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Abstract

In this dissertation, we study the geometric character of structured Parseval
frames, which are families of vectors that provide perfect Hilbert space reconstruc-
tion. Equiangular Parseval frames (EPFs) satisfy that the magnitudes of the pairwise
inner products between frame vectors are constant. These types of frames are use-
ful in many applications. However, EPFs do not always exist and constructing them
is often difficult.

To address this problem, we consider two generalizations of EPFs, equidis-
tributed frames and Grassmannian equal-norm Parseval frames, which include EPFs
when they exist. We provide several examples of each type of Parseval frame. To
characterize and locate these classes of frames, we develop an optimization pro-
gram involving families of real analytic frame potentials, which are real-valued
functions of frames. With the help of the Lojasiewicz gradient inequality, we prove
that the gradient descent of these functions on the manifold of Gram matrices of
Parseval frames always converges to critical points. We then show that, under cer-
tain conditions, the frames corresponding to the Gram matrices of the critical points
for different frame potentials possess desirable geometric properties. These proper-
ties include the equal-norm, equiangular, non-orthodecomposable, equidistributed
and Grassmannian equal-norm cases.

We also discuss the history of EPFs and frame potentials and provide a new char-
acterization of EPFs in terms of the Fourier transform. Using this characterization,

we reprove a known result regarding cyclic EPFs and difference sets.
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Chapter 1

Introduction

1.1 Frame theory

Orthonormal bases have a long history in pure and applied mathematics. For ex-
ample, the orthonormal columns of discrete Fourier transform matrices are used
in signal processing [83], partial differential equations [2], and the representation
theory of finite abelian groups [90]. Although bases are essential tools in mathe-
matics, linear dependence is sometimes useful. A finite frame is a spanning set for a
finite dimensional Hilbert space that generalizes the notion of an orthonormal basis

by relaxing the need for linear independence.

A common example of when frames are useful occurs in signal analysis. If a
sender encodes a K-dimensional vector as its inner products with an orthonormal
basis and transmits them across a channel, then the loss or corruption of a single co-
efficient means an entire dimension of the data is lost and there is no guarantee that

the receiver can recover the signal. By encoding a signal with a well-conditioned



frame instead, it is possible to guarantee recovery after such a loss by exploiting the

redundant representation of data that a frame allows [30}, 22} [53].

Duffin and Schaeffer introduced frames to address problems in nonharmonic
Fourier series in 1952 [38]; however, the popularity of modern frame theory is gen-
erally attributed to Daubechies, Grossman, and Meyer’s seminal paper [36], where
they developed the class of tight frames for signal reconstruction. Today, the theory
of frames has proven useful for problems in pure mathematics [25, |66], applied
mathematics [49,186], science [33]], and engineering[65]]. For more information on

the current state of frame theory, we refer to [31]].

1.2 Equiangular frames and frame potentials

Since the earliest works, frames equipped with additional properties have been em-
phasized in research and applications [38] 36]]. Some frame properties are spectral
in nature, like the Parseval property, which requires perfect reconstruction [10].
Sometimes they involve an underlying algebraic structure, for example, that the
frame is generated by a group representation [51]]. Still other properties mani-
fest as geometric conditions on the frame’s vectors, for instance, requiring that the

vectors have the same norm [30].

A particularly interesting geometric property occurs when a frame is equian-
gular, which means the inner products between its vectors have the same magni-
tude. The study of these objects can be traced back to 1948, when Hanntjes posed
the problem of packing equiangular lines in real Euclidean space [50], a problem
which was more thoroughly investigated a few decades later by Lemmens, Seidel,

and other collaborators [63]. The introduction of this class of frames to the frame
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theory community is commonly attributed to the works of Heath and Strohmer
[86] and Holmes and Paulsen [53], where the authors highlighted a wide range
of applications for equiangular frames. In particular, equiangular frames that are
additionally tight, a slight generalization of the Parseval property, are valuable in
numerous settings. In coding theory, they are optimally resilient to one or two
erasures [53]]. In physics, certain classes of complex equiangular tight frames are
ideal models for quantum measurement devices [75] 96]]. Further applications oc-
cur in combinatorial design theory [86]], speech recognition [[69], and many other
areas. Besides their many applications, equiangular frames are also appealing to

the author of this work as instances of beauty in mathematics.

The problem with equiangular tight frames is that they do not always exist,
depending on the number of frame vectors. For example, an equiangular tight
frame in C3 can only exist if it is composed of 3, 4, 6, 7, or 9 vectors [58, 79,86, 89].
Furthermore, while the case of C? is well-understood thanks to a recent result [89],
the questions of when equiangular tight frames exist and how to construct them in
complex vector spaces of dimension greater than 3 are currently open problems and

the focus of much recent research [58|, (79,86, 89, 45| 87, 39].

An increasingly popular approach to locating structured frames involves the use
of frame potentials, which are real-valued functions of the vectors of frames. By
carefully defining such functions, desirable frames can be characterized as their
minimizers and then pursued with techniques from optimization theory. Benedetto
and Fickus introduced this idea to characterize tight frames whose vectors are all of
unit norm [14]. Subsequently, frame potentials have been used to characterize and
locate frames with various other properties [14} 26, 75, 72|, 15, 20, [41], sometimes

addressing deeper questions as well [20].



Of particular interest, the authors of [75] and [72] used a particular frame po-
tential to characterize equiangular tight frames as minimizers. Unfortunately, their
characterization depends on the assumption of existence, so it provides little infor-
mation about how to locate them. The author of [41]] applied a gradient descent
for this potential on a matrix manifold, but she found that, apart from equiangular

tight frames, this potential allows undesirable frames as fixed points.

In this dissertation, we continue the study of geometric frame properties by
way of optimization techniques, with an emphasis on Parseval frames. In order
to address the problematic fixed points encountered in [41] and the broader is-
sue of existence for equiangular Parseval frames, we introduce two generalizations
of equiangularity, the equidistributed and Grassmannian equal-norm Parseval prop-
erties, and develop an optimization program based on frame potentials to char-
acterize and locate them. In order to do this, we also prove that the trajectories
corresponding to the gradient descent of an analytic function on a compact, real
analytic Riemannian manifold are guaranteed to converge to critical points. Along
the way, we explore the history and applications of both equiangular frames and
frame potentials, and we provide a characterization of equiangular frames in terms

of the Fourier transform.

1.3 Outline

The remaining chapters of this paper are structured as follows.

In Chapter 2, we present the basic notation, terminology, and facts of frame
theory. Because this paper focuses on Parseval frames, we also provide a few fun-

damental facts about this class of frames.
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In Chapter |3, we focus on equiangular Parseval frames (EPFs). Section (3.1
explores the history of the topic, beginning with its roots in the equiangular line
problem. In Section we discuss the problem of existence and outline many of
the known construction principles for EPFs. In Section we define the equidis-
tributed and Grassmannian equal-norm Parseval properties, which generalize the
equiangular property, and provide several examples of each. Finally, in Section[3.4}
we view frames from an operator theoretic viewpoint and characterize EPFs in terms

of the Fourier transform.

In Chapter [4] we introduce the topic of frame potentials and survey some of its
history. We exhibit many instances from frame literature where they are used to
characterize frames with desirable properties and conclude by describing how we
will use real analytic frame potentials to characterize and locate structured frames
on My i (see Definition , the set of Gram matrices for Parseval frames, via

gradient descent.

In Chapter |5, we analyze the gradient descent of real analytic functions on real
analytic Riemannian manifolds. By using a classical result from [64], we prove that
the flow induced by such a descent system is guaranteed to converge in Section [5.2]
In order to use this result, we first prove that M x is a real analytic Riemannian
manifold in Section Finally, in Section we provide a characterization of

fixed points in this setting.

In Chapter [6] we present the main results of this work. In Section we de-
velop the one parameter family of frame potentials, {®!,},-o (see Definition[6.1.1),
and use a limiting procedure on the global minimizers of this family’s members
to characterize Grassmannian equal-norm Parseval frames. In Section we de-

velop the four parameter family of frame potentials, {®®%%7 = &7 4+ ®5  +

sum diag



%Y 5sne(0.00) (see Definitions [6.2.1}6.3.5) |6.3.8/ and [6.3.14). Each member of

this family is a sum of the nonnegative potentials ®7 = ®)  and CD?;L’B , and the

sum> Pdiag>
parameters «, 5, and ¢ induce weights that determine the proportionality of how
the diagonal versus the off-diagonal entries of the Gram matrices contribute to the
potential value. Certain results based on manifolds of equal-norm frames identify
undesirable critical points for frame potentials, the so-called orthodecomposable
frames [85] [84]] (see Definition [6.3.3). In Section [6.3.1, we show that whenever
the value of &7 (G) is sufficiently low, then GG cannot contain zero entries, thereby

ruling out the orthodecomposable case. In Section [6.3.2] we see that whenever GG

contains no zero entries and V®?

diag(G) = 0 for all ¢ in a positive open interval,

then G is equal norm. In Section we show that whenever G contains no
zero entries, it is equal-norm, and VQ)?‘,’f (G) = 0 for all «, 5 in positive open in-
tervals, then G must be what we call equidistributed. Combining these results in
Section leads to a theorem which states that whenever the value ®*%%1(Q)
is sufficiently low and V®*#47(G) = 0 for all «, 3,4 in positive open intervals,
then G is equidistributed. This is followed by Theorem where we provide
a characterization of equidistributed frames which do not exhibit orthogonality be-
tween any of the frame vectors. Finally, in Section we see that another limiting
procedure gives rise to frames which are both Grassmannian equal-norm Parseval
and equidistributed. Along the way, we also provide a simple characterization of

equiangular Parseval frames in terms of frame potentials in Section

Some of the results from Chapters and [6| were recently published in [19].



Chapter 2

Preliminaries

2.1 Frame essentials

2.1.1 Definition. A family of vectors 7 = {f;},c; is a frame for a real or complex

Hilbert space H if there are constants 0 < A < B < oo such that for all z € H,

Allz* <) K, )P < Bll|f?.
jeJ
We refer to the largest such A and the smallest such B as the lower and upper frame
bounds, respectively. In the case that A = B, we call F a tight frame, and whenever
A = B =1, then F is a Parseval frame. If || f;|| = || fi|| for all j,{ € J, then F is an
equal-norm frame. If F is a an equal-norm frame and there exists a C' > 0 such that
|(f;, fi)] = C for all j,1 € J with j # [, then we say F is equiangular. Because they
are given special emphasis in Chapter [3 we refer to equiangular Parseval frames by

the acronym EPF.

The analysis operator of the frame is the map V' : H — [*(J) given by (Vz); =



(z, f;). Its adjoint, V*, is the synthesis operator, which maps a € [*(J) to V*(a) =
> a;f;. The frame operator is the positive, self-adjoint invertible operator S = V*V
=

i)n H and the Gramian is the operator G = VV* on ¢2(J).

We focus on the case that H = FX, where F = C or R, K is a positive integer, and
always choose the canonical sesquilinear inner product. Thus, K always denotes the
dimension of H over the field F. Furthermore, we restrict ourselves to finite frames
indexed by J = Zy, where N > K, and reserve the letter N to refer to the number
of frame vectors in the frame(s) under consideration. When the group structure of
Zy is not important, we also number the frame vectors with {1,2,..., N}, with the

tacit understanding that N = 0 (mod V).

2.2 Parseval frames

Since this paper is mostly concerned with finite Parseval frames, we call a Parseval
frame for FX consisting of N vectors an (N, K)-frame. If F is an (N, K )-frame with
analysis operator V, then V is an isometry, since ||Vz|3 = Z;V:l [z, f)1? = |z
holds for all z € FX. Conversely, if an N x K matrix V is an isometry, then the
same argument shows that it is the analysis operator of the (N, K')-frame obtained
by taking the columns of V* as the frame vectors. Hence, the (V, K')-frames are
in one-to-one correspondence with N x K isometry matrices, and they satisfy the
reconstruction identity z = Zjvz {x, f;) f;, or in terms of the analysis and synthesis

operators, x = V*Vx, or in terms of the frame operator, S = V*V = I.



An advantage to working with the space of Parseval frames is that every (N, K)-
frame can be identified as the projection of an orthonormal basis in an ambient V-
dimensional Hilbert space. This result is ascribed to Naimark [[70] and a complete
proof can be found in [[76]. Subsequently, this result has been generalized to other

settings, including Banach spaces [29] and non-Parseval frames[28]].

2.2.1 Theorem. (Naimark, [[70,76].) If F = {f;};ezy s an (N, K)-frame for H, then
there exists an N-dimensional Hilbert space H' and an orthonormal basis {b;};cz, C
H' such that H is a linear subspace of H' and f; = Pyb; for all j € Zy, where Py

denotes the orthogonal projection of H' onto H.

We prove the converse of this statement.

2.2.2 Theorem. If {b;};cz, is an orthonormal basis for F¥ and H C F" is any K-
dimensional linear subspace, then F = {Pyb;};ez, is an (N, K)-frame for H, where

Py, denotes the orthogonal projection of FV onto H.

Proof. Let x € H so that x = Py, then
lz* = > Kb 2)P = > (b Pua)* = > [(Pubj )P = DY |(f,2) P,
JELN JELN JELN JELN
which proves the claim. O
By interpreting two arbitrary frames F = {f;} ez, and F' = {f/} ez, for F* as

vector-valued functions of the index set Zy, we endow the set of all such frames

with the [2-distance defined by

IF=Fll= /> If-Fil>

JELN
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which we square and reexpress in terms of the respective analysis operators, V' and

V' as

|F = F|? = te((V = V)V = V")) = te(VV*) + te(VV™) = 2R tr (V™). (2.1)

With respect to this metric, we identify the closest (/V, K')-frame to an arbitrary

frame.

2.2.3 Proposition. [820] If F = {f;},czy is a frame over FX with analysis operator
V, then {S™Y/2f;} ez, minimizes the [?-distance between F and all possible choices of

(N, K)-frames, where S = V*V is the frame operator of F.

Proof. Since choosing an (N, K)-frame F' is equivalent to choosing the correspond-
ing N x K isometry V’, we minimize (2.1) over all possible choices of V/'. Noting
that the first two terms in this expression are constant, we seek to maximize the
third term. After re-expressing V' in its unique polar form V' = U P, where U is an
isometry and P = (V*V)'/2 = S'/2  the strictly positivity of P (due to the frame

property) allows us to interpret the term

tr(VV"™) = tr(UPV"™) = tr(V*UP)

as an inner product between V'* and U. By the Cauchy Schwarz inequality,

| tr(V*UP)]* < [tr(V*V P)||tr(U*UP)| = tr(P)?,

so 2R tr(V V") is maximal when V'’ = U. This implies V' = V'S'/2, which is equiva-
lent to V"* = S~1/2V*, The claim follows by taking the columns of V'* as the frame

vectors. O]

10



2.2.1 Gram matrices of Parseval frames

Many geometric properties of frames discussed in this paper only depend on the
inner products between frame vectors and on their norms, which are collected in
the Gramian. For this reason, most of the main results refer to equivalence classes

of Parseval frames.

2.2.4 Definition. Two frames F = {f;};c; and F' = {f}} e, for a real or complex
Hilbert space H are called unitarily equivalent if there exists a unitary operator U

on H such that f; = U f} forall j € J.

Each equivalence class of frames is characterized by the corresponding Gram

matrix.

2.2.5 Proposition. The Gramians of two frames F = {f;};ec; and F' = {f}};c for
a finite dimensional real or complex Hilbert space H are identical if and only if the

frames are unitarily equivalent.

Proof. Assuming G is the Gramian for the frame F as well as for the frame F/,
then G = VV* = V/(V')*, where V and V' are the analysis operators belonging
to F and F/, respectively. By the polar decomposition, V = (VV*)'/2U = GY/2U
and V' = (V/(V))2U" = GY/2U’ with isometries U and U’ from H to ¢?(.J), thus
V* = U*U'(V')*. By the frame property, the range of U is identical to that of U’
and that of G, so Q = U*U’ is unitary, which shows that V*e; = Q(V")*e; for each
canonical basis vector e; in ¢?(.J), or equivalently, f; = Q fiforall j € J. Conversely,
if 7 and F’ are unitarily equivalent, then it follows directly that the Gramians of

both frames are identical. O]

Special emphasis is given to the Gram matrices of (N, K)-frames. If G = VV*

11



is the Gramian of an (NN, K)-frame with analysis operator V, then it is a rank-K
orthogonal projection, because G*G = VV*VV* = VV* = @ and the rank of G
equals the trace, tr(G) = K. Conversely, if P : F¥ — F" is a rank-K orthogonal
projection matrix, then, by the spectral theorem, it can be decomposed into block

form as
I OrxN-K
P=U U,
ON—KXK ON—KXN—K
where the top-left block is the K x K identity matrix and all other blocks are zero.
Thus, the N x K matrix V' obtained by deleting the last N — K columns of U is
an isometry, so it is the analysis operator of an (N, K)-frame, and since P = VV*,

it follows that P is the Gram matrix of a Parseval frame. Therefore, the set of

Gramians of (V, K)-frames is precisely the set of rank- K orthogonal projections.

2.2.6 Definition. We define for F =R or C
My ={GeFVN . G =G*=G"tu(G) = K}.

2.2.7 Proposition. My i is compact with respect to the topology induced by the

Hilbert-Schmidt norm on FN*V,

Proof. Since tr(G) = K for every G € My g, it is a subset of the sphere with radius
VE in F**V, so it is bounded. If G = (G},)Y._; is a limit point of My, x, then there

C My i such that lim G, = G.

1 m—00

exists a sequence {G(m) = (G(m);)N_}

Since convergence in Hilbert-Schmidt norm implies convergence in the entries, the

12



diagonal entries of G are real and its off-diagonal entries satisfy

|Ga = Gyl = lim |Gy — G
< lim |Gy — G(m)j| +|G(m)j0 — Gl
= lim |G}y — G(m)jl +[G(m); — Gl

=0,
so G is self-adjoint. The entry-wise convergence also implies

tr(G) = tr( lim G,,) = lim tr(Gp,) = K.

m—o0 m—r0o0

Furthermore, since the entries of G? are polynomial in the entries of of G, entry-
wise convergence also implies

G? = (lim G(m))* = lim G(m)* = lim G(m) = G,

m— 00 m—o0 m— 00

so G is idempotent. Thus, G € My k, S0 My k is closed and therefore compact by

the Heine-Borel theorem. ]

This subset of the Hermitians M y x carries the structure of a real analytic sub-
manifold, which is proved in Section Because the Gram matrices of (N, K)-
frames are the main focus of this paper, whenever an element G € My x corre-
sponds to an equal-norm or equiangular frame, then we say that G is equal-norm or

equiangular, respectively.

13



Chapter 3

Equiangular Parseval Frames

3.1 Historical overview

Near the middle of the twentieth century, the problem of determining the maxi-
mal number of equiangular lines through K-dimensional Euclidean space appeared
in the mathematical literature. Although this classical problem was not originally

interpreted from a frame-theoretic perspective, we rephrase it here as follows.

3.1.1 Problem. For each K € N, what is the maximal value N € N for which there

exists an equal-norm, equiangular frame F = {f;},cz, over FX?

In the real case, by taking the norms of the frame vectors to be of unit length, the

elementary formula

(=, )]

m, 6 is the acute angle between z,y € R¥, (3.1)
yiny

| cos 0] =

reveals that the challenge is to find the largest possible set of lines (spanned by

the frame vectors) for which the (acute) angles between all pairs of distinct lines is

14



constant. While this question is relatively simple to understand, it has proven to be

difficult to answer, as a general solution remains unknown.

