S3.4

Math 2413- Calculus I
Dr. Melahat Almus

Email: malmus@uh.edu

Check CASA calendar for due dates.

Bring “blank notes” to class. Completed notes will be posted after class.

Do your best to attend every lecture and lab.

Study after every lecture; work on the quiz covering the topic we cover on the lecture
immediately afterwards. Retake your quizzes for more practice.

Get help when you need help; bring your questions to the labs, or my office hours. We
also have tutoring options on campus.

Respect your friends in class; stay away from distractive behavior. Do your best to
concentrate on the lecture.

If you email me, mention the course code in the subject line. Email is the best way to
communicate with me outside of class. Teams chat messages are not monitored or replied
to.



Section 3.4 — Extreme Values
Local Extreme Values

Definition: Suppose that f is a function defined on open interval / and c is an
interior point of /.

The function f has a local minimum at x =c¢ if

f (c) <f (x) for all x in [ (that is, for all x sufficiently close to ¢).
The function f has a local maximum at x =c if

f (C) > f (x) for all x in 7 (that is, for all x sufficiently close to ¢).

In general, if f has a local minimum or maximum at x =c, we say that f (C) is a

local extreme value of f. \‘/ /F\

Examples:

4

f(x) = —x2 4 4x
3
1
f(x)=ix-2|
1 0 1 2 3 5 6 1
3 1 0 1 2 3 4 5 6 7

-3
Max value at x =2; max value is 4. No max value
No min value Min value at x =2; min value 1s 0.
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When the graph of a function is given, we can easily find the local extreme values
by inspection.

Geogebra file (the journey of tangent line):

https://www.geogebra.org/m/BnfjWrB8

This graph suggests that local maxima or minima occur at the points where the
tangent line is horizontal or where the function is not differentiable and this is true.

Fact: Suppose that the function f is defined on an open interval containing the

number c. If f has a local minimum or maximum at x =c, then

f'(c)=0 or  f'(c) does not exist.
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This fact gives us one of the tools for finding local extreme values of a function
defined by a formula.

Definition: The interior points ¢ of the domam of a function f for which

- @does not exist J

are called critical points for f.

A critical point may or may not be a local extreme point; that should be
studied after identifying critical points.

Example 1: Find the critical points for the function: f (x) X% —4x-3,
=g

£ ondogted? T2x = 2%t =O

New” I :(:.2_!
— .

- CHCn v

R aombe: ¢=0 .
N\ ‘DQH'E': LD, &(O)) :.CO,(>
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Finding extreme values

Theorem: The First-Derivative Test

Suppose that cis a critical point for f and f is continuous at c. If there is a

positive number r such that:

) f'(x)<0 for x in (c—r,c) and f’(x) >0 for x in (c,c+r), then f(c) is
a local minimum.

(i)  f'(x)>0 for x in (¢—r,c) and f'(x)<0 for x in (¢,c+7), then f(c) is
a local maximum.

(111) f’(x) has the same sign for all x in (c —r,c) or (c,c + r) , then f(c) 1s not

a local extreme value for f.

sign change
in f'(z) at ¢

- | + \_/ \/ local minimum
¢ g

picture conclusion

+ | - /""\ /\ local maximum
none \\\ / not a local extremum
(=1=or + 1+ T |
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4ample 3: Locate and@ll local extrema: f'(x)= = 5x +5x° + 2.
—— CE—

Given: f( )=5 x* —20x° +15x :[sz(x 3)(x-1)] = &)
7
-?\ (x) =0 * — A )“‘\J
c.p: | x=o , x=3%,6 *=

AN [o\—\—[o_\—m 4

[ /’°/‘\>/

X=O j QR MIT 4 loos| escileme .

