Fictitious Domain Methods for the Simulation of Stokes Flow Past a Moving Disk

Roland Glowinski^1, Tsorng-Whay Pan^2, and Jacques Periaux^3

Abstract. We address the numerical simulation of Stokes flow past moving rigid bodies. The method of choice is based on a combination of fictitious domain, time splitting and projection methods. The main advantage of this methodology is to allow the numerical treatment on a fixed structured mesh and the use of fast solvers. Preliminary numerical results for Stokes flow past a moving disk are presented.

1 INTRODUCTION

In this article which follows [1-5], we consider the numerical simulation of Stokes flow past a moving disk by using finite element methods combined with Lagrange multiplier-based fictitious domain method. The main advantage of fictitious domain methods (sometime called domain imbedding methods; cf. [6]) is that they allow the numerical treatment on a fixed structured mesh on a simple shape auxiliary domain containing the actual one, independent of the actual boundary of moving bodies, allowing therefore the use of fast solvers. Thus the time-consuming construction of a boundary-fitted mesh for each different position of moving rigid bodies can be skipped. Also we have developed a L^2 projection method combined with operator splitting methods to simplify the numerical algorithms used in [2-5] for the quasi- Stokes problem. In this approach, we only need to solve one elliptic problem associated to the preconditioner instead of three elliptic problems at each iteration in the conjugate gradient algorithm driven by pressure.

1 University of Houston, Houston, Texas 77204 USA, Université P. et M. Curie, Paris, France 2 University of Houston, Houston, Texas 77204 USA 3 Dassault Aviation, 92214 Saint-Cloud, France

This paper is organized as followed: In Section 2 we describe the fictitious domain formulation of the problem. In Section 3 we apply an operator splitting method to the fictitious domain formulation and obtain two types of problems, quasi- Stokes/L^2-projection problem and elliptic problem. In Section 4 we describe a conjugate gradient method for the quasi-Stokes/L^2-projection problem. Preliminary results for flow past a moving disk are presented in Section 5.

2 Fictitious domain formulation of the Stokes equations

Figure 1.

In [2-5], we have used Lagrange multiplier/fictitious domain methods with finite element methods to simulate external incompressible viscous flow modeled by the Navier-Stokes equations. Here we would like to apply a similar methodology to incompressible viscous flows past moving rigid bodies. The Stokes equations are the following: ∂u ∂t − Δu + ∇p = f in Ω \ ω(t), (1)

∇ · u = 0 in Ω \ ω(t), (2)

cfl1996 R. Glowinski, T.-W. Pan, and J. Periaux

ECCOMAS 96.

Published in 1996 by John Wiley & Sons, Ltd.

u(x, 0) = u_0(x), x ∈ Ω \ ω(0), (3) u = g_0 on Γ_0, (4) u = g_2 on γ(t), (5)

where ∇ · u_0 = 0. In (1)-(5), Ω is a bounded domain in R^d (d ≥ 2), ω(t) is a moving rigid body

in R^d (d ≥ 2) (see Fig. 1), Γ0 (resp., γ(t)) is the

boundary of Ω (resp., ω(t)), u = {u_i}^{i=d}_{i=1} is the flow velocity, p is the presure, f is a density of external forces.

For the fictitious domain formulation, we imbed Ω \ ω(t) in Ω and define

Vg_0 = {v|v ∈ (H^1(Ω))^d, v = g_0 on Γ_0}, V_0 = {v|v ∈ (H^1(Ω))^d, v = 0 on Γ_0}, Λ(t) = (L^2(γ(t)))^d,

L^2_0(Ω) = {q|q ∈ L^2(Ω); ∫ Ω q dx = 0}. Let U_0 be an extension of u_0 with ∇·U_0 = 0 in Ω and f̃ an extension of f. Then we have equivalence between (1)-(5) and the following problem For t > 0, find U(t) ∈ Vg_0 , P (t) ∈ L^2_0(Ω), λ(t) ∈ Λ(t) such that ∫ Ω ∂U ∂t · v dx + ∫ Ω ∇U · ∇v dx

− ∫ Ω P ∇ · v dx = ∫ Ω f̃ · v dx (6)

+ ∫ γ(t) λ · v dγ, ∀v ∈ V_0, a.e. t > 0,

∇ · U(t) = 0 in Ω, U(x, 0) = U_0(x), x ∈ Ω, (7) U(t) = g_2(t) in γ(t), (8)

in the sense that U|_{Ω\ω(t)} = u, P |_{Ω\ω(t)} = p. The

multiplier λ is the jump of ∂U ∂n − nP at γ(t) and the effect of the actual geometry is concentrated on ∫ γ(t) λ · v dγ in the right-hand-side of (6), and

on (8).

