Some questions.

(1) (a) Suppose that (X;) is a sequence of bounded functions on a probability space
(X, ) and let

Suppose that
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for p ae. x € X.
Show that this implies
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for p a.e. x € X. (b) Now let ¢ be a bounded function (or observation) on a

dynamical system (T, X, p) with [ ¢dp = 0.
Suppose for all n > 0
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where > p(n) < co. Let S,(z) = Z;:& ¢oT(x).
Using the fact that if j > i, [ ¢(T72)p(T x)dp = [ ¢(T7"x)p(x)dp if j > i show
that
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for some constant C.
Use Chebychev
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pu(x : [Sn(x)/n| > r) = p(a : [Sy(x)]? > n’r) < TT/(Sn(fﬂ))zdu
to show that
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(2) Let T: [0,1) — [0, 1) be the doubling map which preserves Lebesgue measure.
Define, for continuous functions ¢,
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Show that if ¢ and ¢ are continuous then
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and
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(Continuity is not needed but it simplifies the statement).

(3) Suppose that p is a periodic orbit of period & for the doubling map (7, [0, 1), m)
so that T%(p) = p. Show that for any € > 0 m[T*(B.(p)) N (Bc(p)] > 5 where m is
Lebesgue measure and B.(p) is a ball of radius € about p.

Use this to show that a periodic point p of periodic k& for the doubling maps does
not have exponential return time statistics i.e. if 75,y (x) := min{j > 1 : TV(z) €
B.(p)} then
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