K=\ cP- lsc,a\ AR at+ x=l,
Loco\ wor. poMt: (t, -@(l\)
Qocal A x value - _Q(()

X=% ; & c-0 Jocal wmM o =2

Joce\ s pomt: (2, &3))
Locsl ~n valee © £(3) (\y\/‘l\v‘i>
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Example 4: Find the critical points and local extreme points: f (x) = 1
S Y —
4
Given: f'(x) = Ec(x —;gz) N
x—4
/7 \ Domenm: K -

VAR %=\







Example 5: Find the critical points. Determine the intervals where the function is
increasing/decreasing. Locate all local extrema.

9 f(x)=x2+l. DOM AN . K#’) K?S"I
- VA: ¢=2\) x=-1
Given: f'(x) x4 —4x L

—= K=~
L'(y) =0 & Ye=0

fi\ (<) undgg: z’f‘ yorfam=e N —~—

A
=0 ] ot ™M
v s\ ?m\'\'&' : \fX.—..Dl ’X "

Sy ek VR s o £-

@?S MU‘&‘)\ﬂ on: (00,-\) % (-\,©)
€>s decsesody i (o,1) Z C\ , %)

8

c_cﬁ'-’h cs\ ?v‘o'\t X=0



LO C>\ WX ok Y=0
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Example 6: Find the critical points and classify them as local min/max or neither:

Fx) =57,
.|/? 2
\ =35 = -
-f— X) = —23" (X > 3(,(_-9-)/5
SN R
g‘ L)(.):o ? NQ,\I\Q/'. (X’ﬂ'

-n? Xz 9
P! poHsmaO:

\e x=9 <« oS el ?cp\«-? L
(n e doweit o§ B )
$ = “‘.’A— T 5 el Wy
< ' o
.E_ Ny S /) at x=9 .

Note that, if you know the graph of the function, that might be helpful to find
critical points:
Exercise: Find the critical points for the function: f(x)=2|x—1/+4.

>
— C—
—
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Remark: Sometimes it is difficult to study the sign of the derivative function. For

some cases, it may be easier to use the following test:

Theorem: The Second-Derivative Test

Let cbe a critical point for /* where f'(c)=0 and f"(c) exists.

1 Iff "(c) >0, then f (c) is a local minimum value,
(i) If f"(c)<0, then f(c) is a local maximum value,

(iii)y If f"(c)=0, then this test is inconclusive.

Example:

f(x) = —x° + 4x

Ht+-+o 1 2 3 \5
2

Observe: f(x)=—x"+4x; f'(x)==2x+4 f"(x)=-2

x=2 1s acritical point with f"(2) <0 ; the second derivative test concludes x =2

should be a local maximum. The graph (or the first derivative test) confirms this

result.

S3.4
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f(x) = x* — 4x

Observe: f(x)=x"—4x; f'(x)=2x—-4; f"(x)=2
x =2 is a critical point with f"(2) >0 ; the second derivative test concludes x =2
should be a local minimum. The graph (or the first derivative test) confirms this

result.

That is, when needed, we can use the second derivative test to check whether a
critical point is a local minimum or maximum.

If you are only interested in a behavior of a single critical point, using the
second derivative test saves time:

Example 7: Consider the function f'(x)= 3x% —8x% —6x% +24x +5. We know

—) that x=1 is a critical point for this function. Determine whether this critical point
is a local minimum or maximum for the function.

£'(x) = 12 x3- 24 ¢t —12x x2Y
A A TR S

cp 5, #"(L) = 26-4m-IE
eh ()= —~24 £90

X=

—

a—

0

.2“\’\ dosivalue tentseys:  x=I 73 a local Max

=
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For instance, with trig functions, it might be difficult to study the sign of the
first derivative. Using second derivative test helps.

Example 8: Given: f(x)=sin(x)+cos(x) over the interval [0,27]. Find all

critical points and classify them as local min/max over this interval.

Solution:

Find the first and second derivatives:
f'(x) =cos(x) —sin(x)
f"(x) =—sin(x) — cos(x)

Find the critical points. Critical points are where the derivative is 0 or undefined:

Solve: f'(x)=cos(x)—sin(x)=0

Use the second derivative test on the critical points:

Exercise: Locate local extrema for f (x) =x+ cos(2x) ,over [0,7].