3 Time discretization by Operator Splitting Method

To solve (6)-(8), we consider a time discretization by operator splitting methods, like the ones in, e.g., [7-10]. In the following, we consider a time discretization of (6)-(8) by the Peacaman- Rachford scheme. Let △t > 0 be a time discretization step and

Vgs_0 = {v|v ∈ (H^1(Ω))^d, v = g_0(s△t) on Γ_0}, V_0 = {v|v ∈ (H^1(Ω))^d, v = 0 on Γ_0}, Λ^s = (L^2(γ(s△t)))^d, γ^s = γ(s△t). We obtain the following scheme:

U^0 = U_0 is given; (9)

for n ≥ 0, knowing U^n and λ^n, find U^{n+1/2} ∈ Vgn+1/2_0 , P^{n+1/2} ∈ L^2_0(Ω) such that ∫ Ω U^{n+1/2} − U^n △t/2 · v dx

− ∫ Ω P^{n+1/2}∇ · v dx (10)

= ∫ Ω f̃^{n+1/2} · v dx + ∫ γ^n λ^n · v dγ

− ∫ Ω ∇U^n · ∇v dx, ∀v ∈ V_0,

∇ · U^{n+1/2} = 0 in Ω; (11)

next, find U^{n+1} ∈ Vgn+1_0 and λ^{n+1} ∈ Λ^{n+1} such that ∫ Ω U^{n+1} − U^{n+1/2} △t/2 · v dx

+ ∫ Ω ∇U^{n+1} · ∇v dx

= ∫ Ω f̃^{n+1} · v dx + ∫ γ^n+1 λ^{n+1} · v dγ (12) + ∫ Ω P^{n+1/2}∇ · v dx, ∀v ∈ V_0,

U^{n+1} = g^{n+1}_2 on γ^{n+1}. (13)

In the above scheme, at each time step there are one quasi-Stokes/L^2- projection problem (10)-(11) and one elliptic problem (12)-(13) which is in fictitious domain formulation discussed in [1]. Concerning problem (10)-(11), it is worth noticing that we have been taking advantage of the time discretization by operator splitting to treat the incompressiblity in the larger domain Ω without being concerned, in some sense, about the constraint u = g^s_2 at γ^s. Similar methodology has been used in [2-5] to the nonlinear advection-diffusion problem arising from applying a θ-scheme to the Navier-Stokes equations. The fictitious domain method for the elliptic problem (12)-(13) has been discussed in [1].

4 The Stokes/L^2-projection problem

The quasi-Stokes/L^2-projection problem obtained from previous section is the following: F ind U ∈ Vg_0 and P ∈ L^2_0(Ω)such that ∫ Ω αU · v dx − ∫ Ω P ∇ · v dx (14)

= ∫ Ω f · v dx, ∀v ∈ V_0,

∇ · U = 0 in Ω, (15)

In problem (14)-(15), the pressure P is a Lagrange multiplier associated with (15). The above saddlepoint problem (14)-(15) can be solved by a preconditioned conjugate gradient algorithm driven by the pressure P as follows (this algorithm makes fully sense after space descretization only):

Step 0: Initialization

P^0 ∈ L^2_0(Ω) given; (16) solve the projection problem: α ∫ Ω U^0 · v dx = ∫ Ω f · v dx + ∫ Ω P^0∇ · v dx

∀v ∈ V_0; U^0 ∈ Vg_0 , (17)

set r^0 = ∇ · U^0, and define g^0 = ϕ^0 where ϕ^0 is the solution of

−Δϕ^0 = r^0 in Ω, ∂ϕ^0 ∂n = 0 on Γ_0; ∫ Ω ϕ^0 dx = 0.

