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1 Essentials of Topology

1.1 Continuity

Next we recall a stronger notion of continuity:

1.1.1 Definition. Let (X,dx), (Y, dy) be metric spaces, A map f : X — Y is called uniformly
continuous, if
Ve > 0,36 > 0, for all p,q € X,dx(p,q) <9,

we have

dy (f(p), f(q)) <e

1.1.2 Theorem. Let X,Y be normed spaces, and dx,dy are the metric induced by the norm
of X,Y, If A: X — Y is linear continuous map, then A is uniformly continuous.

Proof. Two steps to verify uniform continuity:

(1) Since A is continuous at 0, so
Ve > 030 > 0,s.th.Vp € X,dx(p,0) < 0,

we have

dy (A(p),0) < e.

(2) We use this to prove uniform continuity: Let ¢ > 0 be given and choose § > 0 as in (1),
then
vp7q € X7dX(p7Q) < 57

we have z = p — ¢ satisfies dx(z,0) < 0, so dy(A(2),0) < €. Now using the linearity of A
gives
dy (A(p), A(q)) = [[A(p — @)lly = dy(A(p — ¢),0) <€

so A is uniformly continuous.



Next we make precise in which way vector space and norm structures are compatible:
1.1.3 Lemma. Let X,Y be norm space, then ||(x,y)|xxy = ||z|lx + ||y|ly is a norm.
Proof. We verify three properties of norm:

(1) Verify positive definiteness:

1z, Yllxxy = llzllx + llylly =0,
implies by ||z]|x > 0 and ||y|ly > 0 and the positive definiteness of the norms on X and Y’
r=0,y=0.

so
(z,y) = 0.

(2) Verify scaling property from the homogeneity of the norms on X and Y

A 9) |y = [Aellx + IMylly = IMlzllx + lylly) = Az g) ]

SO
Az, Y)llxxy = [A(z,y) | xxy-

(3) Verify triangle inequality from that of the norms on X and Y

1z, 9)+ 0, Dllxxy = lletplx+lly+ally < llzllx+lpllx+lyly+lialy =1 o)l +1@ O llxxr-

SO
1z, y) + (0, D)l xxy < (@, v)llxxy + (2. ) || xxv-

this completes the proof.
[

1.1.4 Theorem. Let (X, ||.||) be a norm space, then f : X x X — X, (z,y) — x+vy is uniformly

continuous. Scalar product: e : K x X — X : (\,x) — Az is continuous but not uniformly
continuous.

Proof. We prove this three statements:

(1) Since For € > 0,let § = ¢ > 0, then Va,p € X,y,q € Yywith (z.9) = (0.0)xey =
llx —pllx + |ly — qlly < 0, we have

[(z+y)— P+ lxxy < llz—plx +y—dlly <d==¢

so f is uniformly continuous.



(2)

1.2

Since it is in metric space, so we only need to verify the sequence convergence:
let \,, \o € K, x,,, 29 € X, with x,, — xg, A, = Ag.

by convergence of z,,, we have for
e =1,3ng > 0 s.th. Yn > ng, ||z, — x| < 1.

SO
vn > ng, ||zl < [z = 2ol + [[zoll < 1T+ [zol]-

Hence, we can set K = max{||z,||, ||xo|| + 1,7 < ng}, then by convergence of \,,, z,, we
have
Ve,Ing € N s.th. Vn > nq, |A, — Ao| < €¢/2K.

and
Ve, Ing > ny, ¥n > no, ||z, — xol| < €/2(|No] + 1).

so
Ve, dng, Vn > ng,

[Ann = Aozo| < [(An = Ao)[[[nll + Aol (20 = o)|| < €/2+€/2 = e

this completes the proof.