S3.4

12



If you are only given the second derivative of a function and some critical points,
then you must use the second derivative test as first derivative is not available (we
don’t know what the first derivative is):

Example 9: Let [ (x) be a function with critical points x=1 and x=4.If

f"(x)=6x—-12, classify the critical points of f (x) as local min/max.
2_’\"" AdoNvaua_ Iert-
gl — -2 -6%O
=\ = "'@’ (\) o-L- 12

| - 6-4-\L=
e = £
2 ol M el =Y

p

—

279

2
x =1 .\ .
, find the critical points, and use the second

Exercise: Given f(x)=

derivative test to classify them.
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Graphs of / and [’
Given the graph of f , what can you figure out about  f'?

We can observe the intervals where the function is increasing and
decreasing; that is, we can see when f'>0 or f'<0. We can observe the critical

points; and points where the tangent line is horizontal (that is, the roots of f"').

Example: Given the graph of f(x), answer the following:

1
r

The critical points of f(x) are:

f'(x)>0 over the interval(s):

The roots of f'(x) are:
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Question: Given the graph of /', what can you figure out about f?
The intervals where f'>0 would give us when f(X) is increasing.
The roots of f'(x) would give us “some” of the critical points of f(x).

The sign change around the roots of f'(x) would give us information about

local min/max.

Example: Given the graph of /', answer the following:

Il b o
¥
r‘"o

o8 F=

> \
wwn v ‘F 70
4
The functionliis increasing over1 f -2 / }-7

Critical points of f(x) are: X==2y X= 2

f(x) has locagiﬁyt: X= "L, local max at: X =2~

NGF AN
g — 4 '~ —
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When i|s f increasing? -=-_> ﬁ '#‘ ?O
' T oo & () &E
/ ] 77 ]
cp 2, Ay by 6 B saill, 00 )

Locate the x-coordinates of the local extreme values of f?

-Q&Cﬂ\ oM v xX=Y%

pr\ AN P -2

What are the critical points of f?
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Section 3.4 Continued:

Absolute Extreme Values

Definition: Let ¢ be a point in the domain of f; ¢ may be an interior point or an
endpoint.

We say that
f has an absolute minimum at ¢ if f(x)> f(c) forall x in the domain of f,

f has an absolute maximum at ¢ if f(x)< f(c) forall x in the domain of f.

(al/ %CQ))
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SRaah A 7 N ool

o™ P -

a\p)o M
a—Te, RQ))



L
-~
< §

NOTE: If ftakes on an absolute extreme value, then it does so at a critical
point or at an endpoint.

Finding the absolute minimum and maximum values of a continuous function
defined on a closed bounded interval [a,b]:

1. Find the critical points for f in the interval (a,b).

2. Evaluate the function at each of these critical points and at the endpoints.
3. The smallest of these computed values is the absolute minimum value, and the
largest is the absolute maximum value of f.

(gt

Example: Find and classify all extreme Values of the function
f(v)=x'+32-1][32]. endpowS: ~3 S 2
Solution: 7 :U_J 7 R —

Step 1: Find the critical points (that lie in this interval).
MK = I+ =9O

=> 2K (X‘\' x) =©
\ S(=9) K"’-a

@-’ro—-o'i'

/Q\)@ﬂ

Step 2: Make a chart with function values: NN M’t’\
(-S'f\- Q) o
T (yp9)
x f(x) / ')‘ X
3 =)
) {_(—2_ = ?
0 4-(2) = =) <«
2 18t)= 224z 1tA=\9
0WY) Mk ot (2, \1 )






Exercise: Find and classify all absolute extreme values of the function

f(x)=x2—4x+l , [0,3].

Exercise: Find and classify all absolute extreme values of the function

F(x)=tan(x)—x | [_ggj

Hint: f'(x)=sec’(x)—1=0—>sec(x)=1+1
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