Its investigation began at least as early as 1948 for the real case, when Hanntjes
determined the maximal number of equiangular lines through R? and R? [50]. A
few decades later, work in R¥ continued as Delsarte, Goethels, Lemmens, Seidel,
van Lint, and other collaborators solved N for most of the values of K ranging
between 4 and 23 (see [93| |63] and references therein). The following result is

attributed to Gerzon in [63]], which establishes a (rarely sharp) bound for V.

3.1.2 Theorem. (Gerzon bound, [63].) If F = {f;};cz, is an equal-norm, equiangu-
lar frame for RX, then
v KUY
Around this time, results in the literature also began to reflect an interest in
the problem of determining the maximal number of equiangular lines in C¥X. In

[37,160], a similar bound is provided for this case.

3.1.3 Theorem. If F = {f;}cz, is an equal-norm, equiangular frame for C¥, then

N < K2,

In [94]], Welch established a lower bound on the maximal magnitude among
pairwise inner products occurring among a set of lines, which characterizes equian-
gularity in the case of sharpness. For the purpose of future reference in this paper,
we trivially rescale the frame vectors’ squared norms in this result by a factor of
% ; however, it is usually formulated for the case where the frame’s vectors are unit

norm.

15



3.1.4 Theorem. (Welch Bound, [94].) If F = {f;}jcz, is an equal-norm frame with
1/l =% forall j € Zy and py i = e |(f;, fi)|, then

Cnk < N K,

K(N—K)

where Cy g = NN

Moreover, equality holds if and only if F is equiangular.

In light of this result, if 7 = {f;};ez, is a frame with ||f;||? = £ for all j € Zy

that satisfies equality in this theorem, then
2 2 K 2
SRR Y Gt Y ap-x
YRISYAN HEL N ,jF#L JE€ELN

Combining this observation with Theorem (see the next chapter for details),

we see that F is Parseval. We record the constant Cy x = 4/ % for future use.

This prompts the following definition.

3.1.5 Definition. Let F = R or F = C. If F = {f;},ez, is an equiangular (N, K)-

frame over FX for which
N =max{N’ € N : an equiangular (N’, K)-frame over F* exists},

then we say that F is maximal.

In 1999, Zauner conjectured in his doctoral thesis that maximal EPFs over C¥
always achieve the bound in Theorem and therefore always consist of K?
vectors[96], 97]. Moreover, he conjectured that one can always find a so-called
fiducial vector whose orbit is a maximal EPF under the unitary action of the Weyl-

Heisenberg group, after identifying vectors that are unimodular multiples of each
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other [96]], see also [[75,[79,24]. These objects are appealing to many communities,
ranging from quantum theory, where they are referred to as symmetric, informa-
tionally complete, positive operator valued measures (SIC-POVMs) [75, (79, 3], 4],
to combinatorial design theory, where they correspond to complex projective 2-
designs [81, 52, [75] 186]. For these and other reasons, the search for equiangular

(K?, K)-frames over C* remains an important open problem in mathematics today.

Shortly after the turn of the millennium, equiangularity was investigated in a
frame-theoretic context for the first time by Holmes and Paulsen in [53]] and Heath
and Strohmer in [|86]. By relaxing the emphasis on maximality, frame researchers
were able to focus more on the properties and potential applications of general
EPFs. For example, they are shown to yield error correction codes which are opti-
mally resilient against one or two channel erasures [53] and are useful for larger
numbers of erasures as well [22]. In [86], their connections to several areas of
mathematics, including Grassmanian line packings (see Section [6.1|for details), are
studied, while, in [18] [9], their value is established for the problem of reconstruct-
ing signals when only the magnitudes of the frame coefficients are known. As the
diverse applicability of EPFs has become clearer over the last decade, researchers
have directed much attention to the question of when they exist and how to con-
struct them. In the next section, we discuss the existence problem and describe

many of the known tools for constructing equiangular Parseval frames.
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3.2 Existence and constructions of equiangular Par-

seval frames

Although the study of EPFs has received increasing attention over the last fifteen
years, their existence remains a topic about which we know very little. Even with
the bounds on the number of frame vectors provided in the preceding section, there

are gaps where EPFs do not exist which these bounds do not preclude.

To clarify what we mean by gaps, consider an equiangular (N, K)-frame over
FX. In order to span FX, the number of frame vectors must satisfy N > K. If F = C,

then N < K? by Theorem orif F =R, then N < w by Theorem m
Unfortunately, equiangular (IV, K)-frames do not exist for all K < N < K? when
F=Cnorforall K < N < w when F = R. For example, although N =
5 falls within these necessary bounds for both the real and complex fields when
K = 3, equiangular (5, 3)-frames exist for neither case by considering the Naimark
complement of the case where K = 2 and N = 5 (see Theorem and the

following example for the details of this argument). Our understanding of these

gaps is still very primitive.

Indeed, until 2014, it was not completely known for which values 3 < N < 9
that equiangular Parseval frames consisting of N vectors exist over C3. Due to
various works, we knew that EPFs exist for N = 3,4,6,7,9 [58, [79, 86]; however,
the case of N = 8 was only recently settled in [[89], where the author used a
computer-aided technique from algebraic geometry to prove that complex (8, 3)-

frames are never equiangular.

Although this example illustrates that our knowledge of this topic is still in an
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early stage, researchers have made steady progress over the last fifteen years with
the aid of tools from various branches of mathematics, including the theories of
groups, graphs, and combinatorics. Some of these results manifest as proofs of
nonexistence, identifying pairs (/V, K') for which EPFs cannot exist, while other

results do the opposite, providing algorithms for constructing EPFs.

Before we summarize these techniques, we note that the set equality CX =
span{cx : c € C,x € RX} implies that any real EPF can be viewed as a complex EPF
over C¥, while the converse is not true; similarly, a proof of nonexistence for a real,
equiangular (N, K)-frame does not, in general, extend to the complex case. As we
outline these results, we specify when a given method holds only in the complex

setting.

Two examples of EPFs that always exist in the real case are orthonormal bases
and those corresponding to regular simplices. Orthonormal bases are, by defini-
tion, equiangular (K, K)-frames. Applying the Gram-Schmidt algorithm to any ba-
sis yields such a frame, and this obviously works in the complex setting as well.
Only slightly less trivially, one can always obtain an equiangular (K + 1, K)-frame
over R¥ by taking the frame vectors as the vertices of a regular K-simplex centered
at the origin [86]. In fact, every equal-norm (K + 1, K)-frame is equiangular and
unitarily equivalent to a version of this frame where the individual vertices of the

simplex are allowed to vary by a factor of +1. [47].

Thanks to the work of early pioneers on the subject, the study of EPFs over
RE can be reformulated as a graph-theoretic problem. In [53] [86], the authors
exploit results from [80] to show that the existence of a real EPF is equivalent to the
existence of an object known as a regular two-graph, thereby converting the problem

of locating real equiangular Parseval frames to the problem of finding such graphs.
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Because many regular two graphs had already been established in the literature by
this time [|80], this characterization provided many immediate examples of pairs
(N, K) for which real EPFs exist. Concrete examples for many of these frames can

be found in [91]].

Several nonexistence proofs for real EPFs have also emerged over the years.
Some proofs manifest as improvements on Gerzon’s necessary bound, including
[[73l, which improves the bound when the equiangular constant satisfies certain
conditions, and [[13]], where the authors use semidefinite programming to improve
the bound for 24 < K < 136. Other proofs of nonexistence include [87]], where the
authors assert necessary integrality conditions on the relationship between K and
N, and [12], where the possibility of certain real EPFs are excluded due to their

relationship with certain spherical designs.

One common approach to locating a complex EPF is to construct its correspond-

ing Gramian. If G is the Gramian of an equiangular (N, K)-frame, then

K
= —[
G N + Cn @,

where the ) is an N x N self-adjoint matrix with a vanishing diagonal and unimod-
ular off-diagonal entries known as the signature matrix of G. In [53]], the authors
showed that an arbitrary NV x N self-adjoint matrix with a vanishing diagonal and
unimodular off-diagonal entries is the signature matrix for the Gramian of an EPF
if and only if it has exactly 2 distinct eigenvalues. Motivated by this characteriza-
tion, the community has produced a multitude of such matrices. In [82], the author

used special subsets of N-element abelian groups which satisfy certain properties,
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called signature sets, to generate signature matrices by the action of their left reg-
ular representations on the corresponding free vector spaces. Sometimes signature
matrices for EPFs are built up directly with roots of unity [21}, 23], [39], while, in
other cases, authors focus on their relationship to Hadamard and conference matri-
ces to obtain them [42] 188, [86]. In [86]], the authors used conference matrices to

prove the existence of two infinite families of equiangular (2K, K')-frames.

On the other hand, principles from group representation theory and combina-
torics have played an important role in constructing complex EPFs at the level of

the individual frame vectors.

Given an abelian group I" with |T'| = N, a broad class of equal-norm (N, K)-
frames, known as harmonic frames, can be obtained by choosing any K rows from
I’s character table, setting the remaining columns as frame vectors and rescaling
appropriately [48] 31]. If these K rows can be chosen to correspond to a difference
set, which is a subset of I' satisfying certain combinatorial conditions, then the
generated harmonic frame is equiangular [58, 95]. Because difference sets are
well-studied [34], this construction gave rise to several infinite families of EPFs. In
the next two sections, we discuss harmonic frames in further detail, focusing on the

case where I' = Zy.

Another construction that has led to several infinite families of EPFs is the
Steiner construction, which is also rooted in principles of combinatorial design the-
ory [45]. One can construct an equiangular (K + 1, K)-frame with unimodular
entries by setting the frame vectors as the columns of a (K + 1) x (K + 1) DFT
matrix with a single row removed. Such a frame has the intriguing property that
the magnitude of the inner products between its vectors is equal to the magnitude

of the product of any two entries of its vectors. By exploiting this, the authors were
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able to perform a tensor-like product with combinatorial objects called Steiner sys-
tems to generate EPFs. Similar to the cases of regular two graphs and difference
sets, this result produced extensive families of EPFs because Steiner systems are
well-studied [34]]. Recently, a certain class of Steiner EPFs, called Kirkman EPFs,
were shown to be unitary equivalent to a certain subset of harmonic EPFs [56]. In
the next section, we generalize the Steiner construction to generate infinite families

of equidistributed frames

We remark once more that Zauner conjectured that maximal, complex EPFs can
always be obtained by the representation induced by the Weyl-Heisenberg group
96, 24]. The challenge is that a generating vector, called a fiducial vector, cannot
be arbitrarily chosen, but must instead be carefully selected. It is believed that such
vectors exist for all K as an eigenvector of a specific element of the Clifford group,
which is the Heisenberg group’s normalizer. Fiducial vectors have been confirmed
analytically for many values between 2 < K < 48 and with high numerical precision
for all K < 67 [79]. Their study remains an active topic of mathematical research

(134, 7,159, 16, 5].

We conclude this section with the following valuable tool, often referred to as
the Naimark Complement, which, roughly speaking, halves the problem of studying

EPFs.

3.2.1 Theorem. (Naimark.) If F isan (N, K)-frame over FX, then F is equiangular
if and only if there exists an (N, N — K)-frame F' over FN~E such that F' is also

equiangular.

Proof. Since F is an (N, K)-frame, its Gram matrix G is an orthogonal projection

22



onto some subspace of F¥ and Iy — G is an orthogonal projection onto the comple-
mentary subspace, which corresponds to a class of unitarily equivalent (N, N — K)-
frames as described in Section Since the magnitudes of the off-diagonal

entries of G and Iy — G are identical, the claim follows. O

For example, since neither real nor complex, equiangular (5, 2)-frames can exist
due to the bounds in Theorem(3.1.2/and Theorem |(3.1.3] respectively, it follows from
Theorem that equiangular (5, 3)-frames do not exist in these settings either.
Similarly, since complex, equiangular (7, 3)-frames exist due to a difference set con-
struction [58], taking the Naimark complement shows that complex, equiangular

(7,4)-frames must also exist.

For a more thorough account of the current knowledge regarding the existence

and construction of equiangular Parseval frames, we refer to [44].

3.3 Generalizations of equiangular Parseval frames

To address the issue of nonexistence of equiangular Parseval frames, this section
presents two classes of equal-norm (N, K)-frames that include equiangular frames
whenever they exist. Both classes are nonempty for all pairs of positive integers K

and N > K.
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3.3.1 Equidistributed frames

While studying frame potentials, it became apparent that a certain class of critical
points possess what we call the equidistributed property. This class of frames in-
cludes many structured frames that have already appeared in the literature: equian-
gular Parseval frames, mutually unbiased bases, and group frames. Surprisingly,
the numerical implementation of a relatively simple optimization problem based

on frame potentials led to frames with special structures, including Examples

and 3.3.5| as well as Examples|(3.3.21|and [3.3.22| further below.

3.3.1 Definition. Let 7 = {f;}_, be an (N, K)-frame and let G be its Gramian. The
frame F is called equidistributed if for each pair p, ¢ € Zy, there exists a permutation
7 on Zy such that |G;,| = |G| for all j € Zy. In this case, we also say that G is

equidistributed.

In other words, F is equidistributed if and only if the magnitudes in any column
of the Gram matrix repeat in any other column, up to a permutation of their posi-
tion. For Parseval frames, equidistribution implies that all frame vectors have the

same norm.

3.3.2 Proposition. If F is an equidistributed (N, K)-frame, then ||f;||> = K/N for

each j € Zy.

Proof. By assumption, for each p € Zy there exists 7 such that |G;,| = |G
holds for the entries of the associated Gram matrix G for all j € Zy and thus by the

Parseval identity

N
”fp”2 Z| fp:f] Z|GJP|2 z:|G7T(J'),1|2 = ||f1||2
j=1
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The trace condition Z;V: (G = Zjv: 1f51? = K for the Gram matrices of Parseval

frames then implies that each vector has the claimed norm. O

An equidistributed frame can be interpreted as a special case of an s-distance
set, which is an equal-norm (N, K)-frame, F = {f;},ez,, for which s = [{|(f;, fi)| :
J,l € Zn,j # l}|; that is, s is the number of distinct magnitudes of inner products

occurring between the frame vectors. These objects are interesting when s is small

N(N-1)

5—, because they are difficult to construct and often exhibit more

relative to

geometric structure. If a frame is equidistributed, then it is an s-distance set with
1 < s < N — 1, because all possible magnitudes of inner products between its
distinct vectors occur on the first row of the Gram matrix. Gerzon-like bounds for
the maximal number of vectors that can be achieved for various values of s are
provided in [37, [71]], while the special case s = 2 is emphasized in the study of

mutually unbiased bases [77, (54, 4], which we discuss more below.

To illustrate our definition of equidistributed frames, we provide several exam-

ples. To begin, every equiangular Parseval frame is equidistributed.

3.3.3 Example. Equiangular Parseval frames. Let G be the Gram matrix of an
equiangular (N, K)-frame. Since the magnitudes of the entries of any column of

G consist of N — 1 instances of Cy x and one instance of %, G is equidistributed.

A set of mutually unbiased bases is union of orthonormal bases such that the
modulus of the inner product between any two vectors from distinct bases is con-
stant. Such frames share many properties with equiangular Parseval frames [78,
55]. A slightly more general class, mutually unbiased basic sequences, consists of
frames which are unions of orthonormal sequences such that the modulus of the in-

ner product between any two vectors from distinct sequences is constant. After an
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appropriate rescaling of the vectors’ norms, every mutually unbiased basic sequence

is equidistributed.

3.3.4 Example. Mutually Unbiased Basic Sequences. Let N = ML and G € My x
be such that the matrix () whose entries are @);; = |G| is the sum of Kronecker
products of the form @ = bl ® I} + c(Jy — Iy) ® Jr, where b > 0, ¢ > 0, the
matrices /), and [;, are the M x M and L x L identity matrices, and J,,; and J;, are
the matrices of corresponding size whose entries are all 1. Each row of G has one
entry of magnitude b, L — 1 vanishing entries and (M — 1)L entries of magnitude
¢, so G is equidistributed. We also provide a concrete nontrivial example of such a

(6,4)-frame with M =3 and L = 2.

Let w = ¢*™/%, a primitive 8-th root of unity, A = /& and let

0 AaA A A

Wi

0 % ) A=A A
A —iA % 0 I \?
—IA A 0

wiN
>
€
>
€
w

A = W W % 0

A A AW A0

win

One can verify that G = G* = G? and clearly tr(G) = 4. Thus, G € Mg 4. Since the
magnitudes of the entries of every column consist of one instance of 0, one instance

of %, and four instances of ), it follows that G is equidistributed.

Next, we present an example for a type of frame that generalizes mutually
unbiased basic sequences and equiangular Parseval frames. We call it a block-

equiangular Parseval frame.
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3.3.5 Example. Block-equiangular Parseval frame. Let N = ML and G € My x
be such that the matrix () whose entries are ();; = |G| is the sum of Kronecker
products of the form Q = bl @ I, +cly @ (Jp—I1)+d(Jy — Iy) ® Jr, where b > 0,
c¢,d > 0. Each row of GG has one entry of magnitude b, L — 1 entries of magnitude c,
and (M — 1)L entries of magnitude d. We provide an example for the Gram matrix

of such a (8, 3)-frame with M =4 and L = 2.

Let yp = 7/ = (=34 2V/3i), ¢ = arccos(/3/7/2), A = 135 (V21 — 24e7%),

v=(T+(8— 206”/3)6321'4 ), k= 120(7 + (8 + 20€*™/3)¢%<), then
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=
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I
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®lw

is seen to be equidistributed by checking |x| = & and |p| = |v| = |A| = p.

3.3.6 Example. Group frames. Let I" be a finite group of size N = [I'| and 7 : I" —
B(H) be an orthogonal or unitary representation of I on the real or complex K-
dimensional Hilbert space H, respectively. Consider the orbit F = {f;, = 7(¢g) fe }4er
generated by a vector f. of norm | f.| = /K/N, indexed by the unit e of the
group. If F is a Parseval frame F = {f,},er, then F is equidistributed, because
(fgs fn) = (m(h™'g) fe, f.) and left multiplication by ~~! acts as a permutation on the

group elements.
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To have the Parseval property, it is sufficient for the representation to be irre-
ducible [92]], but it is not necessary. For example, cyclic (N, K)-frames can be con-
structed with representations of (Zy, +) on H, although irreducible representations

of abelian groups are always of degree 1.

Consider the Discrete Fourier Transform matrix, D = \/Lﬁ(emﬂ/ Ny

N

Gi—1- Itisa

rescaled matrix representation of the character table for Zy and its columns form
an orthonormal basis for CV. If A is a K x N matrix obtained by deleting any
choice of N — K rows from D, then its columns form a Parseval frame for CX
by Theorem because the deletion of rows is isomorphically equivalent to an
application of a coordinate projection to the columns of D. This process produces a

harmonic frame as defined in the preceding section.

3.3.7 Definition. Let ny,no,...,nx € {1,2,..., N} be any choice of distinct integers.
An (N, K)-frame F = {f;} ez, where f; = = (e*™/"/N)X, for all j € Zy, is called
a cyclic (N, K)-frame generated by the sequence {ny,ns...,nx}. When the sequence

{n1,ns...,nk} is not important, we call F a cyclic frame.

If 7 = {f;},ezy is a cyclic frame, then it is the orbit of the vector whose entries

are all \/LN under the unitary action of the representation for (Zy, +) defined by

Jj— diag(eQmjnl/N)jK:l.

Thus, every cyclic frame is equidistributed, and, because the construction described
above works for every pair of positive integers K and N with K < N, the existence

of equidistributed frames is guaranteed in the complex setting.

3.3.8 Theorem. For every N > K, an equidistributed (N, K )-frame over C¥X exists.
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In the last section, we described two classes of EPFs with constructions based
on combinatorial design principles: harmonic EPFs generated by difference sets
and Steiner EPFs. In the upcoming example, we combine these ideas to produce
infinite families of equidistributed frames. To begin, we explain the difference set

construction for EPFs from [58), (95]].

