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concentrate on the lecture.
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to.

Guillaume de I'Hopital

1661
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Section 5.3 — L’Hospital’s Rule

In this section, we will re-visit the topic of limits. We covered many limit problems
in Chapter 2. Here, we will see a theorem that helps us answering limit questions
where direct substitution produced an “indeterminate form™:

. (x—Zj
lim| — ,
=2\ X -4

lim \/;3],

x—3 X—9

x—0 2

lim l—ij:?, etc.
X X

If the expression obtained after this substitution does not provide sufficient information to
determine the original limit, then the expression is called an indeterminate form. More
specifically, an indeterminate form is a mathematical expression involving at most two of : 0, 1
or oo obtained by applying the algebraic limit theorem in the process of attempting to determine
a limit, which fails to restrict that limit to one specific value or infinity, and thus does not
determine the limit being sought.

There are 7 indeterminate forms commonly found in the literature:

If direct substitution produces one of the forms, one needs to work harder on that problem to
figure out the answer. Sometimes, that extra work is “algebra” (as we did in Chapter 2);
simplifying before substitution might solve the issue of having these forms. We will see other
methods in this section.
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https://en.wikipedia.org/wiki/Algebraic_limit_theorem

Indeterminate Forms — 0/0 and oo/ o0

L’Hospital’s Rule (0/0)
Let f, g be two functions differentiable on an open interval | that contains C
and suppose that g'(x)=0 on | (except possibly at ) .

If lim f(x)=0and lim g(x)=0, then

fim ) _ i )
x—>¢ g(X) x—c g'(x)

provided that the limit on the right hand side exists.

f(x)

fl
On the other hand, if ﬂ—>J_roo as X — ¢, then ——<% — o0 as well.

9'(x) 9(x)

When you answer limit questions:

First, use direct substitution, if you get an indeterminate form 0/0 or oo/ oo, state that you will
use L’Hospital’s rule. This is important; you must mention the name of the theorem in your
work.
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Revisit: Iim( x2—2 j:?
x-2\ X°—-4

Chapter 2 (using algebra)

_ _ _ plug in
Ilm()(2 2) 0/0; use algebra >|Im[X2 Zj:“m X—2 :Ilm(i) = l
x->2\ X° -4 x>2\ X°—4) =2 (X-2)(x+2) ) 2 x+2 4

Chapter 5 (using derivatives)

lim X2_2 0/0; use LHospital's ule i1y X2—2 L‘H:.rule"m i pluiini
=2\ x*—4 o2\ x2 —4 ki 2

This method saves a lot of time; especially when algebra requires a lot of factoring.

Example 1: Evaluate the limit if it exists.

) [x2—3x+2]
lim — |~
x—1 x° =1
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Example 2: Evaluate the limit if it exists.

. [ex—x—lJ
Xx—0 5x

Example 3: Evaluate the limit if it exists.

lim 1+cos(x)

Xz X—T
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Revisit Section 2.6:

We learned a fact in Chapter 2: Img(%} :% :
X—> X

Now, we can use L’Hospitals rule instead:

Iim(mj i |im£M} ana

x—0 bx x—0 b b

L’Hospital’s Rule (/)

Let f, g be two functions differentiable on an open interval | that contains C
and suppose that g'(x)=0 on | (except possibly at ) .

If f(x)—>+e0 and g(x)—> *oo, then

(
lim (X;_ lim ( )

X—>C g(x Xx—C g (X) ’

provided that the limit on the right hand side exists.

On the other hand, if f (X) — +00 as X — C, then M—>ioo as well.

9'() ()
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Example 4: Evaluate the limit if it exists.

. X2 + X
lim 5 =
X—>00[3x +4j

Example 5: Evaluate the limit if it exists.

lim [@J:
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EXERCISE: Evaluate the limit if it exists.

lim L+x _

x—>w X

X+X

X—>00 In x
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Indeterminate Forms
These are all indeterminate:

o0

0

These are “determinate”.

00 + 00 —» 00

—00 — 00 —» —00

07 5w

Note: co—oo is not zero; infinity is not a real number; you cannot use cancellation
properties. However, if you have keco where k is a nonzero real number, then that
expression is not indeterminate: 2-00 =00, Or 5-00 =0, etc.

By definition, 1° =1; but 0° is an indeterminate form.
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CASE 1: Indeterminate Forms 0-00, o—o0 :

Rewrite the function so that you get 0/0 or © /0. And then, use L’Hospital’s
Rule.

Qe

Example 6: lim e XJx =
X—>00
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. . (4
Example7: lim Exsm (—D =
X—»00 X

Example 8: lim ( 28 _ X j:
x—2t\x¢ -4 X-=2
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Example 9:

Exercise:
X
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lim (l—csc(x)j:
x— 0"\ X

: ( 1 1 j
lim | ———|=
S1rUnx x-1
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CASE 2: Indeterminate Powers 00, 1° and ¥ -- Usea logarithmic “trick”.

100

1 X
Example 10: lim (1+—j =
X—> o0 X

S5.3 13



Exercise: Make sure you can solve these! This will be important in Calculus 2.

3X
lim £1+3j _
X—> 00 X

2X
lim (1—5] _
X—>00 X

bx
Generalize this idea: lim (1—Ej =7
X—> 0 X
Example 11: lim (1+ x)% =
x—0%
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Example 12:

Exercise: lim

X—>»00
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Iim(3x+4x)

X—>0

(30 +2)c0 =

1
X =

15



OO

Example 13: lim (sin(x))" =

x—0*

S5.3



In summary:

Indeterminate forms: 0/0 or « /o :
— Use L’Hospital’s rule.
Indeterminate Forms 0-o00, co—0:

— Rewrite the function so that you get 0/0 or «/; and then, use L’Hospital’s
rule.

Indeterminate Powers 0°, 1 and oo°:

— We use a logarithmic “trick’ as explained on the examples in these notes.

Attendance Popper#

. cos(x)—cos(3x)
# Compute lim
Q PUte sin®(x)

a. 1 b. -1 C. -4 . 4 e. DNE
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3 2X
Q# Find: lim (1——)
X—> 00 X
A. 1l B. -6e C.e D.e®
) . X
Q# Find lim —.
X—)oolnX
a. 1 b. 0 c. DNE d.
Q# Compute lim (x—smxj_
x—0 \ X —tan X
a. %) b. -1/2 c. 1 d.
Q# Compute lim (i—ij
x—0 \ SINX X
a. 1 b 0 C. 3 d.
Q# Compute lim (i—ij
x—>1\Inx x-1
a. %) b. ~-¥% . 2 d.
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. 3

None of these

DNE

DNE

DNE
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