Scalar product is not uniform. Assume this were the case, then for a given € > 0, there
would be § > 0 such that any pair of points at distance at most ¢ would be mapped to a
pair at a distance at most €. Take xy a non zero element, and let € = 2||zg||. Then take
Mapn =N, Aon =n+1/n,21, =nxg, T2, = nxg, then

H(/\l,nyxl,n) - ()\Q,nva,n))” = 1/” — 07
which becomes smaller than any § > 0 but for any n
)\1,n$1,n - >\2,nI2,n = —To

and hence || A\1 1, — AanZ2n| = ||Zo]| > €. By contradiction, the scalar product is not
uniformly continuous.

]

Completeness

Next we talk about completeness:

1.2.5 Definition. Let (X, 7) be topological space, (x,),en € X, we say x,, — z in X, if for
each U € U, (neighourhood of x), Ing € N s.t. Vn > ng, x, € U.

1.2.6 Remark. For metric spaces, this implies the usual form of convergence:

Ve, Ing € N,Vn = ng, d(x,, x) < e.



For metric space, we will have a weaker notion of 'convergence’ called Cauchy property.

1.2.7 Definition. Let (X, d) be metric space, a sequence (x,,)nen is called Cauchy sequence if:
Ve, Ing € N,Vn,m = ng, d(zp, zp) < €.
1.2.8 Remark. A convergence sequence is Cauchy by triangle inequality:
' Ve, Ing, Vn > ng, d(x,, x) < €/2.

then
Ve, Ing, Vm,n > ng, d(zn, ) < d(xn, x) + d(zm, ) < €/2 +€/2 =e.

but converse is not true for some spaceX like open interval equipped with usual metric.

1.2.9 Definition. (X, d) be metric space is called complete if each Cauchy sequence converges
in X. A complete normed space is called Banach Space.

1.2.10 Remark. A subset of a complete metric space is completeness iff it is closed(sees next
lemma for proof).

1.2.11 Lemma. Let (X, d) be complete metric space and Y C X, then (Y, d) is complete iff Y
is closed in X

Proof. We prove it by two steps:

(1) if Y is a closed in X, cauchy sequence (z,)neny C Y.

(e}
(xn)nEN C X.

Since X is complete,
dr e X, z, — x.

Since Y is closed, so the limit
reY.

so Y is complete.

(2) Assume Y is complete and take any x € Y. Then there is a sequence (,,)nen in Y such
that
T, > €X

Since this sequence converges in X, then
Ve, Ing € N,Vn = ng, d(x,,x) < €/2.
then
Ve, Ing € N,Vn,m = ng, d(zn, Tp) < d(xm, ) + d(z,, ) < €.
so this sequence is also cauchy in Y.

So it is Cauchy in Y and by the completeness of Y, it converges in Y to the limit z € Y.
Thus the limit z € Y, so Y is closed.



1.2.12 Example. We give some concrete examples:

(a) K = Cor R are complete metric space.

)

(b) @ C R is not complete.

(c) (K™, ].]l;), 1 <p < oo is Banach space.

(d) 1P, 1 < p < oo with norm ||z||, = (3" |z;|?)*/? is a Banach Space as well as ¢y C [
)
)

(e) Bounded function space B(X, K) is a Banach Space equipped with ||.||o.

(f) if X is a norm space, Y is Banach Space, then B(X,Y") is Banach Space with the operator
norm.

Proof. Now we prove all of them:

(a) For number field K like C,R, since C = R?, so it deduced to the case of R, but | do
not how to prove R is complete because R is originally defined as the equivalence class of
cauchy sequence in Q, that is, R is defined as the completeness of Q.

(b) We prove that Q is not closed in R. Every irrational number can be expressed as binary
form:

T = Zai/Qi,ai =0/1.
j=1

so consider the finite term: .

Ty = Zai/T,ai =0/1.

J=1

we note that x,, — x and x,, € Q, which complete the proof.

(c) This is special case of (d), so we turn to (d) first. (How is (c) embedded in (d)?) You
need to use that it is a closed subset to relegate it to (d).