3.3.9 Definition. A (K, \) -difference set for Zy is a subset of distinct elements
{n1,na,...,nix} C Zy such that every nonzero element = € Zy can be expressed as

x = n; — ny in exactly A ways, where X is a positive integer.

3.3.10 Theorem. (Cyclic EPFs, [58}195]].) If F is a cyclic (N, K)-frame generated by
the sequence {ny,ns...,ni}, then F is equiangular if and only if {ni,ns,...,nk} is a

(K, \) -difference set for 7y where \ = K(NL__II) is a positive integer.

Proof. This is proved at the end of Section with an approach based on the

Fourier transform. ]

For example, the set {1,2,4} is a (3, 1)-difference set of the additive group Z-,
sincel —2=6,2—1=1,1-4=4,4—1=3,2—4=5and 4 — 2 = 2, so the cyclic

frame generated by this set is equiangular.

Now we turn to Steiner systems.

3.3.11 Definition. Let o and 3 be positive integers so that  := g—j and 3 are also

ositive integers. An % x o matrix A whose entries consist entirely of zeros and
B

ones is an («, 3)-Steiner matrix if

1. A has exactly 3 ones in each row,

2. A has exactly « ones in each column, and
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3. every two distinct columns of A have a dot product of one.

In [45], the authors used Steiner systems to generate EPFs. Here, we generalize
their approach to generate equidistributed frames

3.3.12 Example. Steiner equidistributed frames. Let A be an («, §)-Steiner matrix

with k = g—j as above, let W* be the synthesis matrix for an equiangular cyclic

(v, k)-frame C generated by a (x, A) -difference set, and let V' be the ar x % matrix

whose adjoint V* is defined as follows:

1. For each j € {1,..,a}, let F; be the % x v matrix obtained by replacing each
one in the jth column of A with a distinct row from W* and each zero entry

with a row of zeros.

2. Concatenate and rescale to obtain V* = LB[FlFQ Byl

Since the columns of W* are the frame vectors of C, the entries of W* are of constant
magnitude \% by the definition of a cyclic frame. Using this fact along with property
(1) in the definition of a Steiner matrix, it is straightforward to verify that V*V =
o3, so the columns of V* form an (av, %)-frame F, and by using this fact with
property (2), F is equal-norm. To see that F is equidistributed, let j € {1,2,...,a},
s € Z,, and consider the frame vector f’ corresponding to sth column of the block

F;. Since C is equiangular, it follows that

1
CV, K

G) Oy = 2
|<fs s Jt >| 6

for all s € Z, with s # t. On the other hand, by the fact that the magnitudes of

the nonzero entries of W* are \% combined with property (3) in the definition of a
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Steiner matrix, we have

(79, ;0] = iﬁ

forallt € Z, and ! € {1,2,...,a} with j # [. In terms of the Gramian, this gives v — 1

instances of %Cm and v(a — 1) instances of % occurring among the magnitudes of

the off-diagonal entries of the column corresponding to the vector £9_ Since j and

s were arbitrary, this shows that F is equidistributed.

For a concrete example, let w; = €>™/7 and let

(1) - 2(1)  3(1) A1) w?(l)

Wy Wy Wy Wy Wy
1
* 1(2 2(2 3(2 4(2 5(2
14 W ,7( ) ,7( ) ,7( ) ,7( ) ,7( ) 9

1(4) 2(4) 3(4) 4(4) w?(4)

wy L owr T wr Wy Wy

LONE
62) 7@

60,70

This is the synthesis matrix for the cyclic (7,3)-frame C generated by the (3,1)-

difference set {1,2,4} described above, so C is equiangular by Theorem [3.3.10} Let

which is a (4, 2)-Steiner matrix with x = 3. If r, 75, 73 denote the rows of W* and =
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denotes the 1 x 7 zero matrix, then the above construction yields

™ T z z
To 2 T z

rs < zZ T

V*

Z Tre Tro Z

zZ T3 Z T9

z Z T3 T3

which is the synthesis matrix for an equidistributed (28, 6)-frame with 6 instances of
51/ % and 21 instances of - occuring among the magnitudes of off-diagonal entries

for any choice of column from its Gram matrix.

Numerous examples of difference sets and Steiner matrices can be found in
combinatorial design literature [34], so this construction generates many infinite

families of equidistributed frames.

In the complex case, the Steiner EPFs introduced in [45]] can be viewed as spe-
cial cases of Steiner equidistributed frames. It is easy to check that {1,2,...,x}
always forms a (k,x — 1)-difference set for Z,,; and the cyclic EPF generated by

this sequence has the equiangular constant C,.1, = In light of this, if the

1
K+1°

equiangular cyclic frame C in Example|3.3.12|is generated by this sequence, then F

is a Steiner EPF.

As a final example, tensor products of equidistributed frames are again equidis-

tributed.

3.3.13 Example. Tensor Products of Equidistributed Frames. Let 1 < K; < N; and

1 < Ky < N, be integers, let Gy € My, k, and Gy € My, i, be equidistributed, and
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consider the Kronecker product G = G; ® G5. Then G is an Ny Ny x N1 N, Hermitian

matrix such that G* = (G, ® G)* = G7 ® G5 = G; ® G» = G, so it is an orthogonal

projection. Furthermore, G; ; = ﬁﬁj forall j € Zn,n,, so tr(G) = K, K,. Therefore,

G € My, N, x,16,- Now let p,q € Zy,n, with p = p1 N1 + pp and ¢ = 1 N1 + ¢o, and
let ), 1, and Q) denote the matrices whose entries are the absolute values of the
entries of G, G1, and G, respectively. Since GG, and G5 are equidistributed, row p of

Q is of the form

Pp = ((Q1)paX (QUp2X -+ (QU)pmX )y

where X is row p, of (), and row ¢ of () is of the form

Pe = (Q)g1Y (Q)gzY -+ (Q)gumY )

where Y is row ¢, of ()5. Since G; and G, are equidistributed, there is m; such
that |(Q1)q,,;] = [(Q1)g,m(j)| for each j € Zy, and similarly, the magnitudes of the
entries in Y are obtained from those in X by applying a permutation m, to the
indices. Thus, the magnitudes of the entries of p, are a permutation of those of p,,

so G is equidisributed.

In analogy to the Naimark complement for EPFs, a similar duality holds for

equidistributed frames.

3.3.14 Proposition. (Naimark complement for equidistributed frames.) If F = {f; }jczy
is an (N, K)-frame over FX, then F is equidistributed if and only if there exists an

equidistributed (N, N — K)-frame F' = {f}};cz, over FN~ which satisfies

[(fr Il = 11, )] fordll j € Zuy.
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Proof. The proof is identical to that of Theorem [3.2.1] O

To conclude this section, we characterize equidistributed frames in terms of fam-
ilies of sums of exponentials. This result is fundamental to the classification of crit-
ical points of the combined potential, ®*#%7 in Theorem [6.3.16. To prepare this,

we introduce the notion of a frame being a-equipartitioned.

3.3.15 Definition. Let 7 = {f;})*, be an (N, K)-frame and fix o € (0, 00). For any

J]=

x € Ly, define A2 = 3 el If A2 = A2 for all 2,y € Zy, then we say that
JELN
F is a-equipartitioned. If G is the Gram matrix of F, then we also say that G is

a-equipartitioned.

3.3.16 Proposition. Let G = (G;;)},_, be the Gramian of an (N, K)-frame F, and
let I C (0,00) be any open interval, then G is equidistributed if and only G is «-

equipartitioned for all o € 1.

Proof. If G is equidistributed, the magnitudes of every column are the same as those
of any other column, up to permutation. Thus, by definition of a-equipartitioning,

it is trivial to verify that then G is a-equipartitioned for all « € 1.

Conversely, consider for each = € Zy the function f, : (0,00) - R : a —
S e’ Let z,y € Zy be arbitrary. If f.(a) = f,(a) for all « € R then since
JEZN
f» and f, are both analytic functions which agree on an open interval, it follows

by the principle of analytic continuation that they must agree on all of (0,00). In

particular, this means that 3 e?lG+il* = S ¢2l%i* for all a € (0, 00). Thus,
JELN JELN

1 2 1 2
: - § a|Gg jl _ T - E a|Gy 5l
Jlféoalog< ¢ J) alglgoabg< ‘ yj>'

JELN JELN
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If the maximum magnitude in row z is not equal to the maximum magnitude of
row y, then this equation cannot hold. Similarly, if these maximal magnitudes did
not occur with the same multiplicity in each column, then again the equation would
not be possible. Thus, we can remove the index sets M, and M, corresponding to
the maximal magnitudes in rows x and y from the sum in the definition of f, and

[/, to obtain the new identity

D i LT S

JELZN\My JEZN\My

for all @ € (0,00). Repeating the procedure of isolating the strongest growth rate
shows that every possible magnitude that appears in row x must agree in multi-
plicity with every possible magnitude that appears in row y. In other words, the
magnitudes in row z are just a permutation of those in row y. Since z and y were

arbitrary, we conclude that G is equidistributed. O]

3.3.2 Grassmannian equal-norm Parseval frames

In [86], the authors coined the term Grassmannian frame to describe a frame F =
{f;}jezy over R¥ which minimizes the maximal magnitude among inner products
between distinct frame vectors subject to || f;|| = 1 for all j € Zx. Although EPFs do
not exist for all choices of K and N > K, a compactness argument shows that this
class of frames is a useful generalization which is never empty. This section concerns
an alternative class of frames: those which optimize this objective function with the
additional constraint of Parsevality. Because there are non-equiangular solutions to
both programs which coincide, we digress momentarily to discuss the first case and

its relationship to the line packing problem.
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The origin of the term Grasmannian frame is attributed to the problem of pack-
ing points into the Grassmannian space G(K, L), which is the compact Riemannian

manifold consisting of all L-dimensional subspaces in R [68]].

3.3.17 Problem. Given N, K, M € Nwith K > M and a continuous metric d defined
on G(K, L), how can one arrange a set of N subspaces {S5;};cz, in R* so that it

maximizes

min  d(S;,5;)7

JAELN,GH#L

The compactness of G(K, L) and continuity of this objective function show that
a maximizer for this problem, called a Grassmannian packing, always exists, so the
problem is well-defined. In their landmark paper [35]], Conway, Hardin, and Sloane

chose this metric to be the chordal distance defined by

dC(S, T) = \/SiIl2 91 + -+ Sil’l2 0L7

where {Gj}jyzl are the principal angles between the subspaces S and 7. By asso-
ciating the subspaces in R¥ to their corresponding orthogonal projection matrices,

they embedded the metric space (G(K, L), d.) into a Euclidean sphere.

3.3.18 Theorem. (Spherical Embedding, [35].) The map

~ L
SHPS:PS_KIK

is an isometric embedding of G(K, L) into the sphere of radius \/L/2 in RP with D =

w — 1, where Pg denotes the orthogonal projection onto the subspace S € G(K, L)

and d.(S,T) = L||Ps — Pr|s.

2

Proof. Suppose L < K/2.
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By the requirements of symmetricity and that the trace is L for any matrix which
projects orthogonally onto an element of G(K, L), it follows by dimension counting
that span{Ps € Mg(R) : Ps projects orthogonally onto S € G(K, L)} and R” are
isomorphic as vector spaces. Since every such orthogonal projection is the Gram
matrix for a (K, L)-frame, it follows from Parsevality that || Ps||? = % for all
S € G(K,L). Therefore, by the equality of the L?*-norm and the Hilbert-Schmidt
norm on Mg (C), it is sufficient to show that d.(S,T) = \/%HPS — Prl|lp.s. for all

S, T € G(K,L).

Let S,T € G(K, L) with principal angles {¢;}_,. With an appropriate choice of
basis, we can assume S is spanned by the columns of the matrix Ag = (e;) le, where
{er = (0;x)1=, }/_,is the canonical basis for R. Furthermore, after transformation
by an appropriate orthogonal operator, we may assume that 7" is spanned by the
columns of the matrix Ay = (cos #;e;+sin6,e;, )5 ;. Because the columns of Ag and
Ar are orthonormal bases for S and 7, respectively, their corresponding orthogonal
projections are given by Ps = AgA% = diag (1 L(j))f: , and Pp = Ap A}, where 1 is
the indicator function on the set {1,2,--- , L}. In particular, tr(PsPr) = ilcos? 6,

iz

SO
L
d.(S.T)* =) sin®0,
j=1

L
=1L — Z cos? 0;
j=1
=L —tr(PsPr)

1
= SIPs — Prlfys
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This proves the claim for L. < K/2. The case L > K/2 follows by noting that the
elements of G(K, L) are just the orthogonal complements of elements in G(K, K —

L). 0

This result allowed the authors of [35] to extrapolate an upper bound on the
minimal positive distance between the subspaces of a packing from Rankin’s results
on spherical caps [74l]. A spherical cap centered at x with angle 6 is defined by
C.(0) = {y € R” : ||ly|l2 = 1,arccos ((z,y)) < 0} and a #-packing is a set of points
{1,...,2;} on the unit sphere in R” such that C,,(6) N C,,(0) = 0 for all j # L.
In particular, if given a Grassmannian packing with a sufficiently large number of
subspaces, then, after embedding it into the sphere, the minimal distance between
distinct points cannot exceed the minimal distance between distinct vertices on a
regular orthoplex, which is a generalization of the octahedron to higher dimensions

given by the unit ball induced by the /' norm.

3.3.19 Theorem. (Orthoplex Bound, [74, 35|].) Let N > @ If {S;}jezy C

G(K, L) is a Grassmannian packing, then
L(K - L
min dC(Sj,Sl)2 < g

GIELN j#L forall j,l € Zy, (3.2)
) N,

and equality occurs if the N points correspond to a subset of the (K —1)(K +2) vertices

of a regular orthoplex.

Proof. By Theorem (3.3.18} we can identify {S;} ez, with points {2’ };cz, on the

sphere with radius \/# centered at the origin in R”, where D = w —1,

and we have

L(K — L)
K

1 /
d.(S;,81)° = 5|7

5 (1 —cosji), (3.3)

25 — =il =
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where 0 < ¢;; < 7 is the angle between z’; and .

Thus, (3.2)) is equivalent to showing , r%nn'#(l —cos ¢;;) < 1, which is equivalent
JNELN ]

to showing

m
m = Iin i< =, 3.4
Omin = | B0, 931 < 5 (3.4

and because the angles between the vectors {2’} jcz, do not depend on their lengths,
we re-identify them by their corresponding unit vectors {z; = ,/ ﬁx; 1 j € Ty}
Since these points correspond to a Grassmannian packing, ¢,,;, is maximal. There-
fore, after observing that two arbitrary but distinct caps C,,(¢) and C,, () are dis-
joint if and only if ¢,,;, > 260, we see that and hence (3.2) will follow if we
can show that 6§ = 7 is the maximal value for which N points can form a ¢-packing

on the unit sphere in R”.

To prove this, let D € N with D > 1 and define Np(f) to be the maximum
number of points that can form a 6-packing on the unit sphere in R”. Because
Np(0) is clearly non-increasing in 6, (3.2) will follow by verifying the claim that

Np(f) < D+ 1foralld > 7.

To prove this, let # > 7 and induct on D. We have N,() < 3, so suppose

Np_1(0) < D and, by way of contradiction, suppose there exists a ¢#-packing con-
sisting of D + 2 points 1, s, .., p42 on the unit sphere in R”. With no loss in

generality, we can assume that that zp,, = ep, which implies
z;(D) = (xj,Tpio) = cosp;pra < cos20 <0, forall j € {1,2,...,D+1}, (3.5)

where z;(I) = (z;, ¢;) denotes the Ith coordinate of ;. None of the remaining points
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can be antipodal to zp», for if z, = —ep for some 1 < a < D + 1, then
zj(D) = —(xj,x,) = —cosp;, > cos20 >0, forall j € {1,2,...,D + 1} with j # a,
which contradicts (3.5)). Therefore,

—1<zj(D)<O0forallje{1,2,....,D+1}. (3.6)

Next, define D + 1 points ¥, ..., yp+1 on the unit sphere in RP~! by deleting the Dth

coordinates of xy, x, ..., xp,1 and normalizing; that is, let
1
y](l) = )\—l’]<l), fOI'l I~ {1,2, 7l) — 1} andj € {1,2, ,D -+ 1},

where

which is well-defined since 0 < ); by (3.6).

Next, fix j,1 € {1, ..., D + 1} with j # [ and observe that

cos @ = (Y, y)

1
= W((%‘,xﬁ — z;(D)xy(D))
1
< ——(cos 20 — cos? 2
< )\j/\l(cos 0 — cos® 20)
<1,

_ 1 cos 260
where ¢ = X 1+cos 20

and ¢/, denotes the angle between y; and y;.
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Because 0 > 7, it follows that

—1 <(yj,u) < v <0,

which implies

o arccos(1)) c <7T 7T] .

2 42
Thus,

cos ¢ < cos2¢ forall j,l € {1,2,..., D + 1} with j # [,

which contradicts the induction hypothesis, since y, ..., yp,1 form a v-packing on

the unit sphere in RP~!. Therefore, Np(f) < D + 1 and the claim follows.

To see that equality in (3.2) can be achieved whenever the embedded points
correspond to a regular orthoplex, let V' = {£e, : j € {1,2,..., D}}. This set of 2D
points corresponds to the vertices of a regular orthoplex, and it is straightforward
to verify that V' forms a §-packing. The claim follows since removing points from

this set will not affect the 7-packing property.

]

In the case L = 1, the chordal distance becomes d.(S,T) = sin#,, so the prob-
lem simplifies to maximizing the smallest (acute) angle between any pair of lines
through the origin in R¥. If F = {f;},cz, is a set of unit vectors that generates a
set of N 1-dimensional subspaces in R¥, then the Pythagorean theorem and Equa-
tion show that maximizing the smallest angles between these lines is equivalent
to minimizing the maximal magnitude of inner products between elements of F.
Because an optimal line packing will obviously span RX whenever N > K, it fol-

lows that the set F is a frame in this case. Thus, the packing problem for G(K, 1)
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with N > K is equivalent to the problem of locating Grassmanian frames consisting
of N vectors over R¥ | so their existence and the orthoplex bound discussed above

carry over.

Next, we consider a modified version of Grassmannian frames, which are opti-
mizers for this problem when the additional restriction of Parsevality is imposed.

Once again, we express this property in terms of the corresponding Gram matrices.
3.3.20 Definition. Given the Gram matrix G' = (G;;)?_, of a frame consisting of
N vectors over FX, define its worst-case coherence as
G)= max |G,
(@) leT Al Gl
A frame F is called a Grassmannian equal-norm Parseval frame if it is an equal-
norm (N, K)-frame and its Gram matrix G satisfies

w(G) = min u(G,

G/EMN,KQQN,K

where Qy x denotes the set of Gram matrices corresponding to equal-norm frames

F ={f;}}, over F¥ with | f;||* = K/N for all j € Zy.

An argument similar to the proof of Proposition shows that My x N Qy g,
the set of Gram matrices belonging to equal-norm (N, K)-frames , is compact, and
it is nonempty, as shown in [32]. By the continuity of the maximal off-diagonal

magnitude, minimizers always exist over this restricted space.

Since EPFs achieve the Welch bound, it follows from Theorem that Grass-
mannian frames, Grassmanian equal-norm Parseval frames and EPFs are identical

for all settings in which equiangular (N, K)-frames exist. More generally, the set
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containment My x N Qyx C Sy implies that a tight frame which is a Grass-
mannian frame is, after an appropriate rescaling of the vector norms, a Grassman-
nian equal-norm Parseval frame. To demonstrate that this new definition is not
redundant, we note that examples of Grassmanian frames which are not tight are

provided in [16].