(18)

We take w^0 = g^0.

Then for n ≥ 0, assuming that P^n, U^n, r^n, w^n, g^n are known, compute P^{n+1}, U^{n+1}, w^{n+1}, r^{n+1}, g^{n+1} as follows:

Step 1: Descent

solve the intermediate projection problem: α ∫ Ω Ū^n · v dx = ∫ Ω w^n∇ · v dx, ∀v ∈ V_0; Ū^n ∈ V_0, (19)

set r̄^n = ∇ · Ū^n, and define ḡ^n = ϕ̄^n where ϕ̄^n is the solution of −Δϕ̄^n = r̄^n in Ω, ∂ϕ̄^n ∂n = 0 on Γ_0; ∫ Ω ϕ̄^n dx = 0. (20)

We compute then

ρ_n = ∫ Ω r^ng^n dx / ∫ Ω r̄^nw^n dx, (21)

and set

P^{n+1} = P^n − ρ_nw^n, (22) U^{n+1} = U^n − ρ_nŪ^n, (23) g^{n+1} = g^n − ρ_nḡ^n, (24) r^{n+1} = r^n − ρ_nr̄^n. (25)

If ∫

Ω r^{n+1}g^{n+1} dx / ∫ Ω r^0g^0 dx ≤ ϵ, (26)

take P = P^{n+1}, U = U^{n+1}. If not, compute

Step 2: The new descent direction

γ_n = ∫ Ω r^{n+1}g^{n+1} dx / ∫ Ω r^ng^n dx, (27)

and set w^{n+1} = g^n + γ_nw^n. (28)

Do n = n + 1 and go back to (19).

The main advantage of this methodology is to allow the numerical treatment of the pressure on a fixed structured mesh, independent of the actual boundary of the moving bodies. It is very easy to implement the above preconditioned L^2- projection algorithm. For the elliptic problem (12)- (13), we still use the same structured mesh. Thus the time-consuming construction of a boundaryfitted mesh for each different position of moving rigid bodies at different time step can be skipped.

5 Numerical experiments

Figure 2.

In the test problem, let Ω = (−0.35, 0.9) × (−0.5, 0.5) (see Figure 2) and ω a disk of radius 0.125. The center of disk is moving between (0, 0) and (0.5, 0) with zero angular velocity along a prescribed trajectory (x(t), y(t)) (also see Figure 2) given as follows

x(t) = 0.25(1 − cos( πt 2 )), y(t) = −0.1 sin(π(1 − cos( πt 2 ))).

Several different positions of disk have been show in Figure 2. The boundary conditions are u = ( 1 0 ) on Γ_0.

As a finite dimensional subspace of V, we choose V_h = {v_h|v_h ∈ H^1_{0h} × H^1_{0h}} where

H^1_{0h} = {ϕ_h|ϕ_h ∈ C^0(Ω̄), ϕ_h|_T ∈ P_1, ∀T ∈ T_h, ϕ_h = 0 on Γ_0}, where T_h is a triangulation of Ω (see, e.g., Figure 3), P_1 being the space of the polynomials in x_1, x_2 of degree ≤ 1. A traditional way of approximating the pressure is to take it in the space

H^1_{2h} = {ϕ_h|ϕ_h ∈ C^0(Ω̄), ϕ_h|_T ∈ P_1, ∀T ∈ T_{2h}},

where T_{2h} is a triangulation twice coarser than T_h.

Figure 3. Part of the triangulation of Ω with h = 1/128 and mesh points marked by “�” on disk.

Concerning the space Λ^s_h approximating Λ^s, we define it by Λ^s_h = {μ_h|μ_h ∈ (L^∞(γ^s))^2, μ_h is constant on the segment joining 2 consecutive mesh points on γ^s}. A particular choice for mesh points on γ is visualized on Figure 3.

