S3.6

Math 2413- Calculus I
Dr. Melahat Almus

Email: malmus@uh.edu

Check CASA calendar for due dates.

Bring “blank notes” to class. Completed notes will be posted after class.

Do your best to attend every lecture and lab.

Study after every lecture; work on the quiz covering the topic we cover on the lecture
immediately afterwards. Retake your quizzes for more practice.

Get help when you need help; bring your questions to the labs, or my office hours. We
also have tutoring options on campus.

Respect your friends in class; stay away from distractive behavior. Do your best to
concentrate on the lecture.

If you email me, mention the course code in the subject line. Email is the best way to
communicate with me outside of class. Teams chat messages are not monitored or replied
to.



Section 3.6 — Curve Sketching

Recall--- I assume you know how to find horizontal and vertical asymptotes.
Read the next pages and solve the examples before lecture!

Vertical and Horizontal Asymptotes
If f(x)— =+ as x—>c'or x— ¢, then the line x =c is a vertical asymptote for

f(x).

The graph of f(x)= x|x1— ] is given below.

IS

w

As we saw in Section 1.3, the behavior of a function as x — oo determines the
horizontal asymptotes.

If lim f (x) =L , then the line y = L is a (rightward) horizontal asymptote.

X—>0

If lim f (x) =L , then the line y = L is a (leftward) horizontal asymptote.

X—>—00
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Note that some functions don’t have any vertical or horizontal asymptotes; this can
be seen on the graphs given below.

100

Given the formula, you should be able to find the vertical and horizontal
asymptotes of a function.

x+1
f(X)—x2_4
x+1
f(x) 2+ 5x
()"
4+ cosx

— A
( e— INWB=72
1-2sinx ﬂ\-
xx—4x+1 %136'1—6_”('
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Vertical and Horizontal Asymptotes

If f (x) — 400 as x > c'or x = ¢, then the line x =c is a vertical asymptote for

S (%)

The graph of f(x)= is given below.

x|x—2|

IS

w

As we saw 1n Section 1.3, the behavior of a function as x — oo determines the
horizontal asymptotes.

If lim f(x)=L , then the line y = L is a (rightward) horizontal asymptote.

X—>0

If lim f(x)=L ,then theliney =L is a (leftward) horizontal asymptote.

xX—>—00

S3.6 5



L honzontal asymptote horzontal
) p—— asymptote
e —.—_—_————'———"'—‘---7'." =L
> < -f ~ /
N S < 1 ,-/’
asx-—se flx) > L X
B X~ flX) L x

Note that some functions don’t have any vertical or horizontal asymptotes; this can
be seen on the graphs given below.

20
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NOTE: Polynomials do not have any asymptotes.

Given the formula, you should be able to find the vertical and horizontal
asymptotes of a function.

1
r=5
x+1
f(x) - 2+6x
2
X
f(x) - 4+cos(x)
2
X
f(x) B 1—2Sin(x)
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NEW: Vertical Tangents

Suppose that f (x) 1s continuous at x =c.

If f’(x) —> 00 0r f’(x) — —o0 as x — ¢, then we say that the function has a

vertical tangent at the point (c, f (c))

Some radical functions have vertical tangents. You will observe that”

e f(c) 1s defined
e f'(c) 1s undefined

e The sign chart for f'(x) across x=c¢ has no sign change.
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Example: f(x)=(x- 9)1/3

Ve
v\)ﬁ\& Ny

Solution:

1

5 3({-99
. Classify all Crit.ifil. points. Ve O

JN(X)ZW ; the critical point is: ‘F‘ . Uld-.-f\\‘\LA? lf;_? ’

Sign chart for f'(x) :

| SR A b d P
Hence, the function has & VeJP &\ 4t X=9..
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Vertical Cusps

Suppose that f (x) 1s continuous at x =c.

If f'(x)— as x — cfrom one side and f'(x)— —c0 as x — ¢from the other

side, then we say that the function has a vertical cusp at the point (c, f (c))

g

3 -2 1 0o 1 2 3 4 5 6 7 8 9 10 1

™
\(

Some radical functions have vertical tasggmmts. You will observe that”

—_—
-a e f(c) is defined -—

-7 e {'(c) is undefined

e The sign chart for f'(x) across x=c( has sign change.
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Example: [ ( Class1fy all critical points.
Solution: ( ‘f - O ? >< Lo?.
7 -
f'(x)= “% the critical point is: ‘ﬁ' W\dﬂ-@“ﬂd‘ 1 )(./cf
(x 4 R
B9F
pr — v+
Sign chart for f'(x) : ( { ?

i

Hence, the function has

Vodtes! Cunp ab x=b.