In [53], Grassmannian equal-norm Parseval frames are shown to be the optimal
frames when frames are used as analog codes and up to two frame coefficients
are erased in the course of a transmission. Based on the numerical construction
of optimal frames for R?, they did not seem to have a simple geometric structure,
apart from the case of equiangular Parseval frames. Nevertheless, it is intriguing
that there are other dimensions for which we can find Grassmanian equal-norm
Parseval frames that are not equiangular, but equidistributed. We provide examples

for the case where F = R.

3.3.21 Example. Let K = 2, N > 3, and consider the (N, 2)-frame with analysis

operator VV whose frame vectors are given by the columns of the synthesis matrix,
2 cos(mj /N
v JE [ [
sin(mj/N)

This frame is easily verified to be a nonequiangular and Parseval, but it is equidis-

N

j=1

tributed because it is a group frame induced by unitary action under (Zy, +). Fur-
thermore, as shown in [[16], this frame is a Grassmannian frame after scaling the
frame vectors to unit length, so it must also be a Grassmannian equal-norm Parseval

frame.

3.3.22 Example. Let K = 4 and N = 12. Consider the (12,4)-frame F with anal-

ysis operator V' whose vectors are given by the columns of the following synthesis
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matrix.

20 0 0 0 a a a —a a a a —a
0 20 0 0 a a -—-a a a —a a a
V* = ,
0O 0 2¢ 0 ¢ —a —a —a a —a —a —a
0O 0 0 20 a —a a a —a —a a —a

where a = ﬁg This is an equal-norm sequence of vectors which can be grouped

into 3 sets of 4 orthogonal vectors, thus it is straightforward to verify that this is a
Parseval frame for R*. In addition, inspecting inner products between the vectors
shows that they form, up to an overall scaling of the norms, a mutually unbiased
basis. Thus F is equidistributed, as in Example To see that this is a Grass-
mannian equal-norm Parseval frame, we show that it corresponds to an optimal line
packing. The absolute values of the sines of all possible angles between frame vec-
tors belong to the set {1,1/3/2}. By the orthoplex bound in Theorem V3/2
is indeed the largest possible value that the sine of the smallest angle can achieve.
Therefore, these vectors are spanned by the lines of an optimal packing in G(4, 1),
so they form a Grassmannian frame. As with the previous example, because F is a
Parseval frame which is simultaneously a Grassmannian frame, we conclude that it

is also a Grassmannian equal-norm Parseval frame.
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3.4 Equiangular Parseval frames and modulation op-

erators

Although it is not central to the main results of this thesis, this section presents
results involving the modulation operators of frames (see Definition [3.4.4)), which is
an approach based on the Fourier transform. In [11]], the authors used modulation
operators to prove that the maximal number of of mutually unbiased bases that
can exist in F¥ is K + 1. In our case, we provide characterizations of EPFs and

equiangular cyclic frames.

Given any frame, one can associate it to the discrete, operator-valued function
that maps the indices of the frame vectors to their corresponding rank one Hermi-

tian matrices.

3.4.1 Definition. The operator-valued map of a frame F = {f;},cz, consisting of

N vectors over F¥ is the map

A]::ZN—>IFKXK:jr—>fj®f;‘.

An advantage of thinking of a frame in terms of its operator-valued map is that,
by using the cyclicity of the trace function, the magnitudes of the inner products
between frame vectors of F are encoded in the Hilbert Schmidt inner products

between values of A r by

(Ar(7), Ar(O)) s = te(fif5 fufi) = te(f5 fufi £5) = [ ol

In a similar fashion, the results of this section rely on inspecting the Hilbert Schmidt
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inner products between the values of A 7, the Fourier transform of Ar. In order to
formally define the Fourier transform of such a function, we consider the larger
space of functions

EN,K = {A : ZN — IFKXK},

which is a vector space under point-wise addition and scalar multiplication, and

equip it with the inner product (-, -) . defined by

(A As) e = D (M), As()) ms

JEZN

Because the set {A, . :j+> 0;.Fap:l € Zy,a,b € Zi } forms an orthonormal basis
for Ly k, it is finite-dimensional, so we may regard it as a Hilbert space with respect

to the norm induced by (-, ).

3.4.2 Definition. The Fourier transform on Ly k is the linear map
7}17‘_ : EN,K — ,CNJ( A~ /A\,

where A is defined by
A€) =) whA()

JELN

and wy is the primitive Nth root of unity, e>™/",

As is customary, when given A € Ly x, we denote T A as A and refer to it as

the Fourier transform of A .

We recall the familiar Fourier inversion formula.

3.4.3 Theorem. The map Trr is invertible and its inverse is given by the formula
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1 o
7\ = A, where

1 SN
= > WA

EELN

forany A € Ly and j € Zy. In particular, A(j) = %K(—j)for every A € Ly i and

j € Zy.

3.4.4 Definition. If A is the operator-valued map for a frame F = {f;};cz, over
FX and A 7 is its Fourier transform, then the operator A 7(§) is called the ¢th modu-

lation operator of F, for each & € Zy.

For convenience, we record two formulae which relate the inner products be-
tween the vectors of a frame, 7, and Hilbert Schmidt inner products between its

modulation operators in the following lemma.

3.4.5 Lemma. If F = {f;};cz, is any frame consisting of N vectors over FX, then

L N?|(fu, f)P = 3 W “(Ax (), Ar(n)) for all a,b € Zy.

ENELN

~

2. (Ar(€), Ar(O)irs. = X j1eny W ISy, fi)]? for all €,C € Zy.

Proof. To see the first formula, let a, b € Zy and apply the Fourier inversion formula

to obtain

N*[{fas fo)|* = N*(Ax(a), A7 (D)) s,

SREDY w;ﬁ?\(s)?% > wi" R

§€EZN NELN

Z wbn a€ JA\f(n)>

ENELN
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To see the second formula, let &, ( € Zy, then

~ ~

(Ar(€), Ax(Q)) s = tr( DY whA() Y wy' A1)

JEZN VAN
= > Wk T (AG)AD)
YRISYAN
Z w l<| f]afl ’ .
leZN

3.4.1 A characterization of equiangular Parseval frames

In this section, we characterize EPFs in terms of their modulation operators. We

begin by characterizing Parseval frames with a simple lemma.

3.4.6 Lemma. A frame F = {f;};cz, over FX is a Parseval frame if and only if
Ax(0) = Ig.

Proof. This follows by realizing that A #(0) is the frame operator for F, so it is equal
to the identity operator if and only if F is an (IV, K )-frame.
O

Next, we provide a necessary condition which fully describes the Hilbert Schmidt

inner products between the modulation operators of an EPF.

3.4.7 Proposition. If F = {f;}cz, is an equiangular (N, K)-frame, then the follow-

ing hold:
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~

1. (Ar(),Ar(C))m.s. = O for every £, ¢ € Zy with | # j,

2. HK}—(é)H%{S = K](V[(_ill) foré- € {1727 7N - 1} and

3. |AF(0) 3.5, = K.

Proof. Given ¢,( € Zy with € # 0 or ( # 0, we have

Ar(©), A (s = Y Wk “I(f f)P

j ZEZN

by Lemma m Since F is equiangular and Parseval, we have || f;||* = ﬁ—i for all

j € Zy and |(f;, fi)|? = C% i for j # 1. Splitting the sum above according to these

factors yields

K?
2 : l 2 : l 2 :
,Jé C‘ fg,fl CN 7]5 ¢ e ,%5 <)

JIEZN JAELN ,jF#L q€LN
2
5 4 2 e K (€=0)
= O D Wk Yo wn = Chre Dot Vb 5 D Wl
JE€EZN l€EZN pEZn qQE€ELN
5 PE0) K2 4(6—C)
=0-Cyk W ﬁ Z WN™
PEZN qELN

where the first term vanishes due to the summation of consecutive powers of a root
of unity. If ¢ # (, then the remaining two terms vanish for the same reason, so

(Ar(€),Ar(O))a.s. = 0. If € = ¢ € {1,2,..., N — 1}, then the remaining terms can be

rewritten to yield

K2
—CJQVKpr(gf N2ZWN§ 0= N+mN
PELN qEZN
K(N-K) . K2
——— <N N
MN—1 Tz
K(K - 1)
- N-17
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so that the value of ||A#(¢)|2, ¢ is as claimed. Finally, by Lemma [3.4.6, we have
|AF(0) I35, = K. 0

As a corollary, we know the dimension of the subspace spanned by the modula-

tion operators.

3.4.8 Corollary. If F = {f;};ez, is an equiangular (N, K)-frame, then
dim(span{Ar(¢) : £ € Zy}) = N.

Proof. This follows immediately from Proposition [3.4.7] O

Because dim(CK*F) < K2, this provides an alternative proof for the maximal

number of equiangular lines that can be packed into CX.

3.4.9 Corollary. If F = {f;}jczy is an equiangular (N, K)-frame for C¥, then N <
K2,

Finally, we show that the necessary conditions of Proposition [3.4.7|are also suf-
ficient.

3.4.10 Theorem. If F = {f;}cz, is an (N, K)-frame, then F is equiangular if and

only if {K 7(€) Yeezy forms an orthogonal set with respect to the Hilbert Schmidt inner

product and ||/AX;(§)||%{S = K](VK__II) for& e {1,2,..,N —1}.

Proof. The sufficiency of equiangularity in this statement follows from Proposi-

tion|3.4.7| To see necessity, suppose that ||/A\;(§)||§IS = K](VK__II) forall¢ € {1,2,..., N—

1} and let a,b € Zy with a # b. By the first formula in Lemma and the fact
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that [|[Ax(N)||> = K from Lemma [3.4.6, we have

N
N2(for F)? =DM AF (9]

é=1

K(K = 1) N smietrayn K(K —1)
— Uy’ a K —

N_—1 ; c + N_—1

KK =1) S~ omicrayy , K(N = K)
T N1 ;e L

The first term vanishes due the summation of consecutive powers of roots of unity;

therefore, after dividing both sides by N2, we obtain

N
[{fa o)l = v =7y = O

as desired.

]

As a corollary to Theorem [3.4.10, we have a characterization of maximal com-
plex EPFs.

3.4.11 Corollary. If F = {f;};czy is an (N, K)-frame for CX with N = K? then F

is equiangular if and only if the set

1 - Nl g
B — {\/—FA}'(O)} U {\/%Af(o}gem,#o

forms an orthonormal basis for CX*¥ with respect to the Hilbert Schmidt inner prod-

uct.
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Proof Since the dimension of CX*X is K2 B is an orthogonal basis by Theo-

rem [3.4.10. The unity of the norms for |, /%7\;(5) with £ € Zy, & # 0 also fol-

lows from Theorem|3.4.10|and that \/L?K #(0) is unit norm follows from Lemma|3.4.6|

]

3.4.2 Modulation operators of cyclic frames

In Section|[6.3] we saw how the authors of [58,[95]] characterized equiangular cyclic
(N, K)-frames with difference sets. In this section, we reprove this result with
modulation operators. We begin by recording a basic fact about the inner products

between a cyclic frame’s vectors.

3.4.12 Lemma. If F = {f,};ez, is a cyclic (N, K)-frame, then

{5 P = [{fo, i)

forall j,1 € Zy.

Proof. Since F is a cyclic frame, it is the orbit of the vector f, under the action of

some unitary representation 7 of the additive group Zy acting on C¥, so

[{fi 1P = [{fo. 7D fo) I = [(fo, fiui)]?

forall j,l € Zy. O

As was the case with EPFs, the Hilbert Schmidt inner products between the

distinct modulation operators of a harmonic cyclic frame are zero.

52



3.4.13 Proposition. If F = {f;},cz, is a cyclic (N, K)-frame, then
(Ar(§), Ar(Q))ms. =0

forall £,¢ € Zy with £ # (.

Proof. Let &,( € Zy with € # (.

By combining Lemma |3.4.12| with Lemma |3.4.5, we obtain

Ar(©. A Oms = Y WA U MP= D of N fo )P

IHIELN HIELN

where wy = e?™/N, Reindexing this summation with ¢t = [ — j yields

(Rr©) Ar(O)s. = D wy [ fo, fl”

IRISYAN
1(& —t
= 3w (o F) Py,
l€ZN teELN

which vanishes because of the summation of consecutive powers of a root of unity

in the first factor of the last line. O

Since the modulation operators of a cyclic (N, K)-frame F are Hilbert-Schmidt
orthogonal, it is natural to ask when they satisfy the norm requirements of an EPF
described in Theorem In order to compute their norms, we recall that every
harmonic cyclic (N, K)-frame is generated by a sequence {n,ns, ..., nx} C Zy and

use this to compute the matrix entries of the modulation operators directly.
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3.4.14 Proposition. If F = {f;};ez, is a cyclic (N, K)-frame generated by the se-
quence {ni,ns...,nx}, then the entries of its modulation operators consist entirely of
zeros and ones. In particular,

~ 17 Ny —Ng = 6

(Ax(§))ap = 7

0, otherwise

for every ¢ € Zy, where wy = 2™/,

Proof. First, we compute the entries of F’s operator-valued map. If j € Zy, then,

by Definition and Definition [3.3.7, we have

1 e 1 n *
_( ) )a 1®_( ?Vb)g(l7

A]:(j)_\/ﬁ = \/N

so the (a,b) entry of Az(j) is

. 1 Ng—N
(AFD)ap = 7pon™ ™.

If £ € Zy, then by Definition [3.4.4, the (a,b) entry of A#(£) is

JELN JELN JELN

(/A\f(f))a,b = (Z wﬁ/\;(j)) - Z w]ﬁ( Y = 5 Z §(E+na—np)

If ny, — n, # &, the entry vanishes as a summation of consecutive powers of a root of

unity; otherwise, w’*"" ™) = 1 and the claim follows. O

It is clear from this computation that the Hilbert Schmidt norms of the modu-
lation operators for a cyclic frame depend heavily on how the generating sequence

{n;}i, is selected. As a corollary, we characterize the subset of cyclic (V, K)-frames
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whose modulation operators form linearly independent subsets of C**%,

3.4.15 Corollary. Let F = {f;}jez, be a cyclic (N, K)-frame generated by the se-
quence {ny, ny...,nk . If foreach £ € Zy, there is at least one pair (a,b) € {1,2,..., K} x
{1,2,..., K} such that ny — n, = &, then {Ax()}uicz,, is an orthogonal subset of CK*K

with respect to the Hilbert Schmidt norm.

Proof. The modulation operators are pairwise Hilbert Schmidt orthogonal by Propo-
sition |3.4.13| Combining the hypothesis condition with Proposition [3.4.14| shows

that each modulation operator is nonzero, so the claim follows. O

Furthermore, we have an upper bound on the dimension of the subspace spanned

by the modulation operators of a cyclic frame.

3.4.16 Corollary. If F is a cyclic (N, K)-frame generated by the sequence {ny,ns...,ng},

then dim(span{Ar(¢) : € € Zy}) < K2 — K + 1.

Proof By Proposition the entries and therefore the norms of #’s modulation
operators are completely determined by the set A = {ny, no, ..., ng } x{ny,ng, ..., nx },
which has cardinality K. In particular, the pairs (x,y) € A are in one-to-one corre-
spondence with the ones occurring among the matrix entries of the N modulation
operators of F. Since A#(0) = I by Lemma (or Proposition, the pairs
(n1,m1), (2, na), ..., (nx, nk) € A correspond to the diagonal entries of A #(0), which
leaves K? — K pairs remaining. Therefore, at most K2 — K modulation operators

besides A #(0) can be nonzero and the claim follows. N

In particular, this bound in conjunction with Theorem [3.4.10|shows that equian-

gular cyclic frames are never maximal.
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Finally, we reprove the characterization of equiangular cyclic (N, K')-frames in

terms of difference sets from Theorem [3.3.10l We recall the statement:

If F is a cyclic (N, K)-frame generated by the sequence {n;,ns...,ng}, then F
is equiangular if and only if {n, no,...,nk} is a (K, \) -difference set for Z, where

A= ) is a positive integer.

Proof. By Theorem [3.4.10}, F is equiangular if and only if its modulation operators

are Hilbert Schmidt orthogonal, ||A#(0)|% s = K and |Ax(€)||%s = XEZD for

¢€€{1,2,...., N —1}. Because F is a cyclic frame, the orthogonality is guaranteed by
Propositionand that |Ar(0)|% ¢ = K is guaranteed by Lemma Finally,
by Proposition the entries of each modulation operator consists entirely of
ones and zeros. Since the Hilbert Schmidt norm is equal to the Frobenius norm
on CE*K the formula for the entries in Proposition implies ||/A\;(§)||§{. g =
K(K 1 ) for € € {1,2,. — 1} if and only if {ny,ne,...,nk} is a (K, \) -difference

set for Zy with A = % O

In light of this characterization, we characterize the subset of cyclic frames
whose modulation operators form linearly independent sets and saturate the up-

per bound in Corollary|3.4.16

3.4.17 Corollary. If F is a cyclic (N, K)-frame generated by the sequence {ny,ns...,ny}
and N = K2 — K + 1, then dim(span{A#(¢) : € € Zy}) = K — K + 1 if and only if

F is equiangular and {ny, ny...,nk } is a (K, 1) -difference set for Zy.

Proof. By Theorem [3.3.10} if a cyclic EPF is generated by a (K, 1) -difference set,

then 1 = K](VK__ll) and this is equivalent to N = K? — K + 1. By Theorem [3.4.10, the
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modulation operators are nonzero and Hilbert Schmidt orthogonal, so
dim(span{Az(§) : £ € Zy}) = K* — K + 1.

Conversely, if dim (span{Ax(¢) : € € Zy}) = K2— K +1, then every modulation must
be nonzero. Since the pairs of the set A = {ny,ng,...,nx} X {ny,na,...,nx} are in
one-to-one correspondence with the nonzero entries of the modulation operators by
Proposition and since A 7(0) = I exhausts K of these pairs for its diagonal
entries, the remaining K2 — K modulation operators must have exactly one nonzero
entry and this is if and only if {n;,ns...,nk} is a (K, 1) -difference set for Zy, by the

formula for the entries in Proposition [3.4.14 O
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Chapter 4

Frame Potentials

In the previous section, Grassmannian frames were defined as minimizers of an op-
timization problem. Here, we develop this notion into a strategy for finding other
special types of frames. A frame potential is a real-valued function that depends on
the inner products between a frame’s vectors. By carefully constructing such func-

tions, frames with desirable properties can be characterized as their minimizers.

The purpose of the next two sections is to provide an overview of the literature
involving frame potentials. Because their optimization is typically executed over
either the class of equal-norm frames or the class of Parseval frames, we address
the two cases separately below. Since the history began with Benedetto and Fickus

using a frame potential in the equal-norm setting [14]], we address this case first.
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4.1 Equal-norm frames

The equal-norm constraint is a geometric property that provides certain advantages
when optimizing frame potentials. In particular, an equal-norm frame’s vectors can

be thought of as points on a sphere.

