
Math 2433 Week 3 

14.1  Examples of real-valued functions of two and three variables 

Finding domain and range: 

1.  ( , )f x y xy=  

 

 

 

 

 

 

 

 

2. 1( , )f x y
x y

=
−

 

 

 

 

 

 

 

 

 

 

 


























































































































3. 2 2( , , ) z
f x y z

x y
=

−
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1. Give the domain of 2 2( , ) 4 9f x y x y= − − −  
a. ( ){ }, | 2 , 3x y x y− ≤ − ≤  

b. ( ){ }, | 2, 3x y x y≤ ≤  

c. ( ){ }, | 2 2, 3 3x y x y− < < − < <  

d. ( ){ }, | 2 2, 3 3x y x y− ≤ ≤ − ≤ ≤  
e. None of these 

 
 
 
 
 
 
 
 
 
 
 
 
 
 


























































































































14.2  The Quadric Surfaces and Projections   
Watch the week 3 video on Surfaces before class!!! 
 
The quadric surfaces are surfaces that can be written in the form: 
 2 2 2 0Ax By Cz Dxy Exz Fyz Hx Iy Jz K+ + + + + + + + + =  
where , , ,...,A B C K  are constants. 
 
There are nine distinct types (see book for all 9 and examples).  These are important, so get familiar with 
them.  
 
Projections: 
 
Suppose you have two surfaces that intersect in a space curve C:  
 
The curve C  is the set of all (x, y, z) such that z = f(x, y)    
and z = g(x, y) and so the set of all points (x, y, z) such  
that f(x, y) = g(x, y)  create a vertical cylinder through C.   
If we find all the points (x, y, 0) where f(x, y) = g(x, y) then  
we have a projection of C onto the xy-plane. 
 
Example: 

A sphere 2 2 2 3( 1)
2

x y z+ + − =  and the hyperboloid 2 2 2 1x y z+ − =  intersect in a space curve C. Determine 

the projection of C onto the xy-plane. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


























































































































 
Another example:  Determine the projection onto the xy-plane: 2 2 24 0 & 3y z x y z+ − = + =  
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2. The	surfaces	intersect	in	a	space	curve	C.	Determine	the	projection	of	C	onto	the	xy-plane	for	
the  sphere x2+y2+(z − 2)2 = 2 and the cone x2+y2 = z2. 

a.   x
2 − y2 = 1 

b. 2 2 2x y+ =  
c. 2 2 1x y+ =  
d. 2 2 2x y− =  
e. None of these 
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14.3  Level Curves and Level Surfaces 
 
Look over book examples!!! 
 
When we talk about the graph of a function with two variables defined on a subset D of the xy-plane, we 
mean:  ( )( , ) ,z f x y x y D= ∈  
 
If c is a value in the range of f then we can sketch the curve f(x,y) = c.  This is called a level curve. 

 
 
A collection of level curves can give a good representation of the 3-d graph. 
 
Examples: 
Identify the level curves f (x, y) = c and sketch the curves corresponding to the indicated values of c. 

1. 2 2( , )f x y x y= −  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


























































































































 
2. Identify the level curves: 

a. 2( , ) ln( )f x y x y= −  
 
 
 
 
 
 

b. 
2 2( 2 )( , ) x yf x y e +=  

 
 
 
 
 
 
 
 
 
 
 
 

3. Identify the c-level surface and sketch it. 
2 2( , , ) 4 9 72 0f x y z x y z c= − − =  
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3.  Identify the level curves of the given surface. 

2

1( , )f x y
x y

=
−

 

a. parabolas 
b. hyperbolas 
c. ellipses 
d. exponentials 
e. circles 
f. none of these 

 
 
 
 
 
Partial Derivatives (parts from 14.4 and 14.6) 
 
The partial derivative of f with respect to x is the function fx obtained by differentiating 
f with respect to x, treating y as a constant. 
 
The partial derivative of f with respect to y is the function fy obtained by differentiating 
f with respect to y, treating x as a constant. 
 
Examples: 
 
Find the partial derivatives: 
 
1.  2( , ) 3 2f x y x y xy= − +  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


























































































































2.  
2

2( , ) lnx y x
f x y e

x y
+ ⎛ ⎞

= + ⎜ ⎟+⎝ ⎠
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


























































































































 
3.  2 2 2( , , ) 3 yf x y z x z e z x y= − + +  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


























































































































 
Higher order derivatives: 

 

What does this mean? 

 

 

Example: 

 

 

 

 

 

 

 

 

 

 

 

 


























































































































 

 

 

 

 

In the case of a function of three variables you can look for three first partials , ,x y zf f f  and there are NINE 

second partials:  , , , , , , , ,xy yx xz zx yz zy xx yy zzf f f f f f f f f  

Examples: 

1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


























































































































2.  2 2 2( , , )f x y z x y y z z x= + +  
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4. If sin 5 2( , ) ln(1 )xf x y e x y y= + + + , then yxf =  

a. 45x  
b. sincos xx e  
c. sin 4cos 5xx e x+  

d. 4
2

25
1
y

x y
y

+
+

 

e. 5
2

2
1
y

x
y

+
+

 

f. None of these 
 

 

 


























































































































5.   Find the curvature at t = 0 of the curve described by 2 cos , 2 sin , cosx t y t z t= − = =  
a. 0 
b. 1/3 
c. 1/2 
d. 1 2  
e. 2  
f. None of these 

 











