The Fundamental Theorem of
Calculus

Proposition 1. Let a < & < b, f : [a,b] — R be a bounded function that is
Riemann integrable on [a,b], then f is Riemann integrable on [a,Z] and if g

is the function
f(z), z¢€la,z]
g(x) =
0, else

/a " )i = / ' o).

Proof. The statement on integrability of f on [a,Z] is equivalent to g being
integrable on [a, ]. Given € > 0, then by the integrability of f on [a,b], there
is a partition P of [a,b] with U(f,P) — L(f,P) < e. Let Q = P U {z}, then
Q is a refinement of P and so

then

U(f,Q)— L(f,Q) <U(f,P)— L(f,P) <.

Moreover, if Q = {zg,21,...,2y = Z,...,2,} then from g vanishing outside
of [zg, x,,], we have

U(g,Q) — L(g, Q) <U(f,Q) — L(f,Q) <.

This means g is integrable on [a, b]. Again noting that subintervals outside of
[0, T | = [a, 2] do not contribute, we let S = Q N [z, Z], then

U(g,S) - L(g7’5) < U(g, Q) - L(g, Q) < €.

Thus, the integrability condition holds for g on [a, Z], or equivalently, for f on
[a, Z].



For the identity between the integrals, let S be a partition of [a,Z]| and
P a partition of [a,b], @ = SUP, and R = QN [a, Z], then from g vanishing
outside of [a, ],

L(f,R) = L(9,R) = L(g,Q) = L(9,P)

and
U(f,R)=U(g9,R) =U(g,Q) <U(g,P).

Moreover, R is a refinement of S, so taking the supremum of L(f,S)
over all S is the same as taking the supremum of L(f,(SUP) N [a,Z]|}. By
comparing with L(g,P), this gives supg L(f,S) > supp L(g P) Similarly,
infsU(f,S) <infpU(g,P).By mtegrabtlttg, supp L(g, P) = infp U(g, P) =

f:g(:lz)d:z, so supg L(f,S) =infsU(f,S f f(x)dx = f g(z)dx.
O

Theorem 2 (Fundamental Theorem of Calculus). Let f : [a,b] — R be bounded
on [a,bl, then for x € [a,b),
_ / F(t)dt

defines a continuous function. Moreover, if f is continuous at xz in [a,b], then

F'(z0) = f(x0).

Proof. We first note that if sup,,, [f(z)| < M, then fora <z <y <,

f@dt— | f()dt = [ Xay @) f(t)dt — bX[a,m](t)f(t)dt
[ o [ soa= [ /

Using the linearity of integrals then allows us to combine the difference in one

integral
1 x b
/ " byt - / F(t)dt = / (Xl () — Xfaua) () F (1)t

Choosing a partition P = {a,x,y,b} then gives with g(t) = X[ay(t) —
Xla,z] (f))f(t)'

~M(y—=x) < L(g,P /f t)dt — /f (t)dt <U(g,P) < M(y—x).

This shows that F' is Lipschitz continuous.



For the differentiability, let a < xo < xo+h < b, then using the continuity
of f shows that for any € > 0, there is 6 > 0 such that if |z — z¢| < 0, we have

|f(x) — f(xo)| <e
Let h > 0, then

1 xo+h
R0+ ) = Plao)) = fa0) = 1 [ (1= X (00t = a0

1
h
1 xo+h 1 xo+h
=5 [ s [ s
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0

xo+h
/ (F() — f(zo))dt

Next, if 0 < h < 6, then from |f(t) — f(z0)| < €, we get

xo+h
G+~ F@o) = o)l < 5 [ 7170 - ol <.

This implies limy, o+ (F(F(zo +h) — F(x0)) — f(20)) = 0. The case h < 0 is
handled similarly by writing

(P -+ h) = Flao)) = == (F(ao) — F(zo + 1)

and expressing the right-hand side as an integral on the interval [z + h, x¢).
O

Corollary 3. Let f : [a,b] — R be continuous. If F : [a,b] — R is a continuous
function that is differentiable on (a,b) and F'(x) = f(x) then f f(x)dx =
F(b) — F(a).

Proof. Let G(z) = [ f(t)dt + F(a), then for a < z < b, we have that
G'(x) = F'(z) and G(a) = F(a). Hence, G(z) = F(z) for a < x < b.
Since |G(b) — G(z)| = |fr fda| < K(a(b) — a(z)), where K = sup{|f(x)| :
a <z < b}, we see that G(b) = limr_,b G(z ) = lim,_,,- F(z) = F(b), since
F is continuous. Therefore, F'(b) f f(z)dz + F(a) and the formula
follows. O



