University of Houston Tin Lam

Problem of the Week Fall 2014: Week 6

Problem 1: Given n points {(al,bl), ce (an,bn)} with x; # x; and y; # y;, for i # j.
Find a polynomial who goes through all the points.

Solution: We will claim there is a polynomial of degree n — 1 that goes through all the
points. Consider such polynomial p(x). We then have n equations, namely p(a;) = b; for
1 <4 < n. This system of equations can be written in matrix form:

1 a a? o ... a7 | c by
1 ay a2 a3 ... oy Y| a b,
1 ag a2 a} ... ay M| e | — |b3
1 a, a% ai . aﬁ_l Cn_1 b,
=A
n—1
The polynomial we want is: p(z) = > ciz™ where the coefficients ¢;’s are given by:
i=0
o1 T 2 3 n—17"117 1
Co 1 a af ay ... af by
1 1 ay a2 a3 ... ay’! by
o | |1 a3 a2 o} ... af! bs
| Cn—1] 1 a, ai ad ... azfl_ bn |

The matrix A, sometimes called the Vandermonde matrix, has its determinant:

det(A) = [ (aj —a).

1<i<j<n
Since all the a;’s are different, the product, and thus, the determinant is non-zero. So, A is
in fact invertible.

Problem 2: Derive the closed form formula for the fibonacci numbers f, where fo = f; = 1
and fn = fn—2 + fn—l for n > 2.

Solution (Generating Function): Consider the generating function:

G(x) = ifnx” =1l+z+ i fax" =142+ i(fn_l + foo)z"
n=0 n=2

n=2

=1+az+ Y fraz"+ ) froa”
n=2 n=2
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Examine the two sums:

szn_la:” = ;fnx"“ =) "= z(G(z) - 1)

ST faea" = far"P =22 fua" = 2*G(x).

n=2 n=0 n=0
We can now rewrite G(x) as:

1
G(z)=1+z+2G(z) — v+ 2°G(r) = G(z) = TR
—r—=

Factor the denominator: 1 —z — 2% = (1 — riz)(1 — ryx) where 1| = 1%*/5 and ry =
So, we can rewrite the expression and apply partial fraction:

G(a) = 1 _1(7“1_7"2>

C (I=rx)(1—rx)  r—re\l—rix 1 —r

_1( ™ T2 )
B\l —rmax 1—rx)’

Lastly, we need to convert the expression back into a power series using this fact:

— n+1,.n
1 —ax nz:%a v
We can rewrite G(z) as:
- 1 n n n
G(x) = Z 75<7"1+1 ry e
n=0

Therefore, f, = L(ﬂlﬂ - 7’3“)7 or,

V5
n+1 n+1
;= 1 14+5 1++5
"5 2 2
Solution (Difference Equation): The fibonaaci series is a homogenous second order dif-
ference equation with the characteristic equation of:

r?—r—1=0.
The solutions to the quadratic are given by:

1 1—
+2\/5 =¢, and 71y = zﬁzl—qﬁ.

This implies the general solution to be f,, = k1¢" + kao(1 — ¢)". We have fo =1 = ky + ko,
and fi =1 = ki¢ + ko(1 — ¢). Solving for ky, ks we have:

9 ¢—1
20 —1’ 20— 1

SOy

™ =

ky

and kg =

Therefore, we have:

B ¢n+1_(1_¢)n+1 B L
B 20 — 1 VA

Ja
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