In 2003, Benedetto and Fickus studied the relationship between frames with
unit norm vectors and the physical notion of point charges on a sphere in RX [14].
Coulumb’s Law dictates that a charge x will repel a charge y of equal magnitude
with an electromagnetic force whose magnitude is inversely proportional to the
square of the distance between them. With the charge z fixed, this force can be
mathematically interpreted as a conservative vector field on R¥, because it is the
negative gradient of the Coulumb potential energy, which is a differentiable real-
valued function of the difference between the charges’ positions. In an ideal setting,
when a finite set of such charges is constrained to a conductive sphere, the overall
force causes them to seek out a state of equilibrium where the charges are as far
away from each other as possible. Such a configuration can be characterized as
a (local) minimizer to the Coulumb potential energy. Many of such minimizers
correspond to the vertices of regular polyhedra, which, in turn, correspond to equal-
norm tight frames. Motivated by this, the authors adapted these ideas in order to
characterize equal-norm tight frames. They introduced the notion of frame force,
a term which subsequent literature has generally used to refer to a conservative
vector field defined on some constrained set of frames whose corresponding frame
potential admits critical points (ie equilibria) with desirable properties. In the case

of [14]], they defined the frame force of a unit norm vector y acting on a unit norm
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vector x as

FF(x,y) = (v,y)(x —y),

which is induced by the potential given by

FPx,y) = 5]y

Summing F P(f;, f;) over all vectors in a unit norm frame F = {f,};cz, led to the

p-th frame potential where p = 1 [14].

4.1.1 Definition. The p-th frame potential of a frame F = {f;}, for a real or

complex Hilbert space H is given by

N

O, (F) = [ i)™

Ji=1

They provided a lower bound for ¢; when restricted to frames whose vectors all
have unit norm and showed that equality is achieved only when the frame is tight
[14]. We rescale the norms to obtain a characterization of equal-norm Parseval

frames.

4.1.2 Theorem. (Benedetto and Fickus, [14]].) If F = {f; j-Vzl is a frame for FX, with
F=RorC, and | f;|*> = K/N for each j € Zy, then

N

O F) =D I P> K

ji=1

and equality holds if and only if F is Parseval.

Proof The assumption on the norms is equivalent to the condition on the diagonal
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entries, GG ; = K/N, of the Gram matrix G = VV* of the frame F. By the Cauchy-
Schwarz inequality with respect to the Hilbert-Schmidt inner product, ®,(F) =
tr(G?) > (tr(GP))?/ tr(P?), where P is the orthogonal projection onto the range of
G in (*(Zy). However tr(GP) = tr(G) = K = tr(P) = tr(P?), thus the claimed
lower bound follows. The case of equality holds if and only if G and P are collinear,

which means whenever F is Parseval. O]

As an aside from the strictly equal-norm setting, we remark that the authors of
[26] extended this result by considering ®; when it is restricted, not to the unit-
norm frames, but to frames 7 = { f;}}_, for F** whose vectors’ norms satisfy | ;|| =
¢; for fixed, positive constants ¢y, ..., cy € R. Such frames can be interpreted as sets
of vectors lying on concentric spheres with radii ¢;. In this setting, they provided a

lower bound analogous to that of Theorem 4.1.2, which characterizes tight frames

with the prescribed lengths as minimizers whenever they exist.

In 2004, Blume-Kohout, Scott, Caves, and Renes were also prompted by a prob-
lem in physics when they characterized symmetric, informationally complete, pos-
itive operator valued measures (SIC-POVMs), or equivalently maximal complex
EPFs. By considering the restricted p-th frame potential for the case p > 1, they
showed that maximal complex EPFs are its minimizers, whenever they exist among
unit-norm frames [75]. A few years later, Oktay generalized this result to the non-
maximal case [72]]. These results are presented in the following theorem, where,

as before, the norms are trivially rescaled for Parsevality.

4.1.3 Theorem. ([[75] [72].) Let F = {fj}évz1 be a frame for FX, with F = R or C,
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and ||f;||*> = K/N for all j € Zy, and let p > 1, then

al 0y - KP(N — 1P+ KP(N — K)?
B(F) = Y ify il 2 T TR

=1

and equality holds if and only if F is an equiangular Parseval frame.

Proof. With the elementary properties of equal-norm frames and Jensen’s inequality,

we obtain the bound

S P P KQP 1 p
<I>p(]-"):;HfjH4 +;\<fj,fl>!2 > it Np_l(N_1)p_1<;\<fj,fl>\2> -

Expressing this in terms of ®; and using the preceding theorem then gives

K% 1 K?
YF) 2§t e et ) T )
J K 1 KP(N — K
S Nwd T NNt N
_ K®(N — 1!+ KP(N — K)P
B (N —1)p-1N2p-1

Moreover, equality holds in the Cauchy-Schwarz and Jensen inequalities if and only

if 7 is Parseval and if there is C' > 0 such that |(f;, f;)| = C for all j,1 € Zy with

J#L =

If equality holds, then an inspection of the proof shows that the magnitudes of

the off-diagonal entries of the Gram matrix is the constant

1 K? K(N — K)
CN»K:\/m(K—W) R EaE

from Theorem |3.1.4] see also [[46], [53], and [86].
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4.1.4 Corollary. Let p > 1. If F = {f;}jczy is a frame for FX with | f;||> = K/N
for each j € Zy, then ®,(F) achieves the lower bounds in Theorem and Theo-
rem if and only if F is an (N, K)-frame with |(f;, f1)| = C x for all j # .

Next, we consider frame potentials as restrictions to the space of (N, K)-frames

instead. This will prepare us for the main results of this thesis.

4.2 Parseval frames

While the equal-norm constraint allows the interpretation of frames as sets of points
on a sphere, the Parseval constraint allows frames to be thought of as projections of

orthonomal bases, as described in Theorem [2.2.1

Benedetto and Kebo used this result to minimize the probability of a detection
error for quantum measurements [[15]]. In certain scenarios, the possible states of a
physical system are modeled with a finite set of unit norm vectors {z;};cz, C F¥
which occur with corresponding probabilities {p; };cz, that sum to one. A measure-
ment apparatus can be thought of as a device which returns some index j € Zy that
hopefully reflects the true state of the system and it can be modeled with a Parseval
frame. Given an (N, K)-frame F = {f;};ez, over FX, the map IT : P(Zy) — My(F)
defined by

(L) = Zfz ® f

leL

is what physicists refer to as a positive operator-valued measure, which can be used to
determine the probability of whether the measurement device’s output are correct.

If the system is in a state x; during a measurement, then the probability that the
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device outputs a measurement | € L C Zy is given by
Pr(L) = (;, I(L)x;)
and, in particular, the probability that it correctly outputs {;} is

Pu({j}) = (;, ({5} ;) = (25, f; @ frag) = [{z;, [;) .

Thus, the average probability of a correct measurementis > p;|(z;, f;)|* and it is
JELN
straightforward to verify that

P.(F):=1="Y pilz;, [)P,

JELN

is the average probability of a detection error when modeling the apparatus with the
frame F. Seeking to minimize P, over the space of all (IV, K')-frames, they simplified
the problem by applying Theorem to show that minimizing P, over the space
of (N, K)-frames is equivalent to minimizing it over the space of orthonormal bases
in an ambient N-dimensional vector space, which admits a parametrization in terms
of of the coordinate charts of the Lie group of unitary (or orthogonal) matrices
[15]. By showing that P. corresponds to a frame force F., the authors were able to

interpret the second order ordinary differential equation

where x(t) is a parametrization of the N-dimensional orthonormal bases, as a New-

tonian equation of motion [15]. This allowed them to apply the physical law of
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conservation of energy to characterize the minimizers to P, as the constant solu-

tions for this ODE which minimize the energy

B(1) = S0 + Pu(a(t)

In [20], Bodmann and Casazza addressed the Paulsen Problem, which is to de-
termine how far in /? distance the closest equal-norm (N, K )-frame is from an arbi-

trary frame consisting of N vectors over FX.

4.2.1 Problem. Given a frame F = {f;};cz, for F¥ and ¢ > 0, find the largest
value 0 > 0 such that there exists an equal-norm (N, K)-frame 7' = { f}} ez, which

satisfies

|F —F|| = (Z If; — f;||2> <e

JEZN

whenever F is e-nearly equal-norm with constant C', which means
(1-C < |Ify]l < (1 —e)C forall j € Zy,
and e-nearly Parseval, which means

(=o)<Y Ko, [ < (1= ¢)llz|* for all 2 € F¥.

JEZN

They showed that the vector norms for the closest (N, K)-frame to an arbitrary
d-nearly equal-norm frame, as given in Theorem are controlled by a pair
of norm inequalities similar to the e-nearly equal-norm definition, which allowed
them to reduce the problem with the assumption that F is Parseval. By applying a

Naimark-like argument, they showed that the solutions to a system of ODEs which
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governs the evolution of orthonormal bases in N-dimensional Euclidean space cor-
respond to the solutions of a similar system over the space of Parseval frames, which
converge to equal-norm frames under certain conditions. By exploiting this corre-
spondence and intermittently switching between solutions of this ODE by multi-
plying frame vectors with carefully chosen unimodular constants, they obtained a
sequence which converges rapidly to a necessarily equal-norm minimizer for the

frame energy

UF) = > (H1P = 11A17)

HELN
This ultimately provided an upper bound for the distance between F and its nearest
equal-norm Parseval frame in terms of U(F), whenever K and N are relatively

prime [20].

4.2.1 Gram matrices of Parseval frames

By definition, the value of a frame potential depends only on the entries of its
Gram matrix, so another advantage of restricting frame potentials to the space of
Parseval frames is that, up to unitary equivalence of frames, the optimization of any
frame potential is equivalent to the optimization of the corresponding function on
the manifold My k. Although the benefits of My x’s manifold structure are not
clarified until the next chapter, from here on we view frame potentials as functions

of the Gramians of Parseval frames.

In this setting, we have a result which is analogous to Theorem |4.1.2}, character-

izing equal-norm (N, K)-frames.
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4.2.2 Theorem. Let G € My g, then

N
K2
P
i=1 N

and equality holds if and only if G;; = £ for each j € Zy.

Proof. We know that Z;V: 1 G;; = K, so the Cauchy-Schwarz inequality gives

N

N

1
> 1G> N(Z Gj;)* = K°/N
j=1

7j=1
and equality is achieved if and only if G;; = Gy, for all j,! € Zy. By summing the

diagonal entries of G, we then obtain NG, ; = K for each j € Zy. O

In [41]], Elwood lifted ®, to the space of Gram matrices for (N, K)-frames and

provided the following characterization of equiangular Parseval frames.

4.2.3 Theorem. (Elwood, [41].) Let G € My g, then

N
(6, |4>K2(K2—2K+N)
HE=TTN(N - 1)

J,l=1

and equality holds if and only if G, ; = K/N and |G,,;| = C k for each j # L.

Proof. We recall that by the fact that GG is an orthogonal rank-K projection, one

N N
has that ) |G,,|* = Y. G,; = K. With the help of these identities, we express the
§l=1 j=1
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difference between the two sides of the inequality as a sum of quadratic expressions,

A (K2+N—2K)
]12:1|Gjl| ( _1)

N N 9 N )
2 K2\ 2K(K —1) K
- 3 (G- (- 5) g o (G w)

J#L

In this form it is manifest that this quantity is non-negative and that it vanishes if
and only if G is a rank-K orthogonal projection with G; ; = K/N for all j and with
|Gj,l‘ :CN,K for all] 7&[ O

With this characterization in mind, the author studied a gradient descent for this
potential on My i [41]. Although she did not prove convergence for the trajecto-
ries induced by the gradient flow, she used a switching argument similar to the one
used by Bodmann and Casazza in [20] to obtain sequences which converge to fixed
points, provided that the limits exists. Unfortunately, the corresponding fixed point

equations allowed undesirable frames as possible critical points.

4.3 Summary

Since the introduction of frame potentials by Benedetto and Fickus in 2003 [14],
researchers have used them to characterize frames with various properties as mini-
mizers or critical points [14}126,[75, (72} 15] 20,411, see also [27,84,17,143,/57]. As
the literature has developed, a hierarchy of deeper questions has emerged, where

each question depends on the answer to the one before it.

68



1. Given a desired frame property P, is there a frame potential ' which charac-

terizes frames with P as minimizers?

2. If F is such a potential, is there an algorithm for locating the minimizers of F’

starting with a well-conditioned initial point?

3. Given such an algorithm, does it lead to the closest frame with P? Can it
be used to determine how far an arbitrary frame is from the nearest optimal

configuration?

In this document, the property P that we are interested in is the equidistributed
property. By restricting certain real analytic frame potentials to the space of Grami-
ans for Parseval frames and applying a gradient descent, we address questions (1)

and (2), but leave question (3) as an open problem.

In the next chapter, we prove that solutions to the first order ODE induced by
the gradient descent of a real analytic frame potential on M j are guaranteed to
converge to fixed points. In Chapter [6], we define several families of frame poten-
tials on My x and use them to characterize and locate both equidistributed and

Grassmannian equal-norm Parseval frames.
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Chapter 5

The Gradient Descent on My g

In order to locate (N, K)-frames with desirable geometric properties, we character-
ize their Gram matrices as critical points for families of analytic frame potentials
on My x and pursue them via gradient descent. In this chapter, we show that this
method works and develop tools for computing the gradient. By adapting a result
of Lojasiewicz, we prove that if M is a compact, real analytic Riemannian mani-
fold, then the solutions of the first order ODE induced by the gradient flow of a
real-valued, real analytic map defined on M converge to critical points. To apply

these results, we first show that M x is a real analytic Riemmannian manifold.

5.1 My as areal analytic, Riemmannian manifold

If F = C (respectively F = R), then My x is a subset of the (linear) manifold
of Hermitian (respectively symmetric) N x N matrices equipped with the Hilbert-
Schmidt norm. This induces a topology on My x generated by the open balls

B(X,0) ={Y € Myk : Y — X||lus. < o} of radius ¢ > 0 centered at each
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X € My k. To see that My k is a real analytic manifold, we show that it can be
covered by real analytic charts with corresponding real analytic change of coordi-
nates maps. Once this is established, the claim follows by considering the maximal

atlas induced by these charts. See Appendix[A.1]for details.

5.1.1 Theorem. The manifold My i is a real analytic submanifold of the (linear)
manifold of matrices FN*Y. The dimension of Myx is K(N — K) if F = R and
2K (N — K) if F = C.

Proof. As before, we define My x as the set of N x N orthogonal projections with
rank K. Given any G, € My x, we can find a subset of indices, J = {n, ns,...,nx} C
Zy of size |J| = K such that the rows of G indexed by J are linearly independent.
By the orthogonality of GG, removing the rows and columns corresponding to the in-
dices in Zy \ J from G, then yields the Gramian (G,)”” of the row vectors indexed
by J, which is invertible since the rows are linearly independent. By continuity
of the determinant in the entries of a matrix, there exists ¢ > 0 such that for any
G € My N B(Gp;e) the K x K submatrix G’/ consisting of the rows from G

indexed by J is invertible. Now, for G € B(Gy;€) N My i, consider the map

b;: B(Go;e) N My i — FNE(C), G — (G167 .

Noting that ¢,(G) contains a K x K identity submatrix, we define the chart ¢,(G)
to be the K x (N — K) matrix given by ¢,(G) = (Ix ¢,(G)), thereby defining what
will be our local coordinates in FX*(N-K) Then ¢, is analytic, since the inverse
of G’/ is rational in its entries; hence, ¢; is also analytic, since there is no loss of

analyticity in the removal of entries.

To see that ¢; has an analytic inverse, we show that we can reconstruct G
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from ¢(G) in an analytic fashion. First, we reinsert the K x K identity block
in a way that corresponds to J so that we have recovered the K x N matrix
A= ¢;(G) = (G")"'G*VN, as above. Next, we form the K x K Gram matrix Q =
AA* = (GM)LGIN(GIN)*((GP7)~1)*. Since G 5 was extracted from an orthogo-
nal projection, G*N(G7N)* = G7/, so that Q = (G77)~! is analytic in the coordi-
nates. Next, we orthogonalize the rows of A to obtain B := Q24 = (G//)'/2A.
The negative square root of () is seen to be analytic in ) via a convergent power
series expansion of (cI — (cI — @Q))~/? in terms of the powers of cI — (), where
¢ > ||@Q||- The rows of B then provide an orthonormal basis with the same span as
the rows of A and BB* = I. Thus, B is the synthesis operator of a Parseval frame

with the Gram matrix
BB =((Q#A) QA =GY(GM) e =G

We see that the entries of GG are analytic in the coordinates if there is ¢ > 0 such

—-1/2

that the power series expansion of (cI — (cI — Q)) converges, so ¢, is analytic

on the range ¢;(B(Go;¢€)).

Combining the analyticity of the charts and of their inverses, we conclude that
My k is a real analytic manifold because ¢; o ¢;' is analytic on the image of the
intersection of the domains of ¢, and ¢, for any subsets .J and L of size |J| = |L| =
K. The dimension of My f is the real dimension of F¥*(V=K) ‘which is K(N — K)

if F =R and 2K (N — K) if F = C. 0

Moreover, the Hilbert-Schmidt norm induces a Riemannian structure on the tan-

gent space T My g, as described in Appendix[A.1.1] Via the embedding, the tangent
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space T, My ik at Gy € My i is identified with a subspace of the Hermitian (re-
spectively symmetric) matrices, and the Riemannian metric is the real inner product

(X,)Y) = XY =tr(XY) = tr(XY™) restricted to the tangent space.

5.2 Convergence of the gradient descent

Let d be a positive integer and recall the definition for the gradient of an analytic
function F on the analytic Riemannian manifold R? from Appendix The
following classical theorem of Lojasiewicz provides an upper bound for the distance
between a critical point of an analytic function on R¢ and local points in terms of

the gradient.

5.2.1 Theorem. (Lojasiewicz, p. 61 - 67 of [64]; see also [61}67].) Let §2 be an open
subset of R and F : Q — R real analytic. For any x € ) there exist C,o > 0 and

0 € (0,1/2] such that for all y € B(xz,0) N,

[F(y) = F(2)]'"™" < CIIVF(y)l|.

This result can be extended to hold for real analytic functions defined on any

real analytic, Riemannian manifold.

5.2.2 Corollary. Let M be a d-dimensional real analytic Riemannian manifold. Let
Gy € Q C Mand let W : Q — R be real analytic, then there exist an open neighbor-

hood U of Gy in 2 and constants C' > 0 and 6 € (0, 1/2] such that for all G € U,

W(G) = W(Go)|"™" < C|VW(G)]-
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Proof. Since the manifold is real analytic, after choosing a chart I' : M — RY,
there exists a neighborhood U of z = I'(Gy) in R? such that F = W oIl !isa
real analytic function on U. Thus, the Lojasiewicz inequality gives a bound for the
values of F' in terms of the Euclidean gradient VF in a set B(z,o0) N U. However,
I' is a diffeomorphism, thus by the continuity of the matrix-valued function ob-
tained from applying the Riemannian metric to pairs of the coordinate vector fields
{a%j}?:l and by the fact that B(x,0) N U is paracompact in R?, there exists C’ > 0
such that |[VF(T'(G)|| < C'||VW(G)| if T'(G) € B(z,0) N U. The combination of
the Lojasiewicz inequality in local coordinates with this norm inequality gives the

claimed bound, valid in the neighborhood &/ = I'"!(B(z,c) N U) of G,. O

It is well known that the Lojasiewicz inequality can be used to prove convergence
of gradient flows induced by analytic functions on R?. Since the frame potentials
we define on My f in Section@ are all real analytic functions of matrix entries, we

provide a proof of convergence in our setting, adapted from [67].

5.2.3 Proposition. Suppose that W : My x — R is real analytic and let -y be a global
solution of the descent system v = —VW (). Then there is an element Gy € My k

such that v(t) — Gy as t — oo and VW (Gy) = 0.

Proof. First, we observe that W (v(t)) is a nonincreasing function, since

Ly in(t)) = VIV (4(8)) - 4(1),

dt
= VW () - VW (~(t))
= —[[VW(v(®))?

<0.
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Furthermore, since My j is compact, there must some point Gy € My x along
with an increasing sequence ¢, in R, ¢,, — oo, which satisfies that v(¢,,) — Gy. Thus,
the continuity of W together with the fact that ¢ — W (v(t)) is nonincreasing implies

that tlgglo W(~(t)) = W(Gy).

