Spring 2015

Practice Final Exam !
Section

Math 1451

Name: Last 4 digits of student ID:

The use of calculators or cell phones is not allowed in this exam. Show all the required
work to obtain full credit. If running out of space, you may use the back sides of the
pages or the empty page at the end. The duration of this exam is 150 minutes.

(1) Find parametric vector equations of the tangent line to the curve given by 7(¢) = (e"tcost,e tsint, et)
at (1,0,1).



(2) Calculate the following line integrals:

(a) J, fds where f(z,y) = 4zy and C is the straight line segment between (=1,-1) and (2,1).



(b) jcﬁ - d7 where F(z,y) = (—x,%) and C is the part of the curve y = 2% starting at (1,1)
and ending at (2,4).

(c) fcﬁ . dF where F = (y2,z) and C is the boundary of the unit square in the plane with
vertices (0,0), (1 (1,1) and (0, 1) parametrized counter-clockwise.



(3) Let F(z,y,z) = (yz+e? —ye *zz+e™® —ne ¥, ay).
(a) Find a function f(z,v, z) such that Vf = F.

(b) Compute [, F - dF', where C is parametrized by Ft) = (1,8,¢%),0 <t < 1.



(4) (a) If Fis a C-vector field on R3, does div(curl F) = 0? Either prove the identity or give a
counterexample.

(b) If fis a scalar function on R3, does div(V f) = 07 Either prove or give a counterexample.



(5) Find the region which is enclosed by the curve described in polar coordinates by r = 4+ 3 cos 6.



(6) Find the absolute maximum (value) of the function f(z,7) = 22 + 32 + 22y' , on D =
{(z,9): 2l < Lyl < 1}



(7) A package in the shape of a rectangular box can be mailed by the US Postal Service if the
sum of its length [ and girth g (the perimeter of a cross-section perpendicular to the length) is
at most 108 in. Find the dimensions [, w, and h (length, width and height) of the package with
largest volume that can be mailed.



(8) Use the transformation @ = u?, y = v2, z = w? to find the volume of the region bounded by
the surface \/z + \/y + /z = 1 and the coordinate planes.



(9) A particle starts at the point (0,0) and moves along the z axis to (1,0), then along that part
of the circle 2 + y* = 1 between (1,0) and (0, 1) and then along the y axis to (0, 0) again. Use
Green's Theorem to find the work done on the particle by the force field

F(z,y) = (z,2” + y)

by traversing this curve. Hint: use polar coordinates.
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(10) Let S be the sphere
P +yt+2E=1

7 the outward pointing unit normal to the sphere, and F the vector field

ﬁ(n;,y, z) = (cos® x,sin® y, 2)

/ﬁ.ﬁds.
S

Find
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(11) Use Stokes's Theorem to evaluate [ F - dF , where F(z,y,2) = (2y,yz, 23), and C is
the triangle with vertices (1,0,0), (0,1,0), and (0,0, 1), oriented counter-clockwise when viewed
from above.
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(12) If fis C? and a harmonic function on R?, that is, V - Vf = fox + fyy =0, show that the
line integral fc(f,,dm — f+dy) is path independent.
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(13) Is it true that if 77(¢) is a smooth curve in R® between 7(a) and 7(b), then there exists a s
in (a,b) such that 7(s) = (7(b) — 7(a))/(b — a), similar to the mean value theorem of calculus
in one dimension? Either prove or find a counterexample.
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(14) Show that if a plane is given by the equation
Fei=0

with a fixed non-zero vector 77 and if a vector @ = (p, q,u) is not in this plane, then the vector

U = (x,y,2) in the plane whose distance to @ is minimal satisfies the orthogonality property
(Wf —v)-5=0.
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(1) Find parametric vector equation/{ of the tangent line to the curve given by 7(t) = (e~ cost,e ‘sint,e™)
at (1,0,1).
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(2) Calculate the following line integrals:

(a) J.. fds where f(x,y) = 4dxy and C is the straight line segment between (—1,—1) and (2, 1).
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b) [ F - dF where F(x,y) = (—a, y

4

AV
(=2, 4%) and C'is the part of the curve y = 22 starting at (1,1)

and ending at (2,4).
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(3) Let F(z,y,z) = (yz+e ¥ —ye ™t az + e ¥~ xe™Y, ay).
(a) Find a function f(2,y,2) such that Vf = F.
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(b) Compute [.. F - dF, where C is parametrized by #(t) = (1,1, t2),0<t < 1.
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(4) (a) If F'is a C2-vector field on R3, does div(curl F') = 07 Either prove the identity or give a
counterexample.
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(b) If f is a scalar function on R®, does div(V f) = 07 Either prove or give a counterexample.
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(5) Find the area of the region which is enclosed by the curve described in polar coordinates by

r=4+4 3cosf.
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(6) Find the absolute maximum (value) of the function f(z,y) = 2? + y? + 2%y*
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(7) A package in the shape of a rectangular box can be mailed by the US Postal Service if the
sum of its length / and girth g (the perimeter of a cross-section perpendicular to the length) is

at most 108 in. Find the dimensions /, w, and h (length, width and height) of the package with

largest volume that can be mailed.

V= Luwk
H = & + A = R+ 2w + 2k
ﬁ\/ = L owh 2h e S
—)
AVZ00 R 2 D A
UV < AV H
s Wh = N
LW = 27
Lo = 7 0
= o ©oo_ L
() £ 7
¢ h oL
(3) L 2
= Lo+ w5 +2toy
8
= L =36 w= )¢

= (og

C)
()
(3)

ol

- A

PA

=) W = 2

s B/Q: [OF

Rz 3L

s

C

3
o

! “~

~< g

C

o 0

D
3

L3

o
d
°§
:;
C
2



(8) Use the transformation v = u?, y = v?, 2 = w? to find the volume of the region bounded by
the surface /& + \/y + v/z = 1 and the coordinate planes.
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(9) A particle starts at the point (0,0) and moves along the z axis to (1,0), then along that part
of the circle 2% + y* = 1 between (1,0) and (0, 1) and then along the y axis to (0,0) again. Use
Green's Theorem to find the work done on the particle by the force field

Fe,y) = (2,0% + xy)

by traversing this curve. Hint: use polar coordinates.
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(10) Let S be the sphere
P4 =

7i the outward pointing unit normal to the sphere, and F the vector field
F(x,y,z) = (cos® x,sin? y, 2)
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(11) Use Stokes's Theorem to evaluate [, F' - dF , where F(z,y,2) = (ay,yz, zz), and C is
the triangle with vertices (1,0, 0), (0,1,0), and (0,0, 1), oriented counter- clockwise when viewed
from above.
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(12) If fis C* and a harmonic function on R?, thatis, V-V f = f, . + fyw

= 0, show that the
line integral fc fydx j‘fldJ) is path mdependent.
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(13) Is it true that if 7(t) is a smooth curve in R® between 7(a) and 7(b), then there exists a s
in (a,b) such that i*'(s) = (7(b) — i"(a))/(b — a), similar to the mean value theorem of calculus
in one dimension? Either prove or find a counterexample.
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(14) Consider a plane in R® given by the equation

— =

r-n=20

with a fixed non-zero vector 7. Let «w = (p,q,r) be a vector that is not in this plane, and
7 = (r,y,2) be the vector in the plane whose distance to 1 is minimal. Explain that « and ¥
satisfy the orthogonality property (& — o) - v = 0. Hint: Lagrange multipliers.
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