(d) For p < oo, first we prove it is a norm space.
(1) if =], = (Zj‘;l |2n.)P|/P = 0, then ¥n,z, = 0, so x = 0.

(2) Ml = (252, Azng)P[VP = [M][|2]l,.
(3) by Minkowskii inequality,

2+ yllp = O ng +ung )7 < O agl?) P+ O lyns )P = llzll, + 1yl
j=1 j=1

Jj=1



this complete the proof of norm properties.
We turn to completeness:

let (2, )nen € [P is a cauchy sequence, that is:

Ve > 0,3ny € N,Vn,m > ng, (Z T — T |P)P < €/2.
=1

so for each j, we have
Ve > 0,3ng € N,Vn,m = ng, (|2, — 2m;[P)P < /2.
that is, so for each j, (2, ;)nen is cauchy sequence. so
Wi Tng = Y-

For fixed n > ng, we apply Fatou lemma to

o0

O ny — wm )P < e

J=1

when m — oo,

O wng — w77 = O lm |2y — 2 )PV < lim (OO |20y — 2mg|?)7P < €/2.

that is
Ve > 0,3ny € N,Vn > no, (Z 20—y )P < €/2 < e

J

Moreover, by Minkowski's inequality:
O )7 < (3 s = 037+ (3 s )77 < €4 (3 fang )17 < 0.
J J J J
soy € (P,

Thus, we have shown in [?,
Tp — Y.

This complete the proof of completeness for case p < oco.
A similar proof can be applied to the case when p = oo:

For p = oo, first we prove it is a norm space.

(1) if ||z||cc = sup,, |z,| =0, then ¥n,z,, =0, so x = 0.
(2) Mzlloo = sup,, [Azn] = |All|2]c0-



(3) triangle inequality:

|2 + ylloo = sup |z, + yn| < sup|z,| + sup [yn| = ||2]lco + [|¥]loo

this complete the proof of norm properties.
We turn to completeness:

let (z,,)nen € [°° is a cauchy sequence, that is:

Ve > 0,3ng € N,Vn,m = ng,sup |2, — Tm ;| < €/2.
J

so for each j, we have
Ve > 0,3ng € N,Vn,m = ng, |z,,; — Tm ;| < €/2.
that is, so for each j, (2, )nen is cauchy sequence. so
3Yjs Tnj = Yj-
For fixed n > ng, we let m — oo,

Ve, Ing, Vn > no, Vi, |z, — y;| = nlli{l)o [T — Tm | < €/2 <e.

that is

Ve > 0,3ng € N,Vn = ng,sup |z, ; — y;| < €/2 <e.
J

Moreover, by triangular inequality:

sup [y;| < sup |z, ; — ;| + Sup [Tn, 5| < €+ sup |2y, 5| < oo.
J J J J

soy € (>,

Thus, we have shown in [*°,
Tp — Y.

This complete the proof of completeness for case p = oo.
so [* is also complete.
co 1s closed with respect to the norm in [*:

Assume a sequence in ¢y and a limit in [
Ty — .

that is
Ve, 3ng, Yn > n, Vi, |z, ; — ;] < €/2.

Fix n > ng then letting j — oo, we have by lim,_,., x,, ; = 0 that

Tim vl = Tim 2l <
jlggomj\ jll)rgolmw x| <e€/2 <e

7



SO X € cg, that is ¢ is a closed space in [*°. Consequently, ¢, is also Banach Space.
Returning to (c), consider K* C I? ie. K'={ze€l?:2;=0,j >n+1}.
assume in [P, we have z,, € K" — z, that is:

Ve > 0,3ng € N,Vn,m > ng, (Z |2 — 2,|P)P < /2.

J

then we have:

Ve > 0,3ng € N,Vn,m = ng, ( Z |2;P)/P = ( Z |20 — 24]P) P < /2.

j>n+1 j>n+1

that means:

so x € K" i.e. K" is closed subspace in [?, so K" is complete.