Since adding a constant to our energy function will not alter the gradient flow,
let us assume without loss of generality that W (Gy) = 0 and W (v(t)) > 0 for all

t>0.

If W(v(t)) = 0 for some ¢, > 0, then it follows that W (v(t)) =0 for all ¢t > ¢,. In
particular, since [|[VW ((2))[|? = =L W (y(t)) = 0, we have () = VW (y(t)) = 0 for

all ¢ > 0. In this case, the proof is complete.

Henceforth, we will consider the case where W (v(¢)) > 0 for all ¢ > 0. Due to
Corollary|5.2.2) we know that since IV is real analytic in some neighborhood of Gj,

it follows that there exist C, o > 0 and 6 € (0, 1/2] such that
(W () = W(Go)['™ = [WH(E)['™" < CIVW (y(®))]

for all t > 0 where ~(t) € B(Go;0) N My k. Let e € (0,0). Then there exists a

sufficiently large t, € R, that yields

W (v(to))

C
| meds + It - Gol <.

0

Setting t; = inf{t > ¢y : ||7(t) — Go|| > €}, we note that the Lojasiewicz inequality is
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satisfied for ¢ € [ty, t1), which gives us

Wy (1))
4 C e o—aW0(t) _ HVW<ow2 Iy

Since this inequality holds for any ¢ € [to,?;), it follows by integrating both sides

that for any ¢ € [to, {1] we have

[7(t) = Goll < lIv(#) =~ (to)ll + [ (t0) — Gl

t1
< [15)ds + 12 (t) = Gl
to

<C HVW(V(S))HQdS + {7 (o) — G|l

W (v(s))[*0
to
WO
—-¢ [ S+l -Gl
W (~(to))
W (~(to))

dv
<C / e [7(t0) — Gl

This shows that ¢t; = +o0, so that

FIvweer T
v
dt < dt = —_— .
l/h | C71W<uwa o [ <
0
Thus, we see that ||¥(¢)|| € L*(R, ), and conclude that v(t) — Gy as t — oo. O
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5.3 Characterization of fixed points for the gradient

flow

Recall that when F = C (respectively F = R), the embedding of M x into the
real vector space of Hermitian (respectively symmetric) N x N matrices induces a

similar embedding of the tangent space to My x at G,
TaoMnx = {7(0) : v € C'(R, My k),7(0) = Go} € FV*N

where + is the (matrix-valued) derivative of v. We use this embedding to compute

gradients and characterize where the gradient vanishes.

5.3.1 Lemma. Let Gy € My , then the real linear map

PGO . FNXN - IFNXN

X — (I — Go)XG() + G()X*(] — Go)

is the orthogonal projection onto T, My k.

Proof. As a first step, we observe that because Py, is idempotent, its range is the

real vector space
Vo, = {X e FVN 0 X = (I — Go)XGo + GoX*(I — Gy)} .

We show that this vector space contains each tangent vector at G,. Let v : (a,b) —
My k be a smooth curve such that 0 € (a,b) and v(0) = Gy. Since ~(¢) is an orthog-

onal projection for all ¢ € (a,b), one has that v(¢)* = v(¢) and v(¢) = v(¢)? = y(t)?
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for all ¢ € (a,b). Therefore, differentiating v(¢)? — ~(¢)* = 0 yields v(¢)5(t)v(¢t) = 0.

If X =4(0), then at ¢t = 0 this gives

GOXGO - O

Similarly, if «(t) = I, then the equations for the complementary projection, «(t) —

Y(t) = (L(t) —v()? = (L(t) — ~(t))? result in the identity

(I = Go)X(I = Go) =0

for X = 4(0). This, together with §(0)* = 4(0) shows that each tangent vector is in

Ve,

Moreover, from Section |5.1.1, we know the dimension of My x is 2K(N — K)
when F = C and K (N — K) when F = R. If U is a unitary (respectively orthogonal)
matrix whose columns are eigenvectors of Gy, the first X' columns corresponding to
eigenvalue one, then if X = X* and X = (I — Go)XGy + Go X (I — Gy), we know

0 Y
X=U U*
Y* 0
with some Y € FEXN=K g0 the real dimension of the space Vg, is 2K (N — K) when
F = C and K(N — K) when F = R. This is precisely the dimension of the real

manifold My g, thus the vector space is the span of all the tangent vectors.

Finally, we note that the map P, is idempotent and self-adjoint with respect to
the (real) Hilbert-Schmidt inner product. Thus, it is an orthogonal projection onto

its range, the tangent space of My x at Go. O
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Since Py, is the orthogonal projection onto T¢;, My k, it can be used to construct
Parseval frames for 7¢;, M y x from suitable orthonormal sequences. We first discuss
the complex case and then the real case. In the following, A,, with a,b € Zy
denotes the matrix unit whose only non-vanishing entry is a 1 in the ath row and

the bth column.

5.3.2 Theorem. Suppose F = Cand let {S, ., : a € Zn}U{Sap, Tup: a,b € Zyn,a > b}
be the orthonormal basis for the real vector space of the anti-Hermitian N x N matrices
given by S,o = i Sap = 1(Dap + Ab,a)/\/ﬁ and Top = (Aup — Ab@)/\/ﬁfor a > b,
then Pg,(Sap) = SapGo — GoSap and Pgy(Top) = T4 Go — GoT,, provides a Parseval

frame {Pg,(Sap), Pay(Tap) o,y for the tangent space Te, My k.

Proof. We first note that because S, , and 7, , are anti-Hermitian, GoSapGotGoS; ,Go =
0 and GoT,,Go + GoT;,Go = 0, which shows the simplified expressions for the
projections onto the tangent space. Next, we show the Parseval property. Since
{Sap, Ta,b}iv,b:1 is an orthonormal basis, the orthogonal projection P, maps it to a
Parseval frame for its span. This means we only need to show that the span of the

projected vectors is the space of all tangent vectors at Gj.

Conjugating the orthonormal basis vectors {S,, : @ € Zn} U {Sap, Tup : a,b €
Zy,a > b} with a unitary U does not change the span. We choose U so that it

diagonalizes G, with the first K columns of U belonging to eigenvectors of G of
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eigenvalue one. Thus

0 0 Ix 0
(I = Go)USa UG + GoU*S2,U(I — Go) =U S U
0 In_x 0 0
I 0 0 0
v " S U
0 0 0 In-k

where I and Iy_j are identity matrices of size K x K and (N — K) x (N — K).
Inserting the definition of S, ;, shows that this is zero unless a > K and b < K. In

that case,

(I — Go)US, UGy — GoU*SayU(I — Go) = Uiy — iy o) U* /N2 = iUT,,U* .

Similarly, if « > K and b < K, then

(I — Go)UTuyU*Go — GolU* TayU(I — Go) = —ilU SapU* .

The set {iUT,,U*, —iUS,,U* }4>kp<x is by inspection the orthonormal basis of a
2K (N — K)-dimensional real vector space of Hermitian matrices. Since this is in
the range of Py, it is a subspace of the tangent space. Its dimension then shows that
the set {iUT,,U*, —iU S, U }o> Kk p<x Spans the entire tangent space. Consequently,
{P;,(Su0) : a € Zn} U{Ps,(San), Poy(Tup) : a,b € Zn,a > b} is a Parseval frame

for the tangent space. ]

An analogous theorem holds for the real case.

5.3.3 Theorem. Suppose F = R and let {T,; : a,b € Zy,a > b} be the orthonormal

basis for the real vector space of the anti-symmetric N x N matrices given by T,;, =

80



(Agp— Ab,a)/\/ﬁfor a > b, then P, (T,) = T, ,Go — Go1,,, provides a Parseval frame

{Pay(Tap)} N,y for the tangent space T, My k-

Proof. The proof follows verbatim the proof of the complex case, with {S,;}.>s
omitted from the basis of the anti-Hermitian matrices. We note that after conjugat-
ing with a suitable orthogonal matrix U, the resulting projection of T, ;, with a > K

and b < K, onto the tangent space is

(I — Go)UT, UGy — GoU T,y U(I — Go) = —ilU Sy U

which is indeed a real symmetric matrix. Dimension counting then gives that the
image of {7} }.>s is a basis for the K (/N — K')-dimensional space of tangent vectors

at GO- [

The appearance of anti-Hermitian (respectively anti-symmetric) matrices is nat-
ural if one considers that selecting Gy € My x and a differentiable function u €
CY(R,U(N)) with values in U(N) (respectively O(N)) , the manifold of N x N uni-

tary (respectively orthogonal) matrices [62]], induces curves in My x of the form

V(1) = u(t)Gou™(t)

If u(0) = I then from Zu(t)u*(t) = 0, we see that 4(0) + @*(0) = 0, so A = 4(0) is

anti-Hermitian (respectively anti-symmetric) and

4(0) = AGy + GoA* = AGy — GoA.
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We denote the underlying map by Il¢, : U(N) = My k, g, (U) = UG,U* (respec-
tively Ilg, : O(N) = Mn k, g, (U) = UG,U*) and consider the associated tangent

map Dllg,.

We recall that the embedding of the tangent spaces 7;U (N) (respectively T;O(N))
and of T, My i in F¥*V induces via the Hilbert-Schmidt inner product a Rieman-

nian structure on the tangent spaces.

5.3.4 Corollary. The tangent map Dllg, from T;U(N) = {A € FMVN A = —A*}
(respectively TiO(N) = {A € FV*N A = —AT}) to Tg, My x given by

DIlg,(A) = AGy — GoA

is a surjective partial isometry.

Proof. The preceding theorems show that the map DIl is the synthesis operator

of a Parseval frame, so it is a surjective partial isometry. O

In order to characterize fixed points of the gradient flows associated with each
potential, we lift frame potentials and gradients to the manifold of unitary (respec-

tively orthogonal) matrices.

Given a function ® : My x — Rand Gy € My x, we consider the lifted function
Og, : UN) =R, BU)=dollg,(U) = D(UGU)
when F = C or
LO(N) 5 R, OU)=dollg,(U) = D(UGUT)

e

0
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when F = R.

5.3.5 Corollary. Let ® : My x — R be differentiable, then the gradient V®(Gy) = 0
if and only ifV(f)Go([) = 0.

Proof. We first cover the complex case. Letting v(¢) = u(t)Gou*(t), u(0) = I and
u(0) = A = —A*, then the chain rule gives % |,_,®(v(t)) = V®(Gy) - (AGo — GoA).

On the other hand, 4|,_y®(7(t)) = %|,—o®g, (u(t)) = VB(I) - A. We conclude
Ve, (1) A=VO(Gy) - Dllg, (A)

for any anti-Hermitian A. Thus, if V®(Gy) = 0 then V&, (I) = 0. Conversely, since

DIlg, is surjective, V&g, (1) = 0 implies that V®(Gy) = 0.

In the real case, A* is simply the transpose of A, so A = —A* means that A is
skew-symmetric rather than anti-Hermitian. The same argument as in the complex

case applies. O
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Chapter 6

Locating Structured Frames on My g

This chapter presents the main results of this work. We define several parametric
families of nonnegative, analytic frame potentials on My x and use them to locate
frames with geometric properties. We show that Grassmannian equal-norm Parse-
val frames can be obtained as limits of global minimizers for one of these families,
and with the assistance of the machinery developed in the preceding chapter, we
characterize various classes of equidistributed frames and equidistributed, Grass-
mannian equal-norm Parseval frames in terms of fixed point equations for the other
families. We also provide a simple characterization of equiangular Parseval frames,
similar to the one from Theorem[4.1.3] In order to formulate these families of frame
potentials in a convenient manner, we use the fact that every potential is at most

quadratic in the elementary one-parameter potential, F7 .

6.0.6 Definition. Let G = (Ga,b)fl\szl € Mygk. Given z,y € Zy and n > 0, we

define the exponential potential £} : My x — R by

2
E? (G) = elG=l”,
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6.1 Grassmanian equal-norm Parseval frames

It is natural to ask whether a characterization of Grassmannian equal-norm, Parse-
val frames in terms of frame potentials exists. To address this question, we introduce

the family of off-diagonal sum potentials.

6.1.1 Definition. Let G = (Ga,b>¢]1\,[b:1 € My k. Given n > 0, the off-diagonal sum
potential is the map @7, : My x — R defined by
N
q)gd<G) = Z(l - 5j,l)E;),z<G) )
§i=1
where the Kronecker symbol ¢,; vanishes if j # [ and contributes §; ; = 1 otherwise.
Although a Grassmannian equal-norm, Parseval frame may fail to be a minimizer

for @, for a fixed value 7, the family of frame potentials {®/,},-, characterizes

them.

6.1.2 Proposition. Let G € My x Ny g, then

H(G) = Tim ~ In(@7,(G))

n—0o0 T]

Moreover, if G’ belongs to a Grassmannian, equal-norm Parseval frame and G" €
My k N Qn k does not, then there exists an n > 0 such that (I)Z:i(G’) < @Z;(G”) for

each ' > n.

Proof. We have for any G € My x NQy
eM(G) < (I)Zd(G) < N(N — 1)67711(G)7
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thus lim, . %m(cpgd(a)) = u(G). Moreover, if G’ is the Gram matrix of a Grass-

mannian equal-norm, Parseval frame and G” is not, then ;(G") = u(G’)+¢€ for some
e>0andifn > In(N(N —1))/¢, then nu(G')+In N(N —1) < nu(G") +ne = nu(G")
and consequently ®”,(G") < N(N — 1)e™(@) < emlG) < @7 (G"). O

Although 1 is continuous on My x Ny g, it is not globally differentiable. Thus,
locating even local minima is difficult. Fortunately, we can reduce the minimization

problem for y to finding minimizers for a sequence of frame potentials.

6.1.3 Proposition. Let {n,,}>°_, be a positive, increasing sequence such that lim 7, =

m—o0

+o0. If {G(m) = (G(m)mb)i\fb:l}: ) C My x Ny is a sequence such that the re-

stricted potential O} achieves its absolute minimum at G(m) for every

d |MN,KQQN,K

m € {1,2,3,...}, then there exists a subsequence {G(my)}.—, and G € My x N Ay k

such that lim G(ms) = G, where G is the Gramian of a Grassmannian equal-norm,
$§—00

Parseval frame.

[eS)
s=1

Proof. By the compactness of My x Ny f, there exists a subsequence {G(m;)}
and G € My N Qy i such that sli_gloG(ms) — G. Now let G ¢ My N Oy k
correspond to any Grassmannian equal-norm, Parseval frame. By hypothesis, we
have

2% (G(m.) < @l (C)

for every s € {1,2,3,...}. Furthermore, for every s € {1,2,3, ...}, we have

elms 1(G (ms)) < (I)Z:ins (G(ms)) < N(N _ 1)677WL5H(G(777»3))'
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Thus

5§—00 S§—00 /r,ms §—00 nms

where the first equality follows from continuity of the max function. This shows

that GG belongs to a Grassmannian equal-norm, Parseval frame. O

6.2 Equiangular frames

If the off-diagonal sum potential is properly complemented by terms for the diago-
nal entries of GG, then a simple characterization of equiangular Parseval frames can

be derived.
6.2.1 Definition. Let G = (Ga,b)i\fb:1 € My . Given > 0, we define the sum
potential of G as

N
1, (G) = @1 (G) + Y e " NROED (G,

sum
=1

6.2.2 Proposition. Let G € My g, then

D7 (G) > N2enU/N? =K [N+ K(N=K))/N*(N-1)

and equality holds if and only if G belongs to an equiangular Parseval frame.

Proof. We use Jensen’s inequality to obtain

N
On(G) = S Pl N =CRes0) > 2oV Ecs (G P62 /N*=C )

sum

=1
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Now using the Parseval property gives Zfl:l |G| = K and thus

" (G) > N2€n(K/N2—KQ/N3+K(N—K))/N3(N—1)‘
Equality holds in Jensen’s equality if and only if the average is over a constant.
This implies that the diagonal entries equal G; ; = K/N and the magnitude of the

off-diagonal entries equals Cy k. O

6.3 Equidistributed frames

In Chapter |5, we learned that the gradient descent for any real-analytic frame po-
tential on My x always approaches a critical point. With this in mind, we direct
our attention to the geometric character of the critical points for several choices of
frame potentials, which culminates with results concerning equidistributed frames.
In order to compute the fixed point equations, we recall from Corollary that

V& vanishes at G if and only if Végo vanishes at /.

We start with V(E\;y)G(I ). From here on, when computing the gradient VEI\DG([ )
corresponding to any frame potential ®, we suppress the subscript G and the argu-

ment / and simply write V.

6.3.1 Lemma. Let F =CorF =R IfG € Myk, a € (0,00), z,y € {1,2,...,N},
and let (Eﬁy)(U) = Eg (UGU*), then the (a,b) entry of the gradient of Eﬁvy at I is

given as follows:

[VE‘?yy]a,b = OéeOZ‘GI’y‘Q(CTYy,:JJC;z,b(sy,ob - Ga,yGy,xéb,:p + Gz,yGy,béa,:p - Ga,xG:r,y(Sb,y) .
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In particular, if x =y, then
[Vﬁg@]a,b - 2aGa:,mea|Gx’x|2 (5a,me,b - 5b,xGa,x) .

Proof. Let S,p = i(Aup+Apa)/vV2fora <bandlet T, = (Agy—Apa)/V2fora < b

as before.

We first compute the entries of the matrices S, ,G — GS,p and 1,,G — GT,,

[Sa,bG - GSa,b]:v,y [Aa,bG + Ab,aC: - GAa,b - GAb,a]:p,y

%|~ Sl

[(5a SCGI) Y _|_ 5[3 ‘Z‘Ga Y Gx,a(sb,y - Gx,béy,a] .

and

[Ta,bG - GTa,b]:my = [Aa7bG - Ab7aG’ - GAa,b + GAb,a}x,y

Sl

[6a xGby 6b,mGa,y - Gm,aéb,y + Gr,b(;a,y] .

%I

Let x,y € Zy, then

VES - Sup =

x?y

EhZOEﬁ’y(G +t(SapG — GSap))

i e
- Eae G| (Gy7x(5a,xGb,y + 5b,xGa,y - Gx,a(sb,y - Gx,b(sy,a)

- Gm,y(éa,mGy,b + 6b,xGy,a - Ga,méb,y - Gb,x(sy,a))
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and

= d
VEZ,  Tus = 2 li=0E5, (Go + H(TupGo = GoTay))

|
= Eae Gyl (Gy,x((sa,xGb,y - (5b,xGa,y - Gx,a(sb,y + Gx,b5a,y)

+ Gw,y((ga,xGy,b - 5b,xGy,a - Ga,ac(;b,y + Gb,xéa,y)) .
Thus, when F = C, summing the components of the gradient gives

[VE\?,y]a,b = [(VEiy : Sa,b)Sa,b + (Vﬁg,y : Ta,b)Ta,b]a,b

- aea‘Gz’y‘Q(Gy,me,béy,a - Ga,yGy,x(Sb,:p + Gm,yGy,béa,x - Ga,:me,y(sb,y) .
Using the fact that G,;; = G, for all j,1 € Zy when F = R, we obtain again

[VES Job = (VES, - Tuy)Tublas

= &ea‘Gz’y‘Q(Gy,xGx,b(sy,a - Ga,yGy,mdb,:r + Gz,yGy,b(Sa,:p - Ga,xGx,y(sb,y) .

]

Because the expression for Vﬁgvy does not depend on whether F = C or F = R,

we do not distinguish between the two cases for the remaining gradient computa-

tions.