Cscgn ehong)) ’@-

-
(2P

Exercise: f (x) = (xz — 4)1/5 . Classify all critical points.
£ (%) = L. L) > (20)

1

5
Pl = X @Q b
5 x*4)" Poondgy? (Xt *?
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Exercise: The function f(x) is defined on all real numbers. The graph of its first

derivative is given below. f'(x) is shown below.

What are the critical points of f(x)? Classify them.

S3.6
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Using Calculus to graph a function.

l.

Determine the domain of the function f . Find any vertical asymptotes and
study the behavior of f as x — Foo.

Determine any intercepts of the function. To find the x —intercepts, we
need to solve the equation f (x) =0 and to find the y —intercepts, evaluate

the function at O (if 0 is in the domain of f").

. Find the first derivative, f/'. Determine any critical points, intervals of

increase/decrease, local extreme points, vertical tangents and cusps.
Find the second derivative, /" . Study the sign of /" to understand

concavity of the function and determine any points of inflection.

. Plot the points of interest (intercepts, local or absolute extreme points,

points of inflection).
Sketch the graph of f using the information gathered in the previous steps.

Make sure that the function has the right shape (concaves up/down,
rises/falls) on the corresponding intervals.

Summary of Graphical Features

f'(x)>0/ f'(x)<0 increasing / decreasing f \

f"(x)>0/ f"(x)<0’ concave up / down _/ \ \ /

x——00 horizontal asymptote
or lim f(x)=b aty=» ;

lim f(x)=b

X—00

xoa” vertical asymptote + /\J%/ \J|kﬁ‘ r—

or lim f(x)—te atxy=a

lim f(x)— too

+
x—a

lim f'(x)—> oo vertical tangent / /K T
x—=a atx=a

lim_f'(x)—>too

x—a
. cuspatx=a \/ /\/
/rm+f’(x) — Foo K R

X—=a

lim_f'(x)# lim_f"(x) “corner” atx = a / \/
x—=a x—=a
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Example: Graph f(x)=x(x—1)3. Find the intervals of increase/decrease, /)

concave up/down. Find critical points and classify them. 3_’7“* .
Solution:
Domain: @, W

£ HSEY s V4 !
Asymptotes: '\m ,[ ) C \ ) 07
Intercepts: ) X=9, X= ‘) (-Dl O

X/
Critical Points (classify them) :

()5 e =0 = =0
‘gl M —-7‘ ¥z \

Sign Chart for t t derivative:
—_ Yo ur&’& t

(), \
2 \ /
L j\c@/ = V. Toncegar ok z:.(\ 0\
Cy, &0 \,
3,43) — 7

v

Now, second derivative: \ 7 /4 3

. =9! @ ¥=5=T

fn( X ) = 4x—6 . Possible POls to StUdy: .F * &
9(x-1)3 'F\l:wd%z =) L=\

Sign Chart for the second derlvatlve

1) o —+ M

: uu\\j\)
7

$3.6 ?9’1 PDI 2 14
ok o (B 2))




Intervals of Increase: ,C( 2\ - 7 (: S

Intervals of Decrease: &

Concave up on: ' 2
Concave down on: @ (‘%) - _;2_ ‘ &—(i> 7©
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Example: Find the domain, critical points, relative extrema, intervals of increase

decrease, concavity, and graph f(x 6% +2 ﬂ 12
- -2z 32~ 24 (S =-28
olution:

Domain: L’“Oblw) @(\\ = Pkk_:___f ‘\ 1"‘—(‘\)’& ZA

Asymptotes: e .)
Intercepts: %"\\‘\-‘V . -:(- L°) =\2 Lbl \2

Critical Points (classify them):

f'(x)=—12x2—12x+24 = -12 (KL —\-X—?); -‘7’(""7’)()‘")

Q?: K==-2, X\
Sign Chart for the first derivative:

fo, — § & Y ™

\ -2 //;ﬁ \
Jﬁu-‘\\jm.\« ot (-2, 6C-2))
Yot v at (\;‘Hl\\

J)="24x-12 = ‘\L( AK«-\) g“ (= O # L=~ |IL

Sign Chart for the second derivative:

JAC P . S
g U Y O\
Pl of (-4, &%)

Intervals of Increase: 77

C-2,1) L
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=2,\
Intervals of Decrease: ( - 0D 7 ‘L) 2 ( r )

Concave up on: ( - , — |Iz,\
Concave down on: ( A\ /2 ) o0 )

ro,\\M\'w _?" L%) / ’\ k J

Opeal A (Vs 26)

s 7
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Doy \b : We'h s 2.6, WRwI: 2.5%3-5
——— N\ (eview TS Pb’ﬁd o~ CTH 4.

