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Please staple this problem sheet to your homework. When asked to prove something, make a careful

step-by-step argument. You can quote anything we covered in class in support of your reasoning.

Memorization

State the inverse function theorem between Banach spaces.



Problem 1

Let X = C([a, b]), equipped with the sup-norm, U = {f 2 X : f(x) 6= 0 for x 2 [a, b]} and

F : U ! X be given by F (f)(x) = 1/(f(x)).

a. Let g 2 C([a, b]) and consider the multiplication operator Mg on X, Mg : f 7! gf, (gf)(x) =

g(x)f(x). Explain briefly why kMgk = kgk1 and show that if g(x) 6= 0 for each x 2 [a, b],

then Mg has a bounded inverse.
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b. Show that the map F is a C

1
-function. ComputeDF (f) at f 2 U given by f(x) = 1, x 2 [a, b].

What can you conclude about the inverse of F?
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Memorization

Let S(q) =

R b

a L(t, q(t), q
0
(t))dt be a real-valued functional, with a C

2
-function L on R3

. Let the

domain of S be the a�ne subspace A = {q : q 2 C

2
([a, b]) : q(a) = q1, q(b) = q2}. State an ordinary

di↵erential equation satisfied by q 2 A if q is a critical point of S : A ! R.
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Problem 3

Let L(t, q, v) =

1
2v

2�V (q) with a C

1
-function V . What is the ordinary di↵erential equation satisfied

by q if it is a critical point for S on the domain A?
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Problem 4

Let A, S, L and T be as above and V (q) = gq, with a constant g > 0. Derive a di↵erential equation

for q which is a critical point of S and find the solution with boundary conditions q(0) = 0 and

q(1) = 0. (You do not need to show uniqueness.)
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