6.3.1 The sum potential and the absence of orthogonal frame

vectors

Next, we investigate the sum potential.
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6.3.2 Proposition. Let G € My, let a,b € Zy, and let o7 U)=2aor, (UGU™),

sum

then the (a, b) entry of the gradient of ®" s given as follows:

sum

[VEI\DZUW} = 2 Z (e"Gosl® — eCGoilyG, G,y + 26" (G Gy — GaaGay)
’ JELNj#{ab}

K2

2 _KZ 2 2
+267)(CN4’K N2) <€nGa’aGa7aGa,b - enGbybGa:bivb) :

Proof. By linearity of the gradient operator, we have

sum

. 1 N . (G 2) N

Vo = > VE] 4"\ ONxTN) N VED
Li=1 s=1

l;j

By applying Lemma [6.3.1], the claim follows. ]

In the investigation of gradient descent for equal-norm frames, nontrivially or-
thodecomposable frames presented undesirable critical points [40]. We show that
this class of frames does not pose problems for our optimization strategy when an

initial condition is met.

6.3.3 Definition. A frame F for a Hilbert space H is called orthodecomposable if
there are mutually disjoint subsets J;, Js, ..., J,, partitioning Zy and subspaces
Hi, Ha, ..., Hy of H such that {f;} e, is a frame for H;, and H;, L H, for all k # |,
so H =@, Hi.

In terms of its Gram matrix G, a frame F is nontrivially orthodecomposable if
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there is some permutation matrix P which makes G block diagonal,

G' = PGP* = ’

!
0 2,2

where G} ; # 0 and G5, # 0.

A sufficiently small initial value of the sum potential rules out that the gradient

descent on My x encounters such orthodecomoposable frames.

6.3.4 Proposition. Let G € My i and n > 0. Suppose that

o1 (G) <2+ (N? — 2)GW(K/(NQ_Q)—K2/N(N2_2)+K(N_K)/(N(N_1)(N2_2))

sum Y

then G contains no gero entries.

Proof. We prove the contrapositive. Let G;; = 0. Without loss of generality, we can
assume that j # [ because if a diagonal entry in G vanishes, then so do all entries
in the corresponding row. Now we can perform Jensen’s inequality for the entries
other than G;; and G, ; and obtain

1 (G)>2+ (N> — 2)677/(1\72—2) =1 (G =06, (K2 IN?=C% 1))

Inserting the value for Cy x and using the Parseval property gives the claimed

bound. ]
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6.3.2 The diagonal potential and equal-norm Parseval frames

Next, we show how equal-norm Parseval frames which exhibit no orthogonality

among the frame vectors can be obtained.

6.3.5 Definition. Let G = (Gap)0,—; € M. Given § € (0,00), we define the

diagonal potential ®%,, : My — R by

diag

(U) = &

6.3.6 Proposition. Let G € My g, let a,b € Zy, and let o’ diag

diag

(UGU™).

Then the (a,b) entry of the gradient of 0. s given as follows:

diag

diag

[VEI\)(S :| - 2Ga,b(Ga,ae5|Ga’a‘2 - Gb7b€5\Gb,b\2) :
a,b

Proof. Observe that by linearity of the gradient operator, we have

v&)giag:v % Z Eg,x :% Z VE:(KS,QU

x €ELN T €ELN

By summing over the different cases for  and applying Lemma , the claim
follows. -

6.3.7 Proposition. Let ®° := ¥ + %, be a function on My g, where ¥ : My x —

diag

[0,00) is any real analytic function that does not depend on the parameter §. Let
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G € My with no zero entries and suppose V®°(G) = 0 for all § € I, where

I C (0,00) is an open interval, then G is the Gram matrix of an equal-norm Parseval

frame.

Proof. Recall from Proposition |6.3.6|that each (a, b) entry of V®J. s given by

diag

[VEI\)(S ]a,b = 2Ga,b(Ga,a€5|Ga’a‘2 - Gb,beale’bP)‘

diag
Thus, by hypothesis and Corollary|5.3.5, we have
[VO%]ap = [VU]ap + 2Gap(Gaae?Coel” — Gy o) = 0, Va, b € Zy, V6 € 1.

Since [V@‘S]a,b is constant for all 0 € I and since ¥ does not depend on 4, taking the

derivative of this expression with respect to ¢ yields

d = d o d : 8
5 (V®ap = [VWap+ 2<2G0p(Gaae” " = Gypetlel)

3 6|Ga,al? 3 0|Gypl?
— O +2Ga7b<Ga7a€ ‘ a,a| — Gb,be | b’b| )

for all a,b € Zy and for all 6 € I. Since G contains no zero entries, we can cancel

the factor 2G,;, in these equations to obtain
(B G, — (3 G2,
bpe T = a,ae "

for all a,b € Zy and all § € I. By the strict monotonicity of the function z — z3¢?*”
on R, this implies G,, = Gy, for all a,b in Zy. This is only possible if G is equal-

norm, so we are done. ]
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6.3.3 The chain potential and equipartitioning

In this section, we show that a-equipartitioned frames can be obtained under cer-
tain conditions with the chain potential. This requires two auxiliary functions: the

exponential row sum potential and the link potential.

6.3.8 Definition. Let G = (Gup)),—; € My k. Givenz € Zy and o, § € (0,00), we

define the exponential row sum potential R : My r — R by

R&9(G Z BE, .(G)
] L)#x
N
Z e Ga 512 + ﬁe\Gz,IIQ )
j=lyF

We define the link potential L% : My  — R by
LyH(G) = (Ry°(G) = RIL(G))?

and the chain potential ®%” : My i — R by

=3 1)

JEZN

Next, we compute the gradients of R*# and L>#at I.

6.3.9 Lemma. Let G € My, a € (0,00) and x € {1,2, ..., N}, and let R*3(U) =

ReP(UGU™), then the (a,b) entry of the gradient of 1?25 at I is given as follows:
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VR = 3 el [2GoGrathe + GaiGisbas — GawCGiaidh

T
JjELN
j#a

+ 2ﬁ€‘Gzyz|2 [Gx,xGx,bam,a - Ga,xGI,xdb,I] '

Proof. This computation follows immediately from Lemma by observing that,

because of linearity of the gradient operator, we have

~ 1 = > 1 o )
VRS =V |~ 3 B +BEL,| =~ Y VEI+AVEL,.
JjE€ELN J€Zn
j#a i#a

O

6.3.10 Lemma. Let G € My and o, € (0,00). Furthermore, let z,a € Zy

and set b = a + 1. Let L>#(U) = L®#(UGU"), then the (a,b)-entry (ie, along the
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superdiagonal) of the gradient of E;"ﬂ at I is given as:

VL] =R - Ry

Z G s

% [€a| (=G jGjabos + G jGsbas — GawGaily)
j€LN
i#a

Got1]?
— oGt (—Ga;Gjat10b041 + Got1,;Gj 00241 — Ga,x+1Gm+1,j5b,j>i|

_|_ 2ﬁ |:€‘Gz,z|2 (Gm7xGm7b5$7a — Ga’zGCIS,IEéb,x)

G 2
- 6' st1o41] (Gx+1,x+1Gz+l,b5:r+1,a - Ga,z+1Gx+1,x+15b,x+1):|

Proof. 1f we let h(t) = 2, then we see that
LyH(G) = (R2(G) = RI\(G))* = h(R3(G) = RI\(G)),

Therefore, by applying the chain rule and linearity of the gradient operator, we see

that
VLY = W(Re(G) - RyA(Q))V(RY — Refy)
= 2(R7(G) = R (@) (VRS = VR
The rest follows by Lemma|6.3.9 O
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For notational convenience, we define ¢, : Z3; x M ~nix — Cfor a > 0 by

@a(@; b7 z, G) - Z [eale’jF (_Ga7jGj,ac5b,x + Ga:,jGj,b(sa,x - Ga,xGm,j(sb,j)

JjELN
j#a

.12
— 2lCer1l (—GajGiat10b 041 + Goi1;Gjp0ap+1 — Gazt1Gat1,00,5)

6.3.11 Proposition. Let G € My g, o, 3, € (0,00). Let a € Zy and set b = a + 1, so
that (a,b) entry of G falls on the superdiagonal, and let @f,’f (U) = %P (UGU*), then

the (a,b) entry of the gradient of 5?,;5 is given as follows:

Ve’ =2 3 (BUG) - BA(O)) el )

JjE€LN

+ 46 { ~GoaGape " [RA(G) = B (G))
F (GaaGape'“oel” + GuyGyoe!® RO (G) — R (G))

= GG P [Ry(G) — REA(@))}

Proof. Observe that
veri—v | 3 it = 3 vios
JjELN JjE€ELN

By summing over the different cases for j and using Lemma [6.3.10} the claim fol-
lows, where we have isolated the nonzero terms which are multiplied by the pa-

rameter (5 (i.e., correspondingto j =a— 1, j =a,and j = a + 1). O
6.3.12 Proposition. Let 7 := \D+<I>?;L’B be a function on My i, where ¥ : My x —
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[0, 00) is any real analytic function that does not depend on the parameters « or (3. Let
G € My be equal-norm with no zero entries, fix o € (0,00), and suppose that
VCI)?,;B(G) = 0 for all B € J, where J C (0,00) is an open interval, then G is a-

equipartitioned.

Proof. Since ¥ does not depend on (5 and since VCI)?,;B = 0 for all § € J, then using
corollary and taking the partial derivative with respect to  of an (a, b) entry
of V&%’ gives

d i~ i
— [V = —[VU(G)]ap +

— (Vo
dﬁ dﬁ dﬁ [V ch]a,b
d Ta
= 0 -+ % [Vcbc}lﬁ]a,b
=0

for all 5 € J. In particular, we have %[V&D?;ﬁ lap = 0 for all a,b € Zy and for all

B eJ.

Next, we compute %[@ff ]ap for the case where b = a + 1 (ie, along the super-
diagonal), thereby inducing a set of equations which will lead to the desired result.

So, from here on, we suppose that b = a + 1.

First, we observe a simplification that results from the assumption that G is
equal-norm. Referring back to Proposition we note that every additive term
of [Vich]a,b has a factor of the form (R?’ﬁ (G)— Rjofl(G)). However, since G is equal-
norm, we can replace each of these factors with (R$(G) — R$,,(G)) to denote the
fact that the  terms corresponding to the diagonal entries have canceled because

of the equal-norm property. After doing this, we see that there are only three terms

of [V@)?;’fg ]o.p which still depend on 5. Now the desired partial derivative is easy to
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compute, which yields

d _~ 2 o N
%[Wch]a,b = —4Gq4Gape!®[RIP(G) — R2P(G))

+ A(GaGapeCeel” + Guy Gy el RO (G) — R (@)
— 4Ga,bi,b€|Gb‘b|2 [R?’B(G) — R?fl(G)

=0

Once again, because G is equal-norm, it follows that G,, = Gy, = %, so this

equation can be rewritten as

d 3 K K2 le o o «
%[V(I)ch]a,b = _4NGa,be|N| (Ra—l(G> - 3Ra (G> + 3Rb (G) - Rb—i-l(G))

=0.
Since G contains no zero entries, we can cancel the factor(s) —4%Ga,b6|%|2 to obtain
R3—1(G) - 3RS(G) + 3Rba(G) - ?+1(G) =0

for all a,b € Zy, where b = a + 1. This induces the linear system Ax = 0, where A

is the N x N circulant matrix

-3 3 -1 0 - 0 1
1 =3 3 -1 - 0 0
A= 0 1 -3 3 0 0
3 -1 0 0 1 -3
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and
R (G)

R3(G)

Ry (G)

The circulant matrix A is the polynomial A = —3I + 35 — 5?2 + SV¥~1 of the cyclic

shift matrix S. Therefore, its eigenvectors coincide with those of .S,

and by the spectral theorem the eigenvalues of A are then given by
Aj=—=3+3w; —w; +w} ', j € Ly,

2mig . . .
where w; = e~ , the Nth roots of unity, are the corresponding eigenvalues of S.

The system Ax = 0 is homogeneous, so we would like to obtain the zero
eigenspace of A. By letting j € Zy, setting \; = 0, and then factoring, we ob-

tain

2 N-1
0=—-343w; —wj +w,

=—(1-w)2—w; — wjv’l).

Inspecting both factors, we see that \; = 0 iff w; = 1 iff j = 0 mod N. Thus,

the zero eigenspace is 1-dimensional and spanned by the vector of all ones. In
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particular, this shows that

R{(G) = R3(G) = --- = Ry(G).

In other words, G is a-equipartitioned. O

6.3.13 Corollary. Let 8 := U + @?f be a function on My i, where U : My ¢ —
[0,00) is any real analytic function that does not depend on the parameters « or [3.
Let G € My i be equal-norm with no zero entries, and, furthermore, suppose that
VCD?,;B(G) =0forall « € I and all § € J, where I,J C (0,00) are open intervals,

then G is equidistributed.

Proof. Since J is an open interval, it follows by proposition [6.3.12| that G is a-
equipartitioned for every o € I. Therefore, by Proposition [3.3.16, G is equidis-
tributed. [

6.3.4 A characterization of equidistributed frames

Finally, we combine these definitions to obtain the family of potential functions

which will yield our main theorem, as defined below.
6.3.14 Definition. Let G = (Gq4)0,—; € My k. Given a, 3,6,n € (0,00), we define

the combined potential, ®*%°" : My — R, by

ANy = d%P(G) + 0%, (G) + "

diag sum

Q).

6.3.15 Definition. Let G € My, let I, J.T C (0, 00) be open intervals and n > 0,

then we say that G is a family-wise critical point with respect to { @97} o1 sc 1 5er
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if Vo*Aon(G)=0forallael, 3 J,and § €T.

6.3.16 Theorem. Let G € My g, let I, J, T C (0,00) be open intervals and n > 0. If

G is a family-wise critical point with respect to {®“F°1} 1 sc ;5 and

BB IN(@) < 24 (N? — 2) /(NP2 K2 N(N2-2) K (N—E)/(N(N-1)(N?-2))

for some o/, 3, &' € (0,00), then G is equidistributed.

Proof. Since G is a family-wise critical point, V®*#%1(G) = 0 foralla € I,5 € J

and o € T.

Since @75'1(G) = %7 (Q) + 9%, (G) + P

diag sum

(G) < D, with

D=2+ (N2 _ 2)en(K/(N272)7K2/N(N272)+K(N7K)/(N(N71)(N272))

then it must also be the case that 7 (G) < D. Hence, GG contains no zero entries,

sum

by Proposition [6.3.4

Now, with respect to Proposition [6.3.7, we can momentarily rewrite ®*%9" as
0 = U+ %, where ¥ = %P 4 @7, . Since we have confirmed that there are no

zero entries, since ¥ does not depend on ¢ and since V®°(G) = 0 for all § € T, it

follows from Proposition that G corresponds to an equal-norm Parseval frame.

Finally, with respect to Corollary [6.3.13] we can once again rewrite ®*#°" as
o = U + &% where U = 7+ ®?,,, this time. Since we have confirmed that

G contains no zeros, since G is equal-norm, ¥ does not depend on « or 3, and
Vo%P(G) = 0 forall a € T and 3 € J, it follows from Corollary |6.3.13| that G is

equidistributed.
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O]

Alternatively, we can relax the requirement on the value of the potential and
simply assume that our family-wise critical point contains no zero entries. It is
clear from the preceding proof that this would also yield equidistributivity, as stated

below.

6.3.17 Corollary. Let n > 0. If G € My g is a family-wise critical point with respect
to the family of frame potentials {®*59"} ,cr sc7ser and G contains no zero entries,

then G is equidistributed.

6.3.18 Proposition. Let n > 0 and G € My k be equidistributed. If Vo7, (G) = 0,

sum

then G is a family-wise critical point with respect to {®*%°1}, 5 5¢(0.00)-

Proof Since G is equidistributed, we see immediately that ®%°(G) = 0 for all
a,B € (0,00), so it follows that V&*’(G) = 0 for all o, 8 € (0,00). Similarly,

since G' must also be equal-norm, we have ®%,  (G) = 0 for all § € (0, c0), which

diag
impliesV®9,, (G) = 0 for all § € (0, 00). Thus, if V&7, (G) = 0, then
VOIING) = VG (G) + Bl (G) + VL, (G) = 0
for all o, 5,6 € (0,00), so the claim follows. O

The assumption in the preceding proposition is met when the frame is generated

with a group representation as specified below.

6.3.19 Proposition. Suppose ' is a finite group of size N = |I'| with a unitary
representation m : I' — B(H) on the complex K-dimensional Hilbert space ‘H and
{fy = m(9)fe} is an (N, K)-frame. If the Gram matrix G satisfies G, = Gp,-1 41 for

all g, h € T, then V&7

sum

(G)=0foralln € (0,00).
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Proof. Fix n € (0,00). Since G is equidistributed (see Example [3.3.6), it is equal-
norm, so the last two additive two terms from the (a,b) gradient entry in Proposi-
tion [6.3.2] cancel. Therefore, to show that the gradient vanishes, it is sufficient to

show that

Gajl? Gy, ;|2
Y il GG = ehlG, G,

jer jer
for all a,b € I'. As a first step, we note that the group representation gives G, , =
(fy, fo) = (m(z7 ) f., f.) = H(z"'y). Thus, we can change the summation index

and get

Z en\Ga,j\QGij’b — Z enIH(j‘la)IQH(jfla)H(bflj) _ Z €W‘H(j_1)|2H(jfl)H(bflaj) _

jer jer jer

We also note that |H(g)| = |[H(g™')|, so in combination with changing the summa-

tion index we obtain

Z en‘Ga,j‘QGa’jGj7b = Z MO H (" YH(b  aj) = Z MG (b= ) H (b aj~'b).

jer jer jer

Finally, using the fact that the Gram matrix has the assumed structure gives H(h~'g) =

H(gh™') for h = a='b and g = j~'b, which yields

Z en‘Ga’jPGa’jG‘j,b — Z en\H(j‘lb)|2H(bflj)H(j—la) _ Z €W‘Gb’j|2Ga,jGj7b )

jer jer jer

This completes the proof, since n was arbitrary.

The claimed property of the Gramian is true if I" is abelian.

6.3.20 Corollary. Suppose I' is a finite abelian group of size N = |I'| with a unitary
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representation w : I' — B(H) on a real or complex K-dimensional Hilbert space H

and {f, = n(g)f.} is an (N, K)-frame, then VO (G) = 0 for every n € (0, c0).

sum

There is an abundance of equidistributed Parseval frames obtained with repre-
sentations of abelian groups, in particular the harmonic frames that exist for any

combination of the number of frame vectors N and dimension K < N.

6.3.21 Corollary. For every pair of integers 1 < K < N and for every n > 0, there

exists a family-wise critical point with respect to {O™ 21}, 5 s5c(0.00) ON My k.

The gradient of the sum energy also vanishes for any Gramian corresponding to

a mutually unbiased basic sequence which has been rescaled to admit Parsevality.

6.3.22 Proposition. If G € My k is the Gramian of a mutually unbiased basic se-

quence, then V! (G) = 0 for all n € (0, 00).

sum

Proof. Fix n € (0,00). We recall that the Gram matrix has diagonal entries that are
equal to K /N, and the other entries either vanish in diagonal blocks or have the
same magnitude in off-diagonal blocks. Assuming the frame vectors are grouped in
M subsets of size L, then N = ML and there are M (M — 1)L? off-diagonal entries
of the same magnitude C), 1, x. Based on the Hilbert-Schmidt norm of GG, we then

have

K(ML — K)
Cvrk =\ 3par=1)s-

In order to make the block structure apparent in the notation, we write the ma-
trix G as G = (G g,q))p,qGZM,x,yezL, where the doubly-indexed superscript indicates

in which block the entry is and the subscript indicates the position within the block.
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The absolute value of any entry then satisfies

ML r=y,p=9q
G| = 0, z#yp=gq

Cumrk, P#q.

