim. We will invoke Zorn’s lemma and
show that every totally ordered set of such correlations has a lower bound. Let
{pt(x,y\v, w):t e T} C Cs(n,n) and T a totally ordered set, where all p;(z, y|v, w)
implement a quantum z-homomorphisms, with ¢,, idempotent, and ¢,, < ¢, , when-
ever s < t.

These define a net in the compact set C¥(n,n) and so we may choose a convergent
subnet. Now it is easily checked that if we define p(z, y|v, w) to be the limit point of
this subnet, then it implements a quantum z-homomorphism, ¢, is idempotent, and

Op < @, forallt € T. u

Remark 4.8.8. It is important to note that we are not claiming that ¢, can be
chosen minimal among all idempotent CP maps, just minimal among all such maps

that implement a quantum z-homomorphism of G.

Definition 4.8.9. Let x € {l,qa,qc,vect}, then a quantum z-core for G is any
r(z,ylv,w) € Ci(n,n) that implements a quantum x-homomorphism such that ¢, is

idempotent and minimal among all ¢, implemented by a quantum x-homomorphism

of G.

4.9 Conclusion and Open Problems

Our main goal in this Chapter was to provide a unified framework in which one
can study graph homomorphisms through the lens of Operator Algebra theory. We

saw how you can use CP maps to study individual correlations and how to use such
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maps to defined a generalization of the core of a graph. We also saw how to abstract
the notion of a quantum graph homomorphism by defining a C*-algebra that encodes
the important information about the homomorphisms. A surprising observation in
this Chapter is the fact that by studying the representation of A(G, K,,) we managed
to link the representation of these algebras with the computational complexity of the
quantum chromatic numbers. In addition, we introduced a new chromatic number
via this generalized notion of a homomorphism.

There is still work to be done. The set Cyq(n, m) continues to be a mystery. We
where unable to characterize G &3 H, nor were we able to say anything about the type
of representations of the C*-algebra generated by such homomorphism. Moreover, we
still know very little about the C*-algebra A(G, H) (e.g. Is it always Nuclear or AF?).
Also, we where unable to determine the complexity level of determining if A(G, K,,)
exists, i.e. xo(G) < m.

Also, if we could show that whenever families of projections on an infinite dimen-
sional Hilbert space exist that satisfy the relations for A(G, K,,) to exist, then these
relations could be met by projections on a finite dimensional space, then it follows

that

Xa(G) = X4a(G) = Xge(G) = X (G).
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