In the numerical simulation, mesh size for velocity field is h_v = 1/128, mesh size for pressure is h_p = 1/64, and time step is △t = 0.005. Also the boundary of the disk is cut into 80 pieces. The initial condition is obtained with the mesh given above with time step △t = 0.01 after 400 time steps. For the moving disk case, at each time step we need 12-13 iterations for algorithm (16)-(28) described in Section 4 with ϵ = 10^{−14} in (26). For elliptic problem (12)-(13) we need 38-63 iterations for the conjugate gradient algorithm discussed in [1] with ϵ = 10^{−12}. Figures 4-7 show a sequence of frames for the vorticity density and stream lines during one period of the disk motion.

Figure 4. Vorticity density at time t = 4, 4.5, 5, 5.5, 6 during first half of one period of the disk motion.

Figure 5. Stream lines at time t = 4, 4.5, 5, 5.5, 6 during first half of one period of the disk motion.

Figure 6. Vorticity density at time t = 6, 6.5, 7, 7.5, 8 during second half of one period of the disk motion.

Figure 7. Stream lines at time t = 6, 6.5, 7, 7.5, 8 during second half of one period of the disk motion.

There is no basic difficulty to treat the case where the disk ω is also rotating.

Conclusion

This new methodology looks also promising for the simulation of time dependent solution of viscous flow problems around moving rigid bodies. However, further experiments are needed for the incompressible viscous flow past moving rigid bodies modelled by the Navier-Stokes equations for higher values of the Reynolds number.

Acknowledgements

We would like to acknowledge the helpful comments and suggestions of E. J. Dean, J.W. He, D.D. Joseph, Y. Kuznetsov, B. Maury, A.H. Sameh and F.J. Sanchez.

The support of the following institutions is acknowledged: University of Houston and Department of Computer Science, University of Minnesota. We also benefited from the support of the NSF (Grants DMS 8822522, DMS 9112847, DMS 9217374), DRET (Grant 89424), DARPA (Contracts AFOSR F49620-89-C-0125 and AFOSR-90-0334), the Texas Board of Higher Education (Grants 003652156ARP and 003652146ATP) and again the NSF under the HPCC Grand Challenge Grant ECS-952.

References

1. R. Glowinski, T.W. Pan, J. Periaux, A fictitious domain method for Dirichlet problem and applications,

Comp. Meth. Appl. Mech. Eng., Vol. 111 (1994), 283- 303.

2. R. Glowinski, T.W. Pan, J. Periaux, A fictitious domain method for external incompressible viscous flow modeled by Navier-Stokes equations, Comp. Meth. Appl. Mech. Eng., Vol. 112 (1994), 133-148.

3. R. Glowinski, T.W. Pan, J. Periaux, A Lagrange multiplier/fictitious domain method for the Dirichlet problem. Generalization to some flow problems, Japan J. of Industrial and Applied Mathematics, Vol. 12 (1995), 87-108.

4. R. Glowinski, A.J. Kearsley, T.W. Pan, J. Periaux, Numerical simulation and optimal shape for viscous flow by fictitious domain method, International J. for Numerical Methods in Fluids, Vol. 20 (1995), 695-711.

5. R. Glowinski, A.J. Kearsley, T.W. Pan, J. Periaux, Fictitious domain methods for viscous flow simulation, in Computational Fluid Dynamics Review 1995, M. Hafez and K. Oshima eds., John Wiley & Sons, Chichester, England, 1995, 357-381.

6. B.L. Buzbee, F.W. Dorr, J.A. George, G.H. Golub, The direct solution of the discrete Poisson equation on irregular regions, SIAM J. Num. Anal., Vol. 8 (1971), pp. 722-736.

7. R. Glowinski, Numerical methods for nonlinear variational problems, Springer-Verlag, New York, NY, 1984.

8. R. Glowinski, Viscous flow simulation by finite element methods and related numerical techniques, Progress and Supercomputing in Computational Fluid Dynamics, E. M. Murman et. al., ed. (1985), Birkhauser, Boston,MA, pp. 173-210.

9. M.O. Bristeau, R. Glowinski, J. Periaux, Numerical methods for the Navier-Stokes equations, Comp. Phys. Rep., Vol. 6 (1987), pp. 73-187.

10. R. Glowinski, Finite element methods for the numerical simulation of incompressible viscous flow. Introduction to the control of the Navier-Stokes equations, Lectures in Applied Mathematics, Vol. 28 (1991), AMS, Providence, RI, pp. 219-301.