To see the claim, we verify that every entry of V&)Qum vanishes. Since this is auto-
matically true for the diagonal entries, let (p, x), (¢,y) € Zgs x Zy, with (p, z) # (q,y).
One has that either p = g or p # ¢. If p = ¢, then re-expressing the identity in
Proposition in terms of block notation and noting that the last two terms on

the right-hand side cancel due to the equal-norm property yields

L
= (p.p) (p,p) |2 (p,p) |2
n - E nGyi | NG| (p,p) ~(p,p)
[vq)sum:| =2 (6 * —enhwt )Gaz,t Gt,y
x?y
t=1
t#z,y

M L
(p,s) |2 (p,s))2
n G‘L n G (pvs) (Svp)
+2 E E (e I — enGyi G, G,
s=1 t=1
s#p t#z,y

(pp)

ot = 0 since

The first series on the right-hand side is zero because Gf,f e ) = @
t & {x,y}. The second series also vanishes because when s # p, then ng ,;s)\ =

|G?(f t’s)] = Cy.1.x- Thus, the block diagonal entries of the gradient vanish.

107



On the other hand, if p # ¢, then we get

M,L

)

ARG D SN G L Il

‘Z.7y
s, t=1

(s, t) # (p, @), (a,¥)
L

_ 2 Z (ean(PP)|2 ‘G;‘{ip)‘Q)G ’p)G

t=1

t#x
+2 Z e7l|G(p q) G(q Q)P)G(pq)G

t=1

t#y

( e) (a,s) s

+2 Z Z (MG eGP Gl

s=1 t=1

s#p,q

The first series vanishes because Gf,f ?) — (), the second one because G(q’q) = 0 and

the last one because |G§f )| = |G§ft’s)\ = Cy.1x - This confirms that V&7 = 0 and,
since 7 was arbitrary, the claim is proven. O

As a consequence of this Proposition and of Proposition [6.3.18, we know that

Examples|3.3.21|and [3.3.22| provide us with family-wise critical points.

If the Gramian does not contain vanishing entries, then we can characterize
equidistributed frames, taking advantage of the fact that the term ®7  in ®*#97 is

no longer needed in this case.

6.3.23 Theorem. Let G € My ik and suppose that G contains no zero entries. The
Gramian G is equidistributed if and only if V[®5,, .+ +0%°1(G) =0foralla eI, B € J,

and 6 € T, where I, J,T C (0, 00) are open intervals.

Proof. If G is equidistributed, then ®},, (G) = 0 and d%°(G@) = 0 for all o, 3,0 €
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(0, 00), so it follows that V&, (G) = 0 and V&% (G) = 0 for all a, 8,6 € (0,00).

diag
For the converse, since G contains no zero entries, it follows by Proposition [6.3.7]
that G is equal-norm. With this established, it then follows from Corollary |6.3.13

that G is equidistributed.

6.4 Equidistributed Grassmannian equal-norm Parse-

val frames

We conclude the discussion of the relation between frame potentials and the struc-
ture of optimizers by showing how an equidistributed Grassmannian equal-norm

Parseval frame can be obtained as the limit of minimizers to the sequence {®""

sumJn= 1:

where 7, — oo.

6.4.1 Proposition. Let {n,,}>°_, be a positive, increasing sequence such that lim 7, =

m—o0

+o0. If {G(m) = (G(m)a,b)ivbzl}oo: C My .x NQyx is a sequence of Gram matri-

ces such that the restricted potential ® achieves its absolute minimum

sum|MN’KﬂQN’K
on My g NQy k at G(m) for every m € {1,2,3, ...}, then there exists a subsequence
{G(ms)}2, and G € My kNQ i such that lim G(m;) = G, where G is the Gramian

§—00

of a Grassmannian equal-norm Parseval frame.

Proof. For each m € {1,2,...}, since G(m) is equal-norm, the diagonal part of

dm (G(m)) simplifies so that we can write

¢;7171r;‘[1(G( ) (I)Zﬁn + Z etmC XK )
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Furthermore, by Parsevality, since each G(m) is equal-norm, there must always
exist an off diagonal entry G/(m),,, such that |G(m)a.|* > C3, ;. Hence, (G (m)) =
max |G(m)q| for every m, which allows us to replace @7 with ®7» in the proof
a,beLn

strategy from Proposition |6.1.3, which shows the claim. O

If the sequence of minimizing equal-norm Parseval frames has the stronger prop-
erty of being equidistributed, then the limit of the corresponding subsequence is

equidistributed as well.

6.4.2 Proposition. Let {n,,}>°_, be a positive, increasing sequence such that lim 7,, =

m—o0

+o00. If {G(m) = <G(m)a7b>i\fb:1 }: X C My x NQy i is a sequence of equidistributed

Gramians such that ®7m | Mo x10x 5 achieves its absolute minimum on My x Ny i

at G(m) for every m € {1,2,3,...}, then there exists a subsequence {G(my)}.-, and
G € My N Qy such that lim G(ms) = G, where G corresponds to an equidis-
§—00

tributed Grassmannian equal-norm Parseval frame.

Proof. By compactness of My x Ny k, there exists a subsequence {G(m;)} .-, and

G € My k NQyk such that lim G(ms) = G. Since each G(m;) is equidistributed,

S§—00

oo
we can define for each a € (0,00) the sequence { 2%(m,) == > e‘“'G(ms)w"Q} ,
JELN
s=1
where our definition is independent of the choice of ¢ € Zy. Since the entries of

{G(ms)}°_, converge to those of GG, we have by continuity
Z 6oz|Ga,j|2 — lim :L’a(ms) _ Z €a|Gb,j|2
j€Tn " j€Tn

for all a,b € Zy. Since this is true for every a € (0,00), G is equidistributed by

Proposition [3.3.16, Additionally, it follows by applying Proposition to the

sequence {m,}>°, that G is a Grassmannian equal-norm Parseval frame, because
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any subsequence of {G(m,)}.-, must also converge to G. H

If we know that each G(m) is a family-wise critical point without vanishing en-

tries, then we can characterize this limit in terms of the gradient of frame potentials.

6.4.3 Theorem. Let I, J,T be open intervals in (0, 00) and let {n,,}>>_, be a positive,
increasing sequence such that lim n,, = +oco. If {G(m) = (G(m)%b)flvb:l}oo -
m—oo ’ m=1

My x N Qp g 1s a sequence such that ¢ achieves its absolute minimum

S| M 62,
on My k N Qi at G(m), each G(m) contains no vanishing entries, and each G(m)
is a family-wise fixed point with respect to {®P%mm} ; sc ;scr, then there exists a
subsequence {G(my)}.-, and G € My k N Qy i such that sli_glo G(ms) = G, where G

is the Gram matrix of an equidistributed Grassmannian equal-norm Parseval frame.

Proof. By Corollary|6.3.17, it follows that each G(m) is equidistributed. Therefore,

by Proposition [6.4.3] there exists a subsequence {G(m;)}.-, and G € My x N Qn x

such that lim G(ms) = G, where G corresponds to an equidistributed Grassman-
S5—00

nian equal-norm Parseval frame. [

The existence of equiangular Parseval frames for certain pairs of N and K pro-
vides an abundance of examples for which this theorem holds; however, due to the
difficulty in verifying when a non-equiangular critical point of & | My My 1S At
an absolute minimum, it cannot be stated outright that non-equiangular, equidis-
tributed frames exist which satisfy the conditions of Proposition [6.4.2] or Theo-
rem By considering the Welch bound over (2,6)-frames and then apply-
ing the Naimark compliment, it is seen that complex equiangular (4,6) frames do
not exist; however, based on numerical experiments, it is the author’s conjecture

that Example is an absolute minimizer of ® for all n € (0, 00)

n
sum|MN’KﬂQN7K
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and therefore corresponds to an equidistributed Grassmannian equal-norm Parseval
frame in this setting by Proposition Similarly, it was shown in [89] that com-
plex equiangular (3, 8)-frames do not exist; however, further numerical experiments
have led to the additional conjecture that Example is an absolute minimizer of

o

aum| My nan i for all € (0,00) and therefore corresponds to an equidistributed

Grassmannian equal-norm Parseval frame in this setting by either Proposition [6.4.2]
or Theorem In addition, we know at least that there are equidistributed

Grassmannian equal-norm Parseval frames that are family-wise critical points: the

real Examples [3.3.21| and [3.3.22] Although these do not satisfy the assumptions

of Theorem because their Gramians have vanishing entries, a final conjec-

. o ,
ture is that these minimize ®7,,. |y, oy «

for all n € (0, 00) and hence satisfy the

assumptions of Proposition [6.4.2]
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Appendix A

Supplementary Material

A.1 The theory of real analytic manifolds

Many results in this paper depend on the ability to induce a gradient flow on a
Riemannian manifold. This section presents the essential background material for
understanding this concept, with the assumption that the reader is familiar with
basic concepts from topology, multivariable calculus and analysis. After introducing

the general theory, we outline the matrix manifold approach, as is described in [1].

Informally, a manifold is a geometric object upon which one can apply the tech-
niques of calculus. This depends heavily of the fact that every point is contained in

a neighborhood that can be identified with an open subset of Euclidean space.

A.1.1 Definition. Let M be a nonempty topological space and let x € M. We call a
homeomorphism ¢ : U — V C R between open sets U C M and V a d-dimensional
chart for x, and we sometimes refer to it by the pair (¢, U). If z € U, then ¢(z) € R?

is the coordinate expression of x with respect to this chart. In this case, the chart is
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said to contain z.

To take advantage of this idea, we require that the domains of intersecting charts

can be seamlessly patched together.

A.1.2 Definition. Let M be a nonempty topological space. A real analytic atlas for
M into R? is a collection of charts A = {¢, : U; — V;},c; such that
1. M= U;
jeJ
2. For every j,l € J, the change of coordinates map, defined by ¢/, o (U N
Ur) — ¢;(U;NU;), where ¢ and ¢; denote the respective restrictions of ¢; and

¢ to U; NUj, is real analytic.

A real analytic atlas A is maximal if there is no larger real analytic atlas A’ such

that A C A'.

In order to avoid certain pathological issues, for example, sequences converging
to multiple points, we additionally require that the topology be Hausdorff and sec-
ond countable. Since the manifolds considered in this paper are either Euclidean
spaces or compact (topological) subspaces of Euclidean spaces, these properties

occur naturally.

A.1.3 Definition. A d-dimensional real analytic manifold is a pair (M, .A), where
M is a nonempty, second countable, Hausdorff topological space and A is a real
analytic maximal atlas for M into R¢. When there is no confusion about the atlas
structure, we refer to M as a real analytic manifold or just an analytic manifold. If
N C M is a real analytic manifold with the subspace topology induced by M, then
we say that AV is a submanifold of M.

114



We are interested in optimizing real-valued, real analytic maps defined on real

analytic manifolds, which requires a formal definition.

A.1.4 Definition. A function F : M — N between a d;-dimensional real analytic
manifold M and a d,-dimensional analytic manifold N is real analytic if for every
x € M and every choice of charts (¢, U) and (¢, V') containing « and F'(z), respec-
tively, the composition 1)’ o I’ o ¢~ is real analytic, where F’ denotes the restriction

of F' to the domain of ¢ and 1)’ denotes the restriction of 1 to the image of F’ o ¢~1.

In order to generalize the notion of a directional derivative for a real analytic
function F' : M — R at a point z € M, we first develop the abstract notion of

“direction” on a manifold. This requires the use of curves.

A.1.5 Definition. Let M be a d-dimensional real analytic manifold and (a,b) C R
with 0 € (a,b). Amap v : (a,b) - M is a curve if for every t € (a,b) and every
chart ¢ : U — V C R? containing v(t), the composition ¢ o v' : v~ 1(U) — V is a
C! function, where + denotes the restriction of  to y~(U). In this case, we write

v e CHR,M).

Consider the curves v € C'(R, M) that satisfy (0) = z. Informally, every such
curve resembles a straight line passing through z in a sufficiently small neighbor-
hood, which we interpret as the ”direction” along which we want to differentiate
F. By reading through a chart, it is simple to verify that the classical derivative
LF(v(t))|¢—o is well-defined. Realizing that these curves induce real-valued maps
on the set of all such functions leads to the definition of the tangent vector to a

curve.

A.1.6 Definition. Let M be a d-dimensional real analytic manifold and let S(M)

denote the set of real-valued, real analytic functions defined on M. If v is a curve in
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M with 4(0) = z, then the mapping ¥ : S(M) — R defined by §(F) = L F(v(t))]:o

dt

is called the tangent vector to the curve v at t = 0.

Given a tangent vector to a curve, there are infinitely many other curves which
induce the same function. Thus, we quotient the set of curves passing through z at
t = 0 by this equivalence relation, which leads to the formal definition of a tangent

vector.

A.1.7 Definition. Let M be a d-dimensional real analytic manifold. A tangent
vector to a point x € M is a mapping ¢, : S(M) — R for which there exists a curve

~ on M with v(0) = z, satisfying

d

&(F) = 3(F) = ZF G0,

In this case, the curve ~ is said to realize the tangent vector ., and we refer to it
interchangeably as &, or 4. The tangent space to M at x, denoted by T,(M), is the
set of all tangent vectors to z. The tangent bundle for M is the disjoint union of all

tangent spaces to points in M, denoted

T™ = | T.(M).

zeM

If a,b € R and 44,4, € T,(M) correspond to the curves 7, : (a,b) — M and 7, :
(¢,d) — M, then, after an appropriate translation, we can find a chart ¢ : U — R
for z satisfying ¢(x) = 0 € R% In this case, it is straightforward to verify that the

map v : (a,b) N (¢,d) — M defined by

v(t) = ¢~ ad(n (1) + bp(12(1)))
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is a curve satisfying v(0) = z. If F' € S(M), then after restricting the domain of F
to U, the composition 1) = F o ¢! is a real analytic map from an open subset of R?

to R, so a straightforward application of the chain rule yields

d

Y(F) = 2 F (67 (ad(3(1)) + bo(12(1)))li=o = a¥n (F) + bir (F),

which shows that 7, (M) is a vector space. In this sense, the tangent space provides
the best linear approximation for a manifold near any point. Furthermore, if ¢ :
U — R is a chart for z, then for every 4 € T,(M) corresponding to some curve -,

one can verify that the mapping

o SOl

is a linear isomorphism [62], which shows that dim (7, (M) = d.
Next, we generalize the total derivative from classical multivariable calculus.

A.1.8 Definition. Let F' : M — N be an analytic map between a d;-dimensional
real analytic manifold M and a d,-dimensional analytic manifold A/ and fix x € M.
The tangent map of F at z, denoted DF, is the mapping from T, (M) to Ty (N)
defined by

ga: = QF(J:)’

where, if v € C*(R, M) is any curve that realizes &, then (p(,) is the tangent vector

at F(z) realized by the curve F oy € C*(R, N).

By choosing appropriate charts, it is straightforward that F'o~ in this definition is
indeed a curve, so that DF is well-defined. Similarly, if a,b € R and 41,4, € T,,(M)

correspond to the curves v, : (a,b) - M and 7, : (¢,d) — M, then an appropriate
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choice of charts also shows that DF(a¥; + b%) = aDF (%) + bDF(%2), so DF is

linear.

The points of the tangent bundle 7'M can be partitioned by the quotient map
7w : TM — M, which identifies every point in 7'M with its corresponding tangent
space via the mapping ¢, € T,(M) — z. If A = {¢; : U; — V;},c; is a real analytic
atlas for M, then the mappings ¢/ : 7' (U;) — V; x R?, j € J, defined by

€ € To(M) = ¢(m(&:)) X (Ll($)1); - &a((01)a)),

where (¢;)1, ..., (¢,)q are the component functions of the chart ¢;, can be shown to
form a real analytic atlas for TM, when T'M is endowed with the topology gener-
ated by the sets {71 (U,)};cs. See [62] for details. For us, the manifold structure

of T'M is only necessary for the definition a vector field.

A.1.9 Definition. A vector field on a real analytic manifold M is a real analytic map

¢ : M — TM such that {(z) := ¢, € T,.(M) for every x € M.

Of particular interest, if ¢ : M — T'M is a vector field and (¢, U) is a chart for a

point M, then we obtain the first order ordinary differential equation,

d
S olalt) = (1))

By patching charts together, this generates a flow over the entire manifold.

With this in mind, we define a manifold with a Riemannian structure, which
allows us to interpret familiar geometric notions like angles and distance on mani-
folds. In particular, it allows us to define the gradient vector field of a real-valued,

real analytic map.
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A.1.10 Definition. A real analytic manifold M is a Riemannian manifold if for every
x € M, the tangent space T,(M) is equipped with a real inner product g, : T,,(M) x

T.(M) — R such that the mapping

z = g2 (§(2), ((2))

from M to R is smooth for all choices of vector fields £, ( on M. In this case, the
mapping g which maps each x € M to the corresponding positive, bilinear form g,

is called the Riemannian metric.

A.1.11 Definition. Let M be a Riemannian manifold with a Riemannian metric g
and let /' : M — R be a real analytic map. The gradient of F' at z € M, denoted

V F(z), is the unique tangent vector of 7, (M) that satisfies
0.(VE(x),€) = £(F), forall € € T,(M).

The assignment

z+— VF(z)
induces a vector field, called the gradient vector field.

The uniqueness of the gradient of F' at x follows from the Riesz representation
theorem. The following property of the gradient characterizes it as the direction of

steepest descent.

A.1.12 Proposition. If M is a Riemannian manifold, | - ||, is the norm on T,(M)

induced by the Riemannian metric, and F' : M — R is a real analytic map, then

VF(z)
———— = argmax (F).
IVE@)a  ceremigle=t o
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Proof. By definition of the gradient and the Cauchy-Schwarz inequality,

ECE)] = 19 (VF(2), O < [[VF ()]l [[€]]

for all ¢ € T,,(M). The claim follows from the norm constraint along with the fact
that the Cauchy-Schwarz inequality is saturated if and only if the two vectors are

collinear. O]

With this in mind, we see that a function’s value decreases if we follow the

trajectory induced by the flow of the negative of the gradient vector field.

A.1.1 Matrix manifolds

Let M be the real vector space F¥*¢ with F = R or F = C. With the identification
C = R?, the global identity chart on M shows that it is a real analytic manifold
with dimension d> when F = R and dimension d* when IF = C. As mentioned in the
preceding section, for every = € M, the tangent space 7,.(M) is linearly isomorphic
to F¥*4, In this case, however, many details of the abstract theory about tangent
spaces can be disregarded. Since the classical directional derivative for a function
F € S(M) at the point z € M is now well-defined, we can equivalently redefine
the tangent map DF : T,(M) — R as

DF(@:hmF(az—l—té)—F(m)

FdXd
t—0 t ’ 5 < ’

which allows us to identify the abstract tangent vectors in 7, (M) as actual matri-
ces in F¥*4, With this identification, M is equipped with the Riemannian metric

determined by the familiar Hilbert Schmidt inner product on F4*¢,
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Now consider a d’-dimensional submanifold V' C M. If v € C'(R, N) is a curve
with v(0) = z, then, due to the vector space inclusion, it is well-defined to write
t) —
t—0 t
which can be viewed as an element of the tangent space of matrices, 7,,(M). Be-

cause 7 also realizes the tangent vector 7 in 7, (), as defined in Definition

we see that

d d

§(F) = 2 F 0o =

: F(y (1)l = DF(©),

where F’ denotes the restriction of F' to the submanifold N for every F' € S(M).
In light of this, the abstract tangent vectors of 7,.(N') can also be view as matrices,
and, in particular, we interpret 7,.(\) as a d’-dimensional linear subspace of 7,(M).
By this inclusion, N becomes a Riemannian manifold, where the the Riemannian
metric is the restriction of the Hilbert Schmidt inner product on 7, (M) to T,.(N),

for each point z € V.
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