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1. (20 points) For two vectors x = (x1,22) and y = (y1,92) in R? let us define a new
“dot” product with extra terms,

((z,y)) = T1y1 + T1Y2 + T2l + T2Yo .

(a) For any x = (x1,z3), compute ((z,z)). Determine for which z; and x5 we obtain

({x,z)) =0.

(b) Does {({-,-)) define an inner product on R?*? Why/why not?
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2. (20 points) Let {f,}>2, be a sequence of functions on [0, 1] given by
fo(z) =2".

(a) Show that f, — 0 in the norm of L?([0,1]) as n — oo.

(b) Find the point-wise limit f(z) = lim,, . fn(z) for each fixed x € [0, 1].

(¢) Does the sequence converge uniformly? Why/why not?
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3. (25 points) Let Vy be the sub-space of L?([0,7]) spanned by the set {ej,es,...ex},

where
2
er(x) = \/jsin(kx) :
T

(a) Show that e, and e, are orthogonal for all n # m and show that |le,||* = 1 for
all n.
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(b) Given f(x) = 1, express the orthogonal projection f of f onto Vy in terms of a
linear combination of e, es, ...en.

(¢) Let N = 4. Compute the value f(z) for € [0,7].
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4. (20 points) Consider the function f(z) =e*+e* onz € [—7, 7).

(a) (15 points) Find the Fourier coefficients ay and by, (real form of the Fourier series)
for f.
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(b) (5 points) Sketch three periods of the function to which the Fourier series con-
verges.
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5. (20 points) The function f(z) = 35(7* — 32?) on the interval [—m, 7] has the Fourier
series with partial sums

B al 41 cos(kx)
SN(x)—;(—l)’“ —z

(a) State for which x € [—m, 7] the sequence Sy(x) converges to f(z).

(b) Use the preceding part of this problem, by choosing an appropriate z, to show
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Trig formulas

sin(a + ) = sin(«) cos(3) + cos(a) sin(5)

cos(a £ ) = cos(a) cos(B) F sin(«) sin(3)
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