2x

x°+1
concave up/down. Find critical points and classify them. Find and label any points

of inflection.
t E-0= =_=- £0)= %—_—:.'

Example: Graph [ ( X ) = . Find the intervals of increase/decrease, K‘L"\#’o

Solution:
Domain: L’ (7 \ P o© )

: NA - g_':@
Asymptotes: N A NoNe_

Intercepts: CQ [ Q) “r :Z!T) (gj) ¢
——3 Critical Points assifit g(;‘,;? B: e ‘]
- |/ )=_22x2+3 ':unﬂﬂg.? None_
(x +1) -+ g’

Sign Chart for the first derivative:
ro e Qe kT
*e \— / ‘
docsl oM ot X=-\ ("l,ﬁ(-\ﬂ L ('—‘/‘-(3
Ooes) wmox ot x=!( (‘,/:P'('\) : (\]l)

_ﬁ S Muead™ ©ON: -1,1)

f Ty deseoqny o (me2, 7D & Cyee)
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Study the second derivative: K\NW
4 —12x 4x (k* ‘$7 L}.?((K—ﬁ) (K_Fr>

D (x*41)

Sign Chart for t)@d dem [\
o —
e = -+ o o I R Q“—’D 7@

42(\ ﬁ\)oﬁ U

/(%)=

Intervals of Increase:e—_ p— x =S s
zltervals of Decrease'/ " el X= 1- E
oncave up on:
Concave down on: I ‘|: UA ! ! F
NRe—
P s e W N
(-T3,0) & (3, R
% 3 ch.o.w& als N ©7
Xz~ 6

Yot ok: ¥= o, «z{3, P
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Example: Graph f(x)= 2x

0 Find the intervals of increase/decrease,

xl)

concave up/down. Find crifical points and classify them Find and label an}/ points
of inflection. A ‘ “ -
£C¢-3) = - 4 - ,‘.{ =25
Uy (7

Domain: X L (€m0, 00D )

w‘:,?Asymptotes: YA L’i:’_l‘ ’ HA . =7
(’\ Intercepts: (9 ) D) Q ?

Critical Points (classify them): ‘:-_ o) -_—,’7 =0
- &— Not
i = + -1)€ &

f(x)T - gl wndey =

Sign Chart for the first derivative: |

S " x >

Q\»@/A_\s

Solution:

£ M) n ! o)
D deccener N C-»,0) Z|,®)

dscsl mw otr X = S, (o, Q’(D)) = (D’D)'
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Study the second derivative: it/ - /
mea _ 4lzx+) Fowagy tf 7=
(x-1)’ (k-)T DO *

Sign Chart for the second derivative:

— O
'@ A -;

L f\"z\)‘ \J
3rown (

¢ .4 VA

)=

v

Intervals of Increase:

Intervals of Decrease:
od
Concave up on: ("’\ l’)—-/ { ) & C\ ) )

Concave down on:

-, =)

AT ar xe - 5 (5 80E))
(7% &
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EXERCISE: Graph the following functions!

Exerise: Graph (1)~ 2,
f(x):(xj 2)?
=G ;82)3

2
Exercise: Graph f(x)= xx_ .

Asymptotes: (Note: This function has a slant asymptote!)

_x2—4x
f(x)_(x_2)2
=
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QUESTION:

What can you say about a function with these properties:

S3.6

1. The domain 1s all real numbers except 3 and -3.
2. The function has vertical asymptotes at x = 3 and x = -3
3. The function 1s symmetric about the y-axis

4. lim f(x)=-1

5000=0,/(2)=0,/(4=0

6./ x)<0for0<x<landx>3
7./ x)>0for1<x<3

8./ “(x)<0for0<x<1/2

25



Exercise: For the given functions, determine:

A. B C D. E
a) Which functions have a positive first derivative for all x?
b)  Which functions have a negative first derivative for all x?
c) Which functions have a positive second derivative for all x?
d)  Which functions have a negative second derivative for all x?
$3.6 26



POPPER#

Match the function with its first derivative.

Functions:

Q# Q# Q# Q# Q#

Derivatives:

A. B. C. D. E.
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Match the function with its second derivative.
Functions:

Q# Q# Q# Q# Q#

AV WA

M e /

Second Derivatives:

A. B. C. D. E.
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POPPER #

Question# Which function has a vertical cusp at x=